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ON THE REMAINDER IN THE WEYL FORMULA FOR
THE EUCLIDEAN DISK

Yves Colin de Verdiére

ABSTRACT. — We prove a 2-terms Weyl formula for the counting function N (u)
of the spectrum of the Laplace operator in the Euclidean disk with a sharp remain-
der estimate O (;LQ/S).

RESUME. —  On montre une formule de Weyl & deux termes pour la fonction
N(u) de comptage du spectre de opérateur de Laplace sur le disque euclidien,

avec un reste précis en O (MQ/S)-

Introduction

Let us denote by 0 < A\; < Ay < --- the eigenvalues for the Dirichlet
Laplacian of some bounded connected smooth domain X in the Euclidean
plane. It has been shown by Ivrii [11] that the following 2-terms Weyl
formula holds under some genericity assumption on the periodic orbits of
the associated billiard ball problem: if Nx (1) = #{j | \; < p?},

Nx(p) = %uz - %u + R(u)
with R(p) = o(u). Moreover, this result is quite optimal: Lazutkin and
Terman [13] showed that there is no 6 > 0 so that an estimate R(u) =
(0] (,u1_5) holds for all smooth convex domains.

Our goal is to get an upper bound for R(x) in the case of the Euclidean
disk. Our main result™ is:

Keywords: lattice point problem ; Laplace operator ; eigenvalues ; Weyl asymptotic
formula ; Bessel functions.

Math. classification: 35P20, 11P21, 35J05, 58G25.

M) After having completed this work, we learned from I. Polterovich that the same result
has been announced in 1964 by N. V. Kuznecov and B. V. Fedosov in [12]. The method
is similar to ours. We give here an independent complete derivation of the needed Van
der Corput result
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THEOREM 0.1.

Naisi (1) = p? /4 = p/2+ O (uz/g) :

The proof is based on the explicit expression of the eigenvalues as the
squares of the zeros of the Bessel functions J,, as well as on some precise
asymptotics of these zeros which goes back to Olver (see [15, 5]). This way,
we have to study a lattice point problem in some domain with cusps. A
rather general lattice point problem was studied by Van der Corput [16], see
also [10, 9, 17, 3]. In [4], a similar method was used in order to get a good
remainder estimate for some surfaces of revolution. Let us note also that
the same remainder estimate holds for the integrable polygonal billiards like
the rectangles or the equilateral triangles: this is a direct consequence of
the explicit formula for the eigenvalues which reduces the question directly
to a lattice point problem for which the Van der Corput’s result applies.

1. The spectrum of the unit disk

We consider the spectrum of the Euclidean Laplacian Agjg = —02 — 85
in the unit disk in RZ , with Dirichlet boundary conditions. As it is well
known and can be checked by separation of variables, the eigenvalues of
Agisk are the squares of the zeros of the Bessel functions J,, n € Z. Let us
recall that

1 T
(11) Jn(x) / 67,(xsmt7nt)dt ,

:ﬂ,ﬂ

and that we have the following identities J,,(—z) = (=1)"J,(z), J_n(—2) =
Jn(x). Let us denote by |n| < z1(n) < z2(n) < --- < xk(n) < --- the pos-
itive zeros of J,. Then the spectrum of Agjsx, with multiplicity, is given
by

o={rx(n)* |ne€Z k=1,---,}.

In order to describe the asymptotics of the zeros of Bessel functions, we
introduce the domain D in R? defined by

D:{(‘T7y)| —1<$<1, yég(m), y}maX(O,—x)}
with 1
glx) == (\/1 —z2— xarccosx) .
71'

Let us define R = {(n,k —1/4) | (n,k) € Z*} and S = {(z,y) | y >
max (0, —z)}. Let F : S — R be the function homogeneous of degree 1 which

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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D

Figure 1.1. the domain D

satisfies F' = 1 on the graph of g. It is a consequence of the stationary phase
expansion applied to the integral representations (1.1) of Bessel functions
(see [5]) that the spectrum of the disk is approximately given by {); | j €
N} ~ {F(m) | m € RNS}. More precisely, for n > 0, z(n) ~ F(n,k—1/4),
while for n < 0, xi(n) ~ F(n,k + |n| — 1/4). As we will see in Section 3,
this allows to reduce our problem to a lattice point problem:

Naisk() ~ Np(p) = #{m € RN uD} .

REMARK 1. — Let us note that D and R are invariant by the linear
involution J(x,y) = (—x,y + x). This corresponds to the fact that J, and
J_, have the same zeros.

In order to complete the argument, we will have to study the lattice
point problem (Section 2) and to show how close Ngisi (1) and Np(u) are
(Section 3). The first part uses the method of Hlawka, Herz and Randol
[10, 9, 17] for studying smooth lattice point problems and the second part
is done using Olver’s asymptotics for the zeros of Bessel functions: we re-
derived it in [5] using the integral representation of the Bessel functions and
the general theory of oscillatory integrals associated to versal unfoldings of
singularities as explained in [8].

VOLUME 29 (2010-2011)



4 YVES COLIN DE VERDIFNRE
2. A lattice point problem with a cusp

Let us denote by R the lattice R := {(n,k — ) | (n,k) € Z*} with
0 < B < 1. Let us consider a domain G C R? with a cusp: G = {(z,y) | 0 <
x <1, 0<y<g(z)} with g(x) ~ a(l—x)3/2 with @ > 0 near z = 1.
We consider the weighted lattice point problem defined by the counting
function

N g (1) = > X (mz/ma1) ,
m=(m1,mz2)EpGNR

with x € C5°(R) with x =1 near 0 and the support of x small enough.

We have the following 2-term Weyl estimate:

THEOREM 2.1. — Under the previous assumptions on G,  and x, we
have

Nesx (1) = (/Gx (y/z) dwdy) p* + (6 - ;) pw+0 (;ﬂ/?’) .

COROLLARY 2.2. — If D is the domain defined in Section 1 and f = 1/4,
we have

Np(p) = Area(D)p® — % +0 (,u2/3> .

Proof of Corollary 2.2: we decompose Np into 3 terms: one for each
cusp and one inner term using an homogeneous partition of unity. The
corollary follows from the previous Theorem for the parts near the cusps
and from the classical estimates going back at least to Van der Corput
[16] (see also [17, 3]) for the inner part. In order to use Van der Corput
estimates O (pz/ 3), we need to check the strict convexity, in fact the non
vanishing of the curvature of the graph of ¢: this comes from the fact that
g’ (z) = (1—1‘2)_% > 0. O

Proof of Theorem 2.1: let us denote by B(m,r) the Euclidean ball of
center m and radius r. We can first replace x(y/x) by the smooth function
Xo(z,y) = x(y/z)(1 — ¢(x,y)) with ¢ € CS° with support in the ball
B(0,min(8,1 — 8)) and = 1 near 0 because there is no element of R in
the support of ¢. The smooth function xq is a classical symbol of degree 0:
01080 (, ) = O((1 + o] + [yl)~G+9)).

Let us give a positive function p € C° (R?) with Support(p) C {z* +
y? < 1} and [p, p(z,y)dady = 1, define p. = p(./¢) /e* with ¢ = p~1/3,
and consider

(2.1) NE () = Y (xolgs, *p-) (m)

meER
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where
Gh.o={(z,y) |0<z<p, 0<y < ug(z/p)+ 2},
105,5 = Loce<u, 0<y<pg(e/n)—2¢ — Lo<e<u, pg(a/p)—2e<y<0 -
G+ G;’s
T — [Io-
W

Figure 2.1. the domains G

y€

For each m ¢ puG with m € R, B(m,e) NG, . = 0, hence (IG_ *
pe)(m) = 0 while V(z,y) € R, 0 < (16‘;5 *pe)( y) < L Slrmlarly7 for
each m € pG 'R, B(m,e) C G . and (1g+ *pe)(m) =

NZ () <N (u) < NI () -

We will apply Poisson summation formula and use estimates on the Fourier

= 1. Hence,

transform of 1.+ . Let us denote by
HyE

B (€)= [ xolwn)gs (a)e S dndy
A ,

the Fourier transforms of xo-times the characteristic function of Gis.
The Poisson summation formula applied to the sum (2.1) gives

22 NEG= [ xolw s (@)dedy
R2 ’

+ > p(2re(p,q) B (2mp, 2mq) e 2T
(p,q)€Z?\0

We need to evaluate <I>ie. We use Green-Riemann formula in order to
get integrals on the boundaries. We have the following formulas:

LEMMA 2.3. — If xo is a smooth classical symbol of degree 0 and

oa=— (XO(Z‘;Z/) + —0yxo(z,y) — 282!11X0(x’y)> e @Etym) gy
n n 7
then
dOé = X0<x7y)ei($€+y77)d$ A dy + 0(77_3)X1(33,y)d$ A dy 7

VOLUME 29 (2010-2011)
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where x1(z,y) € L'(dzdy).
A similar results holds for

1 ) 1 )
gL <XO<x,y> +20.0(0) - 5Qamx()(:c,y)) e ) gy

3
If [n] < Cl¢], we use
"Dy o (2, y)da A dy = dB + 0(1/%)xzdz A dy |
while, if |¢] < Clnl, we use
ei(mgﬂm)XO(% y)dx A dy = do + 0(1/n*)x1dx A dy .

We have to estimate the integrals

/ ety (z,y) dy |
aGE,

where v = n/¢ is bounded (and similar integrals with o replaced by the

derivatives of yo which are symbols of < 0 degrees) and

/ L ein(erVa:)XO (xv y) dx 9
G &

where v = £/n is bounded. We use the upper bounds given in Appendix
A for the different parts of the boundaries, using the parametrization of
the graph of y = g(z) by z(t) = 1 — t2f(t), y(t) = t3 for 0 < t < to. For
example, the main part of the integral on the curved part of 8G;s of o is

. / Xo(@ (), y(t))emmO =) (1)t
0

to which we apply estimate given in Lemma 4.3. This gives:

LEMMA 2.4. — The following estimates hold:

[ ]
;- (0,0) = #Q/Gx(y/x) dxdy + O (u2/3>
e For1<|p[<Clq,

2 1
CIDjE‘S (27p, 2mq) = O ( K + )
" 1+ ull (p,q) )*?  Ipal

e orp=0, ¢#0,

. 2

i %
ot _(0,21) = — 40| ———
" 2mq (1+ plg))*?

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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e For |q| < Clpl,

2
" 1
dE_(21p,21q) = O + .
L+l (@) ID*? w30pl

Let us prove for example the estimate of <I>iE (0,27q). The corresponding

integral on the boundary splits into 2 parts [ ..dz — J % ..dt. The first part
gives the first term. The second part gives, up to constants,

J=q" / " exp(2miqut®)xo(ue(t), py(t) ! (£)dt

which is bounded by 0(¢~'u(qu)~'/?) using the estimates of Lemma 4.3.
We need also the classical formula:

LEMMA 2.5. — For 0 < 8 < 1, we have
- 1
. —27ifq _ =
1 Z e /q=2m (ﬂ 2) .
qEZ\O

Theorem 2.1 follows then from the previous Lemmas and simple evalu-
ations of the sums in the Poisson summation formula (2.2); using the fact
that the Fourier transform of p is rapidly decaying, we need the bounds:

LEMMA 2.6. — We have:
p? Z (1+u||(p,q)||)*3/2(1+u*1/3||(p,q)||)*N:0(,3/3),
(p,q)€Z2\0
S pd A+ B, )TN =0 ((log 1)?)
1<|pI<Cq|
_ _ _ 1
p2 3N+ a2+ )Y =0 (uh)
q7#0
pENT I A+ T BTN = 0(1)
1<q|<Cp|

Let us check the first upper bound, the others are similar. The first sum
is bounded by

oz Y @l 4+ um (g l)
(p,q)€Z*\0

which is of the same order as the integral

%/OO rdr
K o T3/2(1+u_1/37")N'

VOLUME 29 (2010-2011)
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3. Spectrum of the disk as a lattice point problem

Our goal is to prove the following result:

THEOREM 3.1.

Naisk() = Np(p) + O <N2/3> .

This will complete the proof of Theorem 0.1.

Proof. — The estimate splits into 3 parts: the inner part and the 2
boundary parts. We choose a function x € C°(] — 1,1[,[0,1]) which is
= 1 in some large interval [—1 4 ¢,1 — ¢] and split the two numbers to
compare as

Naisk (1) =Ngiarc (1) + N (1) + Niigie (1)

= > xk/m+ Y (1-x(k/n)

wr () <p n>0, Zr(n)<p
+ ) (=x(k/n),
n<0, zr(n)<p

and
Np(p) =Np () + Np(p) + Np (1)
_ 5 mr Y (k)

(n,k+max(0,—n)—1/4)epuD n>0, (n,k—1/4)euD
+ > (1 —x(k/n)) .
n<0, (n,k+|n|-1/4)epD
We will compare the first terms (the inner parts) in both decompositions
and the second terms (the boundary parts). The third ones are similar to
the second ones.
The inner part: The zeros xy(n) are given uniformly in any domain
zr(n) > (1 + ¢)|n| with ¢ > 0, by
x(n) = F(n,k—1)+0(1/(1+k+n))ifn>0
YT Pk +In) = D+ 01/ + k+ |n) if n <0
This is a consequence of the stationary phase expansion applied to the
integral representations (1.1) of Bessel functions (see [5]). Using the fact

that when F'(n, k + max(0, —n) — 1/4) is close to u, |n| + k is of the same
order as pu, we get

C C
Np (u - u) < N (1) < Np (u + u) :

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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It follows then from the Van der Corput’s remainder estimate O (u?/3) for
the smooth strictly convex lattice point problems that

N (1) = Np () = O (M2/3) :
The boundary parts: due to the fact that the zeros of J,, and J_, are

the same, we discuss only the case n > 0. We are in a domain where
xr(n) < (14 C)n. Let us denote by t; the k-th zero of the Airy function,

we have (see [1]) 2/3
b [32” <k D] +e(k),

with e(k) = O (k™'). From [5], we have the following equation for the zeros
x of the Bessel function J,(z) :

AL (1 p () + b (u,2) |2~ 3AT (a2 () =0,

where v = (n/x) —1 < 0, p is a smooth germ of odd diffeomorphism of
(R,0) (with p’ > 0) and b (u,z) is a smooth symbol of degree 0 in x. We
deduce, using the implicit function theorem and the asymptotics of the
Airy function, that

ik (n) =n (1+¢ (T;’jg)) +(n, k)

with n(n, k) = O(n=1), 1 smooth, 1(0) = 0, 1'(0) > 0. This asymptotics
is due to Olver [15]. If (1 4+ C)n >k > (1 4+ ¢)n > 0 with 0 < ¢ < C, this
asymptotics matches with the inner asymptotics via the asymptotics of the
ti’s for large k’s.

Let
N () :=#{(n,k—1/4) e uD | 1 <k < Cn}
and
Nf (1) = #{a(n) < | 1<k < Cn} |
We have the
LEMMA 3.2.

C C
[N () — N, ()] < N (u ‘ N) N (M - N) FOp

By summing the estimate of the previous Lemma w.r. to k£ and using the
2-terms asymptotics of N3 (i), we get

Nidli) = Np () = O (12/?) .

VOLUME 29 (2010-2011)
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Proof of Lemma 3.2: Let us write F(z,y) := x(1 4 ¢ (y*/3/2%/?)); we
have Ny (p) = #{F(n,k—1/4) < p|1 < k < Cn} and N, (u) = #{F(n, k—
1/4+¢e(k)) < p+n(k,n) | 1 <k < Cn}, with e(k) = O(1/k) and n(k,n) =
O(1/n). We have, in the range 0 < y < cx with ¢ small enough, 0 < a <
0, F < band §,F = O(z'/3y~1/3). The Lemma follows by estimating the
cardinal of the sets

Ap:={n| p < F(n,k—1/4) < p+n(k,n) + Ce(k)n'/3k=1/3}
and

A =1{n | p—nlk,n) — Ce(k)n'Pk~Y3 < F(n,k —1/4) < u} .
We use the fact that if F(n,k — 1/4) is close to p then n ~ p. We have
A C By UGy with B, :={n | p < Fin,k —1/4) < p+ O(1/p)} and

Cr :=A{n | p+n(k,n) < F(n,k —1/4) < p+n(k,n) + Ce(k)n*/3k=1/3}.
Using the estimate on 0, F', we have #Cj = O (nl/gk_4/3)

4. Conclusion and problems

It would be nice to get similar estimates for other integrable billiards
like a circular annulus. The case of ellipse is more difficult and is due
to Emile Mathieu [14]: the problem is with the unstable periodic geodesic
(the larger diameter). We know now a good approximation of the associated
eigenvalues thanks to my works with Bernard Parisse and San Vi Ngoc ([6,

7).

Appendix A: Estimation of some integrals

We need to get estimates of various integrals corresponding to part of
the boundary of the domains Dia to be defined in Section 2.
Let us first recall the following stationary phase estimate:

LEMMA 4.1. — Let f € C*([a,b],C) and ¢ € C*°([a,b],R) so that ¢
has only non degenerate critical points, then, if

b
I(r):= / e f(t)dt

we have I(1) = O (T_%). If ¢ depends smoothly on some parameter p so
that the non degeneracy assumption holds for y = g, the same conclusion
is true uniformly in some interval | — po| < ¢ with ¢ small enough.

SEMINAIRE DE THEORIE SPECTRALE ET GEOMETRIE (GRENOBLE)
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The curved part

These integrals come when evaluating integrals on the curved part of the
domains Dif_.

LEMMA 4.2. — Let us consider the integral

Loar) = [ eI 2 g )
0

with g € C(R), f € C*(R,R) with f(0) # 0 and |v| < vy < oo with vy
small enough, then, as T — 00, I, o(T) = O(r~2) if || is small enough.

This is easy using the stationary phase Lemma 4.1.

LEMMA 4.3. — Let us consider the integral

len(r) = [ eI Drg oy
0

with g € C3°(R), f € C*(R,R), and |v| < vy < oo with vy small enough,
then, as T — oo, I, (1) = O(7~2).

This is more difficult because the critical point ¢ = 0 is degenerate for
v =10. We need a

DEFINITION 4.4. — A smooth function f(t,a) is in S* if all t-derivatives
are bounded near t = oo by O(t*) uniformly in a.

Proof. — We will first prove the Lemma for f = 1. Let us put u = vr'/3.

We consider 2 cases:
e |u| < 1: let us make the change t = wr~1/3

Iep(1) = 7’2/3/ /(=) g (wfl/?‘) dw
0

, we get

The critical points of the phase are 0 and 2p/3. We split the integral
into 2 parts with a smooth partition of unity 1 = h + (1 — h) with
h € C([0,wp[) and h = 1 on [0, 1]. The part containing the critical
points is O (1) using an uniform bound for the integrand. For the
other part, we introduce L = 1/ (3w2 — 2uw) d/dw and integrate
by part several times using the formal transpose ‘L of L and the
fact that wg (wr=1/3) € S, so that L)~ (wg (wr=1/3)) € 5172V,
If N > 2, this gives a function which is in L!(Jwg, +00[) uniformly
in p.

VOLUME 29 (2010-2011)
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e |u| > 1: we put t = vo and get
I.p(T) = 1/2/ e”‘s("t‘ﬁ)ag (vo)do .
0

We split the integral smoothly and get for the part containing the
critical points O (1/2/,u3/Q) =0 (7_1/2). For the other part we
use K = (1/3w? — 2w) d/dw, 'K : S* — 52 and og(vo) €
S1. We pick a factor p~2 for each integration by parts and get
O (V¥/u3N) =0 (r=%/3).

It is clear enough that the proof still works if f is not constant. |

The linear parts

These integrals come when evaluating integrals on the linear parts of the
domains Dis.

LEMMA 4.5. — We have, for |n| = O(|¢]), I, (&,n) = % 026 eWdy =

O (¢/[€])-
For £ = O (|n]), if

B
fh(fﬂ?)—n/o e dr
then, for £ # 0, Iy, (§,n) = O (1/[§n]) for € # 0 and I (0,n) = %
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