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A Note on Extensions of Q"

par Lukas POTTMEYER

RESUME. Dans cette note, nous étudions le comportement de
la hauteur de Weil (logarithmique, absolue) h sur les extensions
du corps Q! des nombres totalement réels. On sait qu’il y a un
écart entre zéro et la plus petite valeur non nulle de la hauteur
sur le corps Q' tandis que dans Q' (i) il y a des nombres de
hauteur (non nulle) arbitrairement petite. Nous prouvons que tous
les éléments de petite hauteur dans une extension finie quelconque
de Q' sont déja dans Q" (). Cela permet de donner une réponse
positive & une question d’Amoroso, David et Zannier, concernant
I’existence de corps pseudo algébriquement clos avec 1’écart de
hauteur que nous avons mentionné.

ABSTRACT. In this note we investigate the behaviour of the
absolute logarithmic Weil-height h on extensions of the field Q"
of totally real numbers. It is known that there is a gap between 0
and the next smallest value of h on Q'", whereas in Q' (i) there
are elements of arbitrarily small positive height. We prove that all
elements of small height in any finite extension of Q!" already lie in
Q" (7). This leads to a positive answer to a question of Amoroso,
David and Zannier, if there exists a pseudo algebraically closed
field with the mentioned height gap.

1. Introduction

We assume throughout the paper that all algebraic extensions of QQ are
contained in a fixed algebraic closure Q C C. For a definition and basic
properties of the height h we refer to the first Chapter of [6]. For a number
field K we define

K" = {a € Q|o(a) € R Vo € Gal(Q/K)}
We do not assume that K is a real number field, so we do not necessarily
have K C K.

A theorem of Schinzel [16, Theorem 2] implies h(a) > & log (1+2\/5) for

all o € Q' (i)* which do not lie on the unit circle. In this note we will
generalize this result in the following way.
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Theorem 1.1. Let K be a number field and F a finite extension of K.
There is an effective positive constant cp such that h(a) > cp for all € F*
with at least one K -conjugate not on the unit circle; i.e. for all « € F* such

that |o(a)| # 1 for some o € Gal(Q/K).

Using the terminology of Bombieri and Zannier from [7], we say that a
field F C Q has the Bogomolov property if and only if there is a positive
constant ¢ such that the height h on elements of F' is either zero or bounded
from below by c. By Northcott’s theorem every number field has the Bogo-
molov property. Hence, the interesting cases are those where the Bogomolov
property is satisfied by extensions of infinite degree over Q. Schinzel’s result
implies that Q' has the Bogomolov property. More fields with the Bogo-
molov property and infinite degree over QQ, are maximal abelian [3] and
maximal totally p-adic [7] extensions of a given number field, and fields of
the form Q(Eios) where E is an elliptic curve defined over Q [10].

The Bogomolov property is in general not preserved under finite exten-
sions. This is due to the fact that there are elements in Q' (i) of arbitrarily
small positive height (in particular Schinzel’s bound does not hold if we
drop the assumption |a| # 1). This follows from an early result of May [13,
Example 1] where he studies the multiplicative groups of subfields of Q"
and Q' (7). The first explicit proof of the failure of the Bogomolov property
in the regarded extension is due to Amoroso and Nuccio in [2]. A proof
using dynamical height function can be found in [15, Remark 4.5]. An ex-
plicit sequence of elements in Q" (i) of height tending to zero is given by
taking n-th roots of the element % (see for example [1, Example 5.3] or
Lemma 2.2 below).

The extension Q" (i)/Q!" is essentially the only known example of a fi-
nite field extension where the Bogomolov property is not preserved; i.e. in
all examples of such extensions L/F' there is a sequence of points of small
height contained in L N Q! (7). It is not known whether these are the only
possible examples of finite extensions not preserving the Bogomolov prop-
erty. Theorem 1.1 implies that a finite extension of K" has the Bogomolov
property if and only if it does not contain the element i (see Corollary 2.3).
This clarifies the matter of extensions L/F, where the Bogomolov property
gets lost, in the case that F' is (contained in) a field of the form K'". How-
ever, there might be other undiscovered examples of field extensions with
this curious behaviour.

Since the Bogomolov property is in general not preserved under finite
extensions, one can ask whether or not it is preserved for other special field
extensions; for instance its Galois closure.

Question 1.2. Is there a field which satisfies the Bogomolov property but
the Galois closure over Q of this field does not?
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In Example 3.1 we will construct an explicit field to provide a positive
answer to this question. By a result of Widmer [17, Corollary 2] it is known
that the Northcott property of a field is not preserved under taking the
Galois closure of this field. Here a field F C Q has the Northcott property
if every set of elements in I’ with bounded height is finite. In particular, the
Northcott property implies the Bogomolov property. It would be interesting
to know whether the Galois closure of a field with the Northcott property
necessarily satisfies the Bogomolov property.

As a further application of our result we will provide a positive answer to
a question of Amoroso, David and Zannier concerning the relation between
fields with the Bogomolov property and pseudo algebraically closed fields.

Definition. A field F is called pseudo algebraically closed (PAC) if and
only if every absolutely irreducible variety defined over F' has an F-rational
point.

If F C Q, then by [8, Theorem 11.2.3] F is PAC if and only if for
every polynomial f(z,y) € Q[z,y] which is irreducible in Q[z,y] there are
a, B € F with f(a,8) =0.

Obviously every algebraically closed field is PAC. Moreover every alge-
braic extension of a PAC field is again PAC. Hence, in sharp contrast to the
Bogomolov property which is obviously inherited to subfields, the property
of a field to be PAC indicates that a field is large. This vague observation
leads to the following question.

Question 1.3 ([1, Problem 6.1]). Is there a PAC field which satisfies the
Bogomolov property?

The authors of [1] raise some doubts towards a positive answer. In partic-
ular they disprove the Bogomolov property for some PAC fields contained
in Q. However, surprisingly there are PAC fields satisfying the Bogomolov
property. In Example 3.2 we will explicitly construct such a field as a to-
tally imaginary finite extension of Q. This example comes from a deep
result of Pop [14] concerning the arithmetic of the field Q. For detailed
information about PAC fields we refer to [8, Chapter 11].

In the next section we will study the field K" and prove Theorem 1.1.
The proof of this result is elementary and the only non standard contri-
bution is an effective lower height bound in terms of the ratio of the real
embeddings of an algebraic number due to Garza [9] (see also [11] for a
short proof of Garza’s result).

In the last section of this note we will present explicit positive answers
to Questions 1.2 and 1.3.
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2. Proof of Theorem 1.1

Let throughout this section K be any number field. In order to prove
the main observation in this note, we need some more notation. For an
algebraic number a we denote by 7, g the number of real K-conjugates of

a, and we set Ry g = [K?;ﬁ We have the following inequality.

_ ra,0[K : Q] < ro, kK = Q]
7 Q@) :q ~ Q) :Q
_ rex [K(0): Q)
[K(a) : K] [Q(a) : Q]
The next two lemmas provide some basic information on the field K*" which
are used in the proof of Theorem 1.1.

Lemma 2.1. We have K" = (K NR)"" and Q" C K" C R.

Proof. Tt follows straight from the definition that (K NR)" C K. For
a € Q let f € K[z] be its minimal polynomial. Then « is in K if and
only if all roots of f are real. If this is satisfied, then all coefficients of f
are real and hence f is defined over K N R. Thus, f is also the minimal
polynomial of « over K N R. This immediately implies o € (K NR)"" and
hence K" = (K NR)!". The second statement of the lemma is trivial. [

[K : Q|R,
(2.1)

R, k.

It is well known that Q' (4) is the maximal CM-field and hence generated
by all elements having all Q-conjugates on the unit circle (see [2, Proposi-
tion 2.3] or [5, Theorem 1]). This generalizes word for word if we replace Q
by any number field K.

Lemma 2.2. Let o € Q\ {1} with |o(a)| = 1 for all 0 € Gal(Q/K).
Then K (a) = K (i).

Proof. Let a be as described and o € Gal(Q/K) arbitrary. The assumption
on a implies o(a)~! = o(a), where the bar denotes complex conjugation.
Therefore, o(3(a+a™!)) = (o(a) +o(a)~!) € R. This means that Re(a),
the real part of , is in K'". In the same fashion we get o(%(a —a™1)) =

+1(o(a) — o(a)~!) € R, which is equivalent to the statement that Im(c),

the imaginary part of «, is in K'", too. By assumption o ¢ R and hence

Im(a) # 0. This yields i = a;ﬂf&g?) € K'(a) and of course o € K (i). O

Proof of Theorem 1.1. By Lemma 2.1 we can and will assume without loss
of generality that K is a real number field. Recall that this implies K C K.

Let us assume first that F has at least one real K-embedding. This means
that F = K (a) for an a € Q such that there is a ¢ € Gal(Q/K) with
o(a) € R. Then the existence of a positive lower bound for the height on
F*\ {£1} follows from Bilu’s famous equidistribution result [4]. Using a
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theorem of Garza we can achieve an effective constant, which we will prove
in the following paragraph.

Let 5 be an arbitrary element in F™*\ {£1}. We choose a number field
L/K with L C K* and 8 € L(«). Since a K-embedding of L(«) is real if
and only if it is an extension of a real K-embedding of K («), we know that
there are exactly 7o, x[L() : K(a)] of those. Furthermore, every real K-
embedding of L(«) is an extension of a real K-embedding of K (). Together
this yields

_ rak[L(a) : K(B)] _ ra,x[L(a) : K(a)]
(22)  Rox = M[L(a):K] = K[L(a):K]

:Ra,K 75 0

)

Therefore, (2.1) implies Rg g > Rax[K : Q7' = Cp. Note that by (2.2)
the positive constant C'r does not depend on the choice of the generator a.
Now we can use [9, Theorem 1] to achieve

Cr <2H/CF +VAer ¢ 4) 0
=Cp >
2

(2.3) h(B) > - log

which is the claimed result.

Now we assume F' = K (a) to have no real K-embedding. Let F’ be
the intersection of the normal hull of F' over K with R. Then F” is a finite
extension of K that has a real K-embedding. Hence we know from above
that there exists an effective positive constant cgr with h(3) > cpr for all
B € F™ \ {£1}. Since Galois conjugates have the same height, it follows
that every element in F' with a real conjugate has height greater or equal
to cpr.

Assume there is a § € F* with h(8) < %~ < cpr. Then, as mentioned
above, for all ¢ € Gal(Q/K) the element o(f) is not in R. Let 3 be the
complex conjugate of 3. Then B3 is an element in F’. But from basic
properties of the height h we also have h(33) < 2h(8) < cgr. This means
that |3| = BB = 1. By construction of F', the same is true for all K-
conjugates of 5. Hence, all K-conjugates of 5 lie on the unit circle, proving

the theorem with cp = CQL/ O

Corollary 2.3. A finite extension F' of K has the Bogomolov property if
and only if i & F.

Proof. Let F//K' be a finite extension. If i € F' then we know that Q" (i) C
F, and hence F' does not have the Bogomolov property. If, on the other
hand, i € F' then Lemma 2.2 yields that the only elements in F' whose K-
conjugates all lie on the unit circle are +1. By Theorem 1.1 we can conclude
that F' has the Bogomolov property. O
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3. Applications

Now we can provide positive answers to Questions 1.2 and 1.3. We will
give one explicit example for each question, these examples can be varied
and extended in many ways.

First we will use Corollary 2.3 to answer Question 1.2.

Example 3.1. Let p be your favorite prime and set F = Q(,/p)"". By
Theorem 1.1 we know that F' has the Bogomolov property. However, a 4-th
root of p is contained in F', and hence the Galois closure contains ¢ and
does not have the Bogomolov property.

Next we will use Theorem 1.1 to construct a PAC field which has the
Bogomolov property, and hence give a positive answer to Question 1.3. We
say that a field F' is formally real if and only if —1 cannot be written as a
sum of squares in F'.

Example 3.2. By Pop’s result [14, Theorem &] every finite extension of
Q' which is not formally real is PAC (see [12, Section 7] for a short expla-
nation). By Corollary 2.3 all finite extensions of Q% which do not contain
i have the Bogomolov property. In order to find a PAC field which has the
Bogomolov property, it remains to construct a finite extension F/Q! with
i € F and such that F' is not formally real. Let F' be the splitting field of
f(x) = 2° + 2% + 1 over Q. We claim that F is of the prescribed form.

We first note that the roots of f(z) are not all real, and hence the ex-
tension F'/Q' is nontrivial. The Galois group of f(x) € Q[z] is isomorphic
to Ss. Hence, since Q" /Q is Galois, the group Gal(F/Q!") is isomorphic to
a nontrivial normal subgroup of S;5. Moreover, the discriminant of f(z) is
equal to 3233 which is a square in Q'". Therefore, Gal(F/Q!") is isomorphic
to a subgroup of As, and hence Gal(F/Q!") = Ajs. As this is a simple group,
there is no degree two extension of Q" contained in F'. In particular, i ¢ F.

We denote the roots of f(z) by aq,...,as. The second Newton-Girard
formula yields

5

(EVER

The element % is contained in F for all j € {1,...,5}. Thus F is not
formally real, proving the claim.

J
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Remark. Let F be the field from Example 3.2. The lower bound we achieve
for the height on elements in F*\ {+1} is very low indeed. The field F’ =
FNR is a degree @ = 30 extension of Q", and some analysis shows that
F’ has exactly two real embeddings. Therefore, with the notation from the

proof of Theorem 1.1, it is Cpr = %5 and we get

1 27 M 4 V41 4 g
0g
2

for all o € F*\ {1},
> 000000 TOF Al e € FTA{+1}

Acknowledgment. I would like to thank Dan Haran for answering a ques-
tion on totally imaginary extensions of Q" not containing i. His answer led
to the construction in Example 3.2. Moreover, I would like to thank the
referees for pointing out some inaccuracies in a previous version of this
paper. This work was supported by the DFG-Projekt Heights and unlikely
intersections HA 6828/1-1.

References

[1] F. AMOROSO, S. DAVID & U. ZANNIER, “On fields with Property (B)”, Proc. Amer. Math.
Soc. 142 (2014), no. 6, p. 1893-1910.

[2] F. AMOROSO & F. A. E. Nucclo, “Algebraic numbers of small Weil’s height in CM-fields:
on a theorem of Schinzel”, J. Number Theory 122 (2007), no. 1, p. 247-260.

[3] F. AMOROSO & U. ZANNIER, “A relative Dobrowolski lower bound over abelian extensions”,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 29 (2000), no. 3, p. 711-727.

[4] Y. BiLu, “Limit distribution of small points on algebraic tori”, Duke Math. J. 89 (1997),
no. 3, p. 465-476.

[5] P. E. BLANKSBY & J. H. LOXTON, “A note on the characterization of CM-fields”, J. Austral.
Math. Soc. Ser. A 26 (1978), no. 1, p. 26-30.

(6] E. BoMBIERI & W. GUBLER, Heights in Diophantine geometry, New Mathematical Mono-
graphs, vol. 4, Cambridge University Press, Cambridge, 2006, xvi+652 pages.

[7] E. BoMBIERI & U. ZANNIER, “A note on heights in certain infinite extensions of Q”, Atti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 12 (2001), p. 5-14
(2002).

[8] M. D. FrIED & M. JARDEN, Field arithmetic, third ed., Ergebnisse der Mathematik und ihrer
Grenzgebiete, vol. 11, Springer-Verlag, Berlin, 2008, Revised by Jarden, xxiv+792 pages.

[9] J. GARzA, “On the height of algebraic numbers with real conjugates”, Acta Arith. 128
(2007), no. 4, p. 385-389.

[10] P. HABEGGER, “Small height and infinite nonabelian extensions”, Duke Math. J. 162 (2013),
no. 11, p. 2027-2076.

[11] G. HOHN, “On a theorem of Garza regarding algebraic numbers with real conjugates”, Int.
J. Number Theory 7 (2011), no. 4, p. 943-945.

[12] M. JARDEN & A. RAZzON, “Pseudo algebraically closed fields over rings”, Israel J. Math. 86
(1994), no. 1-3, p. 25-59.

[13] W. MAy, “Multiplicative groups of fields”, Proc. London Math. Soc. (3) 24 (1972), p. 295-
306.

[14] F. Pop, “Embedding problems over large fields”, Ann. of Math. (2) 144 (1996), no. 1,
p- 1-34.

[15] L. POTTMEYER, “Heights and totally real numbers”, Atti Accad. Naz. Lincei Rend. Lincei
Mat. Appl. 24 (2013), no. 4, p. 471-483.



742 Lukas POTTMEYER

[16] A. ScHINZEL, “On the product of the conjugates outside the unit circle of an algebraic
number”, Acta Arith. 24 (1973), p. 385-399, Collection of articles dedicated to Carl Ludwig
Siegel on the occasion of his seventy-fifth birthday. IV.

[17] M. WIDMER, “On certain infinite extensions of the rationals with Northcott property”,
Monatsh. Math. 162 (2011), no. 3, p. 341-353.

Lukas POTTMEYER

Universitédt Basel

Spiegelgasse 1

4051 Basel, Switzerland

E-mail: lukas.pottmeyer@unibas.ch


mailto:lukas.pottmeyer@unibas.ch

	1. Introduction
	2. Proof of Theorem 1.1
	3. Applications
	Acknowledgment

	References

