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Ranks For Two Partition Quadruple Functions
par CHRIS JENNINGS-SHAFFER

RESUME. L’auteur a récemment introduit deux fonctions de par-
titions entieres qui satisfont des congruences du type Ramanujan
modulo 3, 5, 7, et 13. On definit une statistique du type rang
et obtient une amélioration de l'interprétation combinatoire des
congruences modulo 3, 5 et 7.

ABSTRACT. Recently the author introduced two new integer par-
tition quadruple functions, which satisfy Ramanujan-type congru-
ences modulo 3, 5, 7, and 13. Here we reprove the congruences
modulo 3, 5, and 7 by defining a rank-type statistic that gives a
combinatorial refinement of the congruences.

1. Introduction and Statement of Results

In [8] the author introduced the two partition quadruple functions wu(n)
and v(n). We recall a partition of a positive integer n is a non-increasing
sequence of positive integers that sum to n. For example the partitions of 5
are exactly 5,4+4+1,3+4+2,3+1+1,2+24+1,24+1+14+1,and 1+1+14+1+1.
We say a quadruple (71, 7o, w3, m4) of partitions is a partition quadruple of
n if altogether the parts of w1, mo, 73, and 74 sum to n. For a partition 7,
we let s(m) denote the smallest part of 7 and ¢(7) denote the largest part
of m. We use the conventions that the empty partition has smallest part co
and largest part 0. We let u(n) denote the number of partition quadruples
(71,72, w3, m4) of n such that 71 is non-empty, s(71) < s(me), s(m1) < s(m3),
s(m) < s(my), and £(my) < 2s(m1). We let v(n) denote the number of
partition quadruples (my, e, w3, 74) counted by w(n), where additionally
the smallest part of m; appears at least twice. As example, u(S) = 15 as

the relevant partition quadruples are (3,—, —,—), 2+ 1,—,—,—), (1 +
1"’17_»_’_)7 (1+1717_7_)7 (1+17_>17_)7 (1+1a_7 1) (1 2 7_)7
(1a_a2a _)7 (17_a_72)7 (171 + 1 ) (1 1 + 1, ) (17 1+ )
(1,1,1,-), (1,1,—,1), and (1, — ) Also from this hst we see that v(3) =

4. In [8] we proved the follovving congruences for u(n) and v(n).

Manuscrit regu le 6 aott 2015, révisé le 4 juin 2016, accepté le 6 juin 2016.
Mathematics Subject Classification. 11P81, 11P83.
Mots-clefs. Number theory, partitions, vector partitions, congruences, ranks, cranks.
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Theorem 1.1.
u(3n) =0 (mod 3),
u(5n) =0 (mod 5),
u(bn+3) =0 (mod 5),
u(’n) =0 (mod 7),
u(fm+5)=0 (mod 7),
u(13n) =0 (mod 13),
v(3n+1)=0 (mod 3),
v(bn+1) =0 (mod 5),
v(bn+4) =0 (mod 5),
v(13n +10) =0 (mod 13)

The proof was to use various identities between products and generalized
Lambert series to determine formulas modulo ¢ for the ¢-dissections of
generating functions for u(n) and v(n), with the appropriate terms of the
dissections being zero.

We use the standard product notation,

1:[ 1—zq
O:O

(219)0 = [1(1 = 2¢’),

=0
(21, 205Q), = (205Q), - - - (25 Q) »
(217-. y Rks q ) (21, ) (Zk§Q)007
234l = (2, 9/ q)oo, (21, 2k @l = (215 A og - - - (203 A oo

By summing according to n being the smallest part of the partition w1, we
find that generating functions for u(n) and v(n) are given by

[e%S) [e%S) n

V()= 3 ulna" =3 (s d

= =1 (0" @)oo (0" D)oo (€ @)oo ("5 @) g1
= q+5¢% + 15¢° + 44¢* + 105¢° + 252¢° + 539¢" + 1135¢° + . . .,

T "
V(Q)_,;) (g _nz::l(q”;q)oo (4" @)oo (4" 00 (4% @) i1

= ¢* 4+ 4¢® 4+ 15¢* + 39¢° + 105¢° + 237¢" + 530¢° + 1100¢° + .. ..
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Recently in private correspondence Garvan conjectured that one could
use the series

iq (¢" q" ") o iq (" 5 q)
n=1 (q3nq3)io ’ n=1 (q 5 q )oo ’
iq"(q",c 61" T q) o

b

(@™;47)

n=1

where ¢, is a primitive #*" root of unity, as rank functions to prove the
congruences u(3n) = 0 (mod 3), u(5n) = u(5n + 3) = 0 (mod 5), and
u(7n) = u(Tn +5) = 0 (mod 7) respectively. These functions correspond
to the z = (3, (5, and (7 cases of F(22,272, 2;q), where F(p1, p2, 2;q) is a
function the author studied in [9] defined by

(2,271 1y p230),, (G

(¢ Q)zn

(q'q)
(272 » P15 P25 4 )

F(P1,P2,Z;Q) =

&Mé@

In this article we give the proof of this as well as give the corresponding
rank function for V(q). We let RU(z,q) = F(2%,272,2;q) and RV (z,q) =
G(22%,272, 2;q), where

q2

(z,27%, p1,p239),, (m)n
] (¢ 9)ay, '

(459w
(Za Zﬁla P1, P2; q)oo n

hE

G(p17p27 zZ;3 q) =

We prove the following identities for these functions.
Theorem 1.2. Let (; denote a primitive £ root of unity. Then

on2427n

7 [e%¢} —1)" 2
(1.1) RU(€3,Q)=(qg;qq3)oo ; ((1)—(519“6)

5 00 9n2421n

_1\re T
T e

(@%0%) 00 0

q3 o (_l)nqgnggwn
1.2)  RV(G,q) = —
(12 (9] (0% ¢%) oo n;w (1 — ¢ t6)
9n2421n
2

7 i (-1)"q

_{_7 - 7 -
3. 3 _ 79 6 ’
(6% ¢°) o , i, (1 =10
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13 RUGq) = L5 )

4% ¢2]%,
25n2445n
B q’ i (g™ >
(q25; q25)oo [qlo; q25]oo W 1— q25n+10
2512 4+35n
2

q* i (=D"q

o (¢%5; q25)oo 45 q25]oO = 1- g2on+10

5 o n 25n2435n
q (=D"q >
1.4 RV ((5,q) = — 1 _95n+1s
(1.4) N R P Rl D g o
25n2+55n
0" S K

<q25; q25)oo [ql(); q25]oo = 1— q25n+15
q2 (q25; q25)oo B q3 (q25; q25)oo
.0 0% %P,
q (q49; q49)oo [q21; q49]Oo
0L [ T
G+ (—1)ng ™
(q49; q49)oo [q21; q49]oo il 1— q49n—|—21
(E+? (0599 | @ (0"07)
47, ™ ¢*] 47, %Y q%)
(¢r+ D" (¢";9")
[q"4; q49]c2>o
G+ (—1)ng* "
(q49; q4g)oo [q14; q49]oo il 1— q49'n+21
(14 ¢ +¢H)a® (0% ¢") o
[ q49]§o
(1+@+ e N

(@®;qP) 07540, &= 1 gont2

(1.5)  RU(¢rq) =

The congruences modulo 3, 5, and 7 of Theorem 1.1 are a corollary to
Theorem 1.2 by the standard argument of ranks and cranks. We let

o0 oo o0 o0

RU(z,q):Z Z ru(m,n)z"q", RV(z,q):Z Z rv(m,n)z"q",

n=1m=—oo n=1m=—o0
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ru(k,l,n) = Z ru(m,n), rv(k,l,n)= z ro(m,n).

m=k (mod ¢) m=k (mod ¥)

Since U(q) = RU(1,q) and V(q) = RV (1, q) we have that

-1 -1
u(n) = Z ru(k, ¢,n), v(n) = Z rv(k,f,n).
k=0 k=0

Also we see that

If £ is prime and the coefficient of ¢"V in RU({, q) is zero, then
ru(0, €6, N) +ru(1, €, N)¢ + -+ ru(l — 1,4, N)¢ ' =0,
and so
ru(0,4,N) =ru(l,{,N)=---=ru({ — 1,{,N),

as the minimal polynomial for ¢, is 1+ 2 + --- + 21, Thus ru(N) =
¢ - ru(k,,N) = 0 (mod £). By Theorem 1.2 the coefficients of ¢*" in
RU(C3,9); ¢°" and ¢°**3 in RU(Cs,q); and ¢™ and ¢™*® in RU((7,q) are
all zero which yields the congruences for u(n). The explanation for rv(n)
is similar.

It is worth noting that the ru(k, ¢, N) being equal and the rv(k, ¢, N) be-
ing equal is a stronger result than the congruences alone. Also the ru(m,n)
and rv(m,n) give statistics on the partition quadruples counted by u(n)
and v(n) that yield a combinatorial refinement of the congruences. For this
we recall that s(m) is the smallest part of 7 and let #(7) denote the num-
ber of a parts of 7. For a quadruple (my,ma, w3, 74) we let w(my, ma, w3, 74)
denote the number of parts of m; that are either s(m;) or are larger than
s(m1) + #(msa). We note that if #(m4) = 0, then w(m) = #(m1). We define
the u-rank and v-rank of (7, me, w3, 74) by

u-rank(my, o, w3, ) = w(mwy, W, W3, T4) — 1 4+ 2# (o) — 2#(73) — #(m4),
v-rank(7my, wo, w3, m4) = w(m1, M2, W3, W) — 2 + 24 (Me) — 2#(w3) — #(m4).

We will prove the following.
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Theorem 1.3. Let U denote the set of partitions quadruples counted by
u(n), that is to say,

U = {(m,m, m3,m4) : £(my) < 25(m) < 00
and s(m) < s(m;) fori=2,3,4}.

In the same fashion let V denote the set of partitions quadruples counted
by v(n). Then ru(m,n) is the number of partition quadruples from U of n
with u-rank equal to m and rv(m,n) is the number of partition quadruples
from V' of n with v-rank equal to m. Furthermore,

(i) the residue of the u-rank mod 3 divides the partition quadruples
from U of 3n into 3 equal classes,

(ii) the residue of the v-rank mod 3 divides the partition quadruples from
V of 3n + 1 into 3 equal classes,

(iii) the residue of the u-rank mod 5 divides the partition quadruples
from U of 5n and of 5n + 3 into 5 equal classes,

(iv) the residue of the v-rank mod 5 divides the partition quadruples from
V of 5n 4+ 1 and of 5n + 4 into 5 equal classes, and

(v) the residue of the u-rank mod 7 divides the partition quadruples
from U of Tn and of Tn+ 5 into 7 equal classes.

As example of Theorem 1.3, we have u(3) = 0 (mod 3) and u(3) = 0
(mod 5) by considering the following table of values:

S| T 3 74 | w | u-rank (mod 3) (mod 5)
3 — — — 1 0 0 0
2+1 — — — 2 1 1 1
1+1+1 — - — 3 2 2 2
1+1 1 — — 2 3 0 3
1+1 — 1 — 2 —1 2 4
1+1 — — 1 2 0 0 0
1 2 — — 1 2 2 2
1 — 2 — 1 -2 1 3
1 — — 2 1 -1 2 4
1 1+1 — — 1 4 1 4
1 — 1+1 — 1 —4 2 1
1 — — 1+11 -2 1 3
1 1 1 — 1 0 0 0
1 1 — 1 1 1 1 1
1 — 1 1 1 -3 0 2

Two remarks are in order. The first is that Theorem 1.3 shows that
we are doing something more than reproving some of the congruences for
u(n) and v(n). Previously we simply knew the congruences held, whereas
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now we have a much stronger refinement. This refinement fits into the
rich framework of partition rank and cranks. To review the history of this
subject, one should consult the works in [2, 3, 4, 6, 7]. The second is that the
proof of Theorem 1.2 is considerably easier than the original proofs of the
congruences. One possible explanation for this is that it is not entirely clear
what kind of functions are U(q) and V' (gq); are they modular, mock modular,
or quasi-mock modular? However given a form of RU(z,q) and RV (z,q) in
terms of generalized Lambert series, it clear by the works of Zwegers [10]
that for z a root of unity, other than +1, they are mock modular forms.
In Section 2 we give a few preliminary identities necessary for the proof
of Theorem 1.2, in Section 3 we prove Theorem 1.2, in Section 4 we prove
Theorem 1.3, and in Section 5 we give a few concluding remarks.

2. Preliminaries

We begin with expressing the two rank functions as generalized Lambert
series.

Proposition 2.1. We have
(2.1) RU(z,q)

1 i (1—27)(1 - zjfl)zlfj(—l)jqw

-2 (@220 2 (1—2%¢7)(1 — 272¢7) ’
(2.2) RV(z,q) e
1 0 (1= 29)(1 — 231210 (=1)ig 2

SIS

o0 j:—()o

(1—22¢7)(1 = 27%¢)
Proof. By [9, Theorem 2.3] we have that

(1+2) (z,z_l;q) F(p1,p2,2q)
o0
- q Z(l —2)(1 - Zj_l)zl_jp%ﬁp;g(—1)J+1q
(01,027@5(000 j=1

X (p1p2i@)yo (o1 ' oy s a)
x (1—pitd? —pytd? +pi gt + pytg¥ it — gM 2,
(1+2) (z, z7 1 q)oo G(p1,p2.2;q)

JG=1)
2

J+1

1 il . . o ,
= 2 (1= 2)(1 =221 p oy (-1
(o1 2, ﬁ;q)oo i=1

x (1= ¢ ) (o, pz3 ),y (o1 o d )

G+
o1
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With py = pfl and p; = 2z we find the above reduces to

(142) (2275 q)wRU(Z,q)
(P R oy
(¢ Q)0 im (1= 2271 — 272771 (1 = 2¢7) (1 — 272¢)
X(1—22qj—2: ]+Z233 1+Z23]1 q4j72)’
(1+2)(z2""5a) _RV(z.0)

S e (€ F1) i (-1 (L - g (L — ¢¥ Y
(39 = (1 —22¢7 1) (1 — 2725~ 1)(1 — 22¢7) (1 — 2 2¢7)
We note that

1— 220 — 27 2¢7 4+ 231 4 ;231 _ %2
20—+ 0 - 7)1 = 70)

1

B B q

T ) (- 2 e )
(1—q)(1—qg¥t)

(1-22¢"H(1 —272¢~1)(1 -

2j

2¢)(1—272¢)
_ 1 q
(=2 (1 - 22T

(1—2%¢7)(1 = 272¢7)’

so that
(142) (2275 q)oo RU(z,q)

!
(¢;9)

$5 (1= (1 = =1l

et (1=22¢~ (1 —2z72¢/71)

LS (10 = S
(¢ Do 1= (1 —22¢7)(1 — z72¢9)

B R B e i G
“Gon, 2. G-F- )
(1+2) (z, 271 q)oo RV (z,q)

o
 (g;q)

$ (= (1 i1

o= -2 HI -z )

1 i (11— zj)(l — Zj—l)zl—j(_l)j—irl W

q
(¢ D)oo 1= (1—-22¢7)(1 —272¢7)
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B s G e
(@ (1=2%¢/)(1 - 272¢)

(¢4 D)oo ;7
The proof of Theorem 1.2 will be to replace n by ¢n + k, with k =
0,1,...,£—1 in the series in (2.1) and (2.1) and find cancellations between
the resulting terms. For this, we let

Z2n(n+1)

0o Lbn

(-D)"q¢ = *

T(a7 b7 6) = Z (1 _ q€2n+€a)
n=-—00

By letting n — —n we have the useful fact that T'(—a,b,£) = —¢**T(a, —b,£).
Here and in the proof of Theorem 1.2 we use the notation

a a a 2
E(a) = (¢"14") o0 » P(a) = [d":0"] .

where ¢ will always be clear from the context. We note that P(¢—a) = P(a)
and P({ + a) = P(—a) = —¢"*P(a). The r = 1 and s = 2 case of [5,
Theorem 2.1] with ¢ — q€2, ai — ¢', by — ¢ and by — g2

P(a)E(*)?  P(a—by) P(a — be)

P(b1)P(bs)  P(bs—b1) Pby — by)
so that

gives

T(bl,a—b2,€)+ T<b27a_b17€)7

_ P(a — bl)
J— = Z(bl b2)7 -
(2.3) T(bg,a bl,ﬁ) q P(a — bQ)T(bha bg,f)

i) P(a)P(bs — bl)E(fz)Q.
P(bl)P(bQ)P(a — bg)
By setting by = —b, by = b, and using that T(—b, a—b,£) = —¢*T(b,b—a, (),
we also deduce that

(2.4) T(b,a+b,l) = — —beEafZ;T(b,b—a,E)Jrq

_p P(a)P(20) E(¢*)?
P(b)2P(a —b)

Additionally we need an identity for (q, Ce, Gy 1, q) . Using the Jacobi
o0
triple product identity,

e}

(7.2 L ga) = 0 (-1t E

n=—0oo

we easily deduce that for odd ¢ we have

(25) (a:¢¢5a)

(1-G)E Z R Ve ()
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3. Proof of Theorem 1.2
Proof of (1.1). By (2.1) we have

RU(C?MQ)
_ ! i 1 g oV
(1+6) (0.6 Gha) e =G0 -6G7)
1
G -G -G (66
L e e
" jgoo (1= Ga¥+2)(1 - ¢ %¢%7+2)
B N L el L i
- (6%0%) ;2 (1 - ¢%+5)
_q i (—U%z@_ q° i (—1)ig2

(%) e =919 (6356 o, (1—¢%76) 7
which is (1.1).

Proof of (1.2). By (2.2) we have

RV (C3,9)
_ ! S 0-@0-g g7 e
(1+6) (.6.Gha) e (=G0 -G7)
1
1+ )1 -G)A-GN (@)
= (1= @)1= Q)G (—1)ig " F

L g
Lol & (C1gTEEe - )
GTON ]Z_:OO (1 —¢%7%6)
I N 1 e s N o
R MR D (R T P Pl (e

which is (1.2).
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Proof of (1.3). By (2.1) we have

_ L S~ 0-do- )l (1)
(1+6) (6.6 ha) e (1-G)0-67)
1 . E(k+3)

— _1k1_<k 1_Ck71 1-k 5
(1+c5)(q,<5,<5—1;q)00§ P e e e

S O
2 TG = G
1 - k k k—1y 1—k EkES)
= Z(—l) (1=GG)1—¢ )G g 2

(1+¢) (q, CNeR Q)oo k=2

C 255054+ o e . . _ .
§ io: (—1)3q J; -) 5]+5]k(1 _ q53+k)(1 _ C5q5g+k)(1 . C5 1q5g+k)
(1 _ q25j+5k)

j=—o00

4
1 1—k k(k2+3)

- —1k1— k 1— k—1

x (T(k, k= 1,5) = (1+ G + )" T(k, k,5)

+ (14 G+ Tk, b+ 1,5) — ¢*T(k k +2,5)).

In (2.3) weset L =5,a=2+k+c, by =2, and by = k to get

P(k
T(k,k+¢,5) = q10_5kp<(2_—::3T(2, 2+¢,5)

10—sx P2+ k +c)P(k — 2)E(25)?
1 P2)P(k)P(2+c)

for k=3,4and c=—1,0,1,2. Weset /=5, a=1, and b =2 in (2.4) and
simplify the products to get

T(2,3,5) = q_5§g;T(2, 1,5) — q_5P
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With these identities we write each of the T'(a,b,5) in terms of 7'(2,1,5)
and T'(2,2,5) and carefully simplify to find that

(81)  (1+¢) (4:6:¢'5a) _RU(G.0)
=T(2,1,5) (-2 + 26+ @)g* 53 + (1+ G — 23)d°)
+7(2,2,5) (—(2+ 26+ )" + (1+ G — 23)a* 3}
+ 2+ 2+ @)gEBEEE — (14 ¢ — 203 B2
= (1+6) (46,6 ;q)oo(qul)g — sadre T(2:2,5)

4

_E(Qg)P(l)T(Q’ ]-a 5)) 9

where the last equality follows from using (2.5) to get that

(1+6) (0,665 15a)
= B(25)((2+2¢ + ) P(2) — (1+ G5 — 2¢3)gP(1)).

We see (3.1) now immediately implies (1.3). O

Proof of (1.4). By (2.2) we have

V(C57Q)
_ ! $ == g T LT
1+6) (060G he) i (10 G- G0
1 4 k(k+1)
= (—DFA - -GG e
(1+Gs) (Q7C57<5)_1§Q)Ookz:2 i v
00 (_1)jq25j22+5j+5jk
’ j;oo (1= GBg™M)(1 = G5 % h)
1 4 k(k+1)
D (VA=) =¢GTNG T

- (1+¢5) (q7C5,C5_1;Q)OO k=2

C255(G4L)  qpeams ) . B .
X0 (=1)igT z TH0IERIR (L — @Itk (1 — (PR (1 - (5T gPTTR)

x Z (1 — g25i+5k)

j=—o0
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1 4 K k fm 1y ~1—k kOmtD)
(1+C5) (q’CE)’Cgl’q)oo I;Q( ) ( <5)( 5 ) 5 4

x (T(k,k —2,5) = (1+ G + ()g"T'(k, k — 1,5)
+ (14 G + g Tk, b, 5) — ¢ Tk, k +1,5)) .

In (2.3) weset £ =5, a=3+k+c, by =3, and by = k to get

Pk +
T(k7 k+ Cy 5) - q155k‘P53_{_3T(37 3+ ) 5)

5ok P+ E+ )Pk — 3)E(25)°
PB)P(k)PB+c)

for k =2,4and ¢ = -2,-1,0,1. Weset / =5, a =1, and b = 3 in (2.4)
and simplify the products to get

2 2
T(3,4,5) = q“”]JzE;;T(& 2,5) + q‘lOP(ll)Dg)(fE’) .

With these identities we write each of the T'(a,b,5) in terms of 7'(3,1,5)
and T'(3,3,5) and carefully simplify to find that

(32) (1+6) (4:6:G5 1) RV (G, >
= 7(3,1,5) ((—2 =26 - )a" 53} + (1 + G —26D)d°)
+T<3,3,5>(<2+2<5+<5>q +(-1- G +26)0* 5
+ (2426 + ) BT + (-3 - 3G+ Qe EEr
+(1+ G5 — 26))q* PEEGE-
= (1+6) (966" 0)_ (~pafas T3 1,5)

12 25 E(25
+ plEm T(3:3,5) + pasnty — ot ) -

where the last equality also follows from

(1+¢) (q, C5,C5_1;Q)OO
= E(25)((2+2¢5 + (2)P(2) — (1 + ¢ — 2¢2)qP(1)).

We see (3.2) now immediately implies (1.4). O
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Proof of (1.5). By (2.1) we have that

RU(C77Q)
_ ! 9 1 eV
(1+¢) (0.6 65a) 5w (1—C7q3)(1—C7_2qj)
1 6 k(k+3
S (q ¢ G tia) é(_l)k(l UG
00 j 49j2+21j+7 " ' ‘ |
% Z 1 — A9TR (1= ¢ (1 = Grg7 ™) (1 = Gq7)
j=—o00
X (L= ¢1q7 ) (1 = (Bq™ith)
1 6 i K 1k, K43)
SN (=DFA - -

- (1+¢r) (q, C7,C7_1;q)oo P
x (T(k, k —2,5) + (¢ + )" T(k, k — 1,7)
+ (L4 G+ Tk k,7) — 1+ G+ ) Tk, k+1,7)

— (G + Q) T,k +2,7) — ¢ T(k b +3,7)).
In (23) weset L=T7,a=3+k+c, by =3, and ba = k to get

017k P(k +¢)

T(k,k+¢c,7)=q PG+ o)

T(3,3+¢,7)

o PBHE+ )Pk — 3)E(49)?
P(3)P(k)P(3 +c) ’

for k=2,4,5,6andc=—2,...,3. Weset £ =7,a=1,2,and b = 3 in (2.4)
and simplify the products to get

7 P(1)?E(49)°

T(3,4,7) = q’7P(3)T(3,2,7) — PP

P(2)

~1uP(2)E(49)”

T(3,5,7) = q‘l4P(2)T(3, 1,7) —q P3)

P(1)
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With these identities we write each of the T'(a,b,7) in terms of 7'(3,1,7),
T(3,2,7), and T'(3,3,7) and carefully simplify to find that

(3.3)
(1+60) (a:¢r, 6 '1a)_ RU(Grra)
=T(3,1,7)((=3 - 3¢ — 2} — 4¢} — 2)g° )
+(L+ G+ G +3¢ + P 5
+ 4+ 4G+ G+ 4+ D)e°)
+7(3,2,7)((-1 = & =2 — ¢ —20)q" 5 + (-1 = G + 2H)g"
+(1+¢ -G - E)
+7(3,3,7) (2426 + 360" + (=2 =26 — G = ¢ = )" 53)
+ (=3 =3¢ — 20 — 4¢f — 2¢)q' %3;)
+ (2426 + ¢ + ¢+ (D) EEEPE
2+ 2C7 + 3¢H) 2 BN + (2 + 267 + 363 + 4¢H + 360> Bt
3+ 3Cr + 263 + 468 +260) g EEE + (2 + 267 + 3¢ g7 Bter

+ (2426 + G+ ¢+ )t

(
—(
—(
(
— (242G + 263 + 6¢ + 2(3) g7 PR
(
—(
(
+
(

+(2+ 267 + 3¢H) g PR

2+ 20 + G + ¢+ )P ETe

2
— (444G + ¢ + 46 + D PR

(
)2
(1)? E(49)?
P(3

2+2C7+3C7+4C7 +3<:7) IW

3 2
+ (14 G+ +3¢ + Q) Skt

We slightly alter (3.3) before proceeding. By Lemma 4 of [4] with b = 3,
c=2,and d =1, we know

P(3)°P(1) - P(2)°P(3) + ¢"P(1)*P(2) = 0,
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which yields

P(2 P1 P(3)?
q P<(1>)2 - q8P<2>(P)<3> ~ 4P >(P)<2>2’
11 P2 4 P2 4 P(3)
7 Pep@E?2 — 1 POPE) 4 P()
14 P(1)3 P(1) P(2)
7 PRPES -q' P(2)2 P(3)2

These identities allow us to rewrite (3.3) as
(3.4)
(1+¢) (a6 ¢ ') _RU(Gra)
=73, 1,7)((~3 — 3¢ — 26 — 4¢} — 22)g" 52
+ (14 G+ @436 + Q)" B
+ (444G + G+ 4+ )e°)
+7(3,2,7) (=1 - & — 262 = ¢ = 2¢0)a" 53} + (—1 = Gr +2¢1)a"
+(1+G -G - Ga'p)
+7(3,3,7)((2+ 26+ 3¢ — 2+ 26+ G+ ¢ + (D)5
— (34 3¢+ 26 +4¢] +2)a " 533 )
+ (24267 + ¢ + ¢+ (D) R
— (24267 + 3¢ P EESE + (24 267 + 32 + 4¢E + 3¢0) )
(=1— G+ G+ (D)g  HEr”
— (24 2¢r +3¢ +4¢ +3¢2
(
—
= (

+

P(1
)q %+(2+2C7+3C7)Q5EP%33
F (2420 + G+ P 33 + 1+ 6 =G =@ #ég)

L+ o+ G+ 3¢H + ¢9))g" EEEG

A4+ 4G+ G +4¢ + B)q 9%
= (1+¢) (q,<7,c;1;q) (—(&Z + ) paEm T3:3.7)
+ (¢ + &) prtmrm T(3,2.7) — <1+c7+<7>% (3,1,7)
E(49)P(3) 2 E(49) 3 E(49)

+aparrm — (G + Ve smpe + 4 Pm P
G+ D P + (1+ G+ "B )
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where the last equality follows from using (2.5) to get that

(1+¢) (a6 G hva)
= B(49)((2+ 267 + (7 + 7 +2°)P(3) + (-1 = & + G + (7)aP(2)
—(L+ G+ G 43¢+ )’ P(1)).
We see (3.4) immediately implies (1.5). O

4. Proof of Theorem 1.3

Our proof is similar to the rearrangements and interpretations used by
Andrews and Garvan in [3] to interpret the vector crank of [7] as the crank
of ordinary partitions. We need only the ¢g-binomial theorem in the form of

(tw;q)oy f: tm
(t,w;q) oo (wg™; q) o (450),,
n+1

m=0
With t = 27 1¢™ and w = 2q

i " (*"q) o

(zq", 27 1q", 22q™, 272¢™; ¢) o

this gives us that

2n+1.
RU(z,q)

i
I

n —m  nm

q i 2 Mg
(1 —2q") (229", 27295 4) o S (2475 0) o (45D,

n

o

3
Il

q
1 (24", 2%0", 274" ) o

tnqg

3
I

—-m nm-+n

z q
+ Z Z (1 — zq™) (zqnt™*L 22q7, 272q™; q) o (45Q)

nlml
oo

n=1

TL

(zq", 2%q"™ z‘2q 1) oo
qn
+ Z Z an) (qn+1; q)m (an+m+1’ 22(]", 272(]”; Q)oo

nlml

m . nm

2N (G D
(60, (6D,

Loosely speaking, z counts certain parts in 7y, 22 counts #(m2), z~2 counts
#(m3), and 2! counts #(m4). We see the first sum is the generating func-
tion for the partition quadruples (71, 7o, ms,m4) from U when 74 is the
empty partition, where the power of ¢ is the sum of the parts of the ;
and the power of z is #(m1) — 1 4+ 2#(m2) — 2#(mw3). That is to say the
first sum is the generating function for the number of partition quadruples
of n from U with u-rank equal to m when 74 is the empty partition. For
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the second sum we first note that %
(q7q)n(Q7q)7n

erating function for partitions with parts at most n in size and at most
" (6D
(60 (459 1,
function for partitions into exactly m parts and with all parts between n

and 2n. We see then the second sum is the generating function for the
partition quadruples (71, 7o, 73, m4) from U when 74 is non-empty, where
the power of ¢ is the sum of the parts of the m; and the power of z is
w(my, mo, 3, my) — 1 + 2#(ma) — 24 (mw3) — #(m4). That is to say the second
sum is the generating function for the number of partition quadruples of
n from U with u-rank equal to m when 74 is non-empty. Thus ru(m,n) is
the number of partition quadruples of n from U with u-rank equal to m.

In the same fashion we find rv(m,n) to be the number of partition
quadruples of n from V with v-rank equal to m. The remainder of Theo-
rem 1.3 follows from the fact that ru(k, ¢, fn+a) = W for (¢,a) = (3,0),
(5,0), (5,3), (7,0), and (7,5) and rv(k, £, {n+a) = W for (¢,a) = (3,1),
(5,1), and (5,4) for all k as established by Theorem 1.2.

is well known to be the gen-

m parts in total [1, Theorem 3.1], so that is the generating

5. Remarks

It is somewhat surprising that the dissections of RU((s, q) and RV ({y, q)
are easier to handle than the modulo ¢ dissections of U(q) and V(q).
However, the formulas for U(q) and V(q) modulo ¢ are still necessary, as
RU(z,q) and RV (z,q) do not also explain the modulo 13 congruences. In
particular one can check that the coefficient of ¢'3 in RU((13,¢) is non-
zero. Additionally one can check that the coefficient of ¢'® is non-zero in
F (¢, C{’S, (f3; ) for all choices of a, b, and c. We leave it as an open problem
to find a statistic to explain the modulo 13 congruences for u(n) and v(n).
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