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Pink-type results for general subgroups of
SLo(Ze)™

par DAvIDE LOMBARDO

RESUME. Nous étudions les sous-groupes ouverts G' de SLo(Zg)™
en termes de certaines algebres de Lie, et ceci sans supposer que G
est un groupe pro-£. Le résultat étend un théoréme di a Pink et a
des applications a ’étude de certaines familles de représentations
galoisiennes.

ABSTRACT. We study open subgroups G of SLa(Z)" in terms
of some associated Lie algebras without assuming that G is a
pro-¢ group, thereby extending a theorem of Pink. The result has
applications to the study of families of Galois representations.

1. Motivation and statement of the result

The ultimate goal of this work is the study of the images of certain
Galois representations with values in GLg(Zy)", such as those afforded by
the Tate modules of elliptic curves, or those arising from modular forms.
In view of this aim, one would wish to provide a manageable description
of these images; however, it turns out that it is beneficial, and in a sense
simpler, to consider arbitrary subgroups G of GL(Zy)"™ without making any
reference to their origin, and in the present work Galois representations
will play virtually no role. In most applications to the study of Galois
representations, the main object of interest is actually the intersection G N
SL2(Z¢)™, and furthermore it is an easy matter to pass from results on
subgroups of SLa(Zy)™ to results on subgroups of GL2(Z¢)", so we shall
actually mostly work with subgroups G of SLa(Z¢)". Any such G is the
extension of a ‘finite’ part, the image G(¢) of the reduction G — SLa(F,)",
by a ‘Lie’ part, the kernel of this reduction.

When G is closed and G(¢) is trivial (or more generally when G is pro-¢),
and ¢ is odd, a construction due to Pink [4] gives a very concrete and handy
description of G in terms of a certain Z,-Lie algebra £(G) (together with
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some additional data which is not very important to our present discussion).
Furthermore, if G is the image of a representation of Gal (K /K) (K a num-
ber field), the condition that G(¢) be trivial can always be met by replacing
K by a finite extension, so that Pink’s theorem applies. Note however that
the degree of this extension depends on ¢: while this is often perfectly fine
when considering a single Galois representation, it may become a major
drawback when dealing with infinite families G, indexed by the rational
primes (as is the case, for example, with the action of Gal (K/K) on the
various Tate modules of an abelian variety). Furthermore, Pink’s theorem
does not apply to £ = 2, which might again be quite a hindrance when
trying to study the whole system Gy at once.

While we cannot hope to give a complete description of G in terms of
Pink’s Lie algebras when G is not pro-¢, we could try and settle for less,
namely a result of the form ‘when £(G) contains a large neighbourhood
of the identity (given explicitly), we can explicitly find a neighbourhood
of the identity of SLa(Z,)™ that is included in G'. Note that when dealing
with Galois representations we are often interested in ‘large image’ results,
for which this weaker form of Pink’s theorem would still be adequate. Un-
fortunately, even this is not possible (cf. for example [1, Proposition 4.10]),
and the best we can hope for is for such a statement to hold not quite for
G, but for a subgroup H of G such that the index [G : H] is bounded by
a function of n alone. In order to give a concrete statement we shall need
some preliminary definitions:

Definition 1.1. For a prime ¢ and a positive integer s we let By(s) be the
open subgroup of SLs(Zy) given by

{z € SLy(Zy) |z =1d (mod ¢°)}.
We also set By(0) = SLa(Zy), and for non-negative integers ki,...,k, we
denote by By(k1, ..., kn) the open subgroup 7, Be(k;) of SLa(Z¢)".

Definition 1.2 (cf. [4]). Let ¢ be a prime, n a positive integer and G be
a closed subgroup of GLa(Zy)™. If £ = 2, assume further that the reduction
modulo 4 of G is trivial. Writing elements of G as n-tuples (¢g1,...,g,) of
elements of GLo(Zy), we define a map O,, by the formula

O, : G — D sla(Ze)
(g1,--0n) = (91— 3t2(91), .90 — S (o)) .

and we let L(G) C sly(Zy)™ be the Zy-span of 0,,(G). We call L(G) the Lie
algebra of G.

Theorem 1.3. Let £ be an odd prime, n be an integer, and G be an open
subgroup of SLa(Z¢)"™. There exists an open subgroup H of G, of index
at most 24748 (=1 with the following property: for any integer k > 0,
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if L(H) contains @7, £*slo(Zy) then H contains By(p,...,p), where p =
80(max{n,2} — 1)k.

Similarly, let n be a positive integer and G be an open subgroup of
SLa(Z2)™. There exists an open subgroup H of G that satisfies [G : H] | 96",
is trivial modulo 4 (so that L(H) is defined), and has the following prop-
erty: for any integer k > 0, if L(H) contains @7, 28sla(Zs) for a certain
integer k > 0 then H contains Ba(p,...,p) for p = 607(max{n,2} — 1)k.

Remark 1.4. The value 80(max{n,2} — 1)k is probably far from sharp,
and one might wonder what the optimal bound actually is. While we cannot
answer this question in full, we point out that the dependence of p on n
given in the statement of Theorem 1.3 comes from a costly recurrence used
to reduce it to the case n = 2 (see Section 5); this recurrence, in turn,
is necessary to avoid the many combinatorial intricacies of the case of a
general n > 2. It is therefore possible that a more careful analysis of the
problem might lead to a value of p that is independent of n while still
linear in k£, and we also expect that the proportionality constant should be
much smaller than 80 (see also Remark 3.5). The difficulty of constructing
examples for n > 2, however, makes it hard to check these conjectures in
interesting cases.

While it is certainly true that both Theorem 1.3 and its proof are quite
technical, it should be remarked that this statement does enable us to show
exactly the kind of ‘large image’ results we alluded to: the case n = 1 has
been used in [1] to show an explicit open image theorem for elliptic curves
(without complex multiplication), and the case n = 2 is an important
ingredient in the proof of the following theorem, which is an extension of
the results of [1] to arbitrary products of non-CM elliptic curves.

Theorem 1.5 ([2, Theorem 1.1]). Let Ex,...,E,, n > 2, be elliptic curves
defined over a number field K, pairwise not isogenous over K. Suppose
that End(E;) = Z for i = 1,...,n, and denote by G the image of
Gal (K/K) inside [T [, Aut(Ty(F;)) = GLo(Z)". Let v := 10" and 6 :=
exp expexp(12), and set H = max {1,log[K : Q], max; h(F;)}, where h(E;)
denotes the stable Faltings height of E;. The group G~ has index at most
5n(n—1) . ([K . @] . HQ)'Yn(n*l) in

A= {(ml,...,xn) € GLy(Z)" | deta; = det z; Vi,j}.

A few more words on the proof of Theorem 1.3: as it will be clear from
Section 5, the crucial cases are n = 1 and n = 2. While the former has
essentially been proven in [1], the latter forms the core of the present paper,
and we shall actually prove it in a slightly more precise form than strictly
necessary to establish Theorem 1.3. This will be done in Sections 3 and 4
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below, where we also give analogous statements for certain subgroups of
GLo(Zy)?.

Notation. Throughout the paper £ is a fixed prime number. If G is a closed
subgroup of GLg(Z)" and k is a positive integer, we denote by G(¢*) the
image of the projection G — GLy(Z/¢*Z)". If H is a subgroup of SLa(Z)"
(resp. of SLa(IFy)™), we denote by N(H) the largest normal subgroup of H
which is pro-¢ (resp. an ¢-group); this object is well-defined by Lemma 2.3
below. If z is an element of GLa(Zy) (resp. of Zy), we write [z] for its image
in GLa(Fy) (resp. in Fy). Since special care is needed to treat the case £ = 2,
to write uniform statements we set v either 0 or 1 according to whether ¢
is odd or ¢ = 2. Finally, it will also be useful to introduce some standard
elements of SLa(Zy): for every a € Z; we set

=19 b= (137 4y w3 %)

Notice that L(a), R(a) belong to SLa(Z,) for any a € Zy, while D(a) is in
SLo(Zy) if and only if a Z —1 (mod /).

2. Preliminary lemmas

In this section we prove some general lemmas which will be used repeat-
edly throughout the paper.

2.1. Logarithms and exponentials. We recall the following basic prop-
erties of logarithms and exponentials, both for /-adic integers and for ele-
ments of My(Zy), the set of 2 x 2 matrices with coefficients in Zy. The proofs
of these statements are immediate upon direct inspection of the involved
power series, and will not be included.

Lemma 2.1. The power series log(1+t) = Zn>1(—1)"*1% converges for
t € 07y (respectively for t € (Mx(Zy)), and establishes a bijection between
1+0°Z and 01707y (resp. between By(14+v) and (110 My(Zy) ). The inverse
function is given by the power series expt = Y ,.~g %, which converges
for t € (1Y Zy (resp. t € (YT My(Zy)). For every t € £1T°Z, we have
velog(1+t) = vy(t), and for every t € £*TVZy we have vy(exp(t) —1) = vo(t).

Lemma 2.2. Let A,B € My(Zs) and n > 2 be an integer. Suppose that
A =0 (mod 4) and B=0 (mod 2"): then exp(A+ B) = exp(A) (mod 2")
and log(A + B) =log(A) (mod 2™).

2.2. Subgroups of SL3(Z,;)™ and Z,-Lie algebras. In this section we
consider various properties of closed subgroups of SLa(Z)", including their
Lie algebras, generating sets, and derived subgroups.
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Lemma 2.3. Let n be a positive integer and G be a closed subgroup of
SLa(Z¢)"™. The collection of all normal pro- subgroups of G has a unique
mazimal element, which we denote by N(G). Likewise, if G is a subgroup
of SLa(Fy)™, the collection of all normal subgroups of G whose order is a
power of £ admits a unique maximal element, which we denote again by

N(G).

Proof. Denote by m : G — SLa(F;)™ the canonical projection and let N
be a normal, pro-¢ subgroup of G. Clearly 7(N) is an f-group that is
normal in G(¢), so it suffices to show that N(G(¢)) is well-defined, for
then N(G) = 7~ }(N(G(¢))) is the maximal normal pro-¢ subgroup of G.
To treat the finite case consider first n = 1. Then G({) is a subgroup
of SLa(Fy), and it easy to see that the collection of its maximal nor-
mal subgroups of order a power of ¢ has a maximal element: it follows
from the Dickson classification that this is given by the unique ¢-Sylow
if G(¢) is of Borel type, and by the trivial group otherwise. Finally, if
G(?) is a subgroup of SLao(FFy)™ with n > 1, we denote by G; the projec-
tion of G(¢) on the i-th factor SLa(Fy); it is then immediate to check that
N(G() = {(g1,- -, 9n) € G(0) | gs € N(Ga)} - O

Lemma 2.4. Let t be a non-negative integer. Let W C sly(Zy) be a Lie
subalgebra that does not reduce to zero modulo ¢**1. Suppose that W is
stable under conjugation by By(s) for some non-negative integer s, where
s>2ifl=2ands>11i =3 orb. Then W contains the open set
€t+4s+4v5 [y (ZZ) )

Proof. Fix an element w of W that does not vanish modulo ¢/*! and write
W = [T + fyy + pph for some pig, oy, iy, € Zy, where

=6 )= (0 0)v=(0 0)

and min {ve(fe), ve(py), ve(un)} < t. Set o := 1 + £° and consider the
matrices Cy = L(¢*), C, = R(¢?), and Cy = D(¢*). For e € {l,d,r} define
Ce as the linear operator of W into itself given by

Co(z) = Co 2 C,

and set Do := Co — Id. As W is stable under conjugation by By(s), it is in
particular also stable under Co and Do. One can easily check the following
identities:

at(Cy— ?1d) 0o Dy(w) = (@ = 1)(a® = Dpgz € W
(@?Cq —1d) 0 Dg(w) = (a* — 1)(a® — Vuyy € W,

and by considering the decomposition of w we deduce that also
(a* — 1)(a® — 1)uph belongs to W. By the assumptions on s we have
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ve((a* —1)(a? — 1)) = 25 + 3v, and therefore W contains at least one of
]\4-1 — €t+2s+3vh ]\42 — €t+25+3v$ M3 — £t+25+3vy.

In the first case W contains £735745(, (Z,) because of the following iden-
tities:

DT(MI) — 2€t+35+3vx’ DZ(MI) — _2€t+38+3’uy.
In the second and third case W contains ¢/t4574s1, (Z,) because of the
following identities:

Dl o DI(M2> — _2£t+45+3vy’ Dl o DZ(MQ) _ QDI(MQ) — _2£t+35+3vh
Dr o DT(M?’) — _2£t+4s+3vx’ Dr o Dr(Mg) . 2DT(M3) _ 2€t+33+3vh. 0

Lemma 2.5. Let n and m be positive integers. Let g € End (Z}") and write
pg for the characteristic polynomial of g. Let furthermore X\ € Zy, w € Zj*
be such that gw = Mw (mod ™). Suppose that w # 0 (mod £*T1) holds for
some 0 < a < n. Then we have py(A) =0 (mod £"~%).

Proof. Denote by (g — AId)* the adjugate matrix of (¢ — A\Id), that is the
unique operator such that (¢ — A1d)*(g — A1d) = det(g — AId) - Id holds.
Multiplying (¢ — AId)w = 0 (mod £") on the left by (¢ — AId)* we obtain
det(g — A1d) - w = 0 (mod ¢™), and by considering the coordinate of w
of smallest valuation we obtain py(A\) = det(g — AId) = 0 (mod ¢"~%) as
claimed. O

Definition 2.6. Let n > 2 and ¢1, ..., g, be elements of a group G. We
write Comm,,_1(g1, - - ., gn) for the (n—1) times iterated commutator, which
is an element of G that can be defined via the following recursion:

Commy (g1, 92) = [g1, 92] = 919297 '95
Commnfl(gla s 7gn) = [Comman(gla s 797171)7911]-
Furthermore, if G1, ..., G, are subgroups of a topological group G, we write
Comm,,_1 (G1,...,G,) for the subgroup of G topologically generated by
{Comm,_1(g1,...,9n) | gi € Gifori=1,...,n}.

We also write [G1, G| for Comm;(G1, G2).

Lemma 2.7. Let s be a non-negative integer (with s > 2 if £ =2 and s > 1
if £ = 3). Let a,b,c € Zy all have exact valuation s. Suppose that ¢ Z —1

(mod ¢), so that D(c) belongs to SLa(Zy). Let G be a closed subgroup of
SLo(Zy).

(1) Suppose G contains L(a) (resp. R(b

ve(d) > s the group G contains L(d

(2) Suppose s > 1 and G contains D(c

ve(d) > s the group G contains D(d

): then for all d € Zy such that
(resp. R(d)).
: then for all d € Zy such that

~ —



3)
(4)

Proof.
(1)
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Suppose £ > 5 or s > 1. If G contains L(a), R(b), D(c), then it
contains all of By(s).

Suppose £ > 5 and G contains L(a), R(b): then G contains all of
B(2s).

Let u = % € Zy. It is easy to check that for every integer n we have
L(a)™ = L(an). Fix a sequence ny, of rational integers that converge
to u in the f-adic topology: then we have

lim L(a)"™ = lim L(ang) =L ( lim ank> = L(au) = L(d).
k—o0 k—o0 k—o0

Now observe that G contains every term of the sequence L(a)™, so

— since it is closed in SLg(Zy) by assumption — it also contains their

limit L(d). The same proof also applies to the case of R(b).

The assumptions on s imply that log(1 4 ¢) is defined, and that

velog(l + ¢) = s (cf. Lemma 2.1). Let u = t’égig?

well-defined element of Z; since vylog(1 4+ d) > s. Choose as above
a sequence ny that converges to u in the ¢-adic topology: then G
contains the limit

which is a

. ne 1 (14 c)m* 0
i oo = i (M7 1)
L exp(ng log(1 + ¢)) 0
= Jm ( o exp(—ny log(1 + 6))>
_ (explulog(1 + ) 0 .
- ( 0 exp(—ulog(1 + c))) = D(d).

Suppose first s = 0: then it is easy to see that G(¢) = SLa(IFy). Since
¢ > 5, by [6, IV-23, Lemma 3] this implies G = SLa(Zy). Suppose
on the other hand that s > 1: then parts (1) and (2) imply that G
contains L(d), R(d), D(d) for all d € Z; of valuation at least s, and
by [1, Lemma 3.1] these elements generate By(s).

If s = 0 we notice — as in part (3) — that G(¢) = SLy(Fy), hence
G = SLa(Zy). Otherwise, it suffices to apply part (3) to (a2, b?, ab):
indeed part (1) implies that G contains L(a?), R(b?) and

D(ab)—L( a )R(—b)L(—a)R( b ) 0

14+ ab 14+ ab

Lemma 2.8. Let s1,...,s, be non-negative integers (where for every j =
1,...,n we require that s; > 2 if £ =2 and s; > 1 if { = 3). The iterated
commutator Commy,_1(Be(s1), Be(s2),...,Bi(sn)) contains By(s1 + --- +
sp+ (n—1)v).
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Proof. Consider first the case n = 2. Let s be a non-negative integer (with
s>2if¢=2and s > 1if { = 3). By Lemma 2.7 (3), if a, b, c are any three
elements of Zy of valuation s and such that ¢ # —1 (mod ¢), the group
B(s) is topologically generated by L(a), R(b), D(c). It is easy to check the
following identities:

S1 S2\] 6827—’_2 S1Ts2
[L(e™), D(e )]‘L<<£sz+1>2€ ) )

[R(6), D(E2)] = R (= (24 €)1+,

where (by the assumptions on sy, s2) we have vy ((;:22:12)2) = vg(24+0%2) = v.
To conclude the proof for n = 2 it thus suffices to show that [By(s1), Be(s2)]
contains an element of the form D(c¢) with vy(c) < s1+4 2+ v. This is easily

achieved thanks to the following identity:

€S1+282 s o £2S1+S2
L{- 1 + £51+82 + 62814-282 [R(E )’ L(f )] R 1 + 5814-82 + €2S1+282

s1+2s
where we know that the two elements L(—1+€S1fsg+é531+232) and

R (1+€81_€i;1:;§sl+232) both belong to [By(s1), B¢(s2)] by what we have al-

ready proved and by Lemma 2.7(1). The case of an arbitrary n follows by
induction from the case n = 2. O

The following lemma can be considered as an integral analogue of [5,
Lemma on p. 790].

Lemma 2.9. Let n > 2 be an integer and G be a closed subgroup of

" 1 SLa(Zy). Write m; for the projection on the i-th factor, and suppose
that for every i # j there is some non-negative integer s;; (with s;; > 2
if £ =2 and s;; > 1 if £ = 3) such that the group (m; X ;) (G) contains

By(sij, sij). Then G contains [[i—q By (Z#i sij + (n — 2)1}).

Proof. Without loss of generality, by the symmetry of the problem it is
enough to prove that G' contains

{Id} x - x {Id} x By (anj+(n—2)v).
j#n
By Lemma 2.8 we know that the group By (Z#n Spj + (n — 2)1}) is gen-
erated by {Commy,_2(g1,...,9n-1) | gj € Be(sn;)}, so it suffices to show
that for every choice of (g1,...,9n-1) € [z, Be(sn;) the group G con-
tains the element (Id,...,Id, Comm,_2(g1,...,gn—1)). By hypothesis we
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can find z1,...,2,-1 € G such that mi(z;) = Id and 7m,(x;) = g; for
all ¢ between 1 and n — 1. Consider now the iterated commutator g =
Comm,,_9(x1,...,2p—1) € G. For i < n — 1, the i-th component of § is
trivial because we have

Wz(g) = Commn_g 7ri(a:1), ey wi(xi), e ,m(xn_l) = Id;
——
Id
moreover, our choice of 1, ..., x, ensures that the equality

Wn(g) = Commy,—2 (g1, . - - 7gn—1)

holds. We have thus shown that (Id,...,Id, Comm,_2 (g1,...,9n—1)) is an
element of G. O

Lemma 2.10. Let £ > 2 and G be a closed subgroup of SLa(Zy¢)?. Suppose
G contains an element g = (x,y) with [z] = [+ 1d] and [y] nontrivial and of
order prime to L. Then G contains an element of the form (£1d, z), where
the order of [z] is the same as the order of [y].

Proof. Such an element is given by any limit point of the sequence ¢*". O

Lemma 2.11. Let n > 1 and let Gy, G2 be closed subgroups of GLa(Zg)"
(with G1(4), G2(4) trivial if £ = 2). Suppose that the two groups

{)\gl | NeZ)S g1 € Gl} and {ugg |peZ), g€ Gg}

coincide: then G1,Go have the same derived subgroup and the same Lie
algebra.

Proof. The hypothesis is symmetric in G1, Ga, so it suffices to show the in-
clusions G} C G and L£(G1) C L(G2). The hypothesis implies in particular
that for all g; € G there exists v(g1) € Z; such that v(g1)g1 € G2. Now
let =,y be elements of Gi: then [z,y] = [v(x)z,v(y)y] € G, so — since G
is generated by elements of the form [z, y] for x,y varying in G; — we have
G C GY. As for the Lie algebra, simply notice that for all g; € G; we have

On(91) = ;779 (¥(91)91) € L(Ga). O

v(g1)

Lemma 2.12. Let n be a positive integer and g € SLa(Z¢) a matriz satis-
fying g =1d (mod 1) and g #Id (mod ¢"). Then ©1(g) #Z 0 (mod ™).

a—d

Proof. Write g = <Z Z), so that ©1(g) = < 2 di). Suppose by con-
T2

tradiction that we had ©1(g) = 0 (mod "), that is b = ¢ = %d =0
(mod £"). Tt then follows a = d (mod £"*?), and since 1 = det(g) = ad — bc
we find a®> = d®> = 1 (mod ¢"*?). Since a = 1 (mod ¢1*?) by hypothesis,
this implies @ = d = 1 (mod ¢"), that is, ¢ = Id (mod ¢"), contradic-
tion. O
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2.3. Teichmiiller lifts. We now recall the definition of Teichmiiller lifts
and some of their basic properties.

Definition 2.13. Let F' be a finite extension of Q, with residue field F =

Fyi.. For an element [f] € F we denote by w([f]) the Teichmiiller lift of [f],

that is to say the only element g € Op that reduces to [f] in [F and satisfies
k

9 =y

Lemma 2.14. With the notation of the previous definition, let f be any

element of Op that reduces to [f] in F. The sequence fék" converges to
w([f]) when n tends to infinity.

Proof. Write f = w([f]) - v, where u reduces to 1 in the residue field F. It is
clear that the sequence u’"" converges to 1in F, so f" w([f])ekn o =
w([f]) - u?™" converges to w([f])- O

Lemma 2.15. Let g be an element of SLa(Zy) such that [g] has order prime
to £ and strictly greater than 2: then the sequence gé% formn € N converges
to a certain goo that satisfies gﬁz = goo. Moreover, if [g] is diagonalizable
over Fy, the limit g even satisfies gf;o = Goo-

Proof. The assumption implies that [g] has distinct eigenvalues, hence there
exists an extension F' of Qp, of degree at most 2, over which g can be
written as ¢ = P~!DP, where D = diag(\,A\™!) is diagonal and P is a
base-change matrix. By the previous lemma, the sequence D" converges
to diag(w([A]),w([A71])), so the sequence ¢¢" = PD®" P~! converges to
P~ diag(w([\]),w([A7])) P, which satisfies the conclusion since w([A])¢* =
w([A]). For the second statement we can take F' = Q, and use the fact that
the Teichmiiller lifts satisfy w([A])* = w([\]). O

3. 0dd £, n = 2

In this section we establish the case n = 2 of the main theorem when
f is an odd prime, together with a refined version of it that applies to
certain subgroups of GLa(Z¢)?; more precisely, Theorem 3.2 deals with
open subgroups of &(Z,), where & is as in the following definition:

Definition 3.1. We let & be the algebraic group over Z given as a functor
by

®(A) = {(z,y) € GLy(A)? | det v = det y}

for all rings A.
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Theorem 3.2. Let £ > 2 be a prime number and G be an open subgroup of

&(Ze) = {(g1,92) € GLQ(Z()Q ] det g1 = det g2 }.

Let G1,G2 be the projections of G on the two factors GLga(Zg), and for
i = 1,2 let n; be a positive integer such that G; contains By(n;). At least
one of the following holds:
(1) G contains By(20 max{ni, na}, 20 max{ni,na})
(2) there exists a subgroup T of G, of index dividing 2 - 482, with the
following properties:
(a) for any integer k > 0, if L(T) contains ¥sly(Zy) © (Fsly(Zy)
then T contains By(p, p), where p = 2k + max {2k, 8n1,8na} .
(b) for any (ti,t2) in T, if both [t1] and [ta] are multiples of the
identity, then they are equal.

We will derive this theorem from the corresponding statement for sub-
groups of SLy(Z2)%:

Theorem 3.3. Let £ > 2 be a prime number and G an open subgroup of
SLo(Z¢)%. For i = 1,2 let n; be a positive integer such that G; contains
By(n;). At least one of the following holds:
(1) G' contains By(20 max{ni,na}, 20 max{ni,na})
(2) there exists a subgroup T of G, of index dividing 482, with the fol-
lowing properties:
(a) for any integer k > 0, if L(T) contains (*sly(Zg) ® (*sla(Zy)
then T" contains By(p,p), where p = 2k + max {2k, 8ny,8ns} .
(b) for any (ti,t2) in T, if both [t1] and [t2] are multiples of the
identity, then they are equal.

3.1. Strategy of proof. Given the amount of technical details required
to establish Theorem 3.3, before plunging into the actual proof we try to
give a general overview of the argument. Several ingredients are needed. To
begin with, when an element of G exists whose two projections g1, g2 on
G1, Gy are sensibly different (for example, g; has trivial reduction modulo
¢ but gs does not), then this element can be used to show that G is stable
under certain ‘projections’ from G to Gy x {Id} and {Id} x Ga: in this
case, the assumption that G, Gy contain open topological balls is enough
to conclude that the same is true for G (in a quantitative manner). This
line of argument is what leads to Lemma 3.9. Thus, in proving Theorem 3.3
one can assume — among other things — that G(¢) looks like the graph of an
isomorphism: the reduction to this case is carried out in Proposition 3.12.
Moreover, Theorem 3.3 is essentially known (and due to Pink) when G
is pro-¢, cf. Theorem 3.6 below. We would therefore like to reduce to the
case of pro-£ groups, which we do by considering the maximal normal pro-¢
subgroup of G (denoted by N(G) in all that follows). Most of the remaining
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part of the proof (Sections 3.3 to 3.6) is concerned with showing that when
the Lie algebra of T' (a certain subgroup of G' of bounded index) is large,
the same is true for the Lie algebra of N(T'), to which we can subsequently
apply Pink’s theorem. The key observation in carrying out this last step
is the following: since N(T') is (by definition) normal in 7', its Lie algebra
is acted upon by all of T, including those elements that do not belong to
N(T). A careful study of the action of these elements, whose details depend
on the specific shape of T'(¢), shows that the stability of L(/N(T)) by the
conjugation action of T" forces it to be not very different from £(7'), and an
application of Pink’s theorem (in the form of Lemma 3.10) then concludes
the argument.

One final technical ingredient is our ability to change bases to simplify
the computations. More precisely, let g be any element of GLg(Z/)?: then
the group G satisfies the assumptions of Theorem 3.3 (for certain values of
n1,n9) if and only if gGg~! does, because the topological balls By(s) are
invariant under any integral change of basis. Likewise, the conclusion of the
theorem only involves topological balls, multiples of the identity, and open
sets of the form *sly(Z) @ (*sly(Zy): all of these objects are invariant under
change of basis — notice that ©(gtg~!) = gO(t)g~ ! for any t € GLa(Z)? ~
and therefore the claim of Theorem 3.3 is true for G if and only if it is true
for gGg~'. In other words, as it should be expected, Theorem 3.3 depends
on (G only through its conjugacy class, and therefore we are free to change
basis every time doing so simplifies some of our calculations.

Remark 3.4. The proof of Theorem 3.3 is constructive, in the sense that
the group T'— when we are in case (2) — is described explicitly. Property (2b)
will be clear from the construction, and we will not comment further on it.

Remark 3.5. Based on examples, it seems reasonable to conjecture that
in Theorem 3.3 one should be able to remove case (1) altogether and take
p to be a small multiple of & in case (2); notice that the congruence sub-
groups By(k, k) themselves show that one cannot do better than p = 2k.
Suppressing case (1) would already lead to a significant improvement of
Theorem 1.3, since it would allow us to replace the constant 80 by 34 (see
Section 5).

3.2. Preliminary reductions. One of the key ingredients of the proof of
Theorem 3.3 is the following result:

Theorem 3.6. Let £ > 2 be a prime number and k be a non-negative
integer. Suppose G is a closed pro-f subgroup of SLa(Zg) such that L(G)
contains (¥sly(Zy): then G contains By(2k). Similarly, if G is a closed pro-
¢ subgroup of SLa(Zy)? and L(G) contains (*sly(Zy) © (*sla(Zy), then G
contains Be(2k,2k).
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Proof. The proof is identical in the two cases, so let us only consider sub-
groups of SLa(Zy)? (the case of SLy(Zy) is also treated in [1, proof of The-
orem 4.2]). Consider the basis

r=(0 o) v=(0)n=(0 1)

of sla(Zy). Since [h,x] = 2z, [h,y] = —2y and [z, y] = h, the derived subal-
gebra of #Fs5ly(Zy) is £?*sly(Zy). By assumption £(G) contains £¥sly(Zs) @
(%s515(Zy), so the derived subalgebra [L£(G),L(G)] contains (**sly(Zs) @
(%515(Zy). Furthermore, in the notation of [4] we have that C = tr(£(G) -
L(G)) contains both tr ((Zkh,O) . (Ekh,())) = (2¢%¢,0) and (0,2¢?%). Since
C is by definition a topologically closed additive subgroup of ZZ, this shows

in particular that C' contains ¢?*Z, ® ¢?*Z,. It then follows from [4, Theo-
rem 2.7] that

G'={g €SLa(Z0)? | ©s(9) €[L(G), L(G)], tr(g) 2 € C'} D By(2k, 2k). O

Proof of Theorem 3.2 assuming Theorem 8.3. Write det* for the map

¢ Gy det, Z, . By assumption, an element (g1,92) of G satisfies

det(g1,92) = (1,1) if and only if it satisfies det*(g1,g2) = 1. Assume first
that ¢ < 5. Denote by T' the inverse image in G of an ¢-Sylow of G(¢),

and set
= det* Z;
T := ker T‘3—>ZeX — Zfz .
4

Using the fact det g1 = det g2 for every (g1, g92) € G, and that the index of
an (-Sylow of G (6) is prime to ¢, one checks that the index of 7" in G divides

2.4 (M) | 2-482. Set T = {)\g |AeZf g€ T}DSLQ(Z4)2. Using
Lemma 2.11 and the argument of [1, Lemma 3.16(2)] one sees easily that
T and T have the same derived subgroup and the same Lie algebra, and
moreover it is clear by construction that T is a pro-£ subgroup of SLa(Zy)?.
Furthermore, every element (¢1,t2) of T' reduces to ([Id], [Id]) modulo ¢, so
T satisfies (2b). Now if £(T') contains (¥sly(Z) @ £¥sly(Z,), then the same
is true for £ (T1), hence (T1) = T’ contains By(2k,2k) by Theorem 3.6,
and T has properties (2a) and (2b) as required.

Next consider the case £ > 5. Let U; be the subgroup of G, of index at

most 2, given by ker (G det”, 7, = 7, |} ) Let

Us; = {)\g | A€ ZZ ,g € Ul} ﬂSLQ(Zg)Q,

and notice as above that U; and Us have the same derived subgroup. Also
notice that Us is open in SLy(Z¢)?: indeed, as G is open in &(Zy) there is an
r > 0 such that By(r,r) C G, and the definition of Uy shows that By(r,r)
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is also contained in Us. Moreover, since elements in By(ni), Bs(n2) have
unit determinant, the two projections of Us on the factors GLa(Zy) contain
By(n1), Be(na) respectively. We can assume that Uj = U] does not contain
Bi(20 max{ni,n2},20 max{ni, na}), for otherwise the same holds for G and
we are done. Apply then Theorem 3.3 to (Usz, n1,n2) to find a subgroup 75
of Uy (of index dividing 482) that has properties (2a) and (2b) of that

statement. We have a well-defined morphism U; 4 Us/(£(1d,1d)) sending
g to the class of g/+/det*(g), where \/det” g exists in Z; by construction
of Uy. Let Ty be the image of Ty in the quotient Us/(4(Id,Id)). Now ¢
is surjective by definition of Us, so if we define T to be the inverse image
of Ty through 1, then the index [U; : T] divides 482 and [G : T] divides
2 - 482, Furthermore, the Lie algebra of T' and that of T, agree, as do
their derived subgroups (Lemma 2.11). Suppose now that £(7") contains
(*sly(Zy) @ (Fsly(Zy): then the same is true for £(T3), and therefore by
property (2a) of Theorem 3.3 we see that Ty = T” contains By(p, p). Finally,
let (¢1,t2) be in T" and suppose that [t1], [t2] are multiples of the identity.
By construction, there exists a scalar A € ZEX and an element (wy,wy) € T
such that (¢1,t2) = M(wy,ws); in particular, [wi], [we] are multiples of the
identity, so the properties of Ty force [t1] = [A|[wa] = [A][w1] = [ta]. O

The following proposition allows us to assume that £ > 5:
Proposition 3.7. Theorem 3.3 is true for £ < 5.

Proof. Take T to be the inverse image in G of a ¢-Sylow of G({). It is
clear that T satisfies (2b). Furthermore, T is pro-¢, so an application of
Theorem 3.6 shows that T satisfies (2a); finally, it is immediate to check

2
that [G : T] divides (%) | 482 O

Assumption 3.8. From now on, we work under the additional assumption
that ¢ > 5.

Our final objective is to compute, in terms of k,n; and ng, an integer p
such that T' contains By(p,p). This would be immediate if T" were a pro-
¢ group, for then we would simply apply Theorem 3.6 as it is. In general,
however, one needs to take into account the structure of 7'(¢), and many dif-
ferent possibilities arise, according to the type of T7(¢), T5(¢) in the Dickson
classification. In some situations which we now discuss, the two projections
(1 and G2 behave essentially independently of one another; in this case the
problem is greatly simplified, and it is possible to exhibit an integer p as
above without examining too closely the structure of G(¢):

Lemma 3.9. Let £ > 5 and G, ni,no be as in Theorem 3.3. Suppose that
G contains an element (a,b) such that [a] = [£1d] and the prime-to-¢ part
of the order of [b] is at least 3. Then G’ contains By(4ny + 16n2,8ns) D
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Bi(20 max{ni,n2},20max{ni,n2}). The same conclusion is true if [b] =
[£1d] and the prime-to-¢ part of the order of [a] is at least 3.

Proof. The statement is clearly symmetric in a and b, so let us assume
[a] = [+1d]. Since £ does not divide the order of SLy(F,), the element [b]¢
has order prime to ¢; replacing (a,b) with (a,b)* allows us to assume that
the order of [b] is prime to ¢ and not less than 3. By Lemma 2.10, G contains
an element of the form (+1d, '), where the order of [I'] is the same as the
order of [b]. We can therefore assume a = +1d. By hypothesis, for any g2
in By(nz) there exists a g1 € G1 such that (g1, g2) belongs to G: it follows
that for any ga € By(n2) the element

(£1d,0) " (g1, 92)(£1d, ) (g1, 92) " = (1d, (') "2ty ")
(Id, [() 7, g2])

belongs to G. Up to a choice of basis, we can assume that either b =

d 0 . . , (¢ de _ .
<0 1/d> for a certain unit d, or 0" = (d c) for certain units ¢, d and a

0 -1
10 ) (for the last two

cases cf. [1, Lemma 4.7]). In the first case, setting go = R(£"2) in (3.1) shows
that (Id, R ((d~2 — 1) £72)) belongs to G. Given that d is not congruent to
+1 modulo ¢, for otherwise the order of [b] would be 1 or 2, we see that
the f-adic valuation of (d=2 — 1) is exactly mo. Similarly, G' contains
(Id, L ((d®> — 1)¢"2)), and by Lemma 2.7 (4) this implies that G contains
{1} x B(2n2). In the second case we notice that R (—%
be written as

142 _c22402) 1 clm2 (24072)
[(b/)l( 0 o )]'[%’)1,(1”"2 a0+ )1

o 0 14em

(3.1)

certain € such that [¢] is not a square, or b = (

) can

hence (Id, R (—%)) belongs to G; by Lemma 2.7 (1) we then

see that G contains (Id, R (¢2"2)), and analogous identities prove that G
also contains (Id, L (£*™?)). Lemma 2.7 (4) then implies that G contains
{Id} x By(4ngz). Finally, in the last case we use the identities

-1
()71 D(em)] = D2+ 7))

[D(E"), R(e")] = R (2722 + )

2 4 (2 )

(D), ()] = 1~

which prove that G contains {Id} x B,(2nz2).



100 Davide LOMBARDO

Consider now an element h = (hj,ha) of G whose first coordinate is
hi =R <£2£1€"1); such an element exists by hypothesis. The £(¢? — 1)-th

power of h is of the form h' = (R (£"+1) ), where [hh] = [ho]/E*~1) =
[ho]ISL2(Fl = [Id]. The £4"2~1-th power of h’ (recall that ny > 0), therefore,
is a certain b’ = (R (H4m2) pY) | where hj € By(4ns). By what we
already proved, G contains (Id, k%), so it also contains h” - (Id, hy)~! =
(R (¢m+4n2) 1d) . The same argument shows that (L (¢"1742) 1d) belongs
to G, and we finally deduce that G contains B;(2n; + 8ng) x {Id}, hence —
since we also have G O {Id} x B;(4n2) — that G contains By(2n;1 +8ng, 4ns).
Taking derived subgroups and using Lemma 2.8 then shows that G’ contains
85(4711 + 16ns, 8n2) O

Lemma 3.10. Let £ > 5 be a prime, G a closed subgroup of SLa(Z)? and
fori=1,2 let n; be a non-negative integer such that G; contains By(n;). Let
t be a non-negative integer and u be an element of sly(Zy) such that u # 0
(mod 1Y), Suppose that L(N(G)) C sla(Z) ®sla(Zy) contains (0,u): then
G’ contains {Id} x By(2t 4+ 8ng). Likewise, if uy,us € sla(Zy) are such that
ui,ug £ 0 (mod ¢41) and L(N(G)) contains (u1,0) and (0,uz), then G’
contains By(2t + 8ny, 2t + 8ng).

Proof. Note first that — by the same argument as [1, Lemma 4.5] — the Lie
algebra L(N(G)) is stable under conjugation by G. The smallest Lie sub-
algebra of L(N(G)) that contains (0, ) and is stable under conjugation by
G is 0@ S(u), where S(u) is the smallest Lie subalgebra of sla(Zy) that con-
tains v and is stable under conjugation by Gs. By virtue of Lemma 2.4, and
given that G contains By(nz), the algebra S(u) contains ¢1+4725(5(Z,). Tt
follows that £(N(G)) contains 0@ ¢/+425l5(Z;), and applying Theorem 3.6
we deduce that N(G)' (hence also G') contains {Id} x B(2t + 8ngy). The
second statement is now immediate. g

We thus see that, for the following three categories of groups, information
on G can be extracted from information on £(G):
(A) pro-£ groups: by Theorem 3.6, if £(G) contains #*sly(Zg) D*slo(Zy),
then G’ contains By(2k, 2k);
(B) groups that contain an element (a,b) such that [a] is trivial and the
prime-to-¢ part of the order of [b] is least 3, because of Lemma 3.9;
(C) groups satisfying the hypotheses of Lemma 3.10.

We now start with a general open subgroup G of SLa(Z/)? and show that
(up to passing to a subgroup of finite, absolutely bounded index) the group
G must satisfy one of these three sets of hypotheses. As already anticipated,
we will need a case analysis based on the structure of G1(¢) and Ga(¥).
These are subgroups of SLa(F/), and by the Dickson classification we know
that any subgroup of SLa(IFy) is of one of the following types: split Cartan,
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nonsplit Cartan, normalizer of split Cartan, normalizer of nonsplit Cartan,
Borel, exceptional, all of SLy(Fy).

Remark 3.11. To be more precise we should rather write ‘contained in
a split Cartan subgroup’, ‘contained in a Borel subgroup’, etc. The slight
abuse of language should not cause any confusion.

We call ‘type’ of G the pair (type of G1(¢),type of G2(¢)); the proof of
Theorem 3.3 will proceed by analysing all the possibilities for the type of
G. The following proposition helps cut down the total number of cases we
need to treat.

Proposition 3.12. Let £ > 5 and G,nq,ny be as in Theorem 3.3. At least
one of the following holds:
(1) G' contains By(20 max{ni,na}, 20 max{ni,na})
(2) there exists a pro-C subgroup T of G such that the index |G : T
divides 482, and such that if (t1,t2) is an element of T for which
[t1], [t2] are both multiples of the identity, then [ti] = [to]
(3) there exists a subgroup T of G such that the index |G : T divides
4 - 48, and which enjoys all of the following properties (we denote
by T, Ty the projections of T to the two factors SLa(Zy)):
(a) the projection of T'(£) in T1(£)/N(T1(£)) x To(¢)/N(T(¢)) is
the graph of an isomorphism T1(€) /N (T1(£)) = To(¢) /N (T2 (¥))
(b) the type of Ti(¢) (resp. T>(f)) is either Borel, split Cartan,
nonsplit Cartan, or SLa(Fy)
(c) the orders of Ty(£)/N(T1(£)) and To(€)/N(T>(¢)) do not divide
8
(d) T1 (resp. Ta) contains By(n1) (resp. Be(nz))
(e) if (t1,t2) € T is such that [t1] and [t2] are both multiples of the
identity, then [t1] = [to]

Proof. If (1) holds we are done, so we can assume this is not the case. The
conclusion of Lemma 3.9 is then false, and therefore so is its hypothesis: if
(a,b) is an element of G with [a] (resp. [b]) equal to [+ 1d], then the prime-
to-¢ part of the order of [b] (resp. [a]) is at most 2. Consider the kernel J3 of
the reduction G(¢) — G1(¢), which we identify with a (normal) subgroup
of G2(¢). We claim that the prime-to-£ part of the order of J; is at most 2.
Indeed, SLa(FFy) contains only one element of order 2, namely minus the
identity, so if the prime-to-¢ part of |Jo| is at least 3, then Jy contains
an element [b] whose order has prime-to-¢ part at least 3, contradiction.
Taking into account the fact that J; is a subgroup of SLa(F/), we see that
the /-part of its order can only be 1 or £. Thus the order of J; can only be
one of 1,2,¢,2¢; furthermore, the last two cases can only happen if Ga(¢)
is of Borel type, since these are the only subgroups of SLa(F,) admitting
a normal /-Sylow. By Goursat’s lemma, we know that the projection of
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G(0) in G1(¢)/J1 x G2(€)/Jy is the graph of an isomorphism G1(¢)/J; =
Go(£)/J2. Notice now that if T is any subgroup of G of index dividing
4-48, then property (3d) is automatically true for T: indeed, since [G; : 1]
divides [G : T, which in turn divides 4 - 48, the index [G : T1] is prime to
¢, and therefore B;(n1) (which is a pro-¢ group, since n; > 1) is contained
in GG1 if and only if it is contained in T7; the same argument applies to
Ty and By(ng). Furthermore, it is clear that property (3e) follows from
property (3a): indeed, the only multiples of the identity in SLo(F,) are
+1d, and the existence in T'(¢) of an element of the form ([41Id], [F1Id])
would contradict (3a).

We now construct a group 1" with the desired properties in two successive
steps. We claim first that there is a subgroup H of G, of index dividing 24,
such that H;(¢) and Hy(¢) are either (split or nonsplit) Cartan, Borel, or
all of SLa(FFy), so that H satisfies property (3b). This is easily seen by a
case-by-case analysis depending on the type of G1(¢):

e split/nonsplit Cartan: then G1(¢)/J; is cyclic, so the same is true
for G2(¢)/Js. It is easily checked that this is only possible if Ga(¢)
is either Borel or Cartan, and we are done (taking H = G).

e normalizer of split/nonsplit Cartan: there is a subgroup H of G of
index at most 2 such that H;(¢) is Cartan, and we are back to the
previous case.

e Borel: if the order of J; is prime to ¢, the isomorphism G1(¢)/J; =
G2(0)/J2 forces Ga2(¢) to be Borel (because then the order of Ga(¥)
is divisible by ¢, and G2(¢) cannot be all of SLa(IFy), for otherwise
the order of G3(¢)/J2 would be too large with respect to the order
of G1(¢£)/Jy). If the order of J; is divisible by ¢, then G1(¢)/J1 =
G2(0)/Ja is cyclic, and this forces Ga(¢) to be either Borel or Cartan.
We can take H = G.

e exceptional: according to whether the projective image of G1(¥) is
isomorphic to either A4, As or Ss, there is a subgroup H of G with
|G : H] | 24 such that H;(¢) is cyclic, of order either 6 or 10. We
are thus reduced to the Cartan case.

e SLy(F/): comparing orders, the isomorphism G1(¢)/J1 = Ga({)/J2
forces G2(¢) = SLa(F,). We can take H = G.

Next we claim that there is a subgroup K of H, with [H : K] | 4, such that
the kernel J; (resp. Jp) of K () — Ky(f) (resp. of K(¢) — K1(¢)) has order
either 1 or £. It is easily seen that this implies that K satisfies property (3a).
Notice that since the orders of Ji, Jo divide 2¢ this is equivalent to asking
that —Id ¢ Jy, Jo. If neither (—1Id,Id) nor (Id, —Id) is in H we are done
(simply take K = H), so let us consider the case when H contains at least

one of the two. Again we need to distinguish two subcases, depending on
the type of Hy({):
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e split/nonsplit Cartan, Borel: the group P := Nﬁ}%)@) X Ngjél&))
the product of two cyclic groups, so P/2P has order dividing 4.
Let H be the image of H({) in P, so that again H/2H has order
dividing 4. We set K = ker (H — HW{) — H — F/QF) It is clear
that [H : K] | 4, and we now show that (—Id,Id) and (Id, —Id) do
not belong to K. The argument is the same in the two cases, so we
only consider the former. Clearly, it suffices to show that the image
in H of (—1d,1d) does not lie in 2H. Suppose by contradiction this
is the case, take p € H such that 2p is the class of (—1Id,Id) in
H, and fix an h € H(¢) that maps to p. By construction, this is
an element such that h? differs from (—Id,Id) by elements of order
(. In particular, h** = (—1Id,1d), so A = (hy, ho) is an element of
H (¢) which squares to (—Id,Id). As the only square roots of Id in
SLa(IFy) are +1d, this provides us with an element (hy, £ 1d) of H(¥)
such that hq has order 4. But this contradicts our initial result that
if an element (h1,+1d) is in G(¢), then the prime-to-¢ part of the
order of h; is at most 2.
e SLy(F/): as we have already remarked, this forces Ha(¢) = SLa(FFy).
By [3, Lemma 5.1], there exists an M € GL2(Fy) and a character
X : H(¢) — {£1} such that

is

H(0) = {(2,y) € SLa(F)? | y = x(,9) MM~}

We can take K = ker (H — H() 5 {:l:l}), which has index at
most 2 in H.

The group K thus obtained has index dividing [G : H|[H : K] | 24 -4 in
G, and satisfies properties (3a) and (3b) (hence, as already remarked, (3d)
and (3e)). We obtain a group T as in (3) by setting 7' = K if property (3c)
is true for K if this is not the case, we obtain a group 7" as in (2) by setting
T = ker (K — K1(¢) = K (¢)/N(K;(¢))): indeed in this case [K : T] | 8
and T is pro-¢ by construction. O

In light of the previous proposition and of Theorem 3.6, Theorem 3.3
follows from the following statement:

Proposition 3.13. Let £ > 5 be a prime number and G an open subgroup
of SLa(Zy)? satisfying properties (3a)-(3e) of Proposition 3.12. Fori = 1,2
let n; be a positive integer such that G; contains By(n;). At least one of the
following holds:

(1) G’ contains Be(20 max{ny,n2}, 20 max{ny, na})
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(2) there exists a subgroup T' of G, of index dividing 12, such that if the
Lie algebra L(T) contains (*sly(Ze) ®Fsly(Zy) for a certain positive
integer k, then T' contains By(p,p), where

p = 2k + max {2k, 8nq,8ns} .

We now prove Proposition 3.13 by analyzing the various possibilities for
the type of G. Every case is dealt with in a separate section, whose title
is of the form (type of G1(¢), type of G2(¢)). Note that since N (SLa(Fy)) is
trivial we have G1(¢) = SLa(IFy) if and only if G2(¢) = SLa(Fy); this helps
exclude a few more possibilities for the type of G. Moreover, the statement
of Proposition 3.13 is symmetric in G, G2, so we can further use symmetry
arguments to reduce the number of cases (thus, for example, we only need
consider one of the two cases (Borel, Nonsplit Cartan) and (Nonsplit Car-
tan, Borel)). Finally, note that we shall prove a slightly stronger statement:
the index of T' in GG can be taken to divide 2.

3.3. Cases (Nonsplit Cartan, Split Cartan) and (Nonsplit Cartan,
Borel). The same idea works in both cases. We consider an element (a, b) €
G with [a] of maximal order in G1(¢); notice in particular that [a] has order
dividing ¢ 4+ 1. The group G({) contains the element

([a], )Y = ([a)7D, 1)),
ord([a])

(¢ —1,0rd([a]))

m > 3: indeed we have (¢ — 1,ord([a])) < 2, so the inequality m < 2 would

imply ord[a] | 4, contradicting the assumption that the order of G1(¢) does

not divide 8 (cf. Proposition 3.12(3c)). Lemma 3.9 then shows that G’
contains By(20 max{ni, na}, 20 max{ni, na}).

=: m. Observe that

and the order of [a]/“"1) is given by

3.4. Cases (Split Cartan, Split Cartan), (Borel, Borel) and (Split
Cartan, Borel). We start by considering the type (Split Cartan, Split
Cartan), the other two cases being essentially identical. Note that the
groups N(G1(£)) and N(G2(¢)) are trivial, so G1(¢) and Gy({) are iso-
morphic by property (3a) of Proposition 3.12, and we can find an ele-
ment (h1, ha) € G such that [h;], [ha] generate G1(¢), G2(¢) respectively. By
Lemma 2.15, the limit (g, g2) of the sequence (h1,ho)”" satisfies ¢¢ = g1,
g5 = g2, and furthermore [g1], [g2] generate G1(¢), G2(f) respectively.
We choose bases in such a way that both g; and g» are diagonal. Write
gi = C(l]l dgl)’ where d; satisfies df = d;. Since G1(f) = Ga(f), we
know that the orders of [di] and [da] agree; in particular, we can write
[da] = [d1]9 for a certain integer ¢, 1 < ¢ < ord[d], that is prime to the
order of [dy]. We can, if necessary, apply on the second factor SLa(Zy) the
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change of basis induced by the matrix S = (é _01>: this change of ba-
sis exchanges the two diagonal entries of go, hence it allows us to assume
ord[d1]

1 < ¢ < —5—. Given that the Teichmiiller lift is a homomorphism, we
have ds = w([da]) = w([d1])? = di. We now define the group T

e if [do] = —[d] or [da] = —[d1]™!, we let T be the index-2 subgroup
of G defined by ker (G — G1(¢) — G1(£)/2G1(¢)). If we now repeat
the construction of dj,ds for T', we find that [d2] = [d1], and that
the order of T3 (¢) does not divide 4 (recall that the order of G (¥)
does not divide 8).

o if [do] # —[di]*! weset T =G.

Suppose that L£(T) contains £¥s5ly(Zs) ® (*sly(Zy): we are going to show
that T" contains By(p, p) for p = 2k +8 max{ny, na}. Recall that T' contains
an element (g1, g2), where g; = diag(d;, d; 1), and that we have set up our
notation so that dy = d(f for some 1 < g < %[dl]. Consider now the three
matrices

0 1 10 0 0
= (o o) we= (o 5) = (0 0)

and let m; (resp. ma,m3) be the linear map sly(Zy) — Z, - M; giving the
projection of an element on its M (resp. My, M3) component. A Zg-basis of
the Lie algebra sly(Z,) ®sla(Zy) is given by (M;,0), (0, M;) fori =1,2,3 and
j = 1,2,3. Note that both £(T) and L(N(T)) are stable under conjugation
by (g1, 92) (cf. [1, Lemma 4.5]). Writing elements of sla(Z,) @ sl2(Z¢) as the
6-dimensional vectors of their coordinates in the basis just described, the
action of conjugating by (g1, ¢g2) is given by

(:Ub X2,X3,T4,Ts5, .%'6) — (d%xlv T2, d1_21'3, d%le, Ts, d2_2$6)'
In particular, if we denote by C' the linear operator
(@, y) = (1291 ', 92995 1)
(acting on the Lie algebra sla(Z¢) @ sl2(Zy)), we have

-2

Z Ci(zla T2,T3,T4,T5, $6) = (Oa x2, 07 07 T4, 0)
=0

[
[

-1

since

1 &Y

1 -2 0
—_— dl: ey
5—1; (-1 di—-1 0

(recall that df = d; and d? # 1), and similarly for d;? and dy>. It fol-
lows that if £(T") or L(N(T)) contains the vector (z1,...,zs), then it also
contains the vector (z1,0,x3,24,0,26) and, for every integer j, its image
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(d%jxl,o,d1_2jx3,d§jx4,0,d2_2jx6) under conjugation by (g1,¢2) iterated j
times. Consider the matrix

1 1 1 1

di di? dy dy?

di dit dy dyt

d$ d;% d§ dy®

V=

This is a Vandermonde matrix, so its determinant is an ¢-adic unit as long
as d? # d;? (mod ¢), d3 # dy? (mod ) and d? # di? (mod ¢). Recall
that the orders of [d;], [d2] do not divide 4, so the first two conditions are
automatically satisfied. Furthermore, under our assumptions the equality
[d1]? = [d2]*? implies [d1] = [dg], that is, ¢ = 1. Consider first the case ¢ # 1:
the matrix V is then invertible over Zy, hence the standard basis vectors
(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1) can be written as Z,-linear com-
binations of the rows of V. In turn, this implies that the vectors

(xla 07 07 07 07 0)7 (07 07[1337 07 07 0)7 (07 07 0,1’4, 070)7 (07 07 07 0,0,.I'6)

can be written as Zy-combinations of the four vectors C7(z1,0, 23, 24,0, 7¢)
for j = 0,1,2,3. Equivalently, we have shown that if ¢ # 1 the Lie algebras
L(T),L(N(T)) are stable under the projection operators m @ 0, w3 @& 0,
0@ m,0 @ ms. If, on the other hand, ¢ = 1 (so g1 = g2), an even simpler
computation shows that L£(T),L(N(T)) are stable under the projection
operators w1 @ w1 and 73 B m3. We have the immediate identities

Mygi = d; * My, m1(Mag;) = 0, m(Msgi) =0, m1(g;) =0 fori=1,2,

whence for any A € GLg(Z) we obtain 7101(Ag;) = d; 'm1(01(A)) for
i=1,2.

Again we distinguish the cases ¢ # 1 and ¢ = 1. In the former, we know
that (0@ 71)(L(T)) is contained in £(T'), and that it is generated by an
element of the form (0 & m1)(©2(h)), for a certain h = (hi,he) € T. We
can choose an integer m in such a way that h - (g1, g2)™ belongs to N(T)
(it suffices to choose m such that [hig]"] = [Id] = [h2g}']); for such an m,
the element O (h - (g1,92)™) lies in L(N(T')), and since L(N(T')) is stable
under 0 & 7 it also contains

dg' - (0 m) (O2(h - (g1,92)™)) = d5'(0,m 01 (hag3"))
= (0,m1(©1(h2))).

Now L(T) contains (0 @ m1)(¢*sla(Zg) @ Fsly(Zg)) = 0 @ (FZy - My, so
(0, £F M) is a multiple of (0@ m;)(O2(h)): the previous formula then shows
that L(N(T)) contains 0 @ ¢*Z, - M;. An analogous argument shows that
L(N(T)) contains ¢*Z, - M1 @ 0: Lemma 3.10 then implies that 7" contains
B (2k + 8 max {n1,na}, 2k + 8 max {ny,na}).
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Suppose on the other hand that ¢ = 1, that is, di = ds. Let us write,
for the sake of simplicity, g for g1 = g2 and d for di = ds. As we have
seen, both £(T") and L(N(T)), thought of as subsets of sla(Z¢) & sla(Zy),
are stable under the maps m; @ m; for i = 1,2,3. Hence £(T') is the direct
sum of three rank-2 subalgebras R; = (m; @ m;)(L(T)), i = 1,2,3, with
R; open in ZyM; @ ZyM;; similarly, L(N(T')) is the direct sum of three
algebras S; = (m;@®m;)(L(N(T'))). We claim that S1 = R;. If Ry is generated
by the two elements (71 @ 1) (O2(w1)) and (m & 1) (O2(w2)) for some
wy,we € T, then we can find integers mj, mg such that wi(g,g)™ and
wa(g,9)™* belong to N(T). It follows that for j = 1,2 the algebra S;
contains

d™ (m & m1)(O2(w; - (9,9)™)) = d™d ™™ (m1 & m1)(O2(w;)),
i.e. S1 = Ry as claimed. Now notice that by assumption £(7') contains
%515 (Zg) @ Fs15(Zy), so Ry = (m1 @) (L(T)) contains (¥Z,- My ® K Z,- My,
and the same is true for (w3 @ 71)(L(N(T))). As above, we conclude that
T’ contains By (2k + 8 max {n1,na}, 2k + 8 max {ny,na}).
Finally, note that the (Borel, Borel) and (Split Cartan, Borel) cases are

completely analogous: we simply need to choose for (g1, g2) an element such
that [g1] (resp. [g2]) generates T1(¢)/N(T1(¢)) (resp. To(£)/N(T2(¢))).

3.5. Case (Nonsplit Cartan, Nonsplit Cartan). We follow an ap-
proach very close to that of the previous section. Using Lemma 2.15 and
the fact that G(¢) is the graph of an isomorphism G;(¢) — G2(¢), we can
find an element (g1,92) of G such that gf2 = g; and [g;] generates G;({);
a; bi&'
bi a;
Z; \Z;? (that is to say, [&;] is not a square in F,°). The condition that the
order of G;(¢) does not divide 8 implies a;b; # 0 (mod /). For any f-adic
unit € consider now the three matrices

Mi(e) = ((1) 8) Ma(e) = My = (é _01> My(e) = <(1) —08) |

A basis of slo(Zy) @ sla(Zy) is given by

(Ml(sl)v 0)7 (M2(€1)7 0)7 (M3(51)¢ O)a (07 MI(EQ))7 (07 MQ('SQ))? (07 M3(€2))>
and again we write elements of sly(Z;) @ sla(Zy) as six-dimensional vectors
in this basis. Let C' be the linear operator (from sla(Zy) @ sla(Zy) to itself)
given by (2,y) — (g1,92)(,y)(g1,92)""; once again, £(G) and L(N(G))
are stable under C. The matrix of C in this basis is block-diagonal, the
blocks being given by

1 0 0

0 20,1'()1‘ 1+ 2611)12

in a suitable basis we can write g; = ( ) , where ¢; is an element of
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Since the bottom-right 2 by 2 block of B; is simply g2, the eigenvalues of B;
are 1 and the squares of the eigenvalues of g;. The analogue of the condition
[d1] # —[da]*! of the previous paragraph is ‘the only eigenvalue shared by
[B1] € GL3(Fy) and [Bs] € GL3(Fy) is 1°. Thus in this case we define the
group T as follows (notice that 1 is not an eigenvalue of [g;]?):

(1) for an element z € Z[\/21, /2] denote by [z] its image in F,. By
construction we have a; £ b;\/g; = w ([a; £ b;/g;]), where w is the
Teichmiiller lift. If (a1 +/2101]? = [ag & \/E2b2]?, then (if necessary)
we apply on the second factor SLa(Z,) the change of basis induced
by the matrix S = <(1) 01> to assume [a1++/21b1]% = [a2+/E2b2]%.
We then set T := ker (G — G(¢) — G(£)/2G(¥)) , which (since G({)
is cyclic) has index 2 in G. The element (g1, g2)? € T projects to a
generator of T'(¢), and we have

(a1 + b1\/a)2 =w ([a1 + b1Ja]2) =w ([a2 + 52\/5]2)
= (ag + bay/E2)?%,

which, using the fact that ag — aibg = detg; = 1, implies b7 =
£2b3. Notice that T, being of index 2 in G, is normal, hence its Lie
algebra L£(T) is stable not just under conjugation by elements of 7',
but also under conjugation by elements of G; the same is true for
L(N(T)) = L(N(G)). In particular, both these algebra are stable
under conjugation by (g1, g2), that is, they are stable under C.

(2) if (a1 £ \/E1b1)?, (a2 £ \/22b2)? are all distinct in Fy we simply set
T = G. In this case the squares of the eigenvalues of g; and of go
are distinct.

We now assume that £(T) contains (*sly(Z;) @ (Fsly(Zy): we shall show
that 7" contains By(2k + 8 max{ni,ns2}, 2k + 8 max{ni,na}).

Suppose first that we are in subcase (2). Let p;(z) be the characteristic
polynomial of By, and consider p;(C). This will be a block-diagonal oper-
ator whose first block is the null matrix and whose second block is of the
form

0/0 O

O )

ol A
with A invertible modulo ¢ (this follows at once from the fact that the
reduction modulo £ of this block can be computed as p;([B2]), and the only
eigenvalue that is common to [Bj] and [Bs] is 1). Note furthermore that
by the Hamilton—Cayley theorem the 2 x 2 identity can be expressed as
a polynomial in A, so that ultimately the diagonal matrix with diagonal
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entries (0,0,0,0,1,1) can be expressed a polynomial in C. Concretely, this
is the operator II given by

T2 — E2Y2

hl I hg i) N 0 0 h2 2
1. —hi) \y2 —ha 0 0)(&2%2—"2 —hy ’

262

and we have just shown that £(T) and L(N(T)) (being stable under C)
are in particular also stable under II. As T, contains By(ng), there ex-
ists an element f; of 77 such that (f1, R(£"2)) belongs to T. Taking the
{(#? — 1)-th power of this element shows that N(7T') contains the element

(flwz_l), R((¢? - 1)€”2+1)>, and therefore L(N(T)) contains

1, (ff“Z‘”,R <(£2 B wnm))

2 -1
_ 1 -1\ (0 gr2tt
_(z2—1@1(f1 >’<o 0 ))

Applying II and multiplying by 29 we see that L(N(T')) contains

0 62[’12—'—1 .
07 _fnz—l—l 0 )

by Lemma 3.10 we then find that T’ contains {Id} x By(10ng+2). Swapping
the roles of T7,T5 the same argument shows that 7" contains By(10n; +
2) x {Id}, and we are done since this clearly implies that 7" contains
Bi(20 max{ni,n2}, 20 max{ni, na}).

Next consider subcase (1). Recall that algebras £(T') and L(N(T)) are
stable under C. We keep the notation M;(e) from subcase (2), and we let
mi(e) (resp. ma(e),m3(e)) be the linear maps sla(Zy) — Zy - M;(e) giving
the projection of an element on its M;(e) (resp. Ma(e), M3(g)) component.
Using the fact that £1b? = 9b3, one easily checks that 1 (e1) @ 71 (e2) =
Lo (Id —2(1 4 2¢16%)C + C?), from which we see that £(T),L(N(T))

4e1b2
are stable under m1(e1) @ mi(e2) and therefore, by difference, also un-
der 7 : (x1,x9,x3, 24,25, 26) — (0,22,23,0,25,26). We now set A to be
the 6 x 6 matrix of C' in the basis (Mj(e1),0), (Ma(e1),0), (Ms(e1),0),
(0, M1(g2)), (0, Ma(g2)), (0, M3(£2)); as we have already seen in subcase (2),
this is the block-diagonal operator with blocks given by 1, g2, 1, g2. We claim
that #(L£(T)) and #(L(N(T))), seen as submodules of Z¢, are stable under
left multiplication by A~!. Indeed, since the Lie algebras of T' and of N(T)
are stable under conjugation by (g1, g2) the claim follows from the identity

(32) #((91,02) 7 (b1, 12)(91,92)) = A1 7 ((t1,12)) ¥ (b1, 2) € sla(Z4)?.
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Furthermore, one easily checks that, for all ¢ € T', we have

7 (02 ((91.92)7 1)) = A7 (©2(1)).

Let now wy, ..., ws € T be such that 7(L(T)) is generated by 7(©2(w1)),

, 7(O2(wy)). Since [(g7,g5)] generates T'(¢), for i = 1,...,4 there is an
integer m; such that (g1, g2)""w; belongs to N(T") (that is, it is trivial mod-
ulo ¢): it follows that ©2 ((g7, g5)™iw;) is in L(N(T)), and since L(N(T))
is stable under both # and A~! we find

AT 7 (02 (07, 98)™ i) ) = AT AT A (On(wi)
= 7 (O2(w;)) € LIN(T)).

This easily implies L(N(T)) 2 7 (L(N(T))) = #(L(T)) 2 #({*sly(Zy) ®
0%515(Zy)). In particular, L(N(T)) contains two elements (u1,0) and (0, us)
with u1,uz Z 0 (mod £**1): by Lemma 3.10 we conclude that N(T)’ con-
tains By (2k + 8 max {n1,na}, 2k + 8 max {ni,na}).

3.6. Case (SL2(F,), SL2(FF¢)). In this case we take T' = G, and assume
that £(T) = L(G) contains *sly(Z,) @ £¥s5l5(Z). We shall prove that 7" =
G’ contains By(4k,4k). We consider the question of whether or not, for
any given m, the group G(¢™) is the graph of an isomorphism G;({™) —
Go(L™); the following lemma covers the case when this does not happen:

Lemma 3.14. Let m be a positive integer. Suppose G contains an ele-
ment of the form (g1,g2), where g1 is trivial modulo £™ but go is not (or
symmetrically, g trivial modulo €™ and g1 nontrivial). Then G’ contains

Bo(4(m — 1), 4(m — 1)).

Proof. Notice first that we necessarily have m > 2: indeed, G(¢) is the
graph of an isomorphism G1(¢) — G2(¢), so if g; is trivial modulo ¢ then
g2 is trivial modulo ¢ as well. In particular, the element (g1, g2) belongs to
ker (G — G(¢)) = N(G). Now let 1 = R(¢), y1 = L (¢), hy = D ({). By [6,
IV-23, Lemma 3], since G1(¢) = SLa(F,) we also have Gi = SLa(Zy); in
particular, we can find z2,y2, ho € Go such that x = (x1,y1), ¥y = (y2,92)
and h = (hy, he) all belong to G. As G(¢) is the graph of an isomorphism
G1({) — G2(¢) and x1,y; and h; are all trivial modulo ¢, the same must
be true of 2, ya, ho. The elements ¢, y*" " and h?"" then satisfy

e their first coordinates topologically generate By(m), by Lemma 2.7(3)

e their second coordinates are trivial modulo £,
so the group they (topologically) generate contains an element of the form
(97 ' gb), where gb is trivial modulo ™. Thus G contains the product
g = (975, d5)(g1,92) = (Id, ghg), whose second coordinate is congruent
to go (and therefore nontrivial) modulo ¢™. It is immediate to check that
g is in N(G) (since its coordinates are trivial modulo ¢), hence L(N(G))
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contains ©2(g), which is of the form (0,u) with w nontrivial modulo ¢™
(Lemma 2.12). Applying Lemma 3.10 we deduce that N(G) contains {Id} x
Bi(2(m — 1)) (in the notation of Lemma 3.10 one can take ¢ = m — 1 and
ny = 0). To finish the proof, consider the group H topologically generated

2m—3 2m—3 2m—3
by 2/ = 2t =7 R = B where the exponents make sense
Y Y Yy s ) p

since we already remarked that m > 2. Denote by Hi, Hs the projections of
H on the two components SLa(Zy). It is clear that Hy D By(2(m — 1)) and
Hy C By(2(m — 1)), so the group generated by H and {Id} x B;(2(m — 1))
(which as we have seen is a subgroup of G) contains By(2(m —1),2(m—1)),
and we are done. g

We now show that for m = k41 the hypothesis of the previous lemma is
satisfied. Indeed suppose by contradiction that the projections G(¢¥+1) —
G1(0F1), G(F+1) — Go(¢*1) both have trivial kernel. Then Goursat’s
lemma implies that G(¢¥*1) is the graph of an isomorphism Gy (¢+1) —

Go(¢F*1), i.e. an automorphism of SLy (Z/EkHZ). By [7] (see also [8, The-
orem 5(e)]), and since ¢ > 5, all such automorphisms are induced by con-
jugation, that is we can find a matrix M € GLso (Z/ﬁkHZ) such that

G(lF+1) = {(x,y) € SLo(Z/FH17)? | y = MZL‘M_l}. Consequently, if we
still denote by the same letter any lift of M to GLa(Zy), we have

GC {(95,?1) € SLo(Zy)? |y = MaM™"  (mod €k+1)}.
Applying O and noticing that tr(MzM~!) = tr(x) we deduce
L(G) C {(ZC,y) € 5[2(25)2 ‘ y = MaxM™1! (mod €k+1)}’

but this contradicts the hypothesis that £(G) contains ¥sly(Z,) @ Fsly(Zy).
Thus at least one of the two projections G(¢8+1) — G;(¢¥*1) has nontrivial
kernel, and the previous lemma shows that G’ contains By(4k, 4k).

4. £=2,n=2

In this section we prove a version of Theorem 3.2 for £ = 2 (recall that
the algebraic group & was introduced in Definition 3.1):

Theorem 4.1. Let G be an open subgroup of

&(Z2) = {(91792) € GLQ(ZQ)2 | det g1 = det gg}

whose projection modulo 4 is trivial. Denote by G1,Go the two projections
of G to the factors GlLio(Z2), and for i = 1,2 let n; > 3 be an integer such
that G; contains Ba(n;). Suppose furthermore that for every (gi1,92) € G
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we have det(g1) = det(g2) = 1 (mod 8). For any integer k > 2, if L(G)
contains 2¥sly(Zs) ® 28sly(Zs) then G contains

B2(12(k + 11ng + 5ny + 12) + 1,12(k + 11ng + 5ng + 12) + 1).

By an argument similar to that used for the case of odd ¢ (and that will
be carried out at the end of this section) we can reduce the problem to the
corresponding statement for SLo(Z2)?:

Theorem 4.2. Let G be an open subgroup of SLa(Z2)? whose reduction
modulo 4 is trivial. Denote by G1, G2 the two projections of G to the factors
SL2(Zs), and for i = 1,2 let n; > 3 be an integer such that G; contains
Ba(n;). For any integer k > 2, if L(G) contains 2Fs\(Zy) @ 2¥sl(Zs) then G
contains Ba(6(k + 11ng + 5ny + 12),6(k + 11n; + 5ng + 12)).

The proof of this theorem, although technically involved, relies on a very
simple idea: we can find an element of G of the form (Id, a), where a is not
too close to the identity 2-adically, and this easily implies the conclusion
by [1, Theorem 5.2], cf. Lemma 4.3. In order to find a we proceed by
contradiction: if there is no such a, then G looks very much like the graph
of a map G1 — G2, and this imposes severe restrictions on its Lie algebra.
Indeed, one can prove that in this case £L(G) agrees to high 2-adic order with
the graph of a linear map z — Pz P~'. Quantifying this notion of ‘being
2-adically very close to a graph’ (cf. Proposition 4.20) gives a contradiction
with the fact that £(G) contains 2Fs[(Zy) © 2¥sl(Zs).

Notation. For the whole section, the symbols G, G1,G2, and ni,ns
will have the meaning given in the statement of Theorem 4.2. We also
set x1,y1, h1 (resp. x2,y2, ho) to be R(2™), L(2™), D(2") (resp. R(2"?),
L(2"2), D(2™2)): by construction, they are elements of G (resp. of G2).

We start to deploy the strategy just outlined by showing that it is in fact
enough to find an element (Id, a) as above:

Lemma 4.3. Let n > 3. Suppose that G contains an element of the form
(Id, a) (resp. (a,1d)), with a nontrivial modulo 2". Then G contains Bz (6n+
24ng+n1+18,6n+424ns+18) (resp. Bo(6n+24n,+18,6n+24n;+ny+18).)

Proof. Consider the smallest normal subgroup H of G that contains (Id, a).
This is clearly of the form {Id} x Ha, where Hj is the smallest normal
subgroup of Gy containing a. The Lie algebra L of Hy contains ©1(a), so
it is nontrivial modulo 2™ by Lemma 2.12. By normality of Hy in Gg, L
is stable under conjugation by Ba(nz), so Lemma 2.4 says that L contains
2nHin2 351y (Zy). Applying [1, Theorem 5.2] we deduce that Hs contains
B2 (6n + 24n9 + 18), and we finish the proof as we did for Lemma 3.14. O
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We now come to the hard part of the proof, namely showing that if no
such a exists, then G is very close to being a graph. For any fixed integer
t > 3, we distinguish two possibilities:

(1) There exist two elements (a,b) and (a,b’) of G with b 2 V' (mod 2),
or equivalently, there exists an element of G of the form (Id, b”) with
v #1d (mod 2¢). In this case we simply apply Lemma 4.3.

(2) For every a € G there exists a (necessarily unique) b € G(2%)
such that, for every element of G of the form (a,c), we have ¢ = b
(mod 2%). In this case we write b = ¢(a), so that ¢ is a well-defined
function Gy — Go(2Y).

As it is clear, the key step in proving Theorem 4.2 is to bound the values
of t for which this second case can arise. Let then ¢ > 3 be an integer for
which we are in case 2. We choose a function 9 : G; — G5 such that

e Y(a) = ¢(a) (mod 2!) for every a € G1;
e (a,v(a)) belongs to G for every a € Gj.

As we shall see shortly, ¢ is actually a continuous group morphism;
on the other hand, v does not necessarily have any nice group-theoretic
properties, but allows us to work with well-defined elements of Zsy instead
of congruence classes. We will also see that any such morphism ¢ is, in a
suitable sense, ‘inner’, a fact that will lead to a contradiction for ¢ large
enough. From now on, therefore, we work under the following assumption:

Condition 4.4. The integer ¢ > 3 has the following property: for every
a € Gy there exists a unique b € Go(2!) such that, for every element of G
of the form (a,c), we have ¢ = b (mod 2¢).

To prove Theorem 4.2 we now proceed as follows. Exploiting (integrated
forms of) the commutation relations [h,z] = 2z and [h,y] = —2y we show
that we can fix a basis in which (h;) is diagonal (cf. Lemma 4.10). We
then prove that in this basis ¢(z1) and ¥ (y;) are necessarily triangular up
to some 2-adically small error (Proposition 4.14), and making use of the
relation [z, y] = h we further show that ¢(x1), 1 (y1) satisfy some additional
constraints (which lead to Proposition 4.17). This proves that, up to some
2-adically small error, G is contained in the graph of z — PxzP~! for a
suitable matrix P: the desired conclusion then follows easily by estimating
the 2-adic valuation of the error terms.

Lemma 4.5. ¢ defines a group morphism G1 — Ga(2%).
Proof. Let aj,as be two elements of Gi. Then (a1, (a1))(asz,¥(a2))

(arag,v(a1)(az)) belongs to G, so our assumption implies ¥ (aq)y(as2)

©(aras) (mod 2'). Asp(ar) (resp. 1(az)) is congruent to ¢(a1) (resp. p(as
modulo 2! the claim follows.

)

o=l

Lemma 4.6. ¢ is continuous.
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Proof. Denote by 71, m : SLa(Z2)? — SLa(Zs) the projections on the two
factors. As 1, y1, h1 belong to Gy we can find a, b, ¢ so that ' = (x1,a),y' =
(y1,b), k' = (hy,¢) all belong to G. Consider then (/)% ()%, (K)?" and
the group H they generate (topologically). The projection 1 (H) contains
23 = R(2MH) and y? = L(2™*), hence it is open in SLy(Zs) by an
obvious variant of Lemma 2.7(4). On the other hand, mo(H) is generated
by aQt, b2t, cQt, so it is trivial modulo 2¢. It follows that for any g, € H we

have ¢(g1) = 1, so ker ¢ is open and ¢ is continuous. O

Definition 4.7. Let g be an element of SLy(Zs) (resp. of a finite quotient
SLo(Z/2™7)) that is trivial modulo 4, and let 8 be any 2-adic integer. Write
B = > ,>0an2", where each a, is either 0 or 1. We set ¢° = [L,>09™%",
which is well-defined since for every finite j only finitely many of the factors
appearing in the product are nontrivial modulo 27.

The continuity of ¢ then implies

Lemma 4.8. Let 8 be any 2-adic integer and g be an element of G1. We

have o(g°) = ¢(g)”.

Having dispensed with these necessary preliminaries we now begin
with the proof proper. To find an element satisfying the assumptions of
Lemma 4.3 we look first at (x1,v(z1)):

Lemma 4.9. If log(x1) vanishes modulo 2" 7"2 then G contains the
open subgroup Bo(30n1 + 24,30n1 + ng + 24).

Proof. The hypothesis gives ¥(x1) = Id (mod 2™*"2). There exist a,b, ¢ €
G1 such that 2/ = (a,22),y = (b,y2),h’ = (¢, ha) belong to G. Con-
sider (z')2"", (v/)®"", (h/)?"": these three elements (topologically) generate
a group H such that 7 (H) is trivial modulo 21! (recall that a,b,c are
already trivial modulo 4) and m2(H) contains Ba(ni + n2) (Lemma 2.7).
It follows that H (hence G) contains an element of the form (w,(z1)™1),
where w is trivial modulo 211, Therefore GG contains the element

(‘Tla 1/1(x1))(w, w(lil)il) = (.751111, Id)v

where z1w = 21 (mod 2™+1) is nontrivial modulo 2™*+!. The claim follows
from Lemma 4.3. O

It is clear that, if we are in the situation of the previous Lemma, Theo-
rem 4.2 easily follows, so next we ask what happens if log ¢)(z1) is not too
close to zero 2-adically. For the sake of simplicity we set o = (1+2"1)2. Note
that hizihy! = 2§, so we have p(hy)p(z1)e(h1)™" = p(z1)%, or equiva-
lently (ki)Y (z1)y(h1)~t = ¥(z1)® (mod 2'); taking logarithms, which
makes sense since both sides of the equation are trivial modulo 4, we obtain
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(via Lemma 2.2, which we shall use from now on without further explicit
mention)

(4.1) (h) -logp(z1) - ()™ = alogy(z1) (mod 27).

Now this equation shows that the operator ‘conjugation by ¥ (h1)’ admits
log ¥ (x1) as an approximate eigenvector. If log 1 (x1) is not too close to zero,
this allows us to deduce properties of 1(hq):

Lemma 4.10. With the notation of Theorem 4.2 and Condition 4.4, let
U=1t-3n1 —nz— 3. Suppose log)(x1) # 0 (mod 2"1"2) and U > 3n;.
Then (hy) is diagonalizable over Qa, with eigenvalues A1, 2 € Zo that
satisfy Ay =1+ 2™ (mod 2V), Ao = (1+2™)"! (mod 2Y).

Proof. Denote by Cyp,) the linear endomorphism of slz(Z2) given by con-
jugation by t(h1), and let p(x) be its characteristic polynomial. Note
that tr(logv(xz1)) = logdety(z1) = 0, so loge(x1) is in sla(Zg). Also
let A1, A2 be the eigenvalues of ¢(h1). An easy computation shows that
p(z) = (z—1) (z — A?) (x — A3) (the same result can also be deduced from
the properties of the adjoint representation of sly).

With a little abuse of notation, in the course of the proof we shall use
congruences (modulo powers of 2) that involve A1, A2: a priori, these might
not be elements of Zs, so the precise meaning of these congruences is that
we work with the ideals generated by the relevant powers of 2 in the ring of
integers of F'; where F' is a suitable quadratic extension of Q2 that contains
A1, Ag; likewise, we also extend vy to F'. By equation (4.1) we have

Cy(ny)(log1h(w1)) = 1(h1) (log ¥o(x1)) ¥(h1) " = alogth(x1) + O(2"),

so that log ¥ (x1) is approximately an eigenvector for Cy(hy)- We deduce from
Lemma 2.5 and the assumption log ¢ (z1) #Z 0 (mod 2™1%"2) that p(a) =0
(mod 2t="1=m2+L) Since 9)(hy) is congruent to the identity modulo 4, it is
easy to see that we have \; = Ao = 1 (mod 4), so vo(1 + 2™ + \;) =1 for
i = 1,2. Hence va(p(cx)), which is given by

vp (14 27)2 = 1) +va(1 42 + M) + va(1+ 2" + Ao)
+ U2(1 + M — )\1) + 212(1 + M — )\2),
does not exceed (n; + 1) + 14 1 + 2max; va(1 + 2" — )\;), so that
2(p(@)) —myp — 3 - t—2n; —ng —2
2 - 2 '
Up to exchanging A1 and Ay we can assume the maximum is attained for
1= 1.
Set U = | =2m2m=2 | We have Ay = 142" (mod 27") and, if U' > 2m
(a condition that is implied by the hypothesis U > 3ny), also Ay = /\1_1 =

max va(1 + 2™ — \;) > Y
(2
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1—2m 422m (mod 22™+1). It follows in particular that vo (14271 — \g) =
n1 + 1, so that we can improve our previous estimate to
va(1+2" = A\) > v(p(a)) —(n1+1)—1—-1—(n; +1)
Zt—3n1—n2—3,

that is \; = A\;! = 1+ 2™ (mod 2Y). Now since U > 3n; the trace of
¥(hy) is given by

A4 A =142" +1-2™ 42" 4 O(2°™),
SO

2 2 3n1y) 2
tr(tp(h1))? — 4det(y(hn)) = (2+ 2™ +0(2°™)) —4
=222 (1+0(2M))

is a square in Zy (since ny > 3). It follows that the eigenvalues of 1(hq) lie
in Zs, because

tr(eh(hy)) £ 4/ (trep(he))* — 4

2
is in Q9 as the expression under square root is a square) and is 2-integral (as
p(x) is monic with 2-integral coefficients). It follows that ¢(hq) is diagonal-
izable over Q2, and that its eigenvalues satisfy the given congruences. [

Ao =

We now start building a base-change matrix P such that G is contained
(up to error terms of large 2-adic valuation) in the graph of z — Pz P~ 1.
As a first approximation, the following corollary yields a matrix N such
that N~'¢(h1)N is congruent to h; modulo a large power of 2:

Corollary 4.11. Under the hypotheses of the previous lemma, there exists
a 2-integral matric N € GLa(Q2) that satisfies:
(1) N=Y(h1)N is diagonal (with diagonal entries A1, A2 as above);
(2) va(det(N)) <nq + 1.

Proof. Let wy, ws be two eigenvectors for 1(h1), associated resp. with A1, Ag,
and chosen so as to be 2-integral and to have at least one coordinate that
is a 2-adic unit. Let N be the matrix having wy, wo as columns: it is clear
that N satisfies (1). Now if wy,ws are linearly independent over Fo we
are done, for then vo(det N) = 0; otherwise, up to rescaling wi,ws and
exchanging their two coordinates, we can assume they are of the form
wy = <U},> , Wo = <£,> The determinant of N is simply w), — w], hence

1 2
we have

(w,2 0 ) =0 (mod det(N)) = wy=w; (mod det(N)).

,wfl
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Applying 1 (h;) to both sides of the last congruence we find Aywy = Ajw;
(mod det(NN)), and comparing the first coordinates of these vectors we
obtain A\; = Ay (mod det(N)). Since by the previous lemma we have A\; =
1+ 2™ (mod 227) and Ay = 1 — 2™ (mod 22"1), we have in particular
2+l =0 (mod det(N)), whence the corollary. O

Assuming the hypotheses of Lemma 4.10, fix a matrix N as in the
previous corollary. We consider those elements (g1,1(g1)) of G such that
N1 (g1)N is 2-integral:

Lemma 4.12. Assume that log(z1) does not vanish modulo 2"+"2 and
that U > 3n1, so that we can find an N as above. Let g1 be an element of
Ba(2n1 +1) € Gy. Then N=14)(g1)N is 2-integral and trivial modulo /.

Proof. As By(2n1 + 1) is generated by L(2271+1) R(2271+1) and D(22m+1)
it is enough to show the conclusion of the lemma holds for these three
elements. Since the proof is virtually identical in the three cases, we only
consider R(22M+1). We have R(221+1) = 22" hence

Y(R2*MH)) = p(z1)*™" (mod 2%);

as (z1) = Id (mod 4), the matrix 1(z1)2""" is congruent to the identity
modulo 2143, Writing ¢ (21)>"" as Id+2"T3B for a certain 2-integral
matrix B we have

27L1+3
N1 2?mtINN = N (1d+2PBBYN =1d+N* | ———B | N
Y(R(2MH) (1a+ )N =Id+ L

where N* = det(N)N~! is the adjugate matrix of N. Since vo(det N) <
n1 + 1, this last expression is manifestly 2-integral and congruent modulo
4 to the identity. d
Let N* be the adjugate matrix of N and D = (/\1 \ > = N"%(hy)N

2

By the previous lemma, all the matrices involved in the following identity
are 2-integral:

(N"1e(h)N) (N1 (RE2H) N) (N gk >1N)
= N*G(h)w (R™H)) b(hn)~
= No(h)p(R2H))g(h) ™! <mod2t>

= N*g (R(2*™*H)?) N (mod 2')

( (

(
= N*p R(22”1+1) N (mod 2).
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Replacing ¢ by 1 and dividing through by det(/N) we deduce
(4.2)

D(NT'p(RE@*MH)N) D7 = (N7 (R H))N)" (mod 20771,
This equation forces N~1¢(R(22"1+1))N to be of a very specific form:

Lemma 4.13. There exists ¢ € 479 such that

((1] i) (mod 2V7™172),

Proof. Note that since t —n; —1 > U we can in particular rewrite equa-

N™'(R(22MH))N

142m
tion (4.2) modulo 2V, and we know D = ( + (1+ 2n1)_1> (mod 2Y).

Recall that N~ (R(22"*T1))N is 2-integral and trivial modulo 4 by
Lemma 4.12, so its logarithm is well-defined. Since D and D~! are both
2-integral, the same is true of DN~ 1p(R(22 1)) ND L. Let

A, = log (NT'p(R(22H)N)

. 01 00 1 0 :
and write A, = g (0 O> + Ly <1 0) + Un <0 _1> for certain
scalars fiz, fty, iy, € Zz. We claim that pp, =0 (mod 2U—mi=1) and py =0

(mod 2V~"1~2), Reducing equation (4.2) modulo 2V and taking logarithms
we get

-1
a-A, =DA,D ! = (Aol AOQ> A, (Aol A02> (mod 2Y),

and the right hand side can be computed explicitly in terms of i, i, fiy-
Using A2 = 1/\; we find

0 1 00 1 0
oAy = Mg (0 0) + A3uy (1 0) + pp (0 _1> (mod 2Y),
that is

aply = N2, (mod 2Y)
(4.3) oy = Npy  (mod 2Y)
= (mod 2Y).

Furthermore, one easily sees that
2
va(a — Aa2) = s ((1 4omy? (1 —9m 40 (22"1)) ) =g +2

and va(a — 1) = ng; + 1. Rewriting the last formula in (4.3) as
(= )y = 0 (mod 2Y) shows that py, = 0 (mod 2YV~™171) while apu, =
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My (mod 2Y) implies p, = 0 (mod 2Y~"172). This proves that A, =

<8 'Lg”> (mod 2V="1=2) and exponentiating we find

N1(R(22™M )N = exp A, = exp (8 Lé;)

= <(1) Mlx) (mod 2V—™72),
We can then take ¢ = y, which is in 4Zy since N1y (R(22m )N = 1d
(mod 4) by Lemma 4.12. O

A completely analogous argument yields similar results for the matrix
N—1p(L(22M+1)) N, hence:

Proposition 4.14. Assume that
e Q:=U—ny—2=t—4ny —ng — 5 is larger than 2ny — 2 (that is,
U > 3n1);
e G contains no element of the form (Id,b), where b # Id (mod 2);
e log (1) does not vanish modulo 2" "2,
Then there exists a matriv N € GLa(Q2), with 2-integral entries and

whose determinant satisfies va(det(N)) < ny + 1, and scalars ¢, d € 47,
such that

N-l(h)N = (Al A2) =hy (mod 29),

[a—

C

N-Ly (R(22n1+1)) N = (O 1) (mod 29),

and

N (L)) N = (Cll ?) (mod 29).

Remark 4.15. As we shall see shortly, the product cd is 2-adically
very close to 24172 as one would expect. However, it is not true in gen-
eral that c,d, taken separately, are 2-adically very close to 2211, Let us
give an example of this phenomenon, which will also motivate the choices
we make in the rest of the proof. Fix a positive integer n; > 3 and
an integer p > np, and let G be the group generated by Ba(p,p) and
{(91,92) € B2(n1)? | g2 = g1}. In our notation one can take 1 to be the
identity, and a matrix N as in the statement of Proposition 4.14 is given by

2m+tl . . . .
< 0 1); notice that this matrix cannot be obtained from the construc-

tion of N we gave in Corollary 4.11, but its simple form makes it easier to
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make our point. In this situation we have

n1
NlurE)N = (o )
and
N2> )N = L, 0
T/J( ( )) - 23n1+2 1 )
so ¢ = 2" and d = 23" %2 are quite far 2-adically from 2271+1,

The parameters ¢, d are up to now completely free, and they cannot
be controlled by only using the relations hlmlhl_l = zf, hl_lyl hiy = yf
(which are essentially integrated forms of the usual sly-Lie algebra relations
[h, z] = 2z, [h,y] = —2y). In order to say something meaningful about them,
we shall need to use an integrated form of the Lie algebra relation [z, y] = h,
that is to say we want to have some degree of control on commutators of the
form L(a)R(b)L(a)"'R(b)~!. This is made possible by the following simple

lemma, whose proof is immediate by induction:

Lemma 4.16.
e For any pair (a,b) of elements of Zz of valuation at least 1, the finite
products H R(a)@®™" . (R(a)L(b)R( ) H L(b ~(ab)’
i=—n Lb .
1—al
converge, as n — 0o, to o 1 ab

e Let (a,b) be as above and (c,d) be any other pair of elements of
2-adic valuation at least 1. As n — oo, the finite products

ﬁ R(c)(ab)ii . (R(c)L(d)R(c)_lL(d)—l) ) ﬁL(d)—(ab)i
i=1

1=—n
to a limit, which is of the f o
converge to a Ltimit, wWhich 1s o e jorm « 1 _ Cd .

Apply this lemma to a = 22"+ p = 22m1+1: the infinite product

H R(a)?™" - (R(a )L(b)R(a)—lL(b)—l).ﬁL(b)—(ab>
i=1

i=—00

1
converges to | 1 — 24mi+2 0 = h[f , where [ is defined by
0 1 — 24m+2

(1+2m)=F =1 —24m+2_ Applying ¢ (which, being continuous, commutes
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with infinite products) we deduce that

—1 _
(44) @(h)? = T ¢(R(@)“" (o(R(a))p(Lb))p(R(a)) " o (L(b) )

1=—00
0o

T e(@)) =@,

i=1
By Proposition 4.14 there exist ¢, d € 4Z3 such that

RN =N B(R@)N =R = (o 7] (mod 29),

(4.5)

“Lp(L(22M )N = N~ Y (L(b))N = L(d) = Cl (1)) (mod 29).
Rewriting equation (4.4) in terms of ¢ and multiplying by N (resp. N*) on
the right (resp. left) we find

-1

N*Y(h)’N = N* J[ $(R(@)™ " - [(R(a)), $(L(b))]

: ﬁ GLOB) " @'N  (mod 2V).

Further conjugating every term ¢(R(a)) and ¢ (L(b)) by N, similarly to
what we did in deriving equation (4.2), using the congruences in (4.5), and
dividing by det NV, we find
. 8
(N“'p(h)N)

I B« [r HL —(@h)" (mod 2@y,

1=—00

Applying the second part of the previous lemma to R(c), L(d) we then
obtain

B

I (N_lw(hl)N)

H R(e)“™ - (R(c)L(d)R(c) " L(d) ") - HL ~(ab)’

i=—00

* * -
<* 1—cd> (mod 29771,

whence — comparing the bottom-right coefficients — we find 1 — 24 +2 =
1 —cd (mod 29~™~1), In particular, if Q > 5ny + 4, we must have va(c) +
va(d) = 4ny + 2, and by symmetry we can assume that ve(c) < 2n; + 1.
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We deduce that d = w (mod 2@~ ~1=v2(9)) " and therefore d =

24”;” (mod 2973 -2), Consider now the matrix M = ((1) 22”19'1/c>

(which is 2-integral, since wva(c) < 2n; + 1). By construction we have
MR(22+1) = R(c)M, so that

MR(2*+1) = R(e)M = N~ W(R(2*H1)NM  (mod 29),

and furthermore — since N =14 (h1)N is diagonal and congruent to h; mod-
ulo 2¢ — we also have

Mhy = hiM = N"'(h))NM  (mod 29).
Finally, using what we just proved on d we find (for Q > 5n; + 4)

n 1 0 _ (1 0
ML(22 1+1) = (24n1+2/c 22n1+1/c> = <d 22n1+1/c>
= L(d)M =N~ (L(22nl+1)) NM (mod 2973m=2),

22mtl /e
0 1

Multiplying this last equation by M* = < > on the left we get

det M - L(22H1) = MAN 1 (L2 H)) NM - (mod 297%172),

and similar ones hold for R(22"*1), hy. Given that ve(det M) < 2ny + 1,
dividing by det M we find

(NM)~g (L(22"+)) NM = L(22"*!) - (mod 2975 79),

along with similar relations for R(2*"171) hy = D(2™). As R(2ZmT1),
L(22m+L) ) D(2™) generate Ba(2n; + 1) we have thus established

Proposition 4.17. Under the assumptions of Proposition /.14, for every
g € Ba(2n1 + 1) we have (NM) ™ "(g)(NM) = g (mod 2975m173),

Notice that if we replace NM by AN M, for any A € Qq, then the previous
proposition still holds, simply because the factors of A on the left hand side
cancel out. We can then choose A in such a way that AINM is 2-integral
and has at least one coefficient which is a 2-adic unit; we set P := ANM
for this value of \. We now give a version of Proposition 4.17 that applies
to all of G:

Proposition 4.18. Under the assumptions of Proposition 4.14, the follow-
ing congruences hold for every g € Gy:

P (g)P=g (mod 297™=2) gnd trip(g) =trg (mod 29077172,
Remark 4.19. As promised at the beginning of the section, this is essen-

tially the statement that if G does not contain an element of the form (Id, b)
with b # Id (mod 2%), then G is 2-adically very close to being a graph.
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Proof. Clearly va(det P) < va(det M) 4 va(det N) < 3n; + 2, and for all
g € G1 and every m € N we have

P ) (¢™)P = P*o(¢g™)P = P*p(g)" P =P (9)" P (mod 2"),

so dividing by det P we find P~1¢ (¢™) P = P~ (¢)™ P (mod 2!=3"172),
Now g is congruent to the identity modulo 4, hence g22n171 belongs to
B2(2n1 + 1), so applying Proposition 4.17 and noticing that @ — 5n; —
3<t—3n—2wefind P-ly(g9)>" P =Pl (g22”1’1) P=yg
(mod 29~5"1-3) Taking logarithms we obtain

2277,171

22m—1p=liog Y(g)P = 22”1_1(logg) (mod 2Q_5"1_3),

whence P~'log(g)P = logg (mod 29~7172), Since log g is trivial mod-
ulo 4, we can exponentiate both sides of the congruence to find P14 (g)P =
g (mod 297™172) a5 claimed. Taking the trace of this last congruence also
gives tri(g) = tr(g) (mod 201 -2), O

Let now (g1, g2) be an element of G. By the previous proposition we have

tr tr
P (91 - 291 Id) = ¥(g1)P — 29113

= (ng) - trwz(gl) Id) P (mod 2@‘7711—3>7

and since ¥(g1) = g2 (mod 2!) this implies the congruence POi(g;) =
01(g2)P (mod 297™173), Recalling that £(G) is the Zo-span of ©3(G),
this implies that for every (uj,us) € L(G) we have the congruence Pu; =
us P (mod 29~"173) Taking into account all the assumptions we made
along the way, we have thus proved:

Proposition 4.20. Let G, ni,ne be as in Theorem 4.2 and t > 3 be an
integer. Assume:

(1) G contains no element of the form (Id,b), where b # Id (mod 2¢);

(2) log(x1) does not vanish modulo 2™+,

(3) t —11ny —ng — 8 > 0 (that is, Q@ — Tny — 3 > 0; this also implies
the condition U > 3ny of Lemma 4.10).

Then for every (uy,us) € L(G) we have Puy = us P (mod 2f~11ni—n2=8)
where P € GLa(Q2) is 2-integral and has at least one coefficient which is a
2-adic unit.

The result we were aiming for is now well within reach:
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Proof of Theorem 4.2. Suppose that £(G) contains 2¥sly(Zs) ® 2Fsly(Zs):

then £(G) contains the elements (uy, us) := (2"7 <8 (1)> ,0> and (vy,vg) :=

<2k <(1) 8) ,0>. Since one of the coefficients of P is a 2-adic unit, at least

one of the two congruences Pu; = ugP =0 (mod 2]"“) and Pvi = 1P =0
(mod 28*1) does not hold. In particular, the conclusion of the previous
proposition is false if t —11n1 —no—8 = k+1. Thus if we let t = k+11nq +
ng + 9 at least one of the three hypotheses must be false; for our choice of
t, the inequality of condition (3) is satisfied, so either (1) or (2) must fail.
If (2) fails, then G contains B2(30n1 + 24,30n; + 24 4+ ng) by Lemma 4.9.
On the other hand, if condition (1) is not satisfied, then Lemma 4.3 implies
that G' contains all of By(6(k + 11ny + 5ng + 12) + ny, 6(k + 11ng + 5ng +
12)), which is contained in B2(30m; + 24,30n; + 24 + ng), and therefore
Ba(6(k + 11ny + 5ng + 12) 4+ ny, 6(k + 11ny + bng + 12)) is contained in G
independently of which hypothesis (1) or (2) is the one that fails. Finally,
note that the hypotheses of the theorem are symmetric in G1,Gs, so we
can repeat the whole argument switching the roles of G1, Ga, which shows
that G also contains By (6(k + 11ng+5n1 +12),6(k + 11ng 4+ 5nq +12) +na)
and concludes the proof of the theorem. O

As promised, we can finally prove Theorem 4.1, by an argument similar
to that used to deduce Theorem 3.3 from Theorem 3.2:

Proof. We let det* be as in the proof of Theorem 3.2. Let
G ={\g|ge€G,Nel+4Zy},

denote by U the intersection G**' N SLa(Z2)?, and let Uy, Us be the two
projections of U on the factors SLy(Zs). Notice that U’ = G’: by assump-
tion, for every g € G there exists A\ € Zy such that det*g = A?; but
then either A or —\ is congruent to 1 modulo 4, so either g/A or —g/A
belongs to U, and we can apply Lemma 2.11. Also remark that if G con-
tains Ba(n1), then the same is true for Uy: indeed for every g; € Ba(nq)
we know that there exists a certain go € G such that (g1,92) € G. As
det(g2) equals det(g;) = 1 by the assumptions on G, this shows that
(g91,92) belongs to U as well, and therefore g; belongs to U;. The same
argument obviously also works for Us, and furthermore U and G have the
same Lie algebra (again by Lemma 2.11). Finally, U is trivial modulo 4
by construction. Applying Theorem 4.2 to U we deduce that U contains
By (6(k 4+ 11ng + 5ny + 12),6(k + 11ny + 5ng + 12)), and therefore G' = U’
contains B (12(k + 11ng + 5ny + 12) + 1,12(k + 11n; + 5ng + 12) + 1) by
Lemma 2.8. g
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5. Conclusion of the proof

Using the results of the previous two sections we are now in a position
to show Theorem 1.3 for all n. Notice first that the inequality [G : H] <
120 appearing in the statement of [1, Theorem 4.2] can be improved to
|G : H] | 24 (see [1, Remark 4.11] and notice that the determinant of every
element of G is 1, hence a square). With this small improvement, case n = 1
of Theorem 1.3 is (amply) covered by Theorems 4.2 and 5.2 of [1]. We now
consider the case n > 2, starting with the odd primes. If £ = 3 we take
H = ker (G — SLy(F3)™), for which the claim follows directly from the fact
that it is pro-¢ and from Pink’s theorem (Theorem 3.6).

We can then assume ¢ > 5,n > 2. Denote by m; : SLa(Z¢)™ — SLa(Zy)
the n canonical projections and let m;, ;, = m;, X m;, be the projection on
the two factors numbered 7; and i5. For m between 1 and n, construct
inductively groups H,, as follows: apply [1, Theorem 4.2] to m1(G) to find
a subgroup K of m(G) of index dividing 24 and having property (xx)
in the notation of [1] (or, if m(G)" = SLa(Zy), set K1 = m1(G)), and set
Hy =7 L(K}): this is a subgroup of G of index dividing 24. Assuming we
have constructed K,,, and H,,, apply [1, Theorem 4.2] to m,+1(Hy,) to find
a subgroup K,,41 of index dividing 24 and having property (xx), and set
Hyq = W,;il(KmH), again with the convention that K,,11 = mmt1(Hpm)
if Tpmt1(Hy) = SLa(Zg). 1t is clear by construction that H,, is an open
subgroup of G of index dividing 24™. For 1 <t < n we also let n; be the
minimal positive integer such that By(n;) is contained in 7 (H,). Notice
now that for all m = 1,...,n — 1 the index [H,, : Hp41] is a divisor
of 24, hence in particular coprime to ¢ > 5. As By(n;) is a pro-{ group,
it follows that it is contained in m;(H,) if and only if it is contained in
Wt(Hj) forall j =1,...,n. Now let (i17j1)7 (i27j2)a SRR (in(n—l)/27.jn(n—1)/2)
be the list of all n(n—1)/2 pairs (¢, j) with 7 < j, and construct inductively
groups Hj,, ;. (form =1,...,n(n—1)/2) as follows. We start by formally
setting Hj, j, = H,; then, assuming H; has been constructed, we apply
Theorem 3.3 to 7, joi1 (Hip i) and we define H; as follows:

m:jm

m+1,Jm+1

(1) suppose that By(20 max{n, . ,,"n;,..,}, 20max{n;, . ,nj, ., }) is
contained in m;,_\ j.. i (Hi,, 4., ): then we set H; = H;
and Ki, 1 i1 = Timitgmer (Hip,jm )3

(2) otherwise, 7,1 juii (Hi,, i) contains an open subgroup K, . ...
of index dividing 482 and having properties (2a) and (2b) of The-
orem 3.3: in this case we define H; to be the inverse image

m+1,Jm+1 msJm

) m+1Jm+1
m Hlmvjm Of Kim-‘rlyjm-‘rl’
Again, notice that the index [Hj,, j,, : Hi,\\1,jmi] 1S Prime to £, so that
it follows inductively that for every t = 1,...,n and every m = 1,...,

n(n —1)/2 the open subgroup By(n:) is contained in 7:(Hj,, j,.). We finally

myJm
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set H = Hi, 1 5dnm_1)2} by construction, it is a open subgroup of G of
index dividing 24748™"~1). Denote by 7; : sla(Z¢)" — sla(Zy) (vesp. 7 ;)
the projection on the i-th (resp. (4, 7)-th) factor. Now suppose that L(H)
contains (*sly(Z) @ ... @ (Fsly(Zy) for a certain k > 0. We have

L(K;) 2 L(mi(H)) = 7(L(H)) 2 (7sly(Zy),

so the properties of K; = m;(H;) given by [1, Theorem 4.2] imply that it
contains By(4k). It follows from the definition of the integers n; that we
have ny < 4k for all t. Consider now a pair of indices ¢ < j. As before
we have L(K; ;) 2 L(m;j(H)) = 7;(L(H)) D (*sly(Zg) @ L¥s12(Zy), so two
cases arise (depending on whether we were in case (1) or (2) above):

(1) either B,(20 max{n;,n;},20max{n;,n;}) 2 B;(80k,80k) is con-

tained in m; ;(G),

(2) or K; ; contains By(p,p) with p = 2k + max {2k, 8n;,8n;} < 34k.
Either way, we see that m; j(G) contains B,(80k,80k): once again, the in-
dex [m;j(G) : m;(H)] is prime to ¢, so the fact that m; ;(G) contains
B;(80k,80k) implies that m; j(H) contains By(80k,80k). Since this holds
for every pair of indices 1 <1 < j < n, Lemma 2.9 implies that H contains

1By (80(n —1)k), as claimed.

Finally consider the case £ = 2. Define H to be the kernel of the reduction
G — SLy(Z/4Z)". Suppose that L(H) contains 2¥sly(Zs) @ ... @ 2Fsly(Zs),
and let Hl = Wi(H),HZ'J = Wi,j(H)- Since ,C(ﬂ'Z(H)) D) 2k5(2(Zg), [1, The-
orem 5.2] implies that H; contains B2(6k), and the integers n; appearing
in the statement of Theorem 4.2 can all be taken to be 6k > 3. Similarly,
L(H; ;) contains 2¥sly(Zs) ® 2¥sl2(Z2), hence by Theorem 4.2 the group
H; ; contains By (582k + 72,582k + 72): Lemma 2.9 then implies that H
contains [~ B2 ((n — 1)(582k + 73)). Finally, as H is trivial modulo 4, it
is clear that k£ > 3, so we have 582k + 73 < 607k and we are done. O
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