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Unit L-Functions for étale sheaves of modules
over noncommutative rings

par MALTE WITTE

RESUME.  Soit s: X — SpecF un schéma séparé de type fini
sur un corps fini I de caractéristique p, soit A une Z,-algebre
avec un nombre fini d’éléments, non nécessairement commutative,
et soit F* un complexe parfait de A-faisceaux sur le site étale
de X. Nous prouvons que le quotient L(F*,T)/L(R s F*,T), qui
est a priori un élément de K;(A[[T]]), a un antécédent canonique
dans K; (A[T]). Nous utilisons cela pour prouver une version de la
conjecture principale d’Iwasawa non-commutative pour des revé-
tements de Lie p-adiques de X.

ABSTRACT. Let s: X — SpeclF be a separated scheme of finite
type over a finite field IF of characteristic p, let A be a Z,-algebra
with finitely many elements, not necessarily commutative, and let
F* be a perfect complex of A-sheaves on the étale site of X. We
show that the ratio L(F*,T)/L(R s, F*,T), which is a priori an
element of K (A[[T]]), has a canonical preimage in K;(A[T]). We
use this to prove a version of the noncommmutative Iwasawa main
conjecture for p-adic Lie coverings of X.

1. Introduction

Let p be a prime number and F the finite field with ¢ = p¥ elements, and
s: X — SpecF a separated finite type F-scheme. Let further A be an adic
Zy-algebra, i.e. A is compact for the topology defined by the powers of its
Jacobson radical Jac(A). For any perfect complex of A-sheafs F* on the
étale site of X we have defined in [16] an L-function L(F*,T) attached to
F*. This is an element in the first K-group K;(A[[T]]) of the power series
ring A[[T]] in the formal variable T commuting with the elements of A. The
total higher direct image R fiF*® is again a perfect complex of A-sheaves
and so we may form the L-function L(R fiF*®,T), which is also an element
of K;(A[[T]]). Different from the situation where A is an adic Zy-algebra
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with ¢ # p dicussed in [16], the ratio L(F*,T)/L(R fiF*®,T) does not need
to be 1 in Ky (A[[T]]).
Let
—1; k
ANT) = %HA/ Jac(A)"[T]
denote the Jac(A)-adic completion of the polynomial ring A[T] and let

Ry (A(T)) = lim K (A/ Jac(A)¥[T])
k

denote its first completed K-group. If A is commutative, then
K1 (MT)) = K1 (A(T)) = A(T)

is a subgroup of K; (A[[T]]) = A[[T]]* and Emerton and Kisin [6] show that
L(F*, T)/L(R fiF*,T) € A(T)*. If A is not commutative, the canonical
homomorphism

Ky (AMT)) — K (A[[T]])
is no longer injective in general. Nevertheless, we shall prove:

Theorem 1.1 (see Thm. 5.1). There exists a unique way to associate to
each separated F-scheme s: X — SpecF of finite type, each adic Z,-algebra
A, and each perfect complex of A-sheaves F* on X an element Q(F°*,T) €
K1 (A(T)) such that

(1) the image of Q(F*,T) in K1 (A[[T]]) is the ratio
L(F*,T)/L(R s F*,T),

(2) Q(F*,T) is multiplicative on exact sequences of perfect complezes
and depends only on the quasi-isomorphism class of F*,
(3) Q(F*,T) is compatible with changes of the ring A.

Aside from the result of Emerton and Kisin, a central ingredient for the
proof is the recent work of Chinburg, Pappas, and Taylor [2, 3] on the first
K-group of p-adic group rings. In fact, the main strategy of the proof is to
reduce the assertion first to the case A = Z,[G] for a finite group G and
then use the results of Chinburg, Pappas, and Taylor to reduce it further
to the case already treated by Emerton and Kisin. In particular, we use
almost exclusively methods from representation theory, whereas the result
of Emerton and Kisin itself may be considered as the geometric input.

As an application, we deduce the following version of a noncommutative
Iwasawa main conjecture for varieties over finite fields. Assume for the
moment that X is geometrically connected and let G be a factor group of
the fundamental group of X such that G = H x I' where H is a compact
p-adic Lie group and

I = Gal(F o /F) 2 Z,.
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We write

Zp[[Gl] = lim Z,|G/ U]

for the Iwasawa algebra of G. Let
S ={f € Zy|[G]: Zp||Gl]/Zp][G]] f is finitely generated over Z,[[H]]}

denote Venjakob’s canonical Ore set and write Zy[[G]]s for the localisation
of Zp[[G]] at S. We turn Z,[[G]] into a smooth Z,[[G]]-sheaf M(G) on X by
letting the fundamental group 7}, (X) of X act contragrediently on Z,[[G]],
i.e. 0 € m}(X) acts on f € Z,[[G]] by flo]™!, where [o] denotes the image
of o in G. Let RT'.(X,F) denote the étale cohomology with proper support
of a flat constructible Z,-sheaf F on X.

For every continuous Z,-representation p of G, there exists a homomor-
phism

p: Ki(Zp[[Gls) = QUZy[[I])*

into the units Q(Z,[[I']])* of the field of fractions of Z,[[I']]. It is induced
by sending g € G to det([g]p(9)~!), with [g] denoting the image of g in
I" (see [4] for the explicit construction, but note the difference in the sign

convention). On the other hand, p gives rise to a flat and smooth Z,-sheaf
M(p) on X.

Theorem 1.2.
(1) RT(X, M(G)®z,F) is a perfect complex of Zy|[G]]-modules whose

cohomology groups are S-torsion. In particular, it gives rise to a
class

[RTc(X, M(G) @z, F)] "
in the relative K-group Ko(Z,[[G]], Zp[[G]]s)-

(2) There exists an element Lo(X/F,F) € Ki(Zpy[[G]]s) with the fol-
lowing properties: N
(a) (Characteristic element) The image of La(X/F, M(p) @z, F)
under the boundary homomorphism

d: K1(Zp[[G]s) = Ko(Zp[[G], Zp[[G]]5)
[RT(X, M(G) ®z, F)] L.

(b) (Interpolation with respect to all continuous representations)
Assume that p is a continuous Zy-representation of G. We let
v denote the image of the geometric Frobenius in I'. Then

p(La(X/F,F)) = L(M(p) ®z, F, 7 ")
in Q(Zp[[T])*-
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This enhances the main result of [1], which also asserts the existence of
Z’(;(X /F, F), but requires only that it satisfies the interpolation property
with respect to finite order representations. In fact, we will prove in Sec-
tion 6 an even more general version of this theorem in the style of [17],
replacing Z, by arbitrary adic Z,-algebras and allowing schemes and cov-
erings which are not necessarily connected.

We refer to [1] and [13] for applications of Thm. 1.2.

2. Preliminaries on completed K-Theory

For any topological ring R (associative and with unity) we let Jr denote
the lattice of all two-sided open ideals of R. For any n > 0 we call

Ku(R) = lim K, (R/I)
IETR

the n-th completed K-group of R. The group Kn (R) becomes a topological
group by equipping each K, (R/I) with the discrete topology.

Recall that we call R an adic ring if R is compact and the Jacobson
radical Jac(R) is open and finitely generated, or equivalently,

R= h?mR/ Jac(R)*
with R/Jac(R)* a finite ring. Fukaya and Kato showed that for adic
rings the canonical homomorphism Ki(R) — K;(R) is an isomorphism [7,
Prop. 1.5.1]. The same is true if R = A[G] with G a finite group and A
a commutative, p-adically complete, Noetherian integral domain with frac-
tion field of characteristic 0 [3, Thm. 1.2]. We can add the following rings
to the list.

Proposition 2.1. Let R be a commutative topological ring such that

(1) the topology of R is an ideal topology, i.e. Jr is a basis of open
neighbourhoods of 0,
(2) R= @ R/I,
I1€3R
(3) the Jacobson radical Jac(R) is open.

Then K1 (R) — K1 (R) is an isomorphism.
Proof. For any commutative ring A we have an exact sequence
1 — 1+ Jac(A) — Ki1(A) — K (A/ Jac(A)) — 1.
Since R/ Jac(R) carries the discrete topology we have
K1 (R/ Jac(R)) = K1 (R/ Jac(R)).
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Because of the completeness of R and because Jac(R) is open we have
1+ Jac(R) = lim 1+ Jac(R)/Jac(R) N I.
1€
The claim now follows from the snake lemma. O

Let A be an adic ring. We are mainly interested in the topological rings

ANT) = 1£1 A/IT)
I€3,
where we give the polynomial ring A/I[T] the discrete topology. As every
open two-sided ideal I of A is finitely generated as left or right ideal, we
note that IA(T) = ker(A(T) — A/I[T]) and Jac(A(T)) = Jac(A)A(T). In
particular, the open ideals of A(T) are again finitely generated.

We suspect that for all these rings K (A(T)) and K (A(T)) agree, but we
were not able to prove this in general. By the above results they do agree
if either A is commutative or A = Z,[G] for a finite group G and this is
all we need for our purposes. The following result is therefore only for the
reader’s edification.

Proposition 2.2. Let A be an adic ring. Then the homomorphisms
MT)* — K1 (MT)) = Ky (A(T))
are surjective.

Proof. We note that A/ Jac(A) is a finite product of finite-dimensional ma-
trix rings over finite fields. In particular,

Ko (A/ Jac(A)[T]) = K, (A/ Jac(A))

for all n by a celebrated result of Quillen. Since A/ Jac(A) is semi-simple,
the homomorphism A/ Jac(A)* — Ki(A/ Jac(A)) is surjective. Moreover,
Ka(A/ Jac(A)) = 0 since this is true for all finite fields.

By a result of Vaserstein (see [9, Thm. 1.5]) we have for any ring R and
any two-sided ideal I C Jac(R) an exact sequence

15 V(RI) =1+ —Ki(RT)—1
with V(R, I) the subgroup of 1 4 I generated by the elements (1 + 7i)(1 +
ir)~! with r € R and i € I. Choosing R = A(T) and I = Jac(A)A(T) we
conclude that A(T)* — K;(A(T)) is surjective.
Since the homomorphisms
V(A(T), Jac(A(T))) = V(A/I[T], Jac(A/I[T7))

are surjective for any open two-sided ideal I C Jac(A) of A, we conclude
that
R 1im V(A/ Jac(A)*[T], Jac(A)A/ Jac(A)*[T]) = 0.
k
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Hence,

Ko (A(T), Jac(A(T))) — lim Ky (A/ Jac(A)*[T], Jac(A)A/ Jac(A)*[T])
k

is surjective. Passing to the limit over the exact sequences
1 — Ky (A/ Jac(A)F[T], Jac(A)A/ Jac(A)*[T])

— K1 (A/ Jac(A)*[T]) — Ki(A/ Jac(A)[T]) — 1
and comparing it to the corresponding sequence for A(T) we conclude that
K1 (A(T)) = Ki(A(T))
is surjective. U

If A is an adic ring and P a finitely generated, projective left A-module,
we set

PIT] = AlT]@s P, P(T)=AT)@x P, P[] = A[[T]] &4 P
Note that

P(T) = lim P/ Jac(A)*P[T],  P[[T]] = lim P/ Jac(A)*P[[T]],
k k

and that A[[T]] is again an adic ring.

If A’ is another adic ring acting on P from the right such that P be-
comes a A-A’-bimodule, then P/ Jac(A)* P[T] is annihilated by some power
Jac(A)™k) of the Jacobson radical of A’. This shows that P(T") is a A(T')-
N(T)-bimodule and therefore induces homomorphisms

Upiry: Kn(A(T)) = Kn(MT)).

At the same time, this shows that the system (P/Jac(A)*P[T])g>1 of
A/ Jac(A)k-A/ Jac(A')™*)-bimodules induces homomorphisms

Uiy K (A(T)) — Ko (A(T)),

which are compatible with the above homomorphisms. The construction of
U p(ry extends in the obvious manner to complexes P* of A-A’-bimodules
which are strictly perfect as complexes of A-modules. By a similar reasoning
we also obtain change-of-ring homomorphisms

U pprye - Kn(A[[T]]) = Ku(A[[T])),

as well as the corresponding versions for the completed K-theory.
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3. On K1(Z,[G)(T))

In this section, we use the results of Chinburg, Pappas, and Taylor [2, 3]
to analyse K;(Z,[G](T")) for a finite group G.

For a noetherian integral domain of finite Krull dimension R with field
of fractions Q(R) of characteristic 0 we set

SK1(R[G]) = ker(K1(R[G]) — Ki(Q(R)[G])),
Det(R[G]*) = im(R[G]" = Ki1(R[G])/ SK1(R[G]).

Here, Q(R) denotes a fixed algebraic closure of Q(R). For any subgroup
U of R[G]* we write Det(U) for its image in Det(R[G]*). We are mainly
interested in the cases R = Ok (T) or R = Ok|[[T]] with O the valuation
ring of a finite extension K/Q),.

Assume that L/K is a finite extension such that L is a splitting field
for G, i.e. L[G] is a finite product of matrix algebras over L. Let M be a
maximal Z,-order inside L[G] containing Of,[G]. Then M is a finite product
of matrix algebras over O, such that

Ky (M(T)) — Ki(Q(Ok(T))[G])
is injective. In particular, we have
SK1(Ok[GT)) = ker(K1(Ok [GI(T)) — K1 (M(T))).

(
The same reasoning also applies to SK;(Ok[G][[T]]). Moreover, note that
the group K;(M(T)) injects into K;(M][[T]]), such that we also have an
injection Det(Og[G](T')*) C Det(Ox[G][[T]]*).

——

Lemma 3.1. For any finite group G and any finite field extension K/Qy,
the inclusion Ok [G] — Ok |[G][[T]] induces an isomorphism

SK1(0k[G]) = SK1(Ok[G][[TT]))-
In particular,
K1 (Ok[G[[T]], TOk[G][[T]]) = Det(1 + TOk[G][[T1])-

Proof. The first equality is proved in [16, Prop. 5.4]. Since T €
Jac(Ok[G][[T]]), the map

1+ TOk[G][[T]] = K1 (O [G[[T]}, TO[GII[T]])

is surjective by the result of Vaserstein [9, Thm. 1.5] that we already used
in the proof of Prop. 2.2. The decomposition

Ki(Ok[G][[T]]) = K1 (Ok[G]) x Ki(Ok[G][[T]], TOk[G][[T]])

induced by the inclusion Ok [G] — Ogk[G][[T]] and the evaluation T' — 0
shows that

SK1 (Ok [G][[T]]) N K1 (Ok [GI[[T]), TO[G][[T]]) = 1. O
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Lemma 3.2. Let L/K/Q, be finite extensions such that L is a splitting
field for G and let M be a mazimal Zy,-order inside L|G| containing Or[G].
Assume that f is in the intersection of Ki(M(T), Jac(M(T'))) and Det(1+
Jac(Ok[G))Ok|G][[T]]) inside Ki(M][[T]]). Then there exists n > 0 such
that fP" € Det(Ok[G(T)).

Proof. Let p* be the order of a p-Sylow subgroup of G. Since M /p*T2M is
a finite ring, some power of Jac(M) is contained in p*+2 M. Now p* M C
OL[G] [9, Thm. 1.4]. For large n we thence have

fP" € Det(1 4 p*OL[GUT)) N Det(1 + p? Ok [G][[T]])-
By [2, Prop. 2.4] the p-adic logarithm induces R-linear isomorphisms
v: Det(1 + p?R[G]) — p*R[C¢]

where Cq is the set of conjugacy classes of G and R is equal to either
Ok (T) or Ok|[T]] for any K. In particular,

v(f"") € P*OL[Ce(T) Np*Ok[[T])[Ca) = P* Ok (T)[Ca)-
Hence, fP" € Det(1 + p? Ok [G|(T)). O

For any finite group G we let [G, G] denote the commutator subgroup of
G and set G** = G/[G, G].

Lemma 3.3. Let G be a finite p-group and K/Q, a finite unramified ex-
tension. Let further A denote the kernel of Ok [G] — Ok[G®]. The abelian
group

Det(1 4+ AOk[G][[T]])/ Det(1 + AOk[G)(T))

is torsionfree.

Proof. Let R be equal to either O (T") or Ok|[[T]]. Write C¢ for set of the
conjugacy classes of G and let ¢(AR[G]) denote the kernel of the natural
R-linear map R[Cg] — R[G?]. Note that ¢(AR[G]) is finitely generated
and free as an R-module. For any choice of Frobenius lifts compatible with
the inclusion Ok [G|(T) C Ok|[[T]] we obtain a commutative diagram

Det(1 + AOk[G)(T')) — Det(1 + AOk[G][[T]])

”i: Vl:

po(AOK[G(T)) po(AOK([G][[T]])

with the horizontal arrows induced by the natural inclusion and the vertical
isomorphisms induced by the integral group logarithm [2, Thm. 3.16]. Since
Ok|[[T]]/Ok(T) is a torsionfree abelian group, the same is true for the group

po(AOk|[G][[T]]) /p¢(AOK[GT)). O
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Recall that a semi-direct product G = Z/sZ x P with s prime to p is
called p-Qp-elementary if P is a p-group and the image of t: P — (Z/sZ)*
given by the action of P on Z/sZ lies in Gal(Q,(¢s)/Qp) C (Z/sZ)*. For
any divisor m of s, and R =Z,, R = Z,(T), or R = Z,[[T]] we set

R[m] = Z[Cm] ®z R

and let R[m][P;t] denote the twisted group ring for ¢, i.e. or = t(o)(r)o
for elements r € R[m], o € P. Set

Hp = ker(t: P — Gal(Qy(Cm)/Qp)),  Bm = P/Hp.
We may write
R[G] = ] RIm][P;1]
mls

[9, Prop. 11.6]. We then see that R[G] is a finitely generated, projective
module over the subring

1 Rm)[Hx] € [T RIm][P;1].
mls m|s
We let
r: Det(R[G]*) — [ ] Det(R[m][Hy]™)
mls

denote the corresponding restriction map. We further set

A =ker(Zy|G] — H Zp[m|[P/[Hyp, Hm]; 1)),
mls

Ay, = ker(Zp[m][Hm| — Zy[m] [Hranb])a
and let b, denote the order of B,,.

Lemma 3.4. With the notation as above,

(1) R[m|[P/[Hp, Hy];t] is isomorphic to the ring of by, X by, matrices
over its centre R[m][H?2P]Bm

(2) r induces an isomorphism

r: Det(1+ AR[G]) — [] Det(1 + Ay R[m][Hp])"m.
mls
(3) Det(1 + AZy,|G][[T]])/ Det(1 + AZ,[G)(T)) is a torsionfree abelian
group.

Proof. Assertion (1) is a theorem of Wall [10, Thm. 8.3]. Assertion (2)
follows from [2, Thm 6.2 and Diagram (6.7)]. Assertion (3) is then a con-
sequence of Lemma 3.3 and (2). |
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We now return to the case that G is an arbitrary finite group. For R = Z,,
R = Z,(T), and R = Z,|[[T]] and any subgroup H C G we write Res$} for
the change-of-ring homomorphism K;(R[G]) — K;(R[H]) induced by the
Zp|H]-Zp|G]-bimodule Z,[G].
Lemma 3.5. Let f € Ky(Z,[G][[T]]) such that
(1) for any p-Q,-elementary group H, Resgf is in the image of the
homomorphism K1 (Z,[H)(T)) — K1(Z,[H][[T])]),
(2) fP" is in the image of Ki(Zp[GUT)) — Ki(Zp[G][[T]]) for some
n > 0.
Then f is in the tmage of Ki(Zy|G(T)) — K1 (Z|G][[T1]])-

Proof. The homomorphisms K1 (Z,|G|(T)) — Ki(Z,|G][[T]]) for each finite
group G constitute a homomorphism of Green modules over the Green ring
G + Go(Z,[G]) [3, §4.3]. Hence, [3, Thm. 4.3] implies that f¢ is in the
image of K;(Zy|G|(T)) — Ki(Zy|G][[T]]) for some integer ¢ prime to p.
Because of (2) we may choose ¢ = 1. O

Finally, we need the following vanishing result for SK;, which is a variant
of [7, Prop. 2.3.7].

Proposition 3.6. Let K/Q, be unramified and R = Og(T) or R =
Ok|[[T'|{T) for some indeterminate T'. (More generally, R can be any ring
satisfying the standing hypothesis of [3].) Let further G be a profinite group
with cohomological p-dimension cd, G < 1. For any open normal subgroup
U C G there exists an open subgroup V. C U normal in G such that the
natural homomorphism

SK1(R[G/V]) — SK1(R[G/U])
is the zero map.

Proof. For any finite group G, let GG, denote the set of p-regular elements,
i.e. those elements in G of order prime to p. The group G acts on G, via
conjugation. Write Z,[G,] for the free Z,-module generated by G,. By [3,
Thm. 1.7] there exists a natural surjection

R ®z, Ha(G, Zy|Gy]) — SK1(R[G]).
Since Ha(G,Z,[G,]) is finite for all finite groups G, it suffices to show that
lim Ha(G/U, Z,[(G/U),]) = 0,
ucg

where the limit extends over all open normal subgroups of G. After taking
the Pontryagin dual we deduce the latter from

hﬂ H2(g, Map((G/U)., Qp/Zyp)) = 0.

Uucg
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4. L-functions of perfect complexes of adic sheaves

We will briefly recall some notation from [16] (see also [14] and [17]). Let
F be the finite field with ¢ = p¥ elements and fix an algebraic closure F of
F. For any scheme X in the category Schy™ of separated schemes of finite
type over F and any adic ring A we introduced a Waldhausen category
PDG™ (X, A) of perfect complexes of adic sheaves on X [16, Def. 4.3].
The objects of this category are certain inverse systems over the index set
Ja such that for I € J) the I-th level is a perfect complex of étale sheaves
of A/I-modules.

Let us write Ko(X, A) for the zeroth Waldhausen K-group of the Wald-
hausen category PDG®" (X, A), i. e. the abelian group generated by quasi-
isomorphism classes of objects in the category PDG®™ (X, A) modulo the
relations

(| P A
for any sequence
0—>F*—=G*—>H*" =0
in PDG" (X, A) which is exact (in each level I € J,).

For any morphism f: X — Y in Schy® we have Waldhausen exact

functors

f*: PDG™(Y,A) — PDG®™ (X, A),
R fi: PDG®™(X,A) - PDG®“™(Y,A)

that correspond to the usual inverse image and the direct image with proper
support. As Waldhausen exact functors they induce homomorphisms

£ Ko(Y,A) = Ko(X,A),  Rfit Ko(X,A) = Ko(V, A).

If A’ is a second adic ring we let A°P-SP(A’) denote the Waldhausen cate-
gory of complexes of A’-A-bimodules which are strictly perfect as complexes
of A’-modules. For each such complex P® we have a change-of-ring homo-
morphism
Y pe : K()(X, A) — K()(X, A/)

The compositions of these homomorphisms behave as expected. In partic-
ular, ¥pe commutes with f* and R fi, for f: X - Y, g: Y — Z we have
(gof)=f"og  R(fogh=RfioRg, and R f{g" = g" R fi if

w1l x

T

is a cartesian square [16, §4].
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For any A € Ko(X,A) we define the L-function L(A,T) € Ki(A[[T]]) as
follows. First, assume that X = SpecF’ for a finite field extension F'/F of
degree d, that A is finite and that A is the class of a locally constant flat étale
sheaf of A-modules on X. This sheaf corresponds to a finitely generated,
projective A-module P with a continuous action of the absolute Galois
group of [/, which is topologically generated by the geometric Frobenius
automorphism Fp of F'. We then let L(A,T) be the inverse of the class of
the automorphism id — FwT? of A[[T]] @, P in Ky (A[[T]]). If A is the class
of any perfect complex of étale sheaves of A-modules on SpecF’, we replace
it by a quasi-isomorphic, strictly perfect complex P*® and define L(A,T) as
the alternating product

L(A,T) = [[ L(PF, )V,
k

This then extends to a group homomorphism Ko (SpecF'; A) — Ky (A[[T]]).
If A is an arbitrary adic ring and A € Ko(SpecF’, A), then L(A,T) is given
by the system (L(\I'A/](A),T))IegA in

Ky (A[[TT]) = lim Ky (A/I][TT)).

I1€T)

Finally, if X is any separated scheme over F, we let X" denote the set of
closed points of X and

x: Speck(z) - X

the closed immersion corresponding to any =z € X%. We set

L(AT) = ] L*"(4),T) € Ky (A[IT]).

zeX0

The product converges in the topology of K;(A[[T]]) induced by the adic
topology of A[[T]] because T' € Jac(A[[T]]) and for any d there are only
finitely many closed points of degree d in X. We have thus constructed a
group homomorphism

L: Ko(X,A) — Ki(A[[T]]), A— L(A,T),

for any X in Schp® and any adic ring A.

This construction agrees with [16, Def. 6.4]. If A is commutative, such
that K (A[[T]]) = A[[T]]* via the determinant map, it is also seen to agree
with the classical definition used in [6]. Moreover, we note that for any pair
of adic rings A and A’ and any complex P*® of bimodules in A°P-SP(A’),
we have

L(Upe(A), T) = Vppye(L(A,T))
for A e Ki(X,A).
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Remark 4.1. Note that L(A,T) depends on the base field F. If F/ C F is
a subfield, then the L-function of A with respect to F’ is L(A, T[F:F/]) [16,
Rem. 6.5].

5. The construction of unit L-functions
In this section, we prove the following theorem.

Theorem 5.1. Let s: X — SpecF be a separated F-scheme of finite type.
There exists a unique way to associate to each adic Z,-algebra A a homo-
morphism

Q: Ko(X,A) = Ki(MT)), A QAT),
such that for A € Ko(X, A)

(1) the image of Q(A,T) in K1 (A[[T]]) is the ratio L(A,T)/L(R 1A, T),
(2) if A is a second adic ring and P* is in A'°P-SP(A), then

Upr)+(Q(A,T)) = Q(Vpe(A), T).

Proof. If we restrict to the class of adic rings A which are full matrix alge-
bras over commutative adic Zy-algebras, then the natural homomorphism
K1 (A(T)) — Ky (A[[T]]) is injective and the existence of Q: Ko(X,A) —
K, (A(T)) follows from [6, Cor. 1.8] and Morita invariance. In fact, we even
know that the image of @ lies in the subgroup Ki(A(T),Jac(A)TA(T)).
(The result of Emerton and Kisin is stated only for F = F,, but the re-
sult for general F follows from Remark 4.1 and the simple observation that
MT) € A[[T]] is in A(T) if and only if for some n > 0 A(T") € A(T).) We
note further that it suffices to prove the assertion of the theorem for the
class of finite Z,-algebras. The general case then follows by taking projective
limits.

We proceed by induction on dim X, starting with the empty scheme ) of
dimension —1. Since Ky(@,A) = 1, there is nothing to prove in this case.
So, we assume that the theorem has already been proved for all schemes
in Schi® of dimension less than dim X. Note that any open subscheme
j: U — X with closed complement ¢: Z — X induces a decomposition

Ko(U,A) x Ko(Z,A) = Ko(X,A), (A, B)— (RjA)(RiB)

and if the theorem is true for U and Z, then it is also true for X. In
particular, we may reduce to the case that X is an integral scheme (if
dim X = 0, this means X is a point).

If A is finite then each object F* in PDG®™ (X, A) is quasi-isomorphic
to a strictly perfect complex P°® of étale sheaves of A-modules on X. This
means, P" is flat and constructible and for |n| sufficiently large, P™ = 0.
In particular, we may choose j: U — X open and dense such that j*P"
is locally constant for each n (if dim X = 0, this means U = X). We may
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then find a finite connected Galois covering g: V — U with Galois group
G and a complex P*® in Z,[G]°P-SP(A) such that
JTP* = Upe(9ig*ZLy)

[16, Lemma 4.12]. Here, we consider gig*Z, as an object in the category
PDG (U, Z,[G]). Since the function field of X is of characteristic p, the
cohomological p-dimension of its absolute Galois group is 1. So, we may
apply Prop. 3.6 and choose G (after possibly shrinking U) large enough
such that
Vprye: Ko(Zp[GI(T)) = Ko(A(T))
factors through Det(Z,[G]|(T)*).
Let s: U — SpecF be the structure map. We will now show that

a = L9 Zy,T)/L(R 51(919"Zyp), T) € Ki(Zp|G][[T]))

has a preimage in K;(Z,[G](T)). First, we note that by construction, a
is in the subgroup Ki(Z,[G][[T]],TZ,|G][[T]]). Further, by [5, Fonction
L mod ¢", Theorem 2.2.(b)], we know that the image of « in the group
K1(Z,[G]/ Jac(Z,|G))[[T]]) vanishes. Hence, using Lemma 3.1, we may view
a as an element of the group Det(1 + Jac(Z,[G])TZ,[G][[T]]). From [6,
Cor. 1.8] and Lemma 3.2 we conclude that o?” is in Det(Z,[G)(T)*) for
some n > 0. By Lemma 3.5 it thence suffices to show that for every Q,-p-
elementary subgroup H C G, the element
Restf @ = L(Rest 9ig"Zps T)/L(R 51 Restd 197, T) € K (2, [H][[T])

has a preimage in K;(Z,[H](T)). Choosing the ideal A C Z,[H] as in
Lemma 3.4 and noting that by part (1) of this lemma, Z,[H]/A is a finite
product of full matrix rings over commutative adic rings, we can again
apply [6, Cor. 1.8] to see that the image of ResZ o in

Ko (Z,[H]/A[[TN))/ Ka (Zp[H]/A(T))
= Det(2,[H]/A[[T]))/ Det(Zy[H]/A(T)™)

vanishes. From the exact sequence

Det(1 + AZ,[H][[T]])/ Det(1 + AZ,[H](T))
— Det(Z,[H][[T]*)/ Det(Zy[H|(T) ")
— Det(Zp[H]/A[[T]]*)/ Det(Zp[H]/A(T)™) — 0

and part (3) of Lemma 3.4 we conclude that ResZ a does indeed have
a preimage in K;(Zy[H](T)). Thus, the element o has a preimage & in
Ky(Z,[GI(T)).

We return to the complex F* and define

QUF*,T) = Q" F*,T) - ¥p(r)(Q).
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We need to check that this definition does not depend on the choices of
U, V, P*, and a. For this, let 7/: U’ — U be an open dense subscheme
with closed complement ': Z’ — U. Then g: U’ xiy V — U’ is still a finite
connected Galois covering with Galois group G. Let h: V' — U’ xy V be
a finite connected Galois covering with Galois group H and assume that
g = ho g is Galois with Galois group G’ such that G'/H = G. Assume
further that P’® is a complex in Z,[G'|°P-SP(A) such that U pre(g/g"*Z,) is
quasi-isomorphic to (j' o j)*F*. By taking the stalks of W pre(g1g"*Z,) and
W pe (919" 7Zy) at any geometric point of U’, we see that P'® @4 61 Zy|G] is
quasi-isomorphic to P*® in Z,[G]°?-SP(A). In particular,

U prirye = Uprye 0 Uz gy - Ki(Zp[G'HT)) — Ki(A(T)).
As above, we construct a preimage & of
L(g919" Zp, T)/L(R(s o j')1(919" Zp), T)
in K, (Z,[G')(T)). Since
Det(Zy[G(T)*) — Det(Z,[G][[T]*)

is injective, we see that the image of a/Wz g (@) in Det(Z,[G(T)*)
must agree with the unique preimage of

L(i" 919" 2y, T)/ L(R(s 0 i )i" 919" Zp, T),

which in turn agrees with the image of Q(i" ¢1g*Z,,T) by the induction
hypothesis. Hence,

Upirye (@) = Upipye (QU" 919" Zp, T) V7 1611y (&) = Q" F*, T)W pre (&).

Let i": Z"” — X be the closed complement of U’ in X. By the uniqueness
of Q for Z" we conclude

QU"F*.T) = Q" F*, 1)Q(i" F*.T)

and so, the above definition of Q(F*®,T) is independent of all choices.
Assume now that A’ is a second finite Z,-algebra and that W* is in
A°P-SP(A’). Then
Uiy (Q(F*,T)) = Wy iy (QU*F*, T)V ppye (@)
= Q" Wwe(F*), T)Vyyg, pry (@)
= Q(Uw+(F*),T).

It is immediately clear from the definition that Q(F*®,T") does only de-
pend on the quasi-isomorphism class of F*. Moreover, if A is finite, any
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exact sequence in PDG®™ (X, A) can be completed to a diagram

0 Ps Ps P3 0
0 Fe F3 73 0

where the top row is an exact sequence of strictly perfect complexes, the
bottom row is the original exact sequence, the downward pointing arrows
are quasi-isomorphisms, and the squares commute up to homotopy. Then
one finds j: U — X, i: Z — X, g: V — U, G as above and an exact
sequence

0—-P —-P;—P3—0
of complexes in Z,[G]°P-SP(A) such that for £ =1,2,3,
e (019°Zy) = P
Choosing & as above, we conclude

Q(F3,T) = QU FT, T)Q"F3, T)V pry,+ () ¥ prry,e (@)
Thus, @ is well-defined as homomorphism Ky(X,A) — K;(A(T')) and sat-
isfies properties (1) and (2) of the theorem.

It remains to prove uniqueness. So let Q' be a second family of homo-
morphisms Ko(X,A) — K;(A(T)) ranging over all adic rings A such that
(1) and (2) are satisfied. If i: Z — X is any closed subscheme, then

Ko(Z,A) = K (MT)), A Qi A, T),
still satisfies (1) and (2). Thus, by the induction hypothesis, we must have

Q/(’i*A, T) = Q(A> T)'

If A is finite and G is a finite group and P*® a complex in Z,[G]°P-SP(A)
such that Wppye factors through Det(Z,[G](T)*), then by the injectivity
of

Det(Z,|GI(T)™) — Det(Zy[G][[T]])
and properties (1) and (2) we must have

Q' (¥piry+(B),T) = Q(¥p(ry(B),T)
for all B € Ko(X, Z,[G]). By the construction of () we thus see that @ = @’.
This completes the proof of the theorem. O

We conclude with some ancillary observations. First, we note that @
depends in the same way as the L-function on the choosen base field F:
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Proposition 5.2. Let X be a separated scheme of finite type over F and
F' C F be a subfield. Write Q": Ko(X,A) = Ky (A(T)) for the homomor-
phism resulting from applying Thm. 5.1 to X considered as F'-scheme. Then

Q'(A,T) = Q(A, TIFF)
for every A € Ko(X,A).
Proof. By Remark 4.1, the given equality holds for the images in K; (A[[T]]).

Now one proceeds as in the proof of the uniqueness part of Thm. 5.1 to
show that it also holds in K;(A(T)). O

As in [6], we can also define a version of ) relative to a morphism f: X —
Y in Schy? by setting
Q(f): Ko(X,A) = Ki(A(T))
A= Q(f,AT)=Q(AT)/QR fAT),
and extend [6, Lemma 2.4, 2.5] as follows.

Proposition 5.3. Let A be an object in Ko(X, A).
(1) If f: X =Y, g: Y = Z are two morphisms in Schi”, then

Q(g © fa AaT) - Q(97Rf'A7T)Q(f7 Aa T)
(2) If f: X =Y is quasi-finite, then

Q(f,AT)=1.

Proof. Assertion (1) follows immediately from the definition. For the second
assertion, we note that for f: X — Y quasi-finite,

LR AAT) = [] Ly"HAT)
yeYyo

= H H L(z"A,T)
yeY? zef~1(y)°
= [] L(=*A,T) = L(A,T).
z€eX0
In particular, the images of Q(A,T) and Q(R fiA,T) in Ki(A[[T]]) agree.
By the uniqueness of ), we must have
Q(A,T) = QR fiA,T)
in Ky (A(T)). O

Finally, setting
Ko(X, A) = lim Ko(X, A/D),
I€T)
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we observe that the constructions of the L-function and of () extends to
L: Ko(X,A) = K (A[[T]]),  Q: Ko(X,A) = Ky(A(T)).
We cannot say much about the canonical homomorphism
Ko(X, A) = Ko(X, A),

but we suspect that it might be neither injective nor surjective in general.

6. A noncommutative main conjecture for separated schemes
over T

In this section, we will complete the £ = p case of the version of the
noncommutative Iwasawa main conjecture for separated schemes X over
F = F, considered in [17]. We will briefly recall the terminology of the cited
article.

Recall from [17, Def. 2.1] that a principal covering (f: Y — X,G) of
X with G a profinite group is an inverse system (fu: Yo — X)yens(q) of
finite principal G/U-coverings (not necessarily connected), where U runs
through the lattice NS(G) of open normal subgroups of G. As a particular
case, for k£ prime to p and I}, = Gral(lﬁ?'f;poo /Fq4), we have the cyclotomic
I'ypeo-covering

(kaoo =X X SpeclF, Spec ]Fqkpoo — X, kaoo)

[17, Def. 2.5]. We will only consider principal coverings (f: ¥ — X, G) such
that there exists a closed normal subgroub H C G which is a topologically
finitely generated virtual pro-p-group and such that the quotient covering
(fu: Yy — X,G/H) is the cyclotomic I j~-covering. These coverings will
be called admissible coverings for short [17, Def. 2.6]. For such a group
G = H x Iy, if A is any adic Zy-algebra, then the profinite group ring
A[[G]] is again an adic Zy-algebra [17, Prop. 3.2].

For any admissible covering (f:Y — X ,G) we constructed in [17, Prop.6.2]
a Waldhausen exact functor

fiff: PDG™(X, A) — PDG™™ (X, A[[G]])

by forming the inverse system over the intermediate finite coverings. As
before, we will denote the induced homomorphism

Hif*: Ko(X, A) — Ko(X, A[[G]])

by the same symbol.
We also constructed a localisation sequence

1= Ki(A[[G]]) = KPe(H, A[[G]]) %Ki (H, A[[G]]) — 1
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with
K°(H, A[[G]]) = Ki(wgPDG"(A[[G]])),
Ki'(H, A[[G]]) = Ko(PDG"# (A[[G]]))
and certain Waldhausen categories

wrPDG@™ (A[[G]]) and PDGwr (A[[G]),

respectively [17, §4], [15, Cor. 3.3]. Whenever A[[H]| is noetherian, there
exists a left denominator set S such that

KY°(H, A[[G])) = K1 (A[[G]]s),

KE(H, Al[G]]) = Ko(A[[G]] Al[G]]s),
where A[[G]]s is the localisation of A[[G]] at S and the K-groups on the
right-hand side are the usual groups appearing in the corresponding local-
isation sequence of higher K-theory [15, Thm. 2.18, Prop. 2.20, Rem 2.22].

In particular, if A is commutative (hence, noetherian) and G' = I}y, then
the Ore set S is given by

S ={X € Al[Ip=]]: X is a nonzerodivisor in A/ Jac(A)[[Ljpe]]}
and
KY“(H, A[[G]]) = K1 (A[[G]]s) = Al[LTipee]]-
Let A’ be a second adic ring and M*® a complex in A[[G]]P—SP(A’).
Then

M® =W (fif*A)
is a perfect complex of smooth A’-adic sheaves on X with an additional
right A-module structure. Using this complex we obtain a homomorphism

\I]M‘ : KQ(X, A) — K()(X, A/)

Furthermore, we can form the complex
M[[G))’" = N[[G)) @y M*
in A[[G]]°P-SP(A[[G]]) with the canonical left G-action and the diagonal
right G-action.
If G acts trivially on M®, then ¥~ is just the homomorphism

Wpse: KO(X, A) — Ko(X, A,)
that we have already used above. Moreover, we have

Yorepes if A= fif "V 5. (A)
[17, Prop. 6.7]. Note that M[[G]]°® also induces compatible homomorphisms
on the groups K; (A[[G]]), K°°(H, A[[G]]) and Ki'(H, A[[G]]) [17, Prop. 4.6].

As a special case we may take A = A’ = Z,, and let p: G — GL,(Z))
be a continuous left G-representation as in the introduction. We may then
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choose M to be the Z,-Z,[[G]]-module obtained from p by letting G act

contragrediently on Z; from the right. The sheaf M is then just the smooth
A-adic sheaf M(p) associated to p and ¥ - corresponds to taking the (com-
pleted) tensor product with this sheaf over Z,.

In [17, Thm. 8.1] we have already shown that for each complex F*
in the Waldhausen category PDG“™ (X, A) and each admissible covering
(f: Y = X,G) the complex of A-adic cohomology with proper support

RT(X, fif*F*)
is an object of PDG®""*# (A[[G]]). Hence, we obtain a homomorphism
Ko(X,A) — K (H,A[[G]]), A RT(X, fif*A).
We have also contructed an explicit homomorphism
Ko(X,A) = K (HA[[G]]),  Aw Lo(X/F,A),
such that
dLq(X/F, A) = RTe(X, fif*A)~"

[17, Def. 8.3].

We let v denote the image of the geometric Frobenius automorphism §r
in Iipeo. If Q is a commutative adic Zy-algebra, we write S ¢ QT) for
the denominator set consisting of those elements which become a unit in
Q[[T]]- The proof of [17, Lemma 8.5] shows that the evaluation T+ 1
extends to a ring homomorphism

AUT)z = Q[Lpels, Ww(T) = wy™).
Note that (') 7 is a semilocal ring, hence

QT)% = Ky (Q(T)3).

Let s: X — SpecF be the structure map. Then the proof of [17, Thm. 8.6]
shows that for every M*® in A[[G]]°P-SP(Q2) and every A € Ko(X,A), we
have

L (R s =, (fif*A), T) € K1(Q<T>§)

and that
Yarpe ] Y argape (La(X/F, A)) = L (R s1¥ 7. (f1f7A), 7_1)
in
K (H, Q[Tipe]]) = Q[Tipo]]5
So, L&(X/F, A) satisfies the desired interpolation property with respect
to the functions L (R sV =, (fif*A), 7_1), but not with respect to the func-

tions L(V -, (fif*A), 7~1). We will construct a modification of Lo (X/F, A)
below.
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For any adic ring A, the evaluation map 1"+ 1 induces a homomorphism
Ki(AMT)) = Ki(A),  AT) = A1)
We also obtain an evaluation map
Ki(AMT) = Ki(A[[T<]D)s MT) = A7),

as composition of 7' +— 1 with the automorphism of Kl(A[[Fk-pooH<T>) in-
duced by T +— y~'T and the injection

Uiyt Ki(AT)) — Ky (A[[Tipee J(TY).

Definition 6.1. For any admissible covering (f: Y — X,G) and any A €
Ko(X,A) we set

Since Q(fif*A,1) € K1(A[[G]]), we still have

Theorem 6.2.
dLc(X/F, A) = RTo(X, fif*A)~"
in K§“(H, A[[G]]).

We will now investigate the transformation properties of E(;(X JF,A).

Theorem 6.3. Consider a separated scheme X of finite type over a finite
field F. Let A be any adic Z, algebra and let A be in Ko(X, A).

(1) Let A" be another adic Zy-algebra. For any complex M*® in A[[G]]°P-
SP(A'), we have

Uprapes (La(X/F, A) = La(X/F, 7, (A))

in Ky°(H, A[[G]).
(2) Let H' be a closed virtual pro-p-subgroup of H which is normal in
G. Then

U o/m(La(X/F, A)) = Layw (X/F, A)

in K°¢(H', A[[G/H"])).
(3) Let U be an open subgroup of G and let F' be the finite extension
corresponding to the image of U in I'ys. Then

Uy (La(X/F, A)) = Lu(Yu /T, fA)
in Ki(HNU, (A[[U])).

Proof. In [17, Thm. 8.4] we have already proved that Lg(X/F, A) satis-
fies the given transformation properties. To prove the same properties for
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Q(f«f*A, 1), one uses the general transformation rule for Q(A,T) and ¥
and the equalities

Yoo fif A= fif "V . (A)
Uaa/aif A= fanfin A
Upjep if A =R fu fU 1Y fHA

with (fU:Y — Yy, U) the restriction of the covering to the subscheme
U [17, Prop. 6.5, 6.7]. For (3) it remains to notice that the evaluation
Q(A, 1) does not depend on the base field F by Prop. 5.2. O

Proposition 6.4. Consider the admissible covering (f: Xgpeo — X, Tpoo).
For any adic ring A and any A € K;1(X, A),

QAT A,T) = Q(¥a(r,,~))(A), 7' T)
in Ky (A[[Tpee ] |(T)).

Proof. We may assume that A is finite. Let s: X — F denote the structure
map. From [17, Prop. 7.2] it follows that

L(Rs1fif A, T) = LR 1Y yqr,, 1 (A),7'T).
By applying this to 2* A for each closed point z: Speck(z) — X of X and

using
fiffa"A=a"fif*A
[17, Prop. 6.4.(1)] we see that
L(fif*A,T) = LY A1 o)) (A), 7' T).

Hence, the images of Q(fif*A,T) and Q(¥ (1, 0] (4), v~1T) agree in the

group Ky (A[[Tpee][[TT))-
If a: X’ — X is a morphism in Schy?® and (f: X’ — X, I}ye) is the
cyclotomic [pe-covering of X', then

Rafif ' A= fif RaA

by [17, Prop. 6.4.(2)]. In particular, this applies to open and closed immer-
sions. By induction on the dimension of X we can thus reduce to the case
X integral and A = Wpe(g1g*Z,) for some finite connected Galois covering
(9: Y = X, G) and some complex P* in Z,[G]°P-SP(A). With the complex

Pl[Tigee]]® = AllTipee]] @4 P*
in Zy[[G X Thipee]|-SP(A[[T}po]]) we have
U p(iry el (1 919" Zp) = fLf A,
Y p(( 1o )1* (YA [Tpoe)1 (9197Zp)) = Ua[i10c]1 (A):
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Applying Prop. 3.6 to
R = Zp[[Tepe I(T') = Zp[Z/KZ)[[TI(T)

we may assume that Wp(p, .y factors through Det(Zy[[G X gpeo ]](T)*).
We conclude

QUASTAT) = VYp(r, cnyry QU919 Ly, T))
= U p(ree )0y (919" Zp, v 'T))
= Q(A,~'T).
O

The following theorem shows that Lo (X/F, A) satisfies the right inter-
polation property.

Theorem 6.5. Let X be a scheme in Schip® and let (f: Y — X,G) be
an admissible principal covering containing the cyclotomic I}, -covering.
Furthermore, let A and 2 be adic Zy-algebras with € commutative. For
every A € Ko(X,A) and every M* in A[[G]]°P-SP(Q2), we have

L(V~,(A),T) e Ki(UT)3)

ha S

and
Voriree Vs (La(X/F, A)) = LW 5, (A),7 )
in K1 (Q[Lipee]]s)-

Proof. As remarked above, the corresponding statement for the elements
LR sV, (A),T) and Lg(X/F, A) follows from [17, Thm. 8.6]. Since

L(¥7.(A),T) = Q(¥ ;7. (A), T) L(R 1% 17, (A), T),
an application of Prop. 6.4 concludes the proof of the theorem. O

As in the case where p is not equal to the characteristic of IF, the element
L(A,v~1) interpolates the values L(A(e"), 1), where A(e") denotes the twist
of A by the n-th power of the cyclotomic character e¢ for n € Z. However,
different from the situation that p # charF, we do not expect a direct
relation between L(A(€"),1) and the values L(A,q™") for n # 0 in the
p = charF case. In the case A = Z,, and smooth and proper schemes X /F,,
the p-adic valuation of L(Z,,q™") may instead be connected to the Euler
characteristics of the étale cohomology of the logarithmic deRham-Witt
sheaves Zy,(n) and of truncated deRham complexes by a classical result of
Milne [8]. So, one might hope to find an analogous formula for any adic
Zp-algebra A and any A-sheaf F, describing L(F,¢™") in terms of the étale
cohomology of F ®z, Zy(n) and an error term coming from the deRham
complex of X. In the case of a smooth curve X, n=1,¢: Y — X a at most
tamely ramified finite Galois covering with Galois group G, A = Z,[G|] and
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F = 919*7Zy, such a formula has already been considered in the thesis [12].
However, Wan shows in [11] that there exist Z,-sheafs F such that L(F,T)
may not be meromorphically continued to the entire p-adic plane, so that

we

are not even able to give a definition of L(F,q™") for positive n in

general. Note that for negative n, we have L(F,q™") € Z,, such that the
p-adic valuation is trivial.
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