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On Waring—Goldbach problem of mixed powers

par X1A0DONG LU et Quanwu MU

RESUME.  Un nombre presque premier est un P, s’il a au plus
r facteurs premiers, comptés avec multiplicité. Dans cet article
nous montrons que pour tout entier impair N suffisamment grand,
I’équation

N = a® + pi +p5 +p} + pi + P§ + v

admet une solution avec x un nombre presque premier Pyo et les
autres termes étant des puissances de nombres premiers.

ABSTRACT. Let P, denote an almost-prime with at most r prime
factors, counted according to multiplicity. In this paper it is proved
that for every sufficiently large odd integer N, the equation

N =2 + pi + p3 + pi + pi + pS + pg

is solvable with x being an almost-prime P,5 and the other terms
powers of primes.

1. Introduction

Let b, c and N be positive integers and define Hy (V) to be the number
of solutions of the diophantine equation

(1.1) N =a? + a3 + a3 + a3 + 22 +2f + 28

in positive integers z;. In 1981, C. Hooley [9] obtained an asymptotic
formula for Hj 5(N). From J. Briidern’s work [2] one can easily get the
asymptotic formula for Hj .(N) [12]. Using a sort of pruning technique,
Lu [12] established the asymptotic formula for Hy 1(N)(4 < k < 6) and
gave the lower bound estimates of the expected order of magnitude for
Hy b (N)(7T < k < 17),H5 j(N)(5 < j < 9) and He (N)(6 <1 < 7).
Motivated by [12], A. M. Dashkevich [5] got the asymptotic formula for
Hg 3(N).

Manuscrit recu le 19 mai 2014, révisé le 28 février 2015, accepté le 15 avril 2015.

Mathematics Subject Classification. 11P32, 11N36.

Mots-clefs. Waring—Goldbach problem, circle method, sieve method, almost-prime.

This research is supported by the National Natural Science Foundation of China (grant Nos.
11201107, 11271283). The authors would like to express their thanks to the referee for many
useful suggestions and comments on the manuscript.



524 Xiaodong LU, Quanwu MU

In view of C. Hooley, Lu and A. M. Dashkevich’s results, it is reasonable
to conjecture that for every sufficiently large odd integer N the equation

(1.2) N=pi+ps+pi+pi+pi+pf+ps (3<b<c)

is solvable, where and below the letter p, with or without subscript, always
denotes a prime number. This conjecture is perhaps out of reach at present.
However, motivated by [4], the sieve theory and the circle method enable
us to obtain the following approximation to it.

Theorem 1.1. Let b and c be positive integers such that

1

< -
+ -3

(SR
Q=

> <
18

For a sufficiently large odd integer N, let Ry .(N) denote the number of
solutions of the equation

N = 2%+ p3 + pi + pi + P2 + p} + 15

with x© being an almost-prime P, and the other variables primes, where r is

equal to [%(% 1 271, Then we have

Ry o(N)>» ————.
% (W) log7N

We only provide the proof for the case b = 6, ¢ = 7 and r = 42. The
other results can be deduced similarly.

2. Notation and auxiliary lemmas

In this paper, N denotes a sufficiently large odd integer. As usual, p(n)
and p(n) stand for the Euler totient function and the Mébius function
respectively. Denote by 74 (n) the k-dimensional divisor function and write
7(n) = 72(n). By p’|[m we mean that pf|m but p**! { m. We use (m, n) to
stand for the greatest common divisor of m and n. We always denote by x
a Dirichlet character (mod ¢), and by x¢ the principal Dirichlet character
(mod ¢q). By Zx(q) we denote a sum with x running over the Dirichlet
character (mod ¢q). For positive A and B, A < B stands for A < B < A.
We denote by Zx(q) and Zx(q)* sums with z running over a complete system
and a reduced system of residues modulo ¢ respectively. We write e(a) =
e?™. Let a(m) and b(n) be complex numbers with |a(m)| < 1, |b(n)| < 1.
The letter & denotes a sufficiently small positive number. ¢ is some positive
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constant. Put

A=10"0 Qo= (logN)*, Q= Nmt30  Qy = N3,

Q3 = Nai, D= N30 Uj:lN%’ Ui = -NTs,
j

Ua<dl<2U>

Plad)= > ea(d)?), ha)= Y a(m) Y bn)fs(a,mn),
<D

fila)y="">" (logple(ap’), fi(a)= > (logp)e(ap?),

U;j<p<2U; Uz <p<2U
k k
(g, ) =Y (%), Silg )= (%),
(q) a4 r(q)* q
ar’ 2U; :
Gy @)= oxme(“). vy(8) = [ e(Bu)au,
7(q) /

J(N) = /_ o:o 2 (0)v3(0)%v3(8) %06 (0)v7(0)e(—ON) d6,

Aa(g N>=W<1q)6 > Sa(q, ad®)S3 (g, a)' S5 (g, a) S5 (a, a)e(—“év),
a=1,
(a,9)=1

Sa(N) =3 Aulg, N),
q=1

Let Q be some positive number satisfying @ < v N /2. We define the
intervals

Mg, a, Q) = {ac (O 1 : [ga—a| <Q/N},

denote by MM(Q) the union of all M(q, a, Q) with 1 < a < ¢ < Q and
(a, q) = 1. Note that the intervals 9M(q, a, @), composing M(Q), are mu-
tually disjoint. Let B(Q1) be the union of all M(q, a, N/Q3) with 1 < a <

q< Ql and (CL, Q) =1, and b(Ql) = (07 1] \ %(Ql)
Lemma 2.1. For a € b(Q1), we have
h(a) < Nzsz 10,

Proof. Tt follows from (4.5) in [3]. O
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Lemma 2.2. For (q, a) = 1, we have
(D) Sk(g, @) < ¢'7F;
1
(il) Gj(x, a) < ¢2™.
In particular, for (p, a) =1 we have
1
(i) [Sk(p, @)| < ((k,p— 1) ~ 1p:
(iv) [Sk(p, a)] < ((k,p—1) = 1)p2 + 1;
(v) S;(p", a) =0 for £ > ~(p),
0+2, ifp’|k 2 =2, 0=
where 4(p) = 40 % Z'fpell ,p#2 or p=2,0=0,
0+3, if p’llk, p=2, 6 >0.

Proof. For (i) and (iii)-(iv), see Theorem 4.2 and Lemma 4.3 of [14] respec-

tively. For (ii) and (v), see Lemmas 8.5 and 8.3 of [10]. O
Lemma 2.3. Let 2 < k1 < kg < --- < kg be natural numbers such that
o1 1
Z;?S;? 1<j<s—1.
i=j+1 "t J

Then we have
1 s 2 [ TR S
[Tt o i+
0 i

Proof. See Lemma 1 of J. Briidern [1]. O

Lemma 2.4. We have
() Jo [f3(@) f5()?]? da < N5F2,
(ii) fol ‘f3(@)f§k(04)‘4 da < N%’(log N)B.
Proof. See Lemmas 2.2 and 2.4 of Cai [4]. ]
For a = % + B, define

(o1 a1 (o) Sl
21 Mo )= ( =t q+qQ§]’ Vite) = L E9)
%*(a)—si(fq’f%;(m, A6<a>—f6<a>—5i<fq’;‘) Y et
Us<n<2Ug
and
Vi)=Y (fl;”sz<q, ad®)va(B),
d<D
where
cd)= Y a(m)b(n) < 7(d).
b3l
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Lemma 2.5. We have

OIS Z/ V5 () Ag(@)[? da < N5 (log N) 104,

1 a=—q
1<¢<Q¢ (a, 4) 1

OEDY Z/ V5 ()2 da < (log N)™,

1 a=—q
1<4<Q§ (a,q)=1

Proof. By Lemma 2.2 (i), the inequalities (q, d?) < (q, d)?, 7(d¢) < 7(d)7(¢)
and } <, — W « (log sc)2 we get

(2:2) ) < Z L(q, @) 0s(8)] << ma(a)a Hua(B) (log N)2.
d<D
Let

17 X = X0,

E =

(X) {07 X 7é X0,
JsOx: B) =Y. xpeBp)logp—E(x) > e(Bnd).
Us<p<2Usg Ug<n<2Usg

Then for a = % + 3, we have

(23)  Agla) = —— > Gs(x. a)Js(x, ﬂ><<q%+6mg3<|<f6<x, B)l,

x(q) X

1
©(q)
where Lemma 2.2 (ii) is used.

From the standard estimate

Uj

24 j —
which follows from Lemma 4.2 in [13], and (2.2)(2.3), we get

CEIDS Z/ V5 () Ag(0)]? da

a=—q
1<q<Qo (a,9)=1

< (logN)* ¥ q4EZmaX/Q |v2(8)Js (x, B)|"dB
* <0

1
1<q<Q¢
< (log N)* Z g Z max( / ) | J6 (X 6)‘2dﬁ
1 ) ) |5|§ﬁ
1<q<Q¢

+ max  (logN)NZ~ /
1<Z<NQ, 7

|5 (x ﬁ)|2dﬂ>.

2z
FSIBISS
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By Gallagher’s Lemma 1 in [7] and Siegel-Walfisz Theorem (see (4) in
Chapter 22 of [6]), we have

2o [ | MY 8)%da

Bl<
1 /N 2
< ﬁ/ >, x(@lgp—E(x) > 1/ df
Us<p<2Us Ug<n<2Ug
0<pb<o+L g<nd<o+X

1
< ﬁNUg . exp(—logé N)
and similarly,
2 1
(2.7) /Z<B|<22 T, B)[2dB < 22N~} - exp(—log} N).
NEIBIsF

It follows from (2.5)—(2.7) that

LU _Z/ V5 (@)As()] da
1200} (1

1
< (Q2)*™=(log N) N3 - exp(—1log3 N)

< N3 (log N)~1004,
This proves (i). By (2.2) and (2.4), we have
> Z Lo, Ve ()P da

1 g=— N(q, a)
1<9<Q5 (a,q)= ‘)

< (log N)* g ite / v dg
Z Z 18I<Q, 2 |2 |

1<q<Q% a(a)"
< (log N)* Z g te Z (N ) dg+ N~ / 1 [B]7 2dﬂ>
ormd e\ s <181<Qy 2

< (log N)HA,

The proof of Lemma 2.5 is completed. U
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Lemma 2.6. For a € M(Qo), we have

fr(@) = Va(@) + O(Ur exp (— (log N)3) ).

Proof. By some routine arrangements, it follows from Siegel-Walfisz Theo-
rem and summation by parts. U

3. A mean value theorem

In this section, we prove a mean value theorem for the proof of the
theorem.

Lemma 3.1. Let

6
Ja(N) = > [11ogp:.
(da)?+p3+--+pi+pi+pi=N =1
Us<dx<2U3, Us<p1,p2<2Us,
U3 <ps,pa<2U3, Us<ps<2Us,
U7r<pe<2U7
Then we have
Sy (N _
> am) X o) () = 2250 ) < W (10g ),

m<D2/3 n<D1/3 mn

Proof. 1t is easy to see that

(3.1) Z a(m) Z b(n)J,

m<D?2/3 n<D1/3
_ /O ' h(a) f3(a)2f2 ()2 fo(a) fr(a)e(—aN) da
- ( |+ ) (@25 (@) fo(@) fr(@)e(—aN) da.
b(Q1) B(Q1)

By Cauchy’s inequality, Lemmas 2.3 and 2.4, we have

32) [ |50 fi (@2 fola)fr(@)] da

(/ [Fa(a) fo(a) fr(a )(/ [ Fs(@) i (o \da>

193

< N252+5

IN

N

< (N%+5+%+5)
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this with Lemma 2.1 gives
(3.3) / h(a) f3(e)?f5(a)? fo(a) fr(e)e(—aN) da
b(Q1)

< max |h(a y/ [ f3(0)2 f5 (@) fo(a) fr()|dar

acb(Q1)
< N&~—*,
When a € B(Q1), using Theorem 4.1 of Vaughan [14] we can get

h(a) - Vi () < DQF'.

Thus,
34 [ oy (10 = VE (@) (0" F§(0)?Jo(@) e~ da

€ 65 __
< QI [ (@) (@) afa)fr(w)] da < NF <,
where (3.2) is used.
We rewrite (3.4) in the form

33) [ h(@)fs(@)? (@) fo(e) fr(@)e(~aN) da
B(Q1)
—/ 501 ()25 ()2 fo(@) fr(@)e(—aN) da + O(N &)

- (/ +/ )‘é*(a)fs(a)2f§(a)2f6(a)f7(a)e(_a]v) da
MU7) I B(Q1)\M(U7)

+O(NG ),

In the following, we will first prove that the second integral in the above
brackets only gives a negligible contribution, and then show that the first
integral in the above brackets yields the main term.

Let

n= U U N(q, a),
1<q<Qo(aq)1

where (g, a) is defined by (2.1). Then we have

(3.6) BQ1) (-~ ]cm

(_Q?,
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Note that for o = 2 + 8 € B(Q1) \ M(U7), one has
Uz
> U > —
this with (2.2) and (2.4) yields

_1
Vi (o) < UpU; 2"

Thus, by Cauchy’s inequality and Hua’s inequality, we have

(3.7) V3 () f3(@)” f5 (@) fo(@) fr(a)e(—aN) da

‘/%(Ql)\m(U7)

1
< max V(o) |32 / Vo' ( 2do
e Vi ()] ( gy V7 @) )

([ stersitrtaa)’ ([ 15602 aa)™ ([ 1sz(@)"* aa)™

31
64

1
<(OUr R | % Z/ Vs (@) da

a—fq N(q, a)
1<q<Qo (a,q)=

‘ w
kg

1

L
([ @it an) ([ (@l aa)™ ([0 aa) ™
< (N% 14+6) N12+18+8.(N3+€)%_(N%+)128
< Nimete « NG ¢,

where Lemmas 2.4 and 2.5 (ii) are used.
It follows from [13, Lemma 4.8] that

38) [ VE@J5(0 1) fo(0) frlee(~aN) da
= [ Vi (@fs(e) (@) Vs(a) fr(a)e(~aN) da
(Ur)
[ Vi @025 (@) As(a) fr(@)e(—aN) da
m(Ur)

+O( [ Vi) fs(0)Fi (@) r(a)]| da).
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By Cauchy’s inequality, Lemmas 2.4 (ii) and 2.5, we deduce that
(3.9) / V3 () f3(@)” f5 (@)*Ag(a) fr(a)e(—aN) da
Mm(Ur)
1 1
< o 1@l [ @) as(@)do) ( [/ 1fs(o) fi o)) dor)

a€M(Uy)
< N& (log N)™4

and

310) [ V(o) () (o) do

< max |fr(a y(/m(w\v?( |2da% /\f3 )i (a ]4da)%

aeM(Ur)
< N&(log N)™
By (3.8)—(3.10), we get

(311) /m(U7)‘f2*(a)f3(a)2f§‘(a)2fs(a)f7(a)e(—aN)da

= Lo *£5(0)2Vi(@) fr(@)e(~aN) da + O(N ¥ (1og N) ™)

- ( J / )v;<a>f3<a>2f§<a>2%<a>f7<a>e<—aN> da
M(Qo)  JMU7)\M(Qo)
+ O(N%(log N)™4).
Similarly to (3.6), we get
Uz
mmmc(—ﬁ,@cm
For oo = ¢ + 8 € M(Uz) \ M(Qo), it is clear that
2@ o |z
Lemma 2.2 (ii) and (2.4), we have

1y
‘/6(0{) < U6Q() 2
Hence by Lemmas 2.4 (ii) and 2.5 (ii), we obtain
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* 2 px 2
312 [ o VE@) (@) (0)Ve(e) frlo)e(~a) do

1 1
< Ve(o)| U / Vo' (a)[? d 2 / )| dar)®
aem(gﬁ\xm (Qo) ‘ 6@ 7( SUI(U7)‘ z () a ol fite) a)

1
2

2q
<@ | XY [ WPl
q ’

1l gq=—

1<9<Q¢ (a,q)=1

([ s an)’

< N%(logN)_A

For o € 9M(Qy), Lemma 2.6 implies that

V3 (@) f3(0)2 5 (@)?Vi (@) fr(@)e(—aN)
= V5 (@)V3(0)*V5 (0)*Ve(a)Vi(a)e(~aN)|
)| ) U§U§2U6U7 exp (— (logN)%)

< (g, V7

< N& exp (— (logN)i),

where the trivial bound |V ()| < Uz log? N which can be deduced from (2.2)
and (2.4) is used. The above estimate gives

(3.13) /MO) V3 (0) fo()2 £5(0)Ve(a) fr(@)e(—aN) da

V3 (@)V3(a)?V5 () Vo() Vr(@)e(—aN) da

Mo

+O(Z 3 / N exp (— <1ogN)i)d>

Qo
q<Q5 a= 1 SN
9 (a,q)=

:/mo%*(a)%(a) Vi (@)?V(a)Vr(a)e(—aN) dOH—O(N%(logN)_A).
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Now the well-known standard endgame technique in the circle method
establishes that

(3.14) Vo (a)V},(a)QVS*(04)2‘/6(04)1/7(04)6(—@]\7) da
Mo
Syn(N) . 65 _
= am Y b2 av) oV 0g M),
mn
mSD2/3 n§D1/3

and

65 65
(3.15) N& < J(N) < Nés.
From (3.1), (3.3), (3.5) and (3.7)—(3.15), we complete the proof of Lemma
3.1. O

4. On the function w(d) and singular seris &1 (V)

Lemma 4.1. Let K(q,N) and L(q, N) denote the number of solutions to
the congruences

ud +ud 4+ u 4 ui 4 u 4 ul = N(modg),
l1<u;<gq, (uj,q9)=1,j=1,---,6
and
y? +ud + i+ ud + a4+ ul 4 uf = N(mod g),
1<y,ur <gq, (ug,q) =1, £=1,---.6
respectively. Then we have L(p, N) > K (p, N). Moreover, we have
(4.1) L(p,N) =p° + O(p°),
(4.2) K(p,N)=p"+0(p").
Proof. Let L*(q, N) denote the number of solutions to the congruence
y? +ud Fud +ud +ud +ud +ul = N(modg), 1< y,u; <q, (yuj,q) =1.
Then by the orthogonality of characters, we have

pL*(p.N) =Y S5(p,a) S5 (p, a) S5 (p, ) S5 (p, a)ep(—aN)

a=1
(4.3) =(p—1)"+ E,,
where
p—1
(4.4) E, =Y S5(p,a)S5*(p,a)S; (p,a)Si(p, a)e,(—al).
a=1

By Lemma 2.2 (iv), we have

Byl < (0~ DB+ D@yB+ D5y +1)(6y/5 +1).
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It is easy to see that |E,| < (p—1)7 for p > 23, hence we have L*(p, N) > 0.
For p =2,3,5,7,11,13,17,19 we can verify by hand that L*(p, N) > 0 and
we have L*(p, N) > 0 for every prime, and

(4.5) L(p,N) = L*(p, N) + K(p, N) > K(p, N).
By (4.3)—(4.4) we have
L*(p,N) = p° + O(p°)
and (4.1)-(4.2) follow from similar arguments. O
Lemma 4.2. The series &1(N) is convergent and &1(N) > 0.

Proof. The convergence of &1(N) follows from Lemma 2.2 (i)-(ii) easily.
Note the fact that Aj(g, N) is multiplicative in ¢ and by Lemma 2.2 (v),
we have

(4.6) &1 (N) =] (1+ 4i(p, V).

p

By Lemma 2.2 (iii)-(iv), for p > 1000

(p—1)yp2yp+ 1)*5yp+1)(6yp+1) - 1ooo.

Al b, N S >~
[41p, V) p(p—1)° p?
Thus,
1000
(4.7) I[I @+ A4i(p.N)) > (1-—=-)>c>0.
p>1000 p>1000 p
It is easy to verify that
L(p,N)
4. 14+ A1(p,N) =
( 8) + 1(p7 ) (p _ 1)6
Now by Lemma 4.1 and (4.6)—(4.8) we have &1(N) > 0, and the proof of
Lemma 4.2 is completed. O
Similar to (4.6), we have
(4.9) &a(N) =TT (1+ Aalp, M) TT (1 + Aalp, V).
ptd pld
Define
Sa(N)
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It follows from the facts Si(q,ad®) = Sk(q,a) for (d,q) = 1, Ag(p,N) =
Ap(p, N) for p | d, (4.6) and (4.9) that

(4.10) w(d) = Hw(p).
plld
Moreover, it is easy to show that
pK(p,N)

4.11 14+ A,(p, N) = ———.
From (4.8) and (4.11) we get

pK(p,N)
4.12 w(p) = ———.

It follows from (4.10), Lemma 4.1 and (4.12) that
Lemma 4.3. The function w(d) is multiplicative and

0 <w(p) <p, w(p) =1+0(p~").

5. Proof of Theorem

In this section, f(s) denotes the classical function in the linear sieve
theory, and v denotes Euler’s constant. By (2.8) in [8] we have
~ 2¢e7log(s — 1)

(5.1) f(s) — 2<s<4.

In the proof of the theorem we adopt the following notations:

s=ph, p= I n we=I(1-“2).

2<p<z p<z p

Let

6

e +pi+p3+pi+pi+pS+pg=N J=1
(z,P)=1, Us<z<2Us,

Us<pi1,p2<2Us, U3 <ps3, pa<2U3
Us<ps<2Us, Ur<pe<2U7

6
r(z) = Z H log p;.

2 4pi+pi+pSpi=N  J=1
Us<p1,p2<2Us, U3 <p3,pa<2U3
Us<p5<2Us, Ur<pe<2U7
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Then we have

R(N) _
(5.2) Re 7(N) > {log N)O and  R(N) = Uzggm r(z).
(,9)=1

By [11, Lemma 9.1], Lemmas 4.3 and 3.1, we get

RHN) > &1 (VAN (1(T22) +0 ((loglos N) /) ).

log =z
= &1 (NI (2) (f (2.01) + O( (loglog N) /).
Mertens’ third Theorem and Lemma 4.3 imply that
(5.3)

<W(z) <

log N

Then by (5.2)—(5.3) we obtain

S1(N)I(N) N
(log N)7 (log N)™’

where Lemma 4.2 and (3.15) are used. This completes the proof of the
Theorem.

log N’

R, 7(N) >
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