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Journal de Théorie des Nombres
de Bordeaux 28 (2016), 621-653

Level raising for p-adic Hilbert modular forms

par JAMES NEWTON

REsuME. Ce travail généralise les résultats antérieurs de auteur
au cas de formes automorphes surconvergentes p-adiques pour une
algebre de quaternions totalement définie sur un corps totalement
réel. Nous montrons des résultats qui sont les analogues de résul-
tats classiques « d’augmentation du niveau » dans la théorie des
formes modulaires mod p.

Grosso modo, nous montrons qu’'une forme propre surconver-
gente p-adique de pente finie dont la représentation galoisienne
locale associée & un idéal premier auxiliaire [{ p est, & torsion par
une caractere pres, somme directe de caracteres triviaux et cyclo-
tomiques réside dans une famille de formes propres dont les repré-
sentations galoisiennes locales en [ sont génériquement (& torsion
pres) une extension ramifiée du caractére trivial par le caracteére
cyclotomique.

Nous donnons quelques exemples explicites de formes auto-
morphes p-adiques a laquelle nos résultats sont applicables, et
donnons une famille générale d’exemples dont I'existence résulte-
rait de contre-exemples a la conjecture de Leopoldt pour les corps
totalement réels.

Ces résultats sont utilisés dans un autre travail de 'auteur sur le
probléme de compatibilité locale—globale aux places de Steinberg
pour les formes modulaires de Hilbert « de poids partiel un ».

ABSTRACT. This paper generalises previous work of the author
to the setting of overconvergent p-adic automorphic forms for a
definite quaternion algebra over a totally real field. We prove re-
sults which are analogues of classical ‘level raising’ results in the
theory of mod p modular forms. Roughly speaking, we show that
an overconvergent eigenform of finite slope whose associated local
Galois representation at some auxiliary prime [{ p is (a twist of)
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a direct sum of trivial and cyclotomic characters lies in a family
of eigenforms whose local Galois representation at [ is generically
(a twist of) a ramified extension of trivial by cyclotomic.

We give some explicit examples of p-adic automorphic forms
to which our results apply, and give a general family of exam-
ples whose existence would follow from counterexamples to the
Leopoldt conjecture for totally real fields.

These results also play a technical role in other work of the
author on the problem of local-global compatibility at Steinberg
places for Hilbert modular forms of partial weight one.

1. Introduction

In the paper [17], we proved some results related to the levels of over-
convergent p-adic automorphic forms associated with definite quaternion
algebras over Q (as defined by Buzzard [4]). The main result is, roughly
speaking, that an overconvergent automorphic form whose associated local
Galois representation at some auxiliary prime [ is (a twist of) a direct sum
of trivial and cyclotomic characters, lies in a family of eigenforms whose lo-
cal Galois representation at [ is generically (a twist of) a ramified extension
of trivial by cyclotomic. Any classical member of such a family necessarily
generates an automorphic representation whose local factor at [ is (a twist
of) Steinberg, so this can be regarded as an analogue of the level raising re-
sults of Ribet [22] and Diamond-Taylor [12]. Such results were conjectured
by Paulin in his work on local-global compatibility [19] (see also [20]).

In this paper we generalise results of [17] to definite quaternion algebras
over a totally real field F. Something which we would like to emphasize
in this paper, which was not made clear in our previous work, is that our
results apply to many p-adic automorphic forms whose attached Galois
representation is reducible — we only have to exclude things which look
something like a weight 2 Eisenstein series.

We briefly set-up some notation so we can describe a version of our main
theorem, Theorem 4.3. Let D be a definite quaternion algebra over a totally
real number field F'. Fix a prime p and let n be an ideal of O, coprime
to p and the discriminant & of D. Denote by &”(n) the reduction of the
eigenvariety of tame level Uj(n)! constructed in [5, Part III]. Let [ be a
prime ideal of O, coprime to npd. As remarked above, our results do not
apply to certain points of &7 (n) — they all have reducible associated Galois
representations, and their weights are, up to a shift in central character and
twist by a finite order character, of parallel weight two. We call such points
‘very Eisenstein’ — more precisely, the points correspond to very Eisenstein
maximal ideals of Hecke algebras in the sense of Definition 2.17.

Iby which we mean the usual subgroup of (D @ AR )™, see Section 2.1
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Theorem. Suppose we have a point ¢ € &P (n) which is not very Eisen-
stein, and with T2 (¢) — (NI+1)2Si(¢) = 0. Let the roots of the I-Hecke poly-
nomial? corresponding to ¢ be o and (NI)a where a € C, . Then the image
of the point ¢ in &P (nl) lies in a family of l-new points>. In particular, all
the classical points in this family arise from automorphic representations
of (D ®r Ar)* whose factor at | is a special representation®.

We also give some examples of p-adic Hilbert modular forms to which
our main theorem applies. In fact, all our examples are p-ordinary. The first
collection (see 4.2.1) only exists if Leopoldt’s conjecture is false for F' and
p, and for these examples it is crucial that our results hold in the reducible
case. The second kind of example (see 4.2.2) is found by doing some explicit
computations with members of a Hida family — we just discuss the case
F = Q for simplicity. We have also taken the opportunity to include some
corrections to [17] at the end of the paper.

In comparison to [17], we have to generalise our arguments to work
over a higher dimensional base (since weight space has dimension greater
that 1), and also take care of any possible Leopoldt defect. These modifi-
cations could be avoided if one was happy to just work over, say, the one-
dimensional subspace of ‘parallel weights’ in weight space. On the other
hand, one of the main technical ingredients in our work is a form of Thara’s
Lemma (Lemma 2.20) which requires a more complicated combinatorial
argument in this setting, regardless of the region of weight space one works
over.

These results also provide a technical input to some recent work on the
question of local-global compatibility at Steinberg places for Hilbert mod-
ular forms of partial weight one [18].

2. Modules of p-adic overconvergent automorphic forms and
Thara’s lemma

In this section we will prove the results we need about modules of p-adic
overconvergent automorphic forms for quaternion algebras over totally real
fields.

2.1. Some notation and definitions. We begin by setting out some
notation and definitions, following the presentation of [5, Part III]. Let p
be a fixed prime, and fix a totally real field F' of degree g over Q, with ring
of integers Op. Let Ky denote the closure in @p (a fixed algebraic closure
of @,) of the compositum of the images of all the field homomorphisms
F— @p. We let K be any complete extension of K, and denote by I the

2this is X2 — Ti(¢) X + (NI)S((¢)

3these are the points arising from the natural analogue of l-newforms — more precisely, we
mean points lying in the subspace &P (nl) knew - constructed in Proposition 4.2

4i.e. a twist of the Steinberg representation of GLa(FY)
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set of field homomorphisms F' — K. If we fix an isomorphism C = @p then
we may identify I with the set of real places of F. We let J denote the set
of primes of F' dividing p. For j € J we denote by F}; the completion of F
at j, with ring of integers 0. Set 0, = Or @z Zy, and F), = F ®g Qp. Then
Op = Iljes Oj and F, = [];c; F. Fix uniformisers m; of each Fj and let
7 € F, be the element with jth component 7; for each j € J. We also use
7 to denote the ideal of &r which is the product of the prime ideals over p.

Any i € I gives a map F), — K, factoring through the projection Fj, — F
for some j := j(i) € J. The map ¢ — j(i) hence induces a natural surjection
I — J. For any set S, (a;) € S’ and i € I we write a; to denote ajey-

Let D be a totally definite quaternion algebra over F' with discriminant §
prime to p. Fix a maximal order &p of D and isomorphisms 0p ®g, O, =
M>s(0OF,) for all finite places v of F' where D splits. Note that these induce
isomorphisms D®p F, = Ms(F,) for all such v. We define Dy = D®pAp ¢,
where Ar ; denotes the finite adeles over F'. Write N'm for the reduced norm
map from D]f to A;’ - Note that if g € Dy we can regard the projection of
g to D®p Fp,, gp, as an element of My(F)).

For a J-tuple a € Zil, we let M, denote the monoid of matrices

(CCL Z) € My(6p) = Dy

such that 7;”|¢;, mj f dj and a;d; — bjc; # 0 for each j € J. If U is an open
compact subgroup of D;f and a € Zél we say that U has wild level > 7¢
if the projection of U to D)’ is contained in M.

We will be interested in two key examples of open compact subgroups
of D;. For n an ideal of OF coprime to 0, we define Uy(n) (respectively
Ui(n)) to be the subgroup of D given by the product [], Uy, where U, =
(Op ® O,)* for primes v|d, and U, is the matrices in D} = GLa(0,) of
the form (; :) (respectively (S D) mod v¥2*(®) for all other v. For
a = (aj)jes € Z‘él, Ui(n) has wild level > 7 if for each j € J W?j divides
the ideal generated by n in ;.

Suppose we have o € Z‘él, U a compact open subgroup of D; of wild

level > 7 and A a module over a commutative ring R, with an R-linear
right action of M. We define an R-module .Z (U, A) by

ZL(U,A)={f:D;j — A: f(dgu) = f(g)up Vd € D*,g € Df ,u € U}

where D* is embedded diagonally in Djf. If we fix aset {d; : 1 <i<r}of
double coset representatives for the finite double quotient DX\DJf /U, and
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write I'; for the group d; ID*d; NU, we have an isomorphism

2(UA) = P A",
i=1
given by sending f to (f(d1), f(d2), ..., f(dy)).
For f: Df — A, » € D} with x;, € My, we define flz : Df — A by

(flx)(g) = (gx D)a,. Note that we can now also write
LU,A)={f:D*\Dj — A: flu= f for all u € U}.

We can define double coset operators on the spaces £ (U, A). If U, V
are two compact open subgroups of D; of wild level > 7n%, and A is as
above, then for n € D; with 1, € M, we may define an R-module map
[UnV]: L(U,A) - Z(V,A) as follows: we decompose UnV into a finite
union of right cosets [[; Uz; and define

fllUnV] = Zf!wz

2.2. Overconvergent automorphic forms. We let # denote the weight
space defined in [5, p. 65| — it is a rigid analytic space over K with di-
mension g + 1+ 0, where 0 is the defect in Leopoldt’s conjecture for (F,p).
Affinoid K-spaces X equipped with a map to # correspond bijectively
with continuous group homomorphism « : & x 0 — 0(X)*, such that
the kernel of k contains a subgroup of &} of finite index (where O is
embedded in O x O via the map v (7,v%)).

We write £ = (n,v) where n : 0 — 0(X)* is the composition of the
map v + (7,1) with &, and v : ) — O(X)* is defined similarly with
respect to the second component of & x O},

We define locally algebraic (or classical) points in the weight space #
following [5, §11] (although we use a different notation for weights of Hilbert
modular forms). Suppose we have k € Z.,, w € Z such that the components
k; of k are all congruent to w mod 2, and ¢ : 0y — K™ a finite order
character (with K'/K a finite extension). Then we denote by (k,w,e) €
# (K') the point corresponding to the map

K : ﬁ’; x O) — K'™
w—k;
Hak 2b 2
el
In the above a; denotes the image in K of a;;) € F; under the embedding
i (and similarly for b;).

Let A% denote the set {|z| : € K, |z| < 1} and let 4% denote

Ax\{1}.
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For r € (Af)” we define B, as in [5, pp. 64-65] — it is a rigid analytic
subvariety of the unit g-polydisc over K. For all complete extensions K’/ K
we have

B,(K') = {2 € K" : 3y € 0, such that for all i, |z; — y;| <7}
Similarly if 7 € (A3°)7 we have B satisfying
BX(K')={ze K" :3y ¢ O, such that for all i,]z; — y;| <7}

Supposing we have a map of rigid spaces X — #', where X is a reduced
K-affinoid. We have an associated continuous group homomorphism x =
(n,v): 0y x 0 — O(X)*. The map n factors as a product (over j € J)
of maps nj : 05 — 0(X)*. Let r € (AR)’. We say that & is r-analytic if
for each j € J the character n; is induced by a morphism of rigid analytic
varieties n; : B X X — Gyy,.

Now for 7 € (A%)” we define oy, to be the K-Banach algebra (B, x
X). We endow @x , with the supremum norm. Suppose we have a € 74,.
We let 7|7%| denote the element of (A)7 with j component equal to
rj|7r;-¥j |. If k is r|r®|-analytic then we can define a (continuous, norm-
decreasing) right action of M, on @ , as in [5, pp. 71-72]. First we extend
vtoamapv: F) — O(X)* by setting v(m;) = 1 for all j € J. The formula

‘on points’ for the M,-action is that if f € &/x,, v = <(Z 2) € Mg,

(F7)(z.2) = nlez + d.o)videt().)f (217 ).

where z € X (K') and z € B,(K’). It follows from [5, Proposition 8.3] that
for fixed (k,r) as above, there exists an « such that k is r|7“|-analytic.

We now define spaces of overconvergent automorphic forms, as in [5,
Part I11).

Definition 2.1. Let X be a reduced affinoid over K and let X — #
be a morphism of rigid spaces, inducing x : O, x O — O(X)*. If we
have r € (k)7 and a € ZZ, such that & is r|7®|-analytic, and U a
compact open subgroup of D;_of wild level > 7, then define the space of

r-overconvergent automorphic forms of weight x (or ‘weight X’) and level
U to be the (X )-module

SR(U;r) :== LU, ox.).
If we endow SE(U;r) with the norm |f| = MaX e px |f(g)|, then the

isomorphism

(2.1) SR(U;r) = €y,
=1
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induced by fixing double coset representatives d; is norm preserving. As
discussed in [5, pp. 68-69], the groups I'; act on @7x , via finite quotients,
and #/x, is an ONable Banach &(X)-module (it is the base change to
O(X) of 0(B,), and all Banach spaces over a discretely valued field are
ONable), so S2(U;r) is a Banach &(X)-module satisfying property (Pr)
of [5].

Lemma 2.2. Suppose X, Kk, r and « are as in Definition 2.1. Then for
any reduced K-affinoid Y — X the natural map o/x, — 2y, induces an
isomorphism of Banach modules

SY(U;r)@e(x)0(Y) =S¢ (Us 7).

Proof. 1t is enough to check that the natural map
D480 0(Y) = (Fxs80x)0 (V) = oy,

is an isomorphism. Denote by ex the idempotent projection onto the I';-
invariants, so that %)E’T =exax,

dxy=exdx, ®(1—ex)dx,,
hence

Ay = dx,Qp(x)O(Y)
= exxQp(x)0(Y) & (1 — ex)dx ,R0(x)O(Y).
We also have
oy, =eydy, ® (1 —ey)dy,

and it is clear that
exx,R0(x)0(Y) C ey dy,
and
(1 —ex)@xr@0x)0Y) C (1 —ey) sy,
so we deduce that both these inclusions are equalities, and in particular
exDx Ro(x)0(Y) = ey Sy, O

There are maps from spaces of classical automorphic forms into our
spaces of overconvergent automorphic forms (with locally algebraic weight),
which we now describe. Let Uy be a compact open subgroup of D; of the

form U’ x GL2(6,), and choose o € ZZ,. Choose a character ¢ : A :=
UpNUp(r*)/UgNU; (7%) = K'* for K'/K finite. Suppose we have a locally
algebraic weight (k,w,e). Then as in [5, §9] we can define a finite dimen-
sional K-vector space Ly ,, with a K-linear right action of M,, such that
LUy N U (1%), Ly ) is isomorphic (after tensoring with C) to a classical
space of automorphic forms for D. Denote by £ (Uy N Ui (7®), L 1)(€) the
e-eigenspace (over K') for the left action of A, induced by f — flu=!. As
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described in [5, §11], for any r € (4% )” there is an embedding (equivariant
with respect to the Hecke operators defined below)

L: ZUgN Ul(ﬂa),LkM)(&) — S(Dk,w,s)(UO N Uy(w); 7).

2.3. An explicit description of the action of special elements of
M on &/x . Later in this paper we will have to perform a rather explicit
calculation involving &7y, and the action of a certain element of M,. Sup-
pose we have r € (A%)’ such that for every j € J, r; = |z;| for some
xj € K (we can always enlarge K to ensure this). Let I, denote the ideal
in 0, whose elements are y € 0, such that |y;| < r; for each j € J. Let
S C 0 denote a set of representatives for 0,/I,. We write B, as a disjoint
union of connected rigid spaces
B, = [[ B;
ses

where we have
BS(K') = {z € K" : such that for all i, |z; — s;| < 7;}.

Let 1 € (A%)” denote the element with 1 in every component. There is an
isomorphism
vp: S xBy=][B1— B,
seS
which maps (s, z) on the left hand side to (z;z; + ¥:)icr € B7. This induces
an isomorphism v, : @x , — [[,eq @x,1. We choose N a positive integer,
sufficiently large so that |7Tj|N < rj for all j € J, and compute how v,

1 N
. Note that v € M, for all a.

intertwines the action of v = ( 0 1

Lemma 2.3. For f € a/x,, x € X and (s,z) in S x By we have
v (f - )((s,2),2) = v ()((s, (zi + 7 Jai)ier), ).

Proof. This is a simple calculation. Note that the assumption on N implies
that (z;z; + y; + v )ier remains in the connected component B O

2.4. Dual modules. Suppose A is a Banach algebra. Given a Banach A-
module M we define the dual M* to be the Banach A-module of continuous
A-module morphisms from M to A, with the usual operator norm. We
denote the ¢'(X)-module JZ/)??T by Zx .

If the map « corresponding to X is r|n®|-analytic, then M, acts continu-
ously on @x ., so Zx, has an 0(X)-linear right action of the monoid M !
given by (f-m™1)(z) := f(x-m), for f € Dx,, v € x, and m € M,.
If U is as in Definition 2.1 then its projection to GLg(F}) is contained
in M, N M!, so it acts on Px . This allows us to make the following
definition:
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Definition 2.4. For X, s, , @ and U as above, we define the space of
dual r-overconvergent automorphic forms of weight X and level U to be
the 0(X)-module

VR(U;r) = 2, Zx.).

As in (2.1), we have a norm preserving isomorphism
T
(2.2) V(Usr) =P 7%,
i=1

Thus VE(U;r) is a Banach &(X)-module, not necessarily satisfying the
property (Pr) (since Zx , is not necessarily ONable).
If U, V are two compact open subgroups of D; of wild level > 7%,

then for n € D; with 1, € M_,! we get double coset operators [UnV] :
VR(U;r) = VR(V;7r).

2.5. Hecke operators. For an ideal a of O, we define the Hecke algebra
away from a, T to be the free commutative & (X)-algebra generated by
symbols T, S, for finite places v of F' prime to a. If §p divides a then we
can define the usual action of T(®) by double coset operators on SR (U;7):
for v 1 § define w, € Ay to be the finite adele which is m, at v and 1 at the
other places. Abusing notation slightly, we also write o, for the element

of D; which is (78’ 7?) at v and the identity elsewhere. Similarly set 7,
v

0

On SR(U;r) we let T, act by [Un,U] and S, by [Uw,U]. Similarly on
V2(U;r) we define T, to act by [Un, U] and S, by [Uw, 'U]. We use
different notation for Hecke operators at primes above p. If p factors in F
as [[es p;j then we let U; denote the Hecke operator [Un, U] acting on
S2(U;r) and let U, denote [Ljc; Uj. It follows from [5, Lemma 12.2] that
U, is a norm-decreasing compact endomorphism of SE(U; 7).

As remarked above, for a locally algebraic weight (k,w,¢), there is an
embedding

v L (Uo NULT®), Licw)(€) = S o) (Uo N Up(n); 1).

to be the element of D; which is (Tr” (1)> at v and the identity elsewhere.

The well-known classicality criterion in this setting (for example, it is a
special case of [14, Theorem 3.9.6]) tells us that generalised eigenvectors for
the operator U, on the right hand side of the above map, with eigenvalue
of sufficiently small slope, lie in the image of .. We do not need to recall
the precise criterion here, it will be sufficient to record its consequences for
Zariski density of classical points in the eigenvariety.
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Definition 2.5. Let &P (n) be the reduction of the eigenvariety of tame
level U;(n) constructed (as in [5]) from the spaces of overconvergent forms
defined in Definition 2.1, the compact operator U, and the Hecke algebra
TOPY, Tt comes equipped with a map &P(n) — #. We say that a point
of &P (n) is classical if it corresponds to a system of Hecke eigenvalues
arising in the image of ¢, with the caveat that we exclude points arising
from f = u(fp) where fy : D; — Ly, factors through the reduced norm
Nm: D7 — Ap, (sok=(2,...,2)), and denote the set of classical points
by Z.

We say that a point = of &P (n) is essentially classical if there exists
a p-adic character 1) of Gal(F/F), unramified at places not dividing pdn,
such that the twist by ¥ of the p-adic Galois representation associated to
x is isomorphic to the Galois representation associated to some cuspidal

Hilbert modular form. We denote the set of essentially classical points by
Qpeel'

The reason for our terminology is that the classical points arise from
cuspidal Hilbert modular eigenforms of cohomological weight. Note that
we could formulate the definition of essentially classical purely in terms of
Hecke eigenvalues, but it seems simplest to give the Galois theoretic descrip-
tion. We have to use the notion of essentially classical to avoid assuming
Leopoldt’s conjecture for (F,p): the Zariski closure of the classical weights
in # has dimension 1 + g whilst # has dimension 1 + g + . See also [7],
before the statement of Theorem 5.9, for the same notion.

The following is a consequence of [5, Part III] (see also [7], following the
statement of Theorem 5.9).

Theorem 2.6. The eigenvariety &P (n) is equidimensional of dimension
14+ g +0. The map &P (n) — # is locally finite, and 2°°% is a Zariski
dense subset of &P (n).

2.6. A pairing. In this section X, k, r, @ and U will be as in Defini-
tion 2.1. We will denote by V another compact open subgroup of wild level
> 1. We fix double coset representatives {d; : 1 < ¢ < r} for the double
quotient D*\Df/U.

Definition 2.7. For z € D]T we denote by vy (x) the rational number

[z7'D*zNU: 07 NU|
op" 07T NU

where 0 ;’Jr denotes the group of totally positive units.
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Lemma 2.8. Forue U, d € D* and x,g € D; we have

e Y (dzu) =y ()
i ’YU('%') = PVgUg*l(xgil)
e if U' C U we have

()
Yo ()

= [z D*2NU : 27Dz N U’

Proof. For the first item, observe that conjugation by u maps the coset
space z ' DXz NU/O T NU bijectively to (deu) ' D*dzunU/O 5 NU.
Similarly the second item follows from considering conjugation by g.

Finally, we have
yw(zr) [r'D*anU: o5t NU] (03" 0T NU

o () (OFT 0T NU] [27lDXen U 65T N
[z 'D*zNU: 05" NU]
[z-1D*z U : 03T N1

[z 'D*zNU: 0" NU

[2=1D*zNU": 657 N1

=0T nU 0T U

=[27'D*2NU : 7' D*xnT). O

Remark 2.9. The quantity vy (x) is the natural measure of the size of the
group ' DXz N U, which is commensurable with & ;’+. If FF = Q we have
ﬁ’;’+ trivial and () is the cardinality of the finite group 2~ !D*z N U.

We define an ¢'(X)-bilinear pairing between the spaces S¥(U;r) and
VE(U;r) by

(2.3) (FA) = vu(ds) H(f(ds), M(da)),
=1

where f € SR(U;r), A € VE(U;r) and on the right hand side of the
above definition (-,-) denotes the pairing between </x , and Zx,, given by
evaluation.

This pairing is independent of the choice of the double coset represen-
tatives d;, since for every d € D*, g € D¥, u € U, f € S2(U;r) and
A € VR(U;r) we have

(f(dgu), Mdgu)) = (f(g)up, A(g)up) = (f(g)upuy , Mg)) = (f(9), A(9))

and vy (g) = yu(dgu).
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Lemma 2.10. The pairing (—,—) induces an isomorphism of Banach
O(X)-modules VR(U;r) = SR(U;r)*.

Proof. Given the isomorphisms (2.1) and (2.2) and the definition of the pair-
ing, it suffices to show that for d € D; and I' = d~1D*dNU the evaluation
pairing between .@/x , and Zx , induces an isomorphism (mf};r)* = @};T. As
we recalled in the proof of Lemma 2.2, since I" acts on &/x ,- via a finite quo-
tient, we have a continuous idempotent projector ex € Endg(x) @x r (given
by a finite linear combination of elements of I') with ex.a/x, = 427)1;77, and
Ay = exdx,O(1—ex)x . The dual endomorphism €% € Endg(x) Zx,r
is the idempotent projector from Zx , to its I'-invariants.

Taking duals we obtain

Dy = iy = (ex i) ® (1 ex) )"

and comparing with the idempotent decomposition for e we see that the
evaluation pairing induces an isomorphism

(%,)" = (exx,)" = &k Dxr = D%, =

The following proposition is a mild generalisation of [17, Proposition 3].
We give the proof here since the proof in loc. cit. omits a factor.

Proposition 2.11. Let f € SR(U;r) and let A € VE(V;7). Let g € Dy
with g, € My. Then

(fllUgV], \) = (£, \[Vg~'U]).
Proof. We have

fllugv] = > fllgw),
ve(g—1Un)NV\V
hence
(fIUgVI,A) = > w(d {fI[UgV(d), A(d))

deD*\D¥ /V

= > Y. wldH{Flgv)(d), Ad))

deDX\D} /V vE(g~UgNVAV

= > > w(dv™H)THF(dv g™ - gpup, A(d))

deDX\D} /V vE(g~Ug)NV\V

= > Yg-rwgnv (@) f@g™), A=) - g, h)
x€D*\Dy [(g=1Ug)NV
= > Yongve-n®) W), Ayg) - g, ")

yeD*\D} /UN(gVg~1)

=(f,AllVg~'U))
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where we pass from the third line to the fourth line by substituting z = dv™!
and observing that under the map

P:D*\D}/V x (¢ 'Ug) NV\V = D*\D¥/(¢"'Ug) NV
(d,v) — dv*

a fibre P~1(z) has cardinality vy (z)/v(g-1vg)nv (z) (applying the final part
of Lemma 2.8). For the next line we substitute y = xg~! and apply the
second part of Lemma 2.8. The final line follows by similar calculations to

the first 5 lines. |

2.7. Slope decompositions. Let X — # be a reduced affinoid and de-
note by F(T) the characteristic power series of U, acting on SZ(U;r).
Suppose we have a factorisation F(T') = Q(T)S(T) with Q(T") a polyno-
mial in 1+ T'0(X)[T] of degree n with unit leading coefficient, such that
Q and S are coprime. Denote by Q*(T") the polynomial T7"Q(T~!). Then,
applying [5, Theorem 3.3], we have a U, stable decomposition

SX(U;r) =SR(Uin)?@N,
where Q*(U,) is zero on S)’%(U; r)Q and invertible on N. Tts formation
commutes with base change: for a reduced affinoid ¥ — X we write Qy
for the polynomial obtained from @ by applying the map &(X) — O(Y)
to its coefficients. Then we have
SY(Usr) = SP(U;r)% @ Ny,
and we can identify S2(U;7)?Y with SQ(U;r)? ®ex) O(Y).

The space S (U;r)? is a projective finitely generated ¢'(X)-module.
The decomposition into SE(U;r)? and N is stable under the action of
TP), since the T, and S, operators for v { p commute with Us.

Recall that we have used the pairing (2.3) to identify VE (U;7) and the
O(X)-dual of SR (U;r). We define the submodule VE(U;7)? of VR (U;7)
to be those maps from S¥(U;r) to ¢(X) which are 0 on N. This space
is also stable under the action of TP) and is naturally isomorphic to the
O(X)-dual of S2(U;r)?. The pairing (2.3) is perfect when restricted to
SR(U;r)? x VE(U;7)?, by [17, Lemma 4].

Lemma 2.12. Suppose Y — X is a closed immersion of reduced affinoids.
Then we can identify V2(U;r)? with VR(U; T)Q®(7(X) O(Y). In particular,
they are isomorphic as Hecke modules.

Proof. Denote the finitely generated projective &(X)-module S (U;7)¥ by
M and denote by I the kernel of 0(X) — O(Y).

Since we have already identified VE(U;7)? with the dual of M, to
prove the lemma we need to show that we can identify Hom gy (M ®4(x)

0(Y),0(Y)) and Homg(x)(M, O(X)) @p(x) O(Y).
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We apply the exact functor Hom g x) (M, —) to the short exact sequence

of 0(X)-modules
0=>1—-0X)—0Y)—=0

to obtain a short exact sequence
0— Hom@(x)(M, I) — HOII]ﬁ(X)(M, ﬁ(X)) — HOH]ﬁ(X)(M, ﬁ(Y)) — 0.
Since M is finitely generated, we have an isomorphism
Homg(x)(M, 0(X))/ Homgxy(M,I) = Homgx)(M, 0(X)) @p(x) OY).

Since Homg(xy(M, O(Y)) = Homg (M ®gx)O(Y), O(Y)), we deduce

the lemma. O

2.8. Old and new. Fix a non-zero ideal n of O (the tame level) coprime
to p and fix another finite place [ { npd. Let X — % be a reduced affinoid.
We assume X is such that the associated character « is r|7®| analytic, for

some ov € ZZ, and r € (Af)”. Set U = Uy (n)NUp(7*), V = Ur(n)NUp(Ir®).
To simplify notation we set

L:=SRU;r)?
L*:=V2(U;r®
M :=8SRWv;r¥
M* = V)’%(V;T)Q.
We define a map ¢ : L x L — M by
i(f,9) = fIIULV] + g[[UnV].

Since the map 7 is defined by double coset operators with trivial component
at all places dividing p it commutes with U; and thus gives a well defined
map between these spaces of @-bounded forms.
Regarding f and g as functions on D]f we have f|[U1V] = f, g|[UnV] =
g|lm. The image of ¢ inside M will be referred to as the space of oldforms.
We also define a map i : M — L x L by

i'(f) = (fFIVIU], £V 'U)).

We regard the kernel of if as a space of [—new forms. The maps i and if
commute with Hecke operators Ty, S, where v { npld.
The same double coset operators give maps

j:L*x L*— M*,
T M* — L* x L*
Using Proposition 2.11 we have

(i(f,9): A = ((£,9):57\)
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for f,g € L, A € M*. Similarly

(£ g ) = (T F, (A )
forde M, \,u € L*.
A calculation shows that ifi acts on the product L x L = L? by the
matrix (acting on the right)

Ni+1 [Uw'U)UnU]\ _ (Ni+1 S7'T
[UnU] NI+ 1 "\ Tt Ni+1)°

We have exactly the same double coset operator formula for the action
of jTj on the product L* x L* = L*2. The Hecke operators S, T} act by
[Uwo; tU], [Un; *U] respectively on L*. Also, the double coset UnU is the

same as Uwon~ 1U, since the matrix which is the identity at every factor

1 é) at [is in U. From these two facts we deduce that, in

terms of Hecke operators, jij acts on L* x L* by the matrix (again acting

on the right)
Ni+1 T
ST Ni41)°

Lemma 2.13. Suppose A is an integral domain, which we assume to be
normal and equidimensional of dimension d. Suppose B is an A-algebra
which is integral over A and A-torsion free. Then B is equidimensional of
dimension d.

except [ and (0

Proof. Recall that a Noetherian ring R (of finite Krull dimension d) is
equidimensional of dimension d if R/p has Krull dimension d for all minimal
prime ideals p of R. The lemma follows from applying the going up and
going down theorems. Note that we do not need to assume that B is an
integral domain — the A-torsion free condition suffices for going down (see,
for example, [26, Ch. V, Theorem 6)). O

Proposition 2.14. Suppose that X is an admissible affinoid open in ¥ .
Then the map i'i is injective.

Proof. We assume without loss of generality that X is connected. Let Lg
be the €(X)-module ker(i'i). The submodule Ly C L? is stable under the
action of T(®rd) [Ur], as is the image, denoted Li, of Ly in L under the
first projection map from L2. We denote by ., the image of T("9) U] in
Endg(x)(L), and denote by 77, the image of T [U,] in Endg(x)(L1)
(which is naturally a quotient of .J77,).

Suppose that Lg is non-zero. For (f, g) in Lo we have (NI+ l)f—i—S[_lT[g =
Tif + (N[ 4+ 1)g = 0. Eliminating g we get T2f — (NI + 1)25;f = 0,
so the Hecke operator 77 — (NI + 1)2S; maps to 0 in J#7,. Since L,
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is 0(X)-torsion free, 2, (and (#%,)"*?) is O(X)-torsion free. Apply-
ing Lemma 2.13 we conclude that (7,)"*? is equidimensional of dimen-
sion dim(&'(X)). We now have a closed immersion of reduced rigid spaces
Sp(%f’fd) — Sp(H#7°?), where the source and target are equidimensional
of the same dimension. It follows from [9, Proposition 1.2.3] (see also [10,
Corollary 2.2.7]) that the image of this closed immersion is a union of ir-
reducible components of Sp(#7¢?). Therefore the zero locus of the Hecke
operator T2 —(NI+1)2S] contains an irreducible component of the eigenvari-
ety &P (n), so by Theorem 2.6 this Hecke operator vanishes on an essentially
classical point. Recalling that the definition of essentially classical involves a
twist by a character which is unramified at [, it follows that 77 — (NI+1)25,
vanishes at a classical point, which violates the Hecke eigenvalue bounds
given by the Ramanujan-Petersson conjecture for Hilbert modular forms
([2, Theorem 1]) (alternatively, the local factor at [ of a cuspidal automor-
phic representation of GLo(Ax) must be generic, and the Hecke eigenvalue
condition implies that we are in the non-generic principal series). We obtain
a contradiction, so the kernel Ly must be zero. O

Note that the injectivity of ifi implies the injectivity of i. The above
shows that if X is as in the statement of Proposition 2.14, we have ker(if) N
im(¢) = 0 so the forms in M cannot be both old and new at [. However, if
we look at overconvergent automorphic forms with weight a smaller dimen-
sional affinoid in # (which does not contain a Zariski dense set of classical
weights), then i7i may have a kernel - this corresponds to families of p-adic
automorphic forms which are both old and new at [.

2.9. Very Eisenstein modules. We retain the notation of the preceding
subsection. In this subsection we define a notion of a very Eisenstein module
for a certain Hecke algebra. The motivation for the terminology is that the
systems of Hecke eigenvalues appearing in these modules have reducible
associated Galois representations, and their weights are, up to a shift in
central character and twist by a finite order character, of parallel weight
two.

Definition 2.15. Denote by . the image of TP™) in End(M). Suppose
N is an #-module which is finitely generated as an &'(X)-module. We say
that N is very Eisenstein if every prime ideal B of 5Z in the support of N,
with p =P N O(X), satisfies:

e the induced character
n: ﬁpX = (O(X)/p)~

has finite order
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e there exists a finite étale K-algebra extension €'(X)/p < A, a finite
Abelian extension F’/F and a continuous character

Y F\AR /U (n)PEST — AX

such that if v t npdl is a prime of F which splits completely in F’
then ¢(w,) isin (0(X)/p)* and T, —¢(w,)(Nv+1) = 0 in 52 /B.

Remark 2.16. Since minimal elements of Supp,(N) are the same as
minimal elements of Ass,z(N) ([16, Theorem 6.5]), the very Eisenstein
condition can alternatively be checked on associated primes.

Definition 2.17. We say that a prime ideal P of 7 is very Fisenstein
if the J#-module 77 /B is very Eisenstein. Equivalently, we require 8 to
satisfy the itemised conditions in Definition 2.15.

Lemma 2.18. Suppose we have a sequence of € -modules
A—-B—-C

which is exact in the middle, and that A and C are very Eisenstein. Then
B is very Eisenstein.

Suppose O(X) is an integral domain and let N be a very FEisenstein
H-module. Let E denote the field of fractions of 0(X).

If Homg(x)(N, E/O(X)) is a finitely generated O(X )-module, then it is
very Eisenstein.

Proof. Since the support of B is contained in the union of the support of
A and the support of C, the first part is obvious.
For the second part, since

ann - (N) C ann y (Homgx) (N, E/0(X)))

the support of Homgx)(N, E/0(X)) is contained in the support of N, so
again the result is obvious. O

2.10. An analogue of Ihara’s Lemma. We can now generalise the ver-
sion of Thara’s Lemma appearing in [17] to the Hilbert modular setting
setting. The following two Lemmas will be used to show that certain mod-
ules are very Eisenstein.

Lemma 2.19. Let Y — X be a closed immersion with Y a reduced irre-
ducible affinoid. Let y € SE(U;r) be non-zero. Suppose y factors through
Nm, that is y(g) = y(h) for all g.h € Dy with Nm(g) = Nm(h). Then
the map

n: ﬁ’px — O(Y)*
associated with Y is a finite order character and there exists a finite étale
cover Y =Y, a finite Abelian extension F'/F, a compact open subgroup
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UP C AZ}’? and a continuous character
Y F\ALJUPEST — 0(Y')*
such that if v t npdl is a prime of F which splits completely in F' then

Y(wy) is in O(Y)* and Tyy = Y(wy)(Nv + 1)y. The field F' (and the
cover Y') may be chosen independent of y.

Proof. Suppose y is as in the statement of the lemma. First we show that n
is a finite order character. Suppose we have u € U such that u, € SLa(F))
and u, is the identity away from p. Then, since Nm(u) = 1, y(g9) = y(gu) =
y(g) - up for all g € D?. If we denote by u, the element of U with p factor

equal to <é (D for a € 0),, and other factors equal to the identity, then we

see that y(9)(z,x) = y(9) - uap(z,2) = y(g9)(z +a,z) for all a € 0, z € B,,
z €Y, soy(g)(z x) is constant in z (for fixed z), since non-constant rigid
analytic functions have discrete zero sets.

Recall that U = Uy (n) N Up(7®), so if we denote be ugy the element of U

with p factor equal to (73& (1)> and other factors the identity, then again

we have y(g) = y(g) - uop. This implies that y(g) - uop(z,x) is, for fixed
x € Y, a constant function of z. Let n be a positive integer such that
‘ﬂ';H_aj‘ < rj\quﬂ for all j € J. We have

(W(9) - uop)(z,2) = n(xz + 1,2)y(g)(2, ),
which implies that the character n : 0 — k(x)* is trivial on the subgroup

1+ 773% o O); of each factor ﬁjx (we first deduce this for the characters n,
with x such that y(g)(z, ) is non-zero, then extend to all z € Y by analytic
continuation, since Y is irreducible). Hence n is a finite order character.
This implies that v is trivial on a finite index subgroup, I, of &};.

Also, for each g € D} we have y(g) - v = v(det)y(g) for all v in the
projection of Uy (nm®*™™) to My, since these matrices all have bottom
right hand entry congruent to 1 mod 7",

Since G, / F satisfies the congruence subgroup property ([8, Théorémel]),
we have 05 NUP(1 + 7" 0,)FX+ C T for some compact open subgroup
UP C AR and r € Z>y. Therefore, setting I = 05 NUP(1 + 770, FT,
we have an injective map

T\(1+776,) < F¥\AJ/UPFLT
with finite cokernel. Therefore we have Y’ and v as in the statement of the

: —1
lemma, with ¥|(11rrg,) = V|(1+ﬂ.7’ﬁp)'

We let F’ be the class field for the (narrow) ray class group
FX\AR/UP(1 4+ 7" 0, FLX T,
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so if v splits completely in F’ we do indeed have ¢ (w,) = v(z) € O(Y)* for
z € 14+ 7"0), with F*w, UPF}" = F*zUPFX™" (such an x exists because
w, has trivial image in the narrow ray class group).

Suppose a finite place v of F splits completely in F’ and is coprime to
nopl. Since Nm(Uy(nwr®t™)) = O ®7z Z, we may choose ug in Uy (nr®*t")
such that we have an equality in A}

wy = aNm(up)a
for some a € F*, a € FZ". Therefore we have an equality @, = aNm(up)
in Ay 5 with a € F X1, The image of the reduced norm map on D* is

precisely F** by the Hasse—Schilling-Maass theorem [21, 33.15], so we
have d € D* such that Nm(n,) = w, = Nm(duy).
Now we can compute

T,(y)(9) = > ylgu'n,t) - up

u€(ny Uny)NU\U

= > y(gny u™t) - up
ue(n, ' Une)NU\U

= > ylgn, ') = Nv+)y(gn, ')
u€(ny ' Unu)NU\U

= (Nv + 1)y(gu61) = v(det ua}o)(Nv + Dy(g).

By the definition of v, we have

v(detug,) = P(detug,p) = P(Nm(duo)) = v(wn),

so we are done. O

Lemma 2.20. Let Y — X be a closed immersion with Y a reduced irre-
ducible affinoid. Let y € VE(U;r). If y factors through Nm, then y = 0.

Proof. This is similar to the proof of [17, Lemma 7 (ii)], but we rely on an
explicit computation with 2%, which becomes more complicated when the
dimension of B, (which is equal to [F': Q]) grows.

Without loss of generality (by extending K if necessary) we can assume
that for every j € J, r; = |z;| for some z; € K. With this assumption, we
define an isomorphism

7y, = [[ OV ) Tons o, Tog)
ses
as in Section 2.3, where S C &), is a finite set defined as in that section.
Write monomials in &(Y)(Ts 1, ..., Ts 4) as T3, where j = (j1, ..., 4g) € (Zz0)!
and T3 = [Licr TSJZZ
We denote the inverse of 7 by . By duality, this induces an isomorphism
0* between Py, and [[,cq O(Y)([Ts1, .., Ts,g)), Where O(Y)([Ts.1, ..., Ts g])
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denotes a ring of power series with bounded coefficients in &(Y") (as always,
we use the supremum norm on the reduced affinoid algebra &(Y')). For
monomials in &(Y)([Ts 1, ..., Ts g]) we write 7} = [Tj.e; Tsllk for1 € (Z>o)! and
the pairing between %, and %y is induced component-wise by (T3, 7}) =
051 Here ;1 denotes the function which is 1 if j =1 and 0 otherwise.
__N

0 71r ) € M, on Yy, where
N is an integer chosen to be sufficiently large that |r;|Y < r; for all j. We
use Lemma 2.3. Let f be an element of %y, with 6*(f) = (F§)ses where

F, =Y b7l We have

i (5 7 P=wead- (5 7).

Now we can compute the action of v = <

1 N

= wread- (5 ) ) (Fees)

Now by Lemma 2.3 we have

- (5 7 ) =TT+
T s 0 1 J S, 1 1 .
el
Sublemma 2.21. Suppose
1 —aN
(T

Then f =0.

Proof. We show that for every monomial T3 we have
i j o j 1 —7TN o

We induct on (Zx¢)! using colexicographic ordering, a well-ordering with
minimal element (0,...,0). Note that we fix an ordering of I (e.g. as we
have done previously we label the elements of I as 1,...,g). We recall the
definition of the colexicographic ordering.

Definition 2.22. Given j = (j1,.-,74),J' = (j1, - Jy) € (Z>0)! we say
that

j/ <COler
if there is an m € I such that for all ¢ > m we have j; = j/ and we have
Jm > -

We now proceed with our inductive proof.
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Suppose we have j = (j1, ..., jg) € (Z>q))!, and for all j’ € (Zs))" with
j' <colex j we have bl/ =0. Set j* = (j1 + 1,52, ..., jg). Then we have

+

" =0(18"), f)

= r (5T )
= (T frap LT O )

Now this final pairing is just equal to
(T3 + (r + D) Ja) T3, Fy)

since all other monomials in the left hand side of the pairing have index
<colex 3 hence by the inductive hypothesis pair to 0 with Fi. So we obtain
BT =" + (j1 + 1)(xN J21)b, so bl = 0 as required. Note that this simul-
taneously handles the ‘base case’ j = (0,...,0) and the ‘inductive step’. [

Now we return to the statement in the lemma and suppose y € Vg (Usr)

factors through Nm. Let u; be the element of U C D? with p component
__N

equal to v = <(1) 71r ) and all other components the identity. For all

9 € Df, y(gu1) = y(g)y since uy € U and y(gu1) = y(g) since Nm(u) = 1.

Hence y(g) = y(g)y and Sublemma 2.21 shows that y(g) =0 for all g. O

Remark 2.23. Comparing the preceding two Lemmas reveals a curious
asymmetry. We attempt to give some explanation of this. Denote by fszf%}v -
gy, the subspace of functions which are constant in the variable z € B,.
This subspace is preserved under the action of M, for weights x as specified
in part (1) of the above lemma. Dual to the embedding @4\ — 4, there
is a M, '-equivariant projection Py, — 2}, where 9““’ = (UV)*. The
point of the above calculation is to show that this prOJection7does not
admit an M, l-equivariant section .@t“v — Dy,. This fact presumably has
a representation—theoretic interpretatlon.

Lemma 2.24. LetY < X be a closed, reduced and irreducible sub-affinoid.
Then the module Toriﬁ(X)(M/iLZ, O (Y)) is very Fisenstein.

Proof. We have a short exact sequence

0 L2 M M/iL? —>0 .
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Noting that L? and M are projective €'(X )-modules, hence flat, and taking
derived functors of — ®¢(x) O(Y) gives an exact sequence

0 — Tor (M /iL%, 6(Y)) s L2 @px) OY) |

>i

M X (x) oY)

To prove the proposition, it suffices to prove that kernel of the map
i L? Rex) OY) = M ®gx) O(Y)

is very Eisenstein. We can identify L ®4x) €'(Y') with S2(U; )@ and M
with S2(V; )@ so it in fact suffices to prove that the kernel of the natural
‘level raising’ map iy : S2(U;7)9? — S2(V;r) is very Eisenstein.
Suppose iy (y1,y2) = 0. Then y; = —ya|n, so we have yo € S2(U;r),
ya|mi € S{?(U ;7). Therefore yo and yo|n are both invariant under the action
of the group U, so y is invariant under the action of the group generated
by U and nUn Lin D?. It follows as in the proof of [17, Proposition §]
that y; and yo factor through Nm and now Lemma 2.19 shows that the
annihilator of (y1,y2) in 2 is very Eisenstein. So every associated prime
of keriy is very Eisenstein, and therefore ker iy is very Eisenstein. O

Lemma 2.25. LetY < X be a closed, reduced and irreducible sub-affinoid.
The module Torlﬁ(X)(M*/jL“, o(Y)) is 0.

Proof. We proceed as in the proof of Lemma 2.24. With the help of
Lemma 2.12 and Lemma 2.20, we obtain the desired result. [

The following consequence of the preceding two lemmas will be the most
convenient analogue of Thara’s Lemma for our applications.

Lemma 2.26. Suppose that 0(X) is an integral domain.
(1) The #-module (M /iL?)*°™ of O(X)-torsion elements in M /iL? is
very Eisenstein.
(2) The module (M*/jL*?)*" of ¢(X)-torsion elements in M*/jL*?
s equal to 0.

Proof. We begin by proving the first part of the lemma. Suppose B is an
associated prime ideal (in J#) of (M /iL?)*". So we have m € M/iL? and
0 # a € 0(X) with am = 0 and ann_(m) = B. Since « is not a zero-
divisor, the J#-submodule of a-torsion elements in M/iL? is isomorphic
to Toriﬁ(X)(M/iLQ, O(X)/(a)). So it suffices to prove that the ##-module
Toriﬁ(X)(M/iI?, 0(X)/(«)) is very Eisenstein.

By [16, Theorem 6.4] there is a chain 0 = My C M; C --- C M, =
0(X)/(a) of 0(X)-submodules such that for each i we have M;/M; | =
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O(X)/p with p a prime ideal of ¢(X). By applying Lemma 2.18 and a sim-
ple dévissage, we are done if we can prove that Torlﬁ(X)(M/iLQ7 0(X)/p)
is very Eisenstein for any prime ideal p of €(X), which is precisely
Lemma 2.24.

The second part of the lemma follows similarly from Lemma 2.25. O

3. Raising the level

We retain the assumptions and notation of Section 2.8. We moreover
assume that X is a connected admissible open affinoid in #. We denote
the fraction field of (X) by E. If A is an €/(X)-module we write Ag for
the E-vector space A ®g(x) E.

We begin this section by noting that the injectivity of i'i implies the
injectivity of jTj:

Suppose jTj(\, 1) = 0. Then {(f, g),51j(\, p)) = 0 for all (f,g) € L2, so
(by Proposition 2.11) (iTi(f,g), (A, 1)) = 0 for all (f,g) € L%. Now since
iti : L2 — L2 is an injective endomorphism of a finite dimensional vector
space, it is an isomorphism, so we see that A = u = 0. Hence jj (thus a
fortiori j) is injective.

We now define two chains of modules which will prove useful:

Ay := L2 Af = L*2

Ay =itM Aj = jTM*

Ay =it (ML) Aj = 51(MF N j((Lg)?)
Az = itiL? Ay = jtiLe2.

We note that Ag D A1 D Ay D A3, and that
Ao/As =il (M Ni(L%)/iL?) = it (M /iL?)"™),
with analogous statements for the starred modules.

We fix the usual action of TP on all these modules. We can now
describe some pairings between them which will be equivariant under the
T®P) action. They will not all be equivariant with respect to the action of
Ti.

We have a (perfect) pairing (,) : L% x (L%)
injective, induces a pairing

Ao x (M*Nj((L})?) — E/O(X),
which in turn induces a pairing
Py No/Ay x (M0 j((LE)*) /(L) — E/0(X).

The fact that this pairing is perfect follows from [17, Lemma 6] (the proof
of which applies verbatim to the more general setting of this paper).
In exactly the same way, we have a perfect pairing

Py : (M Ni(L%))/i(L?) x Aj/A; — E/O(X).

2 — E which, since j is
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The final pairing we will need is induced by the pairing between M and
M*. Tt is straightforward to check that this gives a perfect pairing:

Py ker(it) x M*/(M* 0 ((L%)%) — 6(X).

Corollary 3.1. The modules Aa/A3 and A§/A; are very Eisenstein. The
modules A5 /A% and Ao/Aq are equal to 0.

Proof. The statement about Ag/Az follows from the first part of
Lemma 2.26, since Ag/A3 is a homomorphic image of (M/iL?)*™. The
statement about Aj/A7 follows from the duality (via pairing P») between
this module and (M /iL?)%*™. The other two statements follow similarly
from the second part of Lemma 2.26. O

Recall that 7 denotes the image of T(P) in Endgx)(M). If M is a
maximal ideal of 57, then there is an attached semi-simple Galois repre-
sentation poy : Gal(F/F) — GL2(Q,). We normalise things so that the T,
eigenvalue arising from 9 is equal to the trace of pgn(oy), where o, de-
notes an arithmetic Frobenius element. If 9 is very Eisenstein, then this
Galois representation is reducible, but the requirement that the character
n: 0y — (0(X)/9M)* is finite order imposes an additional restriction on
the Galois representation (that can be translated into a condition on its
generalised Hodge—Tate weights).

We let .77, denote the image of T("P) in Endg(x)(L). There is a map
H — A7, coming from the embedding L — M (given by regarding a form
of level U as a form of level V). If I is an ideal of #7 we denote by Ips
the inverse image of I in JZ. Note that if IV is any finitely generated 7-
module, then ann (N) = (ann (N))a, and so if B is in Supp y, (V)
then Py is in Supp 4 (N).

Proposition 3.2. Suppose B is a prime ideal of 71 such that B is not
very Fisenstein. Moreover, suppose that i3 contains T[2 — (NI+1)2S,. Then
Par is in the support of the A -module ker(it) C M.

Proof. Consider the .#7-module
NIi+1 T
Ak *x _ 1T*2 *2
Qi=No/As =1L /L (S;IT[ NI + 1) ’

¥ Ni+1 T
The 7 -supports of L and L* are equal, and det SI_IT[ NI+ 1) € L,

so P is in support of @ (the 7 p-module Qg /PQy is non-zero since it is
the cokernel of a map of vector spaces with determinant zero). Therefore
P is in the support of Q.

Corollary 3.1 implies that if Py is in the support of A§/A} or A5/A% then
it is very Eisenstein, so it must be in the support of Aj/Aj. This quotient
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is a homomorphic image of M*/(M* N j(L%?)), so Pas is in the support of
M*/(M* N j(L32)). Finally we can apply pairing P (which is equivariant
with respect to the action of J#) to conclude that B,/ is in the support of
ker(i'). O

4. Applications
In this section we explain an application of the preceding results.

4.1. Level raising for p-adic Hilbert modular forms. Let &”(n) be
the reduced eigenvariety of tame level Uj(n) as defined in Definition 2.5.
Similarly we denote by & (nl) the reduced eigenvariety of tame level Uy (n)N
Uo(l), where we construct this eigenvariety using the Hecke operators at [
in addition to the usual Hecke operators away from the level. This allows
us to relate & (nl) and the reduction &2-°!(nl) of the two-covering of &7
corresponding to taking roots of the [-Hecke polynomial.

Lemma 4.1. There is a closed embedding &P (nl) — &P (nl), with
image the Zariski closure of the essentially classical I-old points in &P (nl).

Proof. This is proved exactly as [17, Lemma 14]. O

We need one more definition before we can state our main theorem.
Recall that &P (nl) has an admissible open cover by affinoids Sp(T*e?),
where T is the image of T")[U,] in End(SY(V;7)?), with X € # a
connected admissible open affinoid, @) a suitable polynomial factor of the
characteristic power series of U, on S(V;r) and V = Uy (n) N Up(Ix®) for
suitable 7, a. For T of this form, we define T""¥ to be the quotient of T
given by restricting the Hecke operators to ker(if) ¢ S (V;r)?.

Proposition 4.2. There exists a unique reduced closed subspace
v EP ()Y — &P (n)
such that pulling v back to the admissible open Sp(T*™4) of &P (nl) gives the
closed immersion
Sp(T[-neW,red) N Sp(Tred).

Moreover, &P (nl)Y s equidimensional of dimension dim(#), and is
therefore a union of irreducible components of &P (nl).
Proof. We simply need to glue the closed immersions

Sp(TH") < Sp(T)

and then pass to reduced spaces.
For Y C X an admissible open sub-affinoid, recall that there are Hecke
equivariant isomorphisms

SR(U;m)? ®@p(x) O(Y) = SP(U; )<Y
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and
SR(Vir)? @o(x) O(Y) = SP(V;r)9¥
which allow us to identify ker(i') ®e(x) O(Y) with

ker[il, : SR(V;r)? — (SR(U;r)@r)®?),

Therefore the image of TM"*)[U,] in End(ker(i;)) can be identified with
T ®g(x) O(Y). This is enough to glue our closed immersions (we leave the
details to the reader). Note that since all our &(X)-modules are finitely
generated, the ordinary tensor products ®,(x)@(Y’) in the above can be
replaced with completed tensor products [3, 3.7.3, Proposition 6].

The fact that &P (nl)™*V is equidimensional of dimension dim(#") fol-
lows from the fact that the ¢'(X)-module ker(it) is @(X)-torsion free, so
we can again apply Lemma 2.13, as in the proof of Proposition 2.14. O

We can now state the main theorem of this paper.

Theorem 4.3. Suppose we have a point ¢ € &P(n) which is not very
Eisenstein®, and with T?(¢) — (NIl + 1)2S1(¢) = 0. Let the roots of the |-
Hecke polynomial corresponding to ¢ be o and Nla where o € C;. Then

[-new

the point over ¢ of &P'=010) corresponding to o also lies in &P (nl)

Proof. 1t follows from the construction of the eigenvariety that there exists
an admissible affinoid open X C #/, an «, an r and a @ such that the point
¢ corresponds to a maximal ideal My in the support of L = SE(U; r)e,
with U = Uy (n) N Uy(7).

Now Proposition 3.2 applies, so 9y is in the support of

ker(i') ¢ M = SR(V;r)?.

Therefore &P (nl)™°V contains a point ¢’ with the same Hecke eigenvalues
(away from [) as ¢. A calculation using the fact that ¢ comes from an
eigenform in the kernel of if shows that the point ¢’ corresponds to the
root a. U

Remark 4.4. Note that the same conclusion as the above Theorem holds
for a family of points of &P (n) on which T — (N[ + 1)2S; vanishes. Since
this Hecke operator is non-vanishing on essentially classical points, it cuts
out a codimension one subspace on each irreducible component of &7 (n)
where it is not invertible.

Remark 4.5. Recall that the eigenvarieties &7 (n) and &% (nl)*"¢% are con-
structed using Hecke operators away from n. We can replace these eigenva-
rieties by the ‘full’ reduced eigenvarieties constructed using Hecke operators

5i.e. it is associated with a maximal ideal of a Hecke algebra which is not very Eisenstein
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at all finite places (including the places v dividing § — here the Hecke oper-
ator is given by the double coset operator [Uw, U], where @, € D) < D¥
is a uniformiser of p,), and obtain exactly the same statement as Theo-
rem 4.3.

4.2. Examples.

4.2.1. Examples if Leopoldt’s conjecture does not hold for (F,p).
Suppose [F' : Q] is even, and let D/F be a definite quaternion algebra
non-split at all infinite places and split at all finite places.

Proposition 4.6. Suppose that Leopoldt’s conjecture does not hold for
(F,p). Then there is a point x1, of &P(OF), lying over the point of W
corresponding to the character

m:ﬁxxﬁ;%Kx

p
(a,b) — Ha;Qbi
el

such that Ty(xp) = 14+ (Nv)~! and Sy(xr) = (Nv)~2 for all finite places
v of F with v{p, and Uy(zr) = 1. In particular, the semisimple represen-
tation of Gp = Gal(F/F) attached to xp, is 1 ® Xc_ylc; where 1 denotes the
trivial character and Xcy. denotes the p-adic cyclotomic character.

For any prime | of F which is coprime to p the point of &P=0l(])
lying over x1, which corresponds to the root (NI)~1 of the Hecke polynomial
X2 — (1+(ND™HX + (NO)~! also lies in &P (1)mew,

Proof. Tt is explained in [24, §4.3] that the desired system of Hecke eigen-
values arises from the cuspidal ordinary A-adic Hecke algebra for GLg/F.
There are then several ways to see that this system of eigenvalues must also
appear in (an ordinary component of) the eigenvariety & (0r).

For example, one can apply [6, Théoréme 1] to systems of (in this case,
finitely generated) Banach modules provided by, on the one hand, the or-
dinary part of the modules defined in Section 2.2 (with the weights varying
in the one dimensional family with v trivial and n ‘parallel’) and on the
other hand, the generic fibre of the ordinary part of the modules of Katz
p-adic Hilbert modular forms.

Note that the T, and S, eigenvalues (¢, and s, respectively) can be read
off from the characteristic polynomial of an arithmetic Frobenius element
acting on the Galois representation attached to zr, which is X2 — t, X +
(Nv)s,.

Now for the last part of the proposition we can immediately observe that
the point x; appearing in the above proposition satisfies the conditions of
Theorem 4.3 for any prime [ of F' which is coprime to p. O
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Ribet’s method can be applied to the family of Galois representations
(or, more precisely, pseudorepresentations) of Grp = Gal(F/F) attached
to an irreducible component % of & (I)"*V passing through the point of
&P (1)1 lying over xy, which is provided by Theorem 4.3. We therefore
obtain the following:

Corollary 4.7. There exists a non-split extension V (xr) of representations
of Gp over a finite extension K/Q,

(4.1) 0—-K—V(zxp) - K(-1)—0

where K denotes the trivial K -representation and K(—1) denotes the rep-
resentation given by the inverse of the cyclotomic character.

Moreover, V() is unramified outside | (in particular, V(xyp) is locally
a split extension at places dividing p).

Proof. The construction of V(zy) is a standard application of ‘Ribet’s
Lemma’ — for example see [1, Proposition 9.3] for an application in a
more complicated situation. By construction we get an extension which is
unramified outside pl. But the extension V' (zy) also splits at every place
p|p, since the local Galois representations at these places have an unramified
character as a quotient ([25]). O

One can then ask whether V(x) is actually ramified at [ or not. We
have constructed V(zr) using a family of Galois representations which is
generically ramified at [, and the monodromy filtrations on the local Weil-
Deligne representations at classical points in this family are compatible
with the extension structure (4.1), so this extension is not forced to split
at [, in contrast to what happens at primes above p. But in fact there are
no extensions of K (—1) by K which are ramified at a single prime [:

Lemma 4.8. The representation V(xr) of Corollary 4.7 is unramified ev-
erywhere.

Proof. First note that the twist V' (z1)(1) corresponds to a line in the kernel
Kl([) = ker[H&r,{p[}(GF’ K(l)) - @ HI(GFpa K(l))]v
plp
where H! {p[}(G r, K (1)) denotes the global cohomology classes which are
unramified away from pl. If we denote by K the kernel of the map
Hy, (3 (Gr K (1) = EPHl(GFp,K(l))
pip

from the Selmer group where the cohomology classes are unramified outside
p, then there is an inclusion K! C K(I). It remains to show that the
inclusion K € K(I) is an equality.
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We need to show that K! and K'(I) have the same dimension. Kummer
theory gives isomorphisms

K' () = ker[0}, ®z K — P F @z, K]
plp

= ker[a : ﬁﬁl ®z K — @pr ®z, K]
plp

and

K'=ker[0F @z K — P F) ®z, K]
plp

=ker[3: OF @z K - P F; @z, K].
plp

Here O denotes the a-units, for an ideal a of O and F,* denotes the Z,
module lim B /(B )P". We can think of the maps « and 3 as being the
localisation maps from global Bloch—Kato Selmer groups. Observe that if [
is the rational prime under [, there is an element x of & ;7[ with Np/g(z) =1
for a non-zero a (take a suitable power of the ideal [ to obtain a principal
ideal and then take x to be a generator, or the square of a generator).

By Dirichlet’s theorem for S-units the dimension of the source of « is
one larger than the dimension of the source of 3. To show that K' and
K'(I) have the same dimension it suffices to show that the dimension of
the image of « is larger than the dimension of the image of j3.

Consider the norm map

P F @z, K — Q) @z, K.
plp

Now a(x) maps to something non-zero under this norm map, whilst
B(OF @z K)

maps to zero. This shows that the image of « strictly contains the image
of 3, as desired. Il

Note that if we allow ramification at two auxiliary primes then the above
argument breaks down and one may obtain ramified extensions. However,
the fact that the extension V' (zr) turns out to be unramified at [ indicates
that it will be difficult to ensure that any extensions constructed using
Ribet’s method are ramified at these auxiliary primes.
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4.2.2. An example for F = Q. We sketch how to construct an exam-
ple of an ordinary p-adic modular form such that its transfer to a p-adic
automorphic form on a definite quaternion algebra over Q satisfies the as-
sumptions of Theorem 4.3. All computations were done in Sage [23].

The space of cusp forms S2(I'g(15)) is one-dimensional. Denote by f €
S2(I'p(15)) the normalised newform in this space. If we set p = 3, then
there is a unique 3-adic Hida family passing through f, so we have an
isomorphism of A-algebras T(I'g(15)) = A = Z,[[T]], where T°(I'¢(15))
denotes the A-adic ordinary cuspidal Hida Hecke algebra (generated by
Hecke operators prime to 15). The form f satisfies T3 (f)—(13+1)2S13(f) =
((—=2)2 = (13 +1)?)f = 0 mod 3.

Let D be a definite quaternion algebra over Q which is non-split at the
infinite place and the prime 5, and split at all other primes. By the main
result of [6], the generic fibre of the Hida family through f transfers to a
one-dimensional rigid subspace of &7 (Z).

Proposition 4.9. There is a characteristic 0 point of the Hida family
through f such that the associated point x of &P (Z) satisfies the conditions
of Theorem 4.3 for | = (13). In particular there is a point of &P ((13)) with
the same system of Hecke eigenvalues as x (away from 13) which is a point
of intersection between two irreducible componentsS.

Proof. If we consider the image of the Hecke operator TZ — 142513 in A,
we obtain an element p* P(T)U(T') where p € Z>o, P(T) is a distinguished
polynomial, and U(T) € A*. Since P(T) is distinguished, its roots lie in
pO for K/Q, finite, so if the degree of P(T') is non-zero then specialising
our Hida family to the weights corresponding to the ideals (T — a) C
A ®z, Ok for a a root of P(T') gives the desired p-adic modular form
(which may be transferred to a definite quaternion algebra, non-split at 5).
If P(T) has degree zero, then the p-adic valuation of p*U(«) is equal to u
for all a € pZy, so we just need to show that the valuation of the Hecke
eigenvalue for TZ — 142513 is not constant in our Hida family. This is easily
done in this example: at weight 2 the valuation is 1, at weight 4 it is 2 (and
at weight 10 it is 3). O

In fact, in the above example one can see directly that the conclusion
of Theorem 4.3 holds, without applying the results of this paper (this
was explained to the author by Frank Calegari) — the new subspace of
S2(Tp(13 - 15)) is also one-dimensional, so we again have a Hida Hecke al-
gebra isomorphic to A, and a similar argument to the above, applied to the
ideal describing the intersection between the two Hida families, shows that
is enough to observe that the 13-new A-adic form and the 13-old A-adic
form become more congruent at weights other than 2. This can be checked

60ne lying in &P>(13)-0ld((13)), the other in &L>(13)-new((13)).
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by doing the computation described in the above proof and applying [11,
Theorem 6.C], or it can be checked directly.

Remark 4.10. By contrast, consider the one-dimensional space S2(I'9(21))
and its normalised newform g. If we set p = 3 and [ = 13, then the valuation
of the eigenvalue for TZ — 14253 is 1 for the weight 2j specialisations of
the Hida family through g, with 1 < 57 < 40. So it is possible that the
intersection between the two Hida families is just the ideal (p) — it would
be interesting to determine whether this is the case (for example, there
may be no lift of the relevant Galois representation to a representation
with coefficients in Z/p?Z whose local representation at [ has the correct
form, in which case the intersection must be given by (p)).

Remark 4.11. Finally, we note that the same arguments apply to the
example discussed in [13, Example 5.3.2]. In this case, the two Hida families
described in that example do intersect at a characteristic zero point.

5. Corrections to [17]

We take this opportunity to make a couple of corrections to the pa-
per [17].

5.1. Proof of Lemma 7(ii). This proof should be modified as in the
proof of Lemma 2.19 above to take account of the change of variables z — 7z
made when fixing an isomorphism

Apr = [ K(T).
a=1

0 1
of the lemma is unaffected. We reproduce the correct computation here
(this should replace the displayed formulae at the bottom of [17, p. 346]):

Cat (5 T P = St (5 )

= (Ti . (é P7’1 ) ,ij,aTj)

= (T +p)",Y_bjaT")

1 — -1
This entails computing the action of ( pr > on %, ,. The statement
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RS |
We can now see that if we have f = f - (é P I ) we get

%

7 o
Z ] pz jbj,oz = bi,oe
j=0

for all ¢ and «, which implies that f = 0.

5.2. Section 3. A minor comment is that &°9 as defined in section 3.1
should be replaced by its underlying reduced space. More seriously, the
statement in the proof of Theorem 15 that ‘Ot is not Eisenstein since the
Galois representation attached to ¢ is irreducible’ is false. There are points
on the cuspidal GLg eigencurve with reducible attached Galois represen-
tation, and these show up on the eigencurve for the definite quaternion
algebra. For example in the definite quaternion algebra case, in classical
weight 2, the space of constant functions on D; always gives rise to such
a point. Hence in the statement of Theorem 15 we must assume that the
point ¢ does not give rise to a ‘very Eisenstein’ (in the terminology of the
current paper) maximal ideal in the Hecke algebra. The statement of The-
orem 17 must also be modified to exclude these very Eisenstein points. We
note that the question of level lowering/raising for points precisely of this
kind has been studied in a recent preprint of Majumdar [15].

References

(1] J. BELLAICHE & G. CHENEVIER, “Formes non tempérées pour U(3) et conjectures de Bloch-
Kato”, Ann. Sci. Ecole Norm. Sup. (4) 37 (2004), no. 4, p. 611-662.

[2] D. Brasius, “Hilbert modular forms and the Ramanujan conjecture”, in Noncommutative
geometry and number theory, Aspects Math., E37, Vieweg, Wiesbaden, 2006, p. 35-56.

[3] S. BoscH, U. GUNTZER & R. REMMERT, Non-Archimedean analysis, A systematic ap-
proach to rigid analytic geometry, Grundlehren der Mathematischen Wissenschaften, vol.
261, Springer-Verlag, Berlin, 1984, xii4+436 pages.

[4] K. BuzzARD, “On p-adic families of automorphic forms”, in Modular curves and abelian
varieties, Progr. Math., vol. 224, Birkh&user, Basel, 2004, p. 23-44.

, “Eigenvarieties”, in L-functions and Galois representations, London Math. Soc.
Lecture Note Ser., vol. 320, Cambridge Univ. Press, Cambridge, 2007, p. 59-120.

[6] G. CHENEVIER, “Une correspondance de Jacquet-Langlands p-adique”, Duke Math. J. 126
(2005), no. 1, p. 161-194.

, “On the infinite fern of Galois representations of unitary type”, Ann. Sci. Ec. Norm.

Supér. (4) 44 (2011), no. 6, p. 963-1019.
[8] C. CHEVALLEY, “Deux théorémes d’arithmétique”, J. Math. Soc. Japan 3 (1951), p. 36-44.
[9] R. COLEMAN & B. MAZUR, “The eigencurve”, in Galois representations in arithmetic alge-
braic geometry (Durham, 1996), London Math. Soc. Lecture Note Ser., vol. 254, Cambridge
Univ. Press, Cambridge, 1998, p. 1-113.
[10] B. CoNRAD, “Irreducible components of rigid spaces”, Ann. Inst. Fourier (Grenoble) 49
(1999), no. 2, p. 473-541.
[11] F. D1aMOND, “On congruence modules associated to A-adic forms”, Compositio Math. 71
(1989), no. 1, p. 49-83.
[12] F. DiamMOND & R. TAYLOR, “Nonoptimal levels of mod | modular representations”, Invent.
Math. 115 (1994), no. 3, p. 435-462.

(5]

[7]




(13]
14]
(15]

(16]

(17]
(18]
(19]
20]

21]

(22]

(23]
(24]
25]

[26]

Level raising for p-adic Hilbert modular forms 653

M. EMERTON, R. PoLLACK & T. WESTON, “Variation of Iwasawa invariants in Hida families”,
Invent. Math. 163 (2006), no. 3, p. 523-580.

D. LOEFFLER, “Overconvergent algebraic automorphic forms”, Proc. Lond. Math. Soc. (3)
102 (2011), no. 2, p. 193-228.

D. MAJUMDAR, “Geometry of the eigencurve at critical Eisenstein series of weight 2”7, J.
Théor. Nombres Bordeauz 27 (2015), no. 1, p. 183-197.

H. MATSUMURA, Commutative ring theory, Cambridge Studies in Advanced Mathematics,
vol. 8, Cambridge University Press, Cambridge, 1986, Translated from the Japanese by M.
Reid, xiv+320 pages.

J. NEWTON, “Geometric level raising for p-adic automorphic forms”, Compos. Math. 147
(2011), no. 2, p. 335-354.

, “Towards local-global compatibility for Hilbert modular forms of low weight”, Al-
gebra Number Theory 9 (2015), no. 4, p. 957-980.

A. G. M. PAULIN, “Local to global compatibility on the eigencurve”, Proc. Lond. Math. Soc.
(8) 103 (2011), no. 3, p. 405-440.

, “Geometric level raising and lowering on the eigencurve”;, Manuscripta Math. 137
(2012), no. 1-2, p. 129-157.

I. REINER, Mazimal orders, London Mathematical Society Monographs. New Series, vol. 28,
The Clarendon Press, Oxford University Press, Oxford, 2003, Corrected reprint of the 1975
original, With a foreword by M. J. Taylor, xiv+395 pages.

K. A. RiBET, “Congruence relations between modular forms”, in Proceedings of the In-
ternational Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), PWN, Warsaw, 1984,
p. 503-514.

W. STEIN et al., “Sage Mathematics Software (Version 5.7)”, The Sage Development Team,
2013, http://wuw.sagemath.org.

K. VENTULLO, “On the rank one Abelian Gross—Stark conjecture”, http://arxiv.org/abs/
1308.2261.

A. WILES, “On ordinary A-adic representations associated to modular forms”, Invent. Math.
94 (1988), no. 3, p. 529-573.

O. ZAriskl & P. SAMUEL, Commutative algebra. Vol. 1, Springer-Verlag, New York-
Heidelberg-Berlin, 1975, With the cooperation of I. S. Cohen, Corrected reprinting of the
1958 edition, Graduate Texts in Mathematics, No. 28, xi+329 pages.

James NEWTON

Imperial College London

Department of Mathematics,

London SW7 2AZ, UK

E-mail: j.newton@imperial.ac.uk

URL: http://wuwf .imperial.ac.uk/~jjmn07/


http://www.sagemath.org
http://arxiv.org/abs/1308.2261
http://arxiv.org/abs/1308.2261
mailto:j.newton@imperial.ac.uk
http://wwwf.imperial.ac.uk/~jjmn07/

	1. Introduction
	2. Modules of p-adic overconvergent automorphic forms and Ihara's lemma
	2.1. Some notation and definitions
	2.2. Overconvergent automorphic forms
	2.3. An explicit description of the action of special elements of M on AX,r
	2.4. Dual modules
	2.5. Hecke operators
	2.6. A pairing
	2.7. Slope decompositions
	2.8. Old and new
	2.9. Very Eisenstein modules
	2.10. An analogue of Ihara's Lemma

	3. Raising the level
	4. Applications
	4.1. Level raising for p-adic Hilbert modular forms
	4.2. Examples

	5. Corrections to chicomp
	5.1. Proof of Lemma 7(ii)
	5.2. Section 3

	References

