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Corrigendum to “On traces of the Brandt-Eichler
matrices”

par JuLlusz BRZEZINSKI

RESUME. Cette note est une correction de mon article [1]. Elle
corrige une formule dans la proposition 2.2. D’apres le résultat
corrigé, le nombre ¢(n, m) d’idéaux principaux a gauche de norme
¢ dans 'ordre de Eichler de niveau n sur un anneau de valuation
discréte R dont le corps résiduel est de cardinalité g est t(n,m) =
(m+1)¢g™sim <net

tn,m) = (n+1)g™ +2¢™ - +2¢" + ¢!

lorsque m > n. La démonstration de la proposition n’était pas
donnée dans mon article (étant “pénible mais sans obstacle”).
Malheureusement, certains coefficients dans le second cas étaient
erronés. Une démonstration complete suit ci-dessous.

ABSTRACT. This is a correction to my paper [1]. It corrects
a formula in Proposition 2.2. The corrected result says that the
number ¢(n, m) of principal left ideals with norm ¢™ in the Eichler
order of level n over a discrete valuation ring R with residue field
of cardinality ¢ is ¢(n,m) = (m + 1)¢™ if m < n and
un,m) = (n+1)g™ +2¢" 7"+ +2¢" + "7

when m > n. The proof of the Proposition was not given in my
paper (as “tedious but straightforward”). Unfortunately, some co-

efficients in the second case were erroneous. A complete proof
follows below.

Let R be a discrete valuation ring with maximal ideal (7). Assume that
the residue ring R/() is finite and let ¢ = |R/(m)| be its cardinality. The
discrete valuation defined by R will be denoted by v. Thus v(7n™) = m. Let

R R
b= (o k)

be an Eichler order in the matrix algebra My(K') over the quotient field K
of R.
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Our purpose is to find the number of principal left ideals in A,, with
norm ¢ (m > 0), which will be denoted by ¢(n,m). Since each such ideal
has form A,M, where M € A, and the determinant of M is a generator
of (7™), we want to find a set of representatives for the orbits A’ M of the
unit group A}, of A, acting on the set of matrices in A,, having norm ¢
(recall that the norm of A, M is the cardinality of R/(det(M))).

We denote by
_ < e e )
€= n
TUe1 €22
the elements of A}, and by

m m
M — ( m 11 12 )
TM21  M22
the matrices in A,,.

Our purpose is to choose a “canonical” set of representatives of the orbits
Ay M.

We split the orbits into 3 types: Type 1 are those having a representant
with m1; = 0, Type 2 those having a representant with mo; = 0 and Type 3
those which can not be represented by a matrix with mi3ms; = 0.

First we give a canonical choice of matrices representing each type and
when this is done, we count the number of orbits by counting the number
of representatives of each kind.

Type 1. If a matrix M has my; = 0, then det M = 7™moymis # 0, so
multiplying M from the left by a suitable diagonal unit matrix, we may

assume that
0 78
M = ( 7Tn+r mao > .

Now, we can take a product

1 0 0 78
eM = ( g 1 )M_ < 7T Mgy + gt >’

so we can assume that mos is reduced modulo 715, Thus we arrive to the
description of the matrices of Type 1:

(1) o O 7TS
Mr,s,c - ( antr c ) )

n—+s 1)

where ¢ is reduced modulo 77%. We check easily that two matrices Méw

and Mf,l )S,’ » define the same orbit if and only if r = r',s = s’ and ¢ = ¢
(mod 7"+%).

The number ¢;(n,m) of matrices of Type 1 with norm ¢™ is equal to
all possible choices of r,s,c such that r + s +n = m and c is reduced
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modulo 7"%. Thus, we have such matrices only if m > n and for each
s=0,...,m —n we have ¢ such matrices, that is,

(0.1) t(n,m)=q" +---+q¢m.

Type 2. Since this time, we have det M = mqy1meos # 0, we can multiply
M by a diagonal unit matrix, so that

. i mi2
M_<O s )

Now, we can take a product

_ (1 g _ (™ mia+qm®
EM_(O 1)M_<0 s :

so we can assume that mqs is reduced modulo 7®. Thus, the matrices of
Type 2 are
2 " C
2= (7 5.

where c¢ is reduced modulo 7®. We check easily that two matrices M,gi)c
and M (2)

s c

(mod 7%).
The number ¢2(n, m) of matrices of Type 2 with norm ¢™ is equal to all
possible choices of 7, s, ¢ such that r + s = m and ¢ is reduced modulo 7%.

Thus, for each s =0,...,m we have ¢° such matrices, that is,

(0.2) to(n,m)=1+q+---+q™.

, define the same orbit if and only if r = 7/,s = s’ and ¢ = ¢

Type 3. This time, we assume that there is no representant of the orbit
A M with myi1me; = 0, so we can start with a representant

k
™ M2
M =
( ™ N mo9 ) ’
where N > n, which we obtain multiplying M by a suitable diagonal unit
matrix. First of all, we will show that it is possible to choose a representant

of the orbit A* M such that N —k € {1,...,n—1} (thatis, n+k > N). In
fact, if N — k > n, then we can multiply M by the matrix

1 0
—7TN_k 1 )

which gives a representant with 0 in the left lower position.
Let now 7 = v(mag — ¥ "*mys), so det M = 7¥(mgy — 7
v(det M) = k + r. It is easy to check that two matrices

k 14 /
™ m T m
M = N and M = N2
Y m22 ™ m22

N=kmqs) and
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with 7 = v(maa — 7N "Fmya), 1 = v(mby — 7' ' m/,) represent the same
orbit of A% if and only if (N, k,r) = (N',k,7") and mi2 = m/, (mod 7")
and may = mhy (mod 7("+HF)=NHT) Moreover, a product eMy ., where
e € A} never has 0 in the first column, that is, these matrices can not
represent an orbit of Type 1 or 2. Thus the matrices of Type 3 are

k
3 ™ b
M](V,)k:,r,a,b = ( 71.N a ) )

where N > n, N —n < k < N, r = v(a — 7V 7Fb), a is reduced modulo

g +k)=N+r and b is reduced modulo 7. Notice that v(det M](V?”)kma’b) =
k+r.

In the sequel, we will use the following observations: If r < N — k, then
a = 7"ag, ™ {ag. If r > N — k, then a = 7V "Fqy, = (N=Fk) | ap — b and
ﬂ.r—(N—lc)—&—l '|'a0 —b.

Now we want to compute the number ¢3(n, m) of matrices of Type 3 with
norm ¢"*. This is a little more complicated than the corresponding task in
cases 1 and 2. First of all, notice that fixing n,m, we have n < N <n+m
(that is, N assumes m values). In fact, if N > m+mn, then k > N —n > m,
which is impossible, since k + r = m. If we fix N, then the number of
possible pairs (k,r) such that k +7 = m and N —n < k < N will be
denoted by cy. It is easy to check that

ey =n—mazx (1, N —m).

In order to compute t3(n, m), we start counting the contribution coming
from matrices of Type 3 with fixed N. For each r (and k = m — r), we
count the number of corresponding matrices of Type 3.

We have two cases. First we consider the case r < N — k. As we know,
we have ¢ possibilities for b. As regards a, we have a = 7n"ag, 7 t ag, so
the number of possibilities for a is given by the number of possible residues
ap modulo (") =N which are invertible in R/(x("+*)=N) that is, we get
qmHR)=N _ g (ntk)=N=1 5 ogsibilities for ag. The number of possible matrices
is
(n+k)—N

n—l—k)—N—l) _ qr—i—(n-l—k)—N _ r+(nt+k)-N-1

q (q —q( q

(03) (n+m)fN71'

— q(ner)fN —q

The second case is r > N — k. This time, we have as before that b
is reduced modulo 7", but a = 7V *qq, where 7"~ (V-F) | ap — b and
7"~ (N=R)+1 4 g5 —b. Since a is reduced modulo 7" *~N+" we have to count
the number of pairs (ag, b) such that ag is reduced modulo 7" +2F=2N+7 "}
is reduced modulo 7" and 7"~ (N=F) | qq — b, 77~ N=K)+1 t g5 — b, These
configuration seems to be rather messy, but the situation is essentially very
simple: we have residues modulo some 7% and 7Y and we have to count
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the number of pairs of residues whose difference is divisible by 7% and not
divisible by 7**! for some z < min(x,y). If we use g as before, then the
answer is

qzqyfz o qazqyfzfl — qx+yfz o q:eryfzfl
which can be easily checked (take ¢* residues ag = 0,1,...,¢* — 1 and for
each of them, those residues among b = 0,1, ...,¢Y — 1 for which ¢® divides

aog — b; then repeat the counting looking at those for which ¢**! divides
ap — b and subtract their number).

In our case, we have x =n+2k—2N +r,y=r, z=r+ k — N. Thus
r4+y—z=n+k—N+r=n+m— N, which means that the number of
matrices is exactly the same as in the case r < N — k and is given by (0.3).

Now, it remains to compute the number ¢(n, m) of all matrices of Types 1,

2, 3. We have

L(TL, m) = Ll(nu m) + L2 (na m) + L3(na m)
n+m—1

m m
=D +>d+ D en(gTN =gt N,
i=n =0 N=n

where the first sum is 0 when m < n.
If m < n, then it is easy to check that c;y = m+n — N for N =
n,...,n+m — 1. Thus, we have the sum:
n+m—1

m
wnm)=> ¢+ > (n+m-— N)(gmTm=N — qntm=N=1y — (1  1)¢™.
=0 N=n

Ifm>n,thency =n—1for N=mn,...,mand cy =n+m— N for
N=m+1,...,n+m — 1. Hence, we have
m . m ) m
L(n,m) — Zqz + Zqz + Z (n _ 1)<qn+m—N _ qn+m—N—1)

i=n =0 N=n

n+m—1
+ Z (n+m_N)(qn+m—N _qn+m—N—1)

N=m+1

:(n+1)qm+2qm—1+‘_.+2qn+qn—1.
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