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Ail rings will be assumed to have ident i ty e lements preserved by ring ho-
momorph i sms , and ail modules , unless specified otherwise, will be left mod-
ules. For a r ing S, lgld S and lwd S will dénoté t he left global d imension of S 
and the left weak global dimension of S, respectively. For an 5 - m o d u l e X 
and a right S - m o d u l e F, t he pro jec t ive dimension of X , t h e inject ive d imen-
sion of X , t he flat dimension of X , and the flat dimension of Y are denoted 
by p d 5 X , ids X , f d s X and r f d s Y, respectively. 

A c o m m u t a t i v e square of rings and ring homomorph i sms 

R — ^ R a 

«2 ii (1) 
R 2 R ' 

is said to b e a pullback (or a car tesian square, or a fibre p roduc t ) if given 
r i E R \ , r% G Ra with J i ( r ' i ) = 32^2) the re is a unique e lement r Ç R such 
t h a t î ' i(r) = r j and i 2 ( r ) = r 2 (note t h a t if j 2 i s a sur jec t ion then so is 
b u t not conversely). T h e ring R, is called t he fibre p roduc t (or pul lback) of 
Ri and R,2 over R!. 

Assuming t h a t j 2 is sur ject ive, Milnor [5, Chap te r 2] character ized pro-
jec t ive modules over such a r ing R. Facchini and Vâmos [2] establ ished ana-
logues of Milnor 's theorems for inject ive and flat modules . K i r k m a n and 
Kuzmanov ich [3, Theo rem 2] showerl t ha t if (1) is a pul lback square wi th j 2 

sur ject ive, then 
lgld R ^ max{lgld R k + r f d R (2) 

For c o m m u t a t i v e rings, Scrivanti [6] sharpened this uppe r bound on lgld i? 
and ob ta ined an upper bound on lwd R,. Moreover, she gave examples which 
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showed t h a t , in a cer tain case, those results were best possible. Besides, 
Cowley showed t h a t it could be bénéficiai to work only on one side of t h e 
rings in quest ion [1, Example 3.4]. He obta ined the following "one-sided" 
bound [1, T h e o r e m 3.1]: if (1) is a pul lback square wi th j 2 sur ject ive, t hen 

lgld R ^ max{lgld R k -f p d f i R k } . (3) 
k= 1,2 

Our Theo rems 9, 10 and Corollaries 12, 13 are t h e general izat ions to 
non-commuta t ive rings of Scrivanti 's results . In T h e o r e m 8, we provide 
a "one-sided" bound on the left global dimension of a pul lback ring. In 
Proposi t ions 5, 6 and 7, we give sufficient conditions for an /?-module M to 
have inject ive, pro jec t ive and fla.t dimensions ^ n . In Corollaries 11 and 12, 
we deduce t h e uppe r bounds (3) and (2) as immed ia t e conséquences of our 
Proposi t ions 5 and 6. Here we relax t he conditions and only require to be 
surject ive. 

We begin wi th t he following conséquence of [2, T h e o r e m 2]. 

T h e o r e m 1. Let (1) be a pullback diagram with i\ surjective. Then an 
R-module M is injective (projective, flat) if and only if H o m ^ - R i , M ) and 
H o m r ( R . 2 , M ) (R i ® r M and R 2 ® r M ) are R.y - and R,2-injective (projective, 
f l a t ) modules respectively. 

P r o o f . Set R " — j 2 ( R 2 ) . Since ii is a sur jec t ion, we ob ta in 
j i ( R i ) C j2(R-2) = R"- T h u s we have another c o m m u t a t i v e square of rings 
and ring homomorph i sms 

R - R ! 

>2 ii 

R 2 - n 

It is clear t h a t this d iagram is a pullback square with j 2 : R.2 —>• R " sur ject ive. 
So the desired resuit follows f rom [2, Theo rem 2], 

P r o p o s i t i o n 2. Let M be an R-module, n be a positive integer, and let 

0 — > M A / o A / , J î + I 2 — + . . . 

be an injective resolution of M . Let K t dénoté im(/<+i), t ^ 0. Suppose 
that idRk (Ext l

R(R,k , M ) ) ^ n — l f o r l = 0, 1, . . . , n and k = 1,2. Then 
id#fc(Hom/?(./?A;, Kt ) ) ^ n — t — 1 f o r t = 0, 1, . . . , n and k = 1,2. 
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P r o o f . For any n ^ 1 and k = 1 , 2 , t h e proof is by induct ion on t . 
For t = 0, if we apply t h e func to r Ext*R(Rk, —) to t he short exact sequence 

of fl-modules 0 —> M —> I 0 I<0 — y 0, we obta in an exact sequence of 
iîfc-modules 

h . 0 — • H o m R { R k , M ) — • E o m R { R k , I 0 ) 

^ E o m R ( R k , K 0 ) —> E x t l
R ( R k , M ) 

(4) 

and i somorphisms of i?^-modules 

Ex t l
R (R k , K 0 ) ~ E x t g ^ i f c , M ) , l > 1. (5) 

Set Akio = im / i* and break up (4) in to two short exact sequences of 
i?fc-modules: 

0 —> E o m R ( R k , M ) —> H o m R ( R k , I 0 ) H A k f i — • 0, (6) 

0 —> Ak,o M- H o m R ( R k , Ko) —> E x t J ^ , M ) —> 0. (7) 

Since IQ is an in ject ive i?-module, it can easily be checked t h a t R.k-module 
HomJR(/t'fc, /o) is injective. Since k \ R k ( E o m R ( R k l M ) ) ^ n , we ob ta in f r o m (6) 
t h a t id R k (A k t o) ^ w — 1. At t h e same t ime idnk(Ext}j(Z?.fc, M ) ) ^ n — 1. 
Therefore , using (7), we get i d f>k ( Hom R ( R.k, K 0 ) ) ^ n — 1. 

For t ^ 1, we apply t h e func tor Ext*R(R.k, — ) to t h e short exact sequence 

of /^-modules 0 —> K t ~\ M- I t K t —> 0. We get an exact sequence of 
/«^-modules 

0 —> Hom R (R. k , K t - i ) —> H o m R ( R k , I t ) ^ 

H o m R ( R k , K t ) — • Ext^(jRfc, A' f_i) —> 0 

and i somorphisms of / ^ - m o d u l e s 

Ext l
R(R.k , K t ) ~ Ext l+*{R k , K t - \ ) , l > 1. (9) 

P u t Ak , t = im ( f t+i )* and break up (8) into two short exact sequences of 
/ 4 - m o d u l e s : 

0 — • H o m R ( R k , A'4_i) —> H o m R ( R k , I t ) Ak ,0 — • 0, (10) 

0 —> Ak, t H o m R ( R k , K t ) —> E x t A ' t _ i ) —+ 0. (11) 
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By t h e induct ive hypothesis , we have idp,k{H.omjt(Rk, K t - i ) ) ^ n — t . 
Since /< is an inject ive R-module , H o m / ^ / i ^ , I t ) is an in ject ive / ^ - m o d u l e . 
Therefore , f roin (10), idnk(Ak,t) ^ n — t — 1. Combin ing (5) and (9), 
we have E x t ^ / ? ^ A V i ) ^ . . . ~ Ex t l

R (R k , K 0 ) ~ E x t ^ i f c , M ) . Hence 
id f l f c (Ext l

n (R k , K ^ ) ) = M ) ) ^ n - t - 1. Finally, f r o m (11), 
we obta in idfl fc(HomFi(Rk, K t ) ) ^ n — t — 1, as required. 

T h e proofs of t he following Proposi t ions 3 and 4 are similar t o t h a t of 
Proposi t ion 2 if we apply t he func tors Tor^(Rk , — ) to t h e given resolutions. 

P r o p o s i t i o n 3 . Let M be an R.-module, n be a positive integer, and let 

• • • —> P'i A Pi A Po A M —> 0 

be a projective resolution of M. Let I \ t dénoté ker f t , t ^ 0. Suppose 
that pd f l f c (Torp(J2* ,M)) ^ n - l f o r l = 0, 1, . . . , n and A: = 1,2. Then 
pdn k (Rk A't) ^ n — t — 1 / o r f = 0, 1, . . . , « and k = 1,2. 

P r o p o s i t i o n 4 . Lei M 6e «n R,-module, n be a positive integer, and let 

be a fla,t resolution of M. Let K t dénoté ker f t , t ^ 0. Suppose that 
f d f t f c ( T o r A f ) ) « - l f o r l = 0, 1, . . . , n «ml k = 1,2. Then 
î d R k (Rk Kt) ^ n - t - 1 f o r t - 0, 1, . . . , n and k = 1,2. 

P r o p o s i t i o n 5. L d (%) be a pullback diagrarn with %i surjective, M 
be. an R.-module, and let n be a non-negative integer. Suppose that 
idK j c (Ext l

R ( R k , M ) ) ^ n - l f o r l = 0, 1, . . . , n a n d k = 1,2. T h e n \ d R M ^ n . 

P r o o f . For t he case n = 0, the resuit follows f rom T h e o r e m 1. For n ^ 1, 
consider an inject ive resolution of /?,-module M 

By définit ion, pu t Kt = i m ( / < + i ) for t ^ 0. From Proposi t ion 1, we get t h a t 
/ 4 - m o d u l e Homp_(Rk, K n - i ) is inject ive (k = 1,2) . Hence, by T h e o r e m 1, 
K n - X is an inject ive i?-module. This means t h a t i d r M ^ n . 

Arguing as above, t he reader will easily prove the following analogues of 
Proposi t ion 5 for projec t ive and flat dimensions. 
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P r o p o s i t i o n 6 . Let (1) be a pullback diagram with ii surjective, M 
be an R,-module, a n d let n be a non-negative integer. Suppose that 
p d f l f c ( T o r ? ( R k , M ) ) ^ n - l f o r l = 0, 1, . . . , n and k = 1,2. Then 
p d r M < n. 

P r o p o s i t i o n 7. Let (1) be a pullback diagram with ii surjective, M 
be an R-module, and let n be a non-negative integer. Suppose that 
f d ^ ( T o r f ( R k , M ) ) ^ n - l f o r l = 0 , l , . . . , n a n d k = 1,2. T h e n î à R M ^ n . 

Proposi t ion 5 clearly implies t he following theorem. 

T h e o r e m 8 . Let (1) be a pullback diagram with i\ surjective, and let n be a 
non-negative integer. Suppose that f o r any R-module M we have that 

id f l f c(Ext l
R{R k , M ) ) ^ n - l f o r l = 0, 1, . . . , n a n d k = 1 , 2 . 

Then lgld R ^ n. 

T h e o r e m 9 . Let (1) be a pullback diagram with i\ surjective, and let n be a 
non-negative integer. Suppose that f o r any left idéal J of R, we have that 

p d ^ T o r P ( R k , R / J ) ) ^ n - l f o r l = 0, 1, . . . , n a n d k = 1 , 2 . 

Then lgld R ^ n. 

P r o o f . Let J be a left idéal of R. Proposi t ion 6 shows immedia te ly 
t h a t p d r ( R / J ) ^ n . Therefore , using Auslander ' s theorem, we have 
lgld R = s u p { p d r { R . / J ) | J is a left idéal of R } ^ n . 

T h e o r e m 10 . Let (1) be a pullback diagram with i\ surjective, and let n be 
a non-negative integer. Suppose that for any finitely generated left idéal J 
of R we have that 

f d ^ ( T o r f [R k , R / J ) ) ^ n - l f o r 1 = 0 , 1 , . . . , n a n d k = 1 , 2 . 

Then lwd R ^ n. 

P r o o f . Let J be a finitely genera ted left idéal of R. Propo-
sition 7 evident ly implies t h a t i d R ( R / J ) ^ n . Therefore , since 
lwd R, = s u p { p d R ( R / J ) | , / is a finitely generated left idéal of R} , we have 
lgld R ^ n . 
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C o r o l l a r y 11 . If (1) is a pullback diagram with i\ surjective, then 

lgld R ^ max{lgld R k + p d H R k } . 

P r o o f . Set n k = lgldR.k , rnk = p d f i R.k, Nk = n k + m k (k = 1 , 2 ) and 
N = max{iVi, N 2 }. It can be assumed tha t m k , n k < 00. Let M be an 
i?,-module and k G {1, 2}. Silice p d f l R k = m k , we have Ex t ' R (R k , M ) = 0 
for ail l ^ m k + 1 . At t he same t ime , since lg ld i î^ = n k , we get 
i d R k ( E x t l

R ( R k , M ) ) ^ n k = Nk - m k ^ N k - l ^ N - l for any 
l = 0, 1, . . . , m k . Therefore , by Proposi t ion 5, p d R M ^ N. This means 
t h a t lgld R ^ N. 

Similarly, Proposi t ions 6 and 7 allow us to prove Corollaries 12 and 13. 

C o r o l l a r y 12 . If (1) is a pullback diagram with i\ surjective, then 

lgld R < max{lgld R k + r fd f l R k } . 

C o r o l l a r y 13 . If (1) is a pullback diagram with i 1 surjective, then 

lwd R sC max{lwd R k + r fd H R k } . 

A c k n o w l e d g e m e n t . T h e au thour would like to t hank Professor 
A. I. Generalov for lus help and guidance. 

R e f e r e n c e s 

[1] K . M . CoWLEY. One-sided bounds and the vanishing of E x t . J . Alge-
bra , 190(1997) , 361-371. 

[2] A . FaCCHINI, P . V a m o s . Injective modules over pullbacks. J . London 
M a t h . Soc., 3 1 (1985), 425-438. 

[3] E . IClRKMAN, J . KuZMANOVICH. On the global dimension of fibre prod-
uctif. Pacific J. Math . , 134(1988) , 121-132. 

[4] S. MACLANE. Homology. Springer-Verlag, New York, 1963. 

6 



[5] J . MlLNOR. Introduct ion to Algebraic K-theory. Annals M a t h . Studies, 
vol. 72, Pr ince ton Universi ty Press, Pr ince ton , 1971. 

[6] S. SCRIVANTI. Homological dimension of pullbacks. Ma th . Scand. , 
7 1 (1992), 5-15. 

Equ ipe de M a t h é m a t i q u e s 
U.M.R. 0623 du C.N.R.S. 
16, rou te de Gray 
25030 Besançon Cedex France 

D e p a r t m e n t of Mathernat ics and Mec.ha.uics 
Sa in t -Pe te rsburg S ta te Universi ty 
Bibl io technaya pl. 2 
Sa in t -Pe tersburg , 198904, Russia 

E-Mail : koko@nkl442.spb.edu 

7 


