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Continued fractions
and
Parametric geometry of numbers

par AMINATA KEITA

RESUME. W. M. Schmidt et L. Summerer ont récemment proposé
une théorie qui décrit approximativement le comportement des
minima successifs d’une famille de corps convexes a un parametre,
celle qui intervient dans les problémes d’approximation rationnelle
simultanée de plusieurs nombres. Dans le cas d’'un seul nombre,
nous montrons que le comportement qualitatif exact des minima
reflete le développement en fraction continue de la plus petite
distance de ce nombre a un entier.

ABSTRACT. Recently, W. M. Schmidt and L. Summerer devel-
oped a new theory called Parametric Geometry of Numbers which
approximates the behaviour of the successive minima of a family
of convex bodies in R™ related to the problem of simultaneous
rational approximation to given real numbers. In the case of one
number, we show that the qualitative behaviour of the minima
reflects the continued fraction expansion of the smallest distance
from this number to an integer.

1. Introduction

The parametric geometry of numbers, recently introduced by W. M.
Schmidt and L. Summerer, is a theory which analyzes the behaviour of
the successive minima of parametric families of convex bodies in R”. It
provides a new approach to the problem of simultaneous approximation to
real numbers by rational numbers. It was initially developed in dimension
n = 3 in [3], then extended to the general case n > 2 in [4], and completed
in [1]. Our goal is to revisit the case n = 2 by providing an exact description
of the qualitative behaviour of the successive minima in that case. For this,
we consider the family of convex bodies given by

Ce(e?) == {(a,y) €R*; x| < e, a6 —y[ <e™}  (¢20),
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for some fixed £ € R. For j = 1,2 and ¢ > 0, let L¢ j(q) = log Aj(Ce(e?)),
where \;(C¢(e?)) denotes the j-th minimum of C¢(e?), i.e. the smallest A > 0
such that AC¢(e?) contains at least j linearly independent elements in Z2.
Further, we define a function Lg : [0,00) — R? by

Le(q) = (Lea(a); Lea(q)) (g2 0).

As noted by Schmidt and Summerer [3, §4], L¢ enjoys the following prop-
erties.

e Each component L¢; : [0,00) — R is continuous and piecewise
linear with slope £1.

o If ¢ € [0,00) is such that L¢; admits a local maximum at ¢, then
we have

Lea(q) = Lea(q).

e For all ¢ > 0, we have —log2 < L¢1(q) + Le2(q) < 0 (by virtue of
Minkowski’s theorem.)

The union of the graphs of L¢ ;1 and L¢ 5 in [0, 00) x R is called the combined
graph of the function L¢, and is denoted I'¢. Our objective is to show that
the simple continued fraction expansion of a number £ € R can be read
from this graph when ¢ € [0, 1].

Theorem 1.1. Let £ € R. Then, I'c = I'|¢ depends only on the distance
from & to the closest integer, denoted ||£||. Moreover, let (gn)o<n<s with
s € N*U {oo} denote the increasing sequence of points in [0,00) for which
L¢ 1 admits a local maximum, and let a, denote for each positive integer
n < s the number of local mazima of L¢ o restricted to the interval [qn—1, qn].
Then it follows that qo = 0, and that the simple continued fraction expansion

of Il is given by

[0] if s=1,
(1.1) €]l = < [0,a1,a2,...,as—1] if 2<s< oo,
[0,a1,as,...] if =00,

with as—1 > 2 if 2 < s < 0.

In particular, the numbers a,, are the partial quotients of ||£||. Figure 1.1
illustrates this result by showing the combined graph I'¢ (in solid lines) for
several rational numbers £.

For the proof, fix an arbitrary £ € R, and choose m € Z and € = £1 such
that £ = m + €[|£]|. The map

$: R —R?

(z,y) — (2, e(y — mx))
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0 q 0 w 0 q

a) 0 = [0] b) 1/2 = [0, 2] ¢) 3/7=10,2,3]

FiGure 1.1. Examples of combined graphs.

is an R-vector space isomorphism which satisfies ¢(Z?) = Z2. Thus, for
each ¢ > 0, we have that

Aj(Ce(e)) = Aj(@(Ce(e?)) = Aj(Cey(e”)) (1 =1,2),

from which it follows that L¢(q) = Lj¢(¢). This proves the first statement
of the theorem.

For what follows, we shall suppose that & = [|£|| € [0,1]. The simple
continued fraction expansion of £ € [0, %] is given by (1.1) for some sequence
(an)1<n<s in N*) with as—1 > 2 if 2 < s < 0o. The n-th convergent of £ is
the rational number

P,
@n

where P, and @, are the positive integers given by the recurrence formula

=10,a1,...,a,] (1< n<s),

Qn=0Qn2+a,Qpn1 and P, =PF, s+a,P, 1 (1 sn< 3)7

with initial values P_.1 = Qo =1 and Py = Q_1 = 0. Let Qs = o0 if s < 0.
The proof of the second part of the theorem uses the following facts (see |2,
chap IJ).

(i) The sequence (@ )o<n<s is a strictly increasing sequence of positive
integers.

(ii) The sequence (Qn€ — Pp)—1<n<s consists of real numbers of alter-
nating signs (except the last term which is zero if s < 00), whose
absolute values are strictly decreasing.

(iii) We have QnPp—1 — Qn—1P, = (—1)" for each integer n satisfying
0<n<s.

Consider the integers

(12) Qn,t = Qn—2+th—17 Pn,t =P, 9+tP,1 (0 <t<ag, 1<n< 3)~
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The fractions P, ;/Qn¢ with 0 < t < a,, when they exist, are called the
semiconvergents of £ between P,_1/Qp,—1 and P, /Q,. The following propo-
sition relates the points x,, t = (Qn.t, Pn,t) to the points x,, = (Qy, P,) with
—1 < n < s, as well as to the quantities A, and A, ; defined by

Ap = |@né — Pl (—-1<n<s)
and
Ay =@ni§ = Fogl  (0<tT<an, 1<n<s).
Proposition 1.2. Let n be a positive integer with n < s. Then we have
(1.3) Qno=Qn-2<Qn-1<Qni1 < <Qna, = n,
(1.4) Apa, =0p <Ap1 < Apg,—1 < <Apo=2A2n2,

with Qn1 = Qn-1 ffn=1, and Ap—1 = Dpg,—1 iff s < oo andn =s—1.
Moreover, the points Xpt = (Qnt, Pnt) with 0 < t < ay, are precisely the
pairs of non-negative integers (Q, P) satisfying

Qn—2 gQng ‘Qf_P’ <An—2: ‘Qn—Qf_Pn—ﬂ,
and QPn—l - Qn—lP 7& 0.

Finally, if s < 0o, then there exists no pair (Q, P) € Z*\{0} satisfying

(1'6) ’Qf - P‘ < As—2 = ’Qs—2€ - Ps—2’a st—l - Qs—lP 7é 0.

Due to the lack of a convenient reference, we give a succinct proof.

(1.5)

Proof. Since Q26 — P,,_2 and Q,_1& — P,_1 are non-zero, of opposing
signs, and since
Qné — P = (Qn—28 — Ph—2) + an(Qn-1§ — Pr—1)
is either zero or of the same sign as Q,—2& — P,,_2, it follows that
Apt=Apo—tAp1 (0<t<ay),

and that A, 4,—1 = Ap g, + An—1 = Ay + Ap_;. The first assertion of the
Proposition then follows from properties (i) and (ii).

Let x = (@, P) be a non-zero integer point satisfying (1.5). Since the
points x, 2 = (Qn_2, Pr_2) and X, 1 = (Qn_1, P,_1) form a basis of Z?
(by virtue of (iii)), we may write

X =1Xp—2 +1Xp_1,
with (r,t) € Z*\{0}. The third condition of (1.5) yields r # 0. Thus, the
equality
QE—P = T(Qn—2§ - Pn—?) + t(Qn—1€ - Pn—l)
combined with property (ii) and the second condition of (1.5) implies that

rt > 0 and that ¢ > a,, if 7 > 1. Since Q = rQp—2 + tQ,_1, then (i) allows
us to conclude that »r = 1 and that 0 < ¢t < a,.
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Finally, if s < co and x = (Q, P) satisfies (1.6), we may write
X =aXg_o+bxs_1 with a,b€eZ and a#0.

Since Ag_1 = 0, we deduce that |Q¢ — P| = |a|As—2 > As_a, contrary to
the hypothesis. O

For each x = (Q, P) € Z? and each q
logarithm of the smallest real number A
simple computation gives

Ly(q) = max{log |Q| — ¢, log |Q§ — P| +q} (¢ =0).

The graph of the function Ly : [0,00) — R is called the trajectory of
the point x. The union of these graphs for x € Z?\{0} primitive (i.e. with
coprime coordinates) contains I'¢ (see [3, §4] or [1, §2]). In fact the following
smaller set of points suffices.

0, we define Lx(q) to be the
0 such that x € AC¢(e?). A

\VAAY

Proposition 1.3. The graph T'¢ is covered by the trajectories of the points
xp, with —1 < n < s and those of the points x,; with 1 < n < s and
0<t<apy.

Proof. Indeed, let x = (@, P) € Z? be primitive with +x different from all
these points. Then we have @) # 0 otherwise x = (0,+1) = £x_; against
the hypothesis. Since Ly = L_x, we may assume without loss of generality
that ¢Q > 1. Thus, there exists an integer n with 1 < n < s such that
Qn-1 < Q < @y, while Proposition 1.2 yields |Q§ — P| > A,_2. We deduce
from (1.3) and (1.4) that

Lx(Q) 2 max {log Qn-1—q, log Ap_o+ Q} = maX{an—Q(Q)7 an—l(Q)},

for all ¢ > 0. Thus, since x,_5 and x,_1 are linearly independent, the
trajectory of x does not contribute to the cover. O

The inequalities of (1.3) and (1.4) of Proposition 1.2 yield
(L7 Lx,.(9) 2 Lx, (@) (¢20,1<n<s,0<t<ay).

Since Lx_,(q) = q¢ = Lx,(q) for all ¢ > 0, it follows that the graph of L ; is
covered by the trajectories of the points x,, with 0 < n < s, and thus that

Lei(q) = min{Ly, (¢); 0 < n < s} (g =0).

In particular, we have L¢1(q) = Lx,(q) = —¢ near ¢ = 0. Thus, gg = 0 is
the first local maximum of L¢ 1 on [0,00). Let n be a positive integer with
n < s. The inequalities of (1.3) and (1.4) also imply that the trajectories
of x,_1 and of x,, meet in a single point. To the left of this point, the
trajectory of x,—1 has slope 41, while to the right, the trajectory of x,, has
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slope —1. The abscissa of this point is thus the (n + 1)-th local maximum
qn of L¢3 on [0,00). It is given by

1
dn = 5 (1Og Qn - IOg Anfl) .

Moreover, L¢; coincides with Ly, , on the interval [g,—1,¢n] (see Fig-
ure 1.2). Since none of the points x,0 = Xp—2, Xp,1;--.,Xna, = Xp IS &
multiple of x,,_1, we further deduce from (1.7) that, on the same interval,
we have

Leo(q) = min {Lx, ,(q); 0 <t < an} (gn—1 < ¢ < gn).

If n # 1 and n # s — 1, each inequality of (1.3) and of (1.4) is strict. Thus,
the trajectories of the points x,; with 0 < ¢ < a,, are a part of the graph
of L¢ o over [gn—1,¢n], as shown in Figure 1.2.b. The points at which the
trajectories of x,;—1 and of x,; cross for t = 1,...,a, give the a, local
maxima of L¢ 9 on [¢,—1,¢y), each contained in the interior of this interval.
If n =1 and s > 2, the situation is illustrated by Figure 1.2.a. In this
case, go = 0 is the first local maximum of L¢ 2 on [qo, ¢1]. If s < oo and if
n=s—12>1, then g,_; is the last local maximum of L¢ s on [gs—2, ¢s—1],
as illustrated in Figure 1.2.c. Finally, if s = 1, we have that £ = 0 and
the graph I’y is given by Figure 1.1.a. In general, if s < oo, we have that
Le¢o(q) = Ly, ,(q) = ¢ +1ogAs_p for all ¢ > gs—1, from which it follows
that L¢ o admits no local maximum on [gs_1,00).

SX1 \ x
// AN , n—2 \Xs—l,a571—1
N\
S X1 N, o XEnd ANEN
/ \ 7
/ ,/ , X1,2 N \\ /( s, X?’L,Q \\ \\
\ N 7/
N o /X1,3 N oA . s X5_17a571_2
\/ [ N [ VARN N
A A N N N X v ‘
Yoo N n,an—l NI /

~

a) to the right of qo b) over [gn—1, qn] ¢) near gs—1
if2<n<s—1 if2<s< o0

FIGURE 1.2. Combined graph I'¢.
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