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A local large sieve inequality for cusp forms

par JONATHAN WING CHUNG LAM

RESUME. Nous démontrons une inégalité du type grand crible
pour les formes de Maass et les formes cuspidales holomorphes de
niveau au moins un et de poids entier ou demi-entier dans un petit
intervalle.

ABSTRACT. We prove a large sieve type inequality for Maass
forms and holomorphic cusp forms with level greater or equal to
one and of integral or half-integral weight in short interval.

1. Introduction

Large sieve type inequality involving Fourier coefficients of either Maass
cusp forms or holomorphic cusp forms has been a subject of intense study
since the pioneering work of Deshouillers, Iwaniec and their collaborators
(see for example [6], [2] and [3]). In this paper we will prove such inequality
for Maass forms and holomorphic cusp forms of integral or half-integral
weight when the weight varies in a short interval (refered to as local large
sieve inequality) and the level is not necessarily one.

We introduce our notations and state our main results in section 2; the
proof of the local large sieve inequality for the integral weight holomorphic
cusp forms will be given in section 3; the half-integral weight will be dealt
with in section 4 and the Maass forms case in section 5.

In forthcoming papers, we will establish large sieve type inequality for
cusp forms over totally real number fields and totally imaginary quadratic
number fields.

2. Definitions and statement of result

We first start with the integral wight case.

Let S(T'o(gq)) be the space of holomorphic cusp forms of even weight
k > 2 and level ¢; By, 4 be an orthonormal basis of S;(I'g(q)) (for Theorem
2.1, we may choose any such basis, but we prefer to take a Hecke basis
Hj, 4 consisting of common eigenfunctions for all Hecke operators T}, with

Manuscrit regu le 24 mai 2013, révisé le 30 octobre 2013, accepté le 26 novembre 2014.
Classification math. 11F11, 11F30, 11F37.
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(n,q) = 1) with respect to the Petersson inner product: For f, g € S(T'o(q))

—dxd
) v £(2)9(z) y?y

< f,9>=

1
vol(Xo(q)) /Xo(
where Xo(q) = T'o(q)\H.

For f = 37,51 afr(n)e(nz) € Bg, define

(k—1)
pr(n) = WW(”)-
Let {a,} n<n<anbe any complex sequence.

Theorem 2.1. With the notations as above, for 1 < G < K. For any
€ > 0, we have

2N 2 2N
> ST 1Y anps(n)] < (MKN)(MEG+N) Y |aq|*.
K<k<K+G fer,]M n=N n=N

k even
For the sake of convenience we assume ¢ is a square-free number and
Hy, , be the subset of all new forms in Hy 4. For f € Hy , we have

k—1
af(n) = a;(DAg()n's"
where A¢(n) is the normalized n-th Hecke eigenvalue of f satisfying
As()] < d(n); and
4r)k—1 272
P = 1(Xo(q))-
Thus, (see P.74 and 83 in [8])

pr(n) = maf(n)

(k —1)!

= Waf(l)kf(n)

2 1
Ve EH <1+>)\f(n)
VL(1,sym?f)\| 3 vl D
= pr(DAs(n)
where (kq) ¢ < py(1) < (kq)¢ (see P.6 of [6] and Lemma 4.2 of [1]).
As an immediate corollary of Theorem 2.1, we have

Theorem 2.2. For square-free M and with the same notation as above.

2N 2 2N
> ST 1Y anrs(n)| < (MEN) (MKG+N) > |an|?
K<k<K+G feH; n=N n=N

k,M
keven
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For G = 1, it was proved by Duke, Frielander and Iwaniec (see [3])and for
G = K by Deshouillers and Iwaniec (see [2]). We learnt later that Jutila and
Motohashi had derived the same result in [10] when M =1 (See Lemma 8
in[10]).Our proof is however much simpler.

For the half-integral weight case. Let k = 5 + [ with I € N; Sg(To(q)) be
the space of holomorphic cusp forms of weight £ and level ¢ with 4|g; By,
be a basis of Si(I'o(q)), orthonormal with respect to the Petersson inner
product: For f,g € Sk(To(q))

——dxd
| Vi@

Xo(q)

<1 9>= @)

where Xo(q) = To(q)\H.
For f(z) = > ,>1 af(n)e(nz) € By g, define

_ |
pr(n) = maf(n).

Let {an}N<n<an be any complex sequence and 1 < G < K¢ for any
€ > 0.

Theorem 2.3. With the notations as above. For any natural number M
divisible by 4 and any € > 0, we have

IN 2 2N
Z Z Z anpf(n)| < (MKN)*(MKG+N) Z |an)?.
KSI{:SK-{-G fEBk,]\/[ n=N n=N

k—% even
We would like to remark that following P.224-225 of [3], one can prove

Theorem 2.4. With the notations as above, for all natural number M
divisible by 4 and any € > 0,

2N 2 2N
Z Z anpr(n)] < (MKN) (MK + N) Z |an|?.
fe€Bk M In=N n=N

We now turn to the Maass form case. Let S(I'o(q)) be the space of
Maass csup forms of level g; B, be the set of inequivalent cusps; B, be
an orthonormal basis for S(I'g(g)) (for the main Theorem below, we may
choose any such basis, but we prefer to take a Hecke basis H, consisting
of common eigenfunctions for all Hecke operators 7, with (n,q) = 1) with
respect to the Petersson inner product: For f,g € S(I'o(q))

B 1 Z—Zda:dy
<19>= e | 190

Xo(q)

where Xo(q) = To(q)/H.
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For each f € Bq, we have the Fourier expansion,
= VU Y piy(m) K, (2r|mly)e(maz).
m##0

Let {an}N<n<2n be any complex sequence.

Theorem 2.5. With the notions as above, for 1 < G < K, M > 1 and
any € > 0, we have

Z Z anpt;(n

FETs COShﬂ'tf
K<t;<K+G
2N
< (MKN)(MEG+N) Y |an|*.
n=N

For G = K, it was proved by Deshouillers and Iwaniec in [2]; G=1
by Luo in [12] and for 1 < G < K by Jutila in [9] and Motohashi in
[14]. Independently, Zhang ([17]) proved the above large sieve inequality
(including the contribution from the Fourier coefficients of the Eisenstein
Series) by extending the argument in [12].

Let ¢ be a square-free number and H be the set of all new forms in H,.

For f € Hy whenever (n,q) = 1, we have

Pty () = prp (1) Ae, (n)
where T, f(2) = A, (n) f(2) for (n,q) =1 and M, (1) = 1.
As stated in P.119, 120 of [5],

(trq) ™ < |pe, (V) < (t5q) .
As an immediate corollary of Theorem 2.5, we have
Theorem 2.6. For square-free M and with the same notations as above
2
feHs,
K<t;<K+G

2N
< (MKEN)(MKG+N) > |an|*.
n=N

>\tf (n)

3. Proof of Theorem 2.1
3.1. Strategy of the Proof. The starting point is the Petersson formula

Vol Xo Z pr(m = (&= 1)mn

fer M
, dr+/
+ 2miFk—1) Y S(mnic) ;- ( T Cm"> .

c=0(M)
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We will employ an embedding idea of Duke, Frielander and Iwaniec (see
for example P.225 of [3]) in a quantitative manner. We take a prime p such
that pM KG > N(MKN)¢. Note that any function f in Hy, ps is naturally
a holomorphic cusp form of weight k and level pM with L?-norm 1. Hence
we can embed Hy ps into Hy, s and by positivity study the sum

(3.1) > >

K<k<K+G feHy pm
k even

2

2N
> anpyp(n)

n=N

instead. In which case the corresponding Petersson formula is

1 R
vol(Xo(pM)) fe%pM pr(m)ps(n) = (k= 1)
a1 Y SO, (W>
c=0(pM) ¢ c

notice that 4”@ is no more than p% < (MNK)™“KG this will be crucial
in subsequent steps. Such improvement does not come for free as one can
see that vol(Xo(pM)) < p vol(Xo(M)) hence we has increased in particular
the size of the diagonal term by p. Also, note that the terms with ¢ large can
be dealt with via well-known bound on Bessel functions and Kloosterman
sum, so we can consider the sum up to certain large C.
The sum
2

2N
> anps(n)

n=N

> 2

K<k<K+G feHy pm
k even

is bounded by
2

2N
> anps(n)

n=N

> gk Y
k=1

fe€Hk p M

k even

where ¢ is a suitable smooth function with compact support such that
it dominates the characteristic function of the interval [K, K + G|. The
corresponding sum on the Kloosterman sum side is

32 3 S(m, nic) i g(k)(k — 1)i % J_y (‘”{m).

&
c=0(pM) k=1
e<C k even

Applying Neumann’s theory, (3.2) is then transformed into a sum exponen-

tially small due to " < i < (MNK)™C. The remainder of the
proof is then a simple exercise of integration by parts.
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3.2. First Manipulations. Assume K'7¢ > G > (KM N)¢ for all € > 0,
otherwise the result is known from [3] and Theorem 2 of [6]. We assume
M < KP for some D > 0 otherwise the result is trivial. We also assume
N < KF for some E > 0 (we think of K, N as varying) otherwise the result
follows easily from direct estimation using Deligne’s bound. We will now
choose the test function that will smooth our sum. Let g(z) € C2°(0,00)

such that supp(g(z)) C [%, %], g¥) <« 1 forall j >0, and g(z) = 1 for
€ [1,2]. To prove Theorem 2.1, it suffices to bound, for sufficiently large
K, the sum (we shift the sum for convenience but the adjustment to the

original is simple)

()

k>1 fEHk,]M
2[k

2N
> anpy(n)

n=N

Choose prime p such that

N
MEKG’

As indicated in Section 4,

€ [(KMN)EmaX{ 1},2<KMN)6HI3X{

e
MKG’ '

k- K 2N
Su<d g (G> Yo |2 anps(n)
k}|21 fEHk,p]M n=N
2|k

Applying Petersson formula, we obtain
2

2N
Z Z a”pf(n) = Z Qpy Gy Z pf(n1)pf(n2)

fe€Hy pr In=N N<ni,na<2N fe€Hk pM

= > anGny(k — 1)vol(Xo(pM)) x
N<ni,no<2N

4./
{5711712 + QWi_k Z S(nl,n%cl kal < T :1”2) } .

c=0(pM) ¢

Now summing over even k, weighted by ¢ (—K),

2N
> anpy(n)

n=N

> g(k_GK> >

k even fe€Hk pMm

2N

(3.3) vol(Xo(pM)) > g( ) (k=1) > lanf

k even n=N
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S(nl,ng;c)x

(3.4) + ) ananvol(Xo(pM)) >

N<nina<2N c=0(pM) ¢
. kE— K 41 /n1ng
2 kgl —— ) (k= ) Jpq [ ——2).
Trké;anl ! ( G ) ( ) o ( ¢ )

3.3. The diagonal contribution. The diagonal term (3.3) contributes
at most 32N\ |a,,|? times

KG(pM)'*e <« (KM)*pKGM < (KNM)* max{KGM,N}.

3.4. The off-diagonal contribution. Since J;_1(z) < (%)k*1 (see

(5.10.2) in [11]) and Amy/nine V2 < 81N 5o the contribution from those ¢ with

c > % is exponentially small. Thus it suffices to consider those ¢ less

than or equal N.
We now come to our second ingredient.

Lemma 3.1. For h € C§°(0,00),we have

S 2m(~1) Sy (2)h(k — 1) = —2n / (1) sin(z cos(2rt) )dt
£y -

where h(t) = I20 h(y)e(ty)dy is the Fourier transform of h(t).
Proof. See Lemma 4.1 of [13]. O

Let h(y) = yg (%), then

h(t) = /O:O yg (y_(g_l)> e(yt)dy

_ /OO ly— (K —1)]g (y_(g_l)> e(yt)dy

—00

+ (K- 1)/00 g (y—(g—n) e(ty)dy

—00

= e((K—1)t) /OO xg (g) e(zt)dx

—00

+ (K = De((K - 1)) /OO p (G> e(zt)dz

—00

where hi(z) = zg (%) and ho(z) = g (£).
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Hence,

S (=1)3 Sy (@)h(k — 1)

2 .
~ S (K — 1) / B (£)e((K — 1)¢) sin(z cos(2t) )dt.
j=1 —o

We will show in the next subsection that assuming %= < (KMN)™¢
and G < K'~¢ for any € > 0 then for j = 1,2

Lemma 3.2.

| hi(0e( = 1)) sinGe cos(2mt))dt <, (KMN)~

—0o0

for all B > 0.

Assuming Lemma 3.2 and takes x = 27”21”2, N < ny,ng < 2N, the
off-diagonal term (3.4)

|S(n1, ng; c)|

< Z \amHam](pM)He Z c (KMN)_B
N<ni,na<2N c=0(pM)
c<N

< (PM)"™N?*T¢(KMN)~ Z |an|?

< (MNK)¢(MKG + N) Z |an|?
n=N

upon taking, say, B = 100. This establishes Theorem 2.1 when G < K1~¢
for all small € > 0.

3.5. Proof of Lemma 3.2. We first prove the following basic Lemma in
Fourier analysis.

Lemma 3.3. Let h € C°(0,00) be such that supp h C [K,K + G| and
h) <« Gt for all j > 0. Then

ht) < Jt|™G™ K
for allm > 0.

Proof. For each m € N, integrating by parts m times

(1) = ( 2mt> / h m) Je s

7 1 m) —m o —m
]h\(t)g(%w/ WO (@)]de < |G K.

=

Hence,
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O
As a corollary (for more details, we refer to the proof of Proposition 4.8
below), we can consider instead
K</?/G
/ hi(#)e((K — 1)t) sin(z cos(2t))dt,
—K</2/G
and form now on we work with the more general integral
K</?/G
(3.5) / B (8)e((K — 1)t + a cos(2mt))dt.
~K</2)G

Let w(t) = 2w (K — 1)t + x cos(27t). We claim that for [¢] < Kg2, x <
(MNK)~“KG, then
K
'O > —.
(O] > 5
To see this, note that
sin(27t)
27t
Since lim,, Sig“ =1and G > K¢, we have for |t| < ng
sm(27rt)’ < §
27t -2

W'(t) =2n(K — 1) — zsin(27t) = 2n(K — 1) — (27)xt

From which we have
sin(27rt)‘ Ke/? _K

(2m)axt G 5

< (2@%\:%\ < (27r)g(KNM)_EKG

Hence our claim.

Note that
ﬁgy) (t) = (27ri)”/ 'y (é) e(zt)dx
) y o0 T V—‘rl T
= (2miG) G/_oo (G) g (G) e(zt)dx
< Gl/+2'
Similarly,

Wt < gL,
Define the differential operator ® by, for any smooth function f,

@0 =54 (55
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By mathematical induction,

/ H (w('ﬁ)(r))uj
Af) (r) = o fO (1
(247 wzgii4 ST

v (v —p=A

for some constants {c,,,} and >’ is a sum over a subset of all {v,v;}
satisfying the stated conditions. Integrating by parts and let w(t) = 27 (K —

Ke/2
€} ~ .
Dt +zcos(2nt), [ hi(t)e®dt
_ K€/2
G
@) (1))
= c }A;/(V)(t) I1 (w ’ (t)) eiw(®) gy
= v,vj j ) V—}—Zujy]-
V+Z Vi =24 (w (t))
V+Z(VJ Dpj=A
For each summand, assume that 14 = 1, then

Ke€/2

e , 1 |

R IT (w®)(t) ‘ . S
/ hﬁ”) (t) ( ) e“Wdt < GQ*JK€/2G"“7J>
ORI s
_ KE€/2
G
G2—jK5 <G)V+Zj>1 Ky <$)Zj>1 12 <1>zj>l(uj—2)ﬂj .
K KG K

Note that the sum of exponents is (v +>":oq pj) + (351 #5) + (X 51 (V5 —
2)pj) = v+351 vipg. Since vy < Aand v+ vy = 24, v+ vy >
A. Recall that

x e G e
K7G<<(KMN> andK<<K ,

so for each B > 0, choose A = [100EHI0DHI0 | 4 10B, we have (3.5) =

/2

Mg

L ey

oy, (@)
W) (1) ( ) e“Odt < (KNM)™ B

Cl/ V5

1/—}—2 I/JMJ—QA
vy (v;—Dp;=A
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4. Proof of Theorem 2.3

4.1. Strategy of the proof. The starting point is the Petersson formula
(see P.389 of [4])

Z Pf = (k= 1)0mn
VOI(XO fer MV
K ( 4
ety Bl ( )
c=0(M) ¢

where Kj(m,n,;c) is the generalized Kloosterman sum,

Ki(m,n;e) = > e (d) ¢ (M)

d mod c

with dd = 1(c), g = {1 'lf d=1(4)
iif d=—-1(4)
symbol (see P.388 of [4]).

We will employ an embedding idea of Duke, Frielander and Iwaniec (see
for example P.225 of [3]) in a quantitative manner. We take a prime p such
that pM KG > N(MKN)¢. Note that any function f in By, s is naturally
a holomorphic cusp form of weight k, level pM and L?— norm 1. Hence we
can embed By, s into By ) and by positivity study the sum

and (§) is the extended Kronecker’s

2

2N
> anpy(n)

n=N

PP

K<k<K+G feBy oM
k:—f even

instead. Furthermore, the above sum is bounded by

2N
2. 9k DD anps(n)
kZl fEHkJ,[\/[ n=N
k—% even

2

where ¢ is a suitable smooth function with compact support such that it
dominates the characteristic function of the interval [K, K+ G]. Contrary to
the integral case, the half-integral weight J-Bessel function has two terms:
For I € NU {0}, (see P.231 of [16])

(4.1) Ty () = /e ((z + ;) t) s g

(ST

=



768 Jonathan Wing Chung LAM

1 oo
+ (_1) /ef(lJr%)tfxsinhtdt.
T
0

The first term (or more precisely, the sum of Kloosterman sums involving
the first term above) can be dealt with just as in the integral case after
developing the appropriate Neumann theory while the second term is a

new feature and require the full force of the hybrid large sieve inequality.

4.2. First manipulations. Assume N < K for some D > 0 otherwise
the result is trivial. Let g(z) € C2°(0, 00) such that supp(g) C [3, 3], ¢ <
1forall j >0, and g(z) = 1 for = € [1,2]. To prove Theorem 3.1, it suffices
to bound, for sufficiently large K, the sum (we shift the sum for convenience
but the adjustment to the original is simple)

k—K
su= Y o(*5) ¥
k>1 fe€Hk
kféeven

2N 2
> anps(n)

n=N

Choose a prime p such that

pE {(KMN)EIHELX{ KMN)EIHELX{

a1 el
MKG' )’ MKG’ ’

As indicated in section 4.1,
k—K
Su< >, g <G> >

k>1 fe€HE pm
kfé even

2

2N
> anps(n)

n=N

By Petersson formula,

b K oN 2
> 9 (G> Yo 1D anps(n)
k>1 fEBk,pM n=N

k—% even

= VO](Xo(pM)) Z g (k';;[{) Z anl@{(k — 1)5n1n2

k=1 N<ni,no<2N
k—% even
K . 4
©oomike—n) Y Kelmeneic) o <W>
e=0(pM) ¢ c

where we define for each complex number z # 0 and real number v,

2V = |z|" exp(ivarg z) with — 7 < argz < 7.
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4.3. The diagonal contribution. The diagonal term

b K\ 2N
vl(Xopa0) 3 (19 (T ) X lanf
k>1 m=N
k—l even
contributes at most 322V \ a,,|? times

KG(pM)'te <« (KM) pKGM < (KNM)* max{KGM,N}.

4.4. The off-diagonal contribution. Since J;_;(z) < (§F )k ! (see

(5.10.2) in [11]) and LVZ“"Q < @, so the contribution from those ¢ with

c > 24}7;N is exponentially small. Thus it suffices to consider those c less

than or equal to 24;;]\[ , i.e. we can consider instead
k—K .
(4.2) vol(Xo(pM)) Z I\~ Z Ty X
E>1 N<ni,n2<2N
k—% even

K ; 47/
27_‘_7/—]4)('1{: . 1) Z k’(n17 n2) C) Jk_l < m n1n2>
_ & c

By (4.1), (4.2) =

n17n27 )

2vol(Xo(pM)) Z Z Z Z —am@x

a=1,2 c=0(pM) N<n1,n2<2N [ even
e<24mN 1>2
K

1_
e Ga)) (l _ 1) g I+ - K L. (47T\/n1n2)
2 G c

1 o
Lii(z)=m / e ((l — 2) t) e~ @S2 gt and

where

N

NI

oo
1172(.%) — /e_(l_%)t_“inhtdt.
0
Opening the twisted Kloosterman sum (see section 4.1 for the equation
of Ki(n1,n2;c)) and by our definition of z¥ (see P.12), (4.2) =

(4.3)
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Z Z 2vol( XO (pM)) Z Z (2)

m=0,1 ¢c= O(pM) N<ni,no<2N d(c)
e< 2nN d=(—1

_ /_ . |
. (nldi-md) T Z i1+ Z <l B 2) JA6-2) o

j==*1 | even
1>2

(4.4)

Z Z 2vol( XO 2vol(Xo(pM)) Z (2)

m=0,1 ¢=0(pM) N<ni,ne<2N  d(c)
24N —(_1)™
e< 2N d=(-1)"(4)
nid + nad _qad 1 _
( Ap, Ty i1t l— 5 0=
¢ j==£1 [ even
>2

The complicated integral I;o(z) can be evaluated with an arbitrarily
small error term.

Lemma 4.1. For A>0,1>2

A1 / T («®(0))"
Lip(z) = > (-1)" > dn,y, ( ) 2)n+1
n=0 > viu;=2n (l -3 + ZL‘)
Yo (vj—Luj=n
+ O (x_A)
where w(t) = — (l — %) t—xsinht, {dn,,} constants and ' is a sum over

a subset of all {v;} satisfying the stated conditions.

Proof. Define a differential operator ® by: For each smooth h

©n)(1) = & (h((t)))

and ©°h = h.
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By induction,

’ d1 T2 ()"
(D"1) (1) = Crpw) 7o
+ZZ At (o (1)) + 2ot
vty (v —Dp=n
! H(w(”ﬂ')(t))“f
= Anw; 7o —
ZVEQ,” Vi (w/(t))Qn
> (wi=1uj=n

for some constants {dn,,} and Y' is a sum over a subset of all {v;} satis-
fying the stated conditions. Integrating by parts,

A-1
g — N (g (2"DO)
/0 dt n;( 0

!/

i w i) ($) M
+ Dty dA,Vj/(l_Hf W g
0

N 5 +xcosht)
2 —Dp=A

Since for n > 2

(n) —xsinh t if n even
w\™(t) = .
—x cosht if n odd

and

0

inh“ ¢ hA ¢

[t / e
(%—i—cosht +cosht

We conclude that

o0 A-1
eLu(t) — _1\n+l (in)(o) :IT_A
0/ dt 1;)( ) 06,

Hence,

o0 A—-1
"1
[ = Y 2 4 o
0 n=0 2
A-1 / . )
n [1(w®)(0))"s —A
= (_1) Z dn,l’j (l _1 4 x)2n+1 + O(a: )
n=0 Zl/juj:2n 2
> (wj—Dpj=n
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The contribution from the error term O(x~4) in (4.4) is
2N 2 A KpM 2N
A |an| pPMKG(pM) A 2
< pMKG ), ¢ <Z nA/2> < —ya1 2t )
)

c=0(pM n=N
247N
<=~

< = 3 lanl*
A-1
K n=N

Since we assume a prior that N <« KP? for some B > 0. By taking
A = B+ 1, we have the term above < N 3 |a,|?. Hence to show (4.4) <
(MEKN)<(KGM + N)Y2Y |a,|? (thanks to Lemma 4.1), it suffices to

show

Lemma 4.2.

(4.5)

vol(Xo(pM)) Z Z Z (2) Z i1+

C
m=0,1 c=0(pM) d(c)
< 24}7;1\1 d=(-1)™

N\ (L3 K
ZQ 2)Z I\7¢

l even
1>2

47 /ming )a

% Z e <n1d+ nzd) (l an1%< c

b+1+4+a
N<ni me<2N c 14 dmy/ning vmn)

2N
< (MKN)(KGM +N) Y |an|?
n=N
for all natural number b, 0 < a <b.

To proof Lemma 4.2 we need the following hybrid large sieve inequality.

Theorem 4.1. For any complex numbers {an}, M <n < M+N,x;--- ,zR
be real numbers which are distinct mod 1. Let 6 = min ||z, — x|, where if

r#s
R>2, ||z|| = r]?i%ﬂx— kl; § := 00, if R=1. Then
€

2

R | M+N M4N
Z Z ane(nz,)| < (rN +671) Z lan|?
r=1|n=M+1 n=N-+1

Proof. See Theorem 2.1 in [15] O
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Corollary 4.1. Notations as before. Let QQ, s be natural numbers. Then
2
M+N 2\ M+N
l
> Xy () «(v+ L) Y

q<Q (lL,g)=1 |n=M+1
q=0(s) 0<l<q

Proof. For (I,q) =1,0<1<¢q,¢<Q,q=0(s). Let 2,4, = é. Then for

each ¢ # ¢,

oy =gl =11z - 51l =11 - 51

for some v, v’ € N. Hence,

121q — 21,

Hence taking 6 = %2 in Theorem 7.2,

3P > e (M)

q<Q (l,9)=1|n=M+1 n=M+1
q=0(s) 0<l<q
O
Proposition 4.1. Notations as before. For a, € C, let
oo
Z lan| < oo.
n=1
Then, forT > 1,
Z ane ( > niit dt < Z < + n) lan|?.
q<Q ( S In=1
q=0(s) 0<l<q
Proof. See the proof of Theorem 5.1 in [15]. O

We define, for any complex sequence {by,}n<n<an,

B({bp}, e, N, t) = > Z nz;vbe<>

m= 01 c)
d=(-1)"(4)

We need to show that for 0 < a < b,

Lemma 4.3.

(4.6) vl Xo(pM) 3 S = % (2)><

m=0,1 c= O(pM) d(c)
e<aN  d=(-1)m(4)
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[

Z e nﬂ—l—ngd o T
c n1%na (l 1 N 4ﬂ_m)b+1+a

N<ni,no<2N

N pM 9
< (Kb+2 T Kb) > lan|

Proof. We follow the argument on P.256 of [2]. The above sum remains
unchanged if a smooth weight A (7@\{1@) is attached to each term provided
that

(=)

In what follows we demand h(x) to be of C* class. Then

14200

h(z) 1 s
L brita 9. / H(s)z™"ds
with
) 1 '
= /h(x) b+1+ax”dx.
Hence, (4.6) =
d d
sr s On ()
m=0,1 c=0(pM) mic d(c) N<ni,n2<2N ¢
<247rN dE(_1)7n(4)
14400
4 a —S
< vol(Xo(pM)an s (TYE2) [ HG) (YR as
1—i00
1 X M 1+i00
vol(Xp p c
= = Z > a+1 > (d) / H(s)
m=0,1c=0(pM) d(c) 1-ico
e< 2N d=(-1)"(4)

X
~
1 ME ]
S
5
3
Nole
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pMN T a—1 .
<) o /B({ann =)o, N, t) [H(1+ 2it)| dt
c=0(pM)
C§24I7;N
1

MN a
> L/B({ann%},c,N,t)\H(1+2it)ydt

<
- a+1

=0 O

et

pMN a—1 .

> WZ/B({ann > }oe, N, t) [H(1+ 2it)| dt

c=0(pM) v207

CS24I7;N

where J, = [—-2VT1 —2Y] U [2¥, 2V 1], Integrating by parts,

_1
(L+ 1)) QW

H(l+it) < g
t 2(l_;+47r11v)b+1+a for |t| > 167rN
2 c
Then, (4.6)
1
pMN . .
< Z a+1 /B({ann T },¢,N,t) <N) dt+z Z
s B v=0 c=0(pM)
<24I7;N < 24nN
- ! -2 ¢\ btlta
SR /B {ann"T },c Nt)mm{mﬂ u} (N) »
Ju

LYY

pM
= Z / ({ann 2 } ¢, N, t)dt + Nb+a
v=0c=0(pM)

Nb+a
CEO(f]%) ] oM
2 2
CS% < ;;

1
X B(2V’c) min{m’QQ’U}

where

B(T,c) = / B({ann 7'}, ¢, N, t)dt.
[T,2T)U[—2T,—T]
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By Abel summation formula,

247N

pM ( )b+1 KpM
e 3 (e = B S (b
N N
c=0(pM)
e 2ig
e ;
(pM)" L [ & 247N
—_ B(T,pM
Toar
p
(pM)"H!
+ b / <ZB TpMU)) d.’IJW
24w N
KpM
(pM)b'H B
N“Kb Z B(T T Natb / b1 Z B(T,c) | dz
c=0(pM) 1 c=0(pM)
<24}7§N c<xpM
By Proposition 4.5,
2N
Z B(T,c) < Z (Tx*pM + n)|a,|*n®!
c=0(pM) n=N
c<zpM
2N
< (T#’pMN*'+ N > |an|*.
n=N
Hence,
2N
pM b pM N2 a—1 a 2
s > BT < b(T N+ N > an|
Nowe c=0(pM) NeK K*pM n=N
e BN
247 N
KpM
M b+1 2N
+ (pNa)+b / a:bil(TprMNa*1 + N%)dx Z |an|?
1 n=N

TN pM 9
< (gt ) 3 o
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(pM)"*! _1< N )f’“ ( N )b S
S | TpMN®! ( ——— N [ ——
t TNews |TP i) TN \ K T;V'a”‘
TN pM1 2,
< 7Kb+2 +[(b] Z |Cln| .
n=N
Hence, (4.6)
N M 2N
< {KH? + Kb] > lanl.
n=N
O
Proof. (of Lemma 4.2)
By Lemma 4.6, (4.5)
2k — K + 3 N 2N
< zg< ) (26 = 1) (2 at) 3 o
k>1 m=N
N 2N 2N
< KG( +pM> 7 aml* < (MEN)(KG+N) Y |am/|*.
m=N m=N
O

We now develop the appropriate Neumann theory for (4.3). We start
with

Lemma 4.4. For h € C§°(0,00), a € R,
1
2

Zh(l)e(al) / e ((z + ;) t> e twsin2mt gy

/ h < _ tJ ta- t) —z:csin27r(a_t)dt
Proof. Let g(t) =€ (2) p—iTsin2mt o9

ft)= {g’”(t) te (_%7 %}

0 otherwise

1 .
then, [2, e(lt)g,(t)dt = [ e(it)f(t)dt = f(l), the Fourier transform of f

2
at [. By Poisson summation formula, denoting the Fourier transform by §,
1

Zh / (( ;) t> iz sin2nt gy

NM—A
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— S h)f() = ZWL(“) * (1)
l
S Z/ h(—) £(1 — t)dt
; /oo

l
= / h(t)> fL+t)dt
oo l
We now show have to show

Zf I+1) = (W; t) —isin 2t

For each t € R, if t = 2n 4+ y for some y € ( %,%} and n € Z, then
Zf l+t —e (:; 7ZCBSID27Ty
— . <2n2+ y) e—ixsin27r(2n+y) —¢ (UJ > —zxsin27rt;

if t=2n4 1+ y for some y € (—%,%] and n € Z, then

El: f(l + t) = f(y) = gx(y) —e (g) et sin 27y

= —e (21”&4-214-3/) e—iISiHQW(Qn‘Fl-HJ) —e (I-tg—i_t> e—iacsin27rt‘

Hence Y, f(I4+1t) =e¢ (%) o—izsin2mt
Applying Lemma 4.7 to hq(t) = h(t)e(at), then

;h(l)e(al) /1 e ((z + ;) t> e twsin2mt gy

2

= Zl:ha(l)_/ e <(l + ;) t) p—izsin2mt gy

_ / ﬁ;(t)e < \_tJQ_‘_ t) e_ixSiHQﬂ—tdt.

NI

N

Notice that
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Hence,

D=

S h(D)e(ol) / e ((z + ;) t) e—isin 2t gy

2

— / ]AI(O( _ t)e < LtJ2+ t) e—i:vsin27rtdt

_ / iL(t)e ( LOZ - tJ ;_ (Oé — t)) e—iwsin27r(a—t)dt‘

=

In particular, take o =

1

zl:h(l)e (i) /26 <(z N ;) t) izsin2nt

= ¥ (~1)zh() / e ((l n ;) t) o—izsin2nt gy

s e [ (1)) e

Hence

N|=

S (0500 [ (14 1)) ermiena

l odd

2
0o L_y 1_ 4 ]
= Im (/ h(t)e (L“ J; 4 emimeos2migy |

To get rid of the annoying floor function Li — t], note that h is essen-

tially supported in [—é, é} whenever h is supported in [K, K + G] whose
j-derivative is majored by G711 ie. h(t) = tg (#) satisfies the con-
ditions in Lemma 3.3. Thus,
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Proposition 4.2. notation as above. For all A > 0,

1 1
oo g+ d—t)
/ h(t)e <L4 J2+ 4 ) e—zxcos27rtdt

oo 1 )
/ h(t)e <8 _ ;) e—zmcos27rtdt + O(K_A).

Proof. Fix 0 < § < 1 such that %6 < %

1 1
/ h ( 4 J 4 _t> e—imcos%rtdt

. L1+ 1y .
— h(t)e ( L4 J2+ 4 p & cos 27rtdt

e}
. L4+ 1 ¢ .
N RIS -
jt]> S
By Lemma 7.4,
1 1
. —t) Lot
/ h(t)e <L4 J2+ 4 ) —zmcos27rtdt
lt]> S
G6 —m+1
< KG—mt1 <G> _ KG&( m+1)

Taking m = {3%J + 2,

1 1
. S A
/ h(t)e <L4J+4> emlweos2mlgy « KA

2
jt]> 2
On the other hand when |t| < % <1, H - tJ = 0. Hence,
oo, 1_ t 1_ t .
/ h(t)e < L4 J2+ 4 e txcos 27rtdt
7 1 t —ix cos 27t —A
|t <2
4 1 t —ix cos 27t —A
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by using [ h(t)e (% - %) eweos2mtgr — O(K—A). O
[t|>Go-1

From this we conclude that

1

> (-1 )éh(z—l)/26<<1+;> t) —izsin2mt gy

| even

= Im (/ h(t < - ) e‘momtdt) +O(K~).

As before (see the discussion proceeding Lemma 3.1),
h(t) = e((K — 1)t)hy(t) + (K — 1)e((K — 1)t)hy(t)
where hy(z) = zg (&) and ha(z) = g (&). Hence
1
2

> (- )éh(l—l)/e(<l+;) t) —imsin 2t gy

leven

= Im(/ h1 < (K—3)t—$cos27rt)dt
2 2
3 T
—1/ h2 ( <K—2>t—27rcos27rt>dt).

The rest of the proof is then completely analogous to that of Theorem 2.1.

N\»—A

w\»—‘

5. Proof of Theorem 2.5

The proof is similar to that of the holomorphic case, but in lieu of Neu-
mann’s theory we will appeal to the asymptotic expansion of the Bessel
function. We assume N < K for some E > 0 otherwise we can appeal to
the duality principle (see P.137 of [14]).

For each cusp a € P, there exists o4 in PSLy(R) such that o400 = a
and 0, T0(q)a0q = I where T'o(q)a, T'o(¢)s are the group of stabilizers
of a and oo in I'y(q) respectively. We now define the Eisenstein series for

FO(q)a

S
Ea,Fo((I) (2,8) = Z (Im Uch’YZ)
7€l0(9)a/To(q)
which has the Fourier expansion at b € B, (see P.388 of [7])

E, Fo(q) (sz s) = Sany® + o0 Vy' 4

>t P (n,s yQKs_,(QW\n\y) e(n).
n#0
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Let g(z) € C5°(0, 00)such that supp(g(x)) C {2, 2} ,g¥) <« 1forallj>1

and g(x) =1 for all x € [1,2]. To prove Theorem A.1, it suffices to bound,
for sufficiently large K, the sum (we shift the sum for convenience but the
adjustment to the original is simple)

_ 1 ty —
Swr = Z cosh7rtf ( >

feH

Z anptf

Choose a prime p such that

€ [(KMN)E max { 1} (2(KMN)* max {

N N 1H
MKG’ MKG’ ’

We embed H), into Hy,y and by positivity

1 ty —
S <
M= Z coshwtf < )

ferM
5 1 <th> N
g
PTy cosht s G et
1
+ Z 477/ 'Z Qn ggopM) (n,2+lr>

a€Ppnr
(7" - K) dr
g G cosh7r’

Applying Kuznetsov formula (see P.409 of [7])

el

Z anptf

IN

2

X

ey COSh?th
) 2
To(pM )
+ Z 47r/ Qnp agép )(7%2“'“”) X
a€Ppnr

(r — K) dr

g G cosh r

= Y. an@pvol(Xo(pM)) x
N<ni,n2<2N

Onine [ r—K 24
{7;22/Oorg< & >tanh7rrdr+7r

5 W/“JM(W>’“9<T_GK> . }

cosh r
c=0(pM)
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The diagonal terms contribute at most Y2¥ \ |a,|? times
KG(pM)'* < (KM)*pKGM < (KNM)* max{KGM, N}.

Thus it remains to treat the non-diagonal terms.
1
Let C = NK1¢ ! for ¢ > C, the integral

2i ooJ%r (47r,/n1n2> rh(r) dr

T J_oo c cosh 7r

can be made as small as we wish (see P. 631 of [12]). Hence, it suffices

to consider those ¢ less than NK 1<, We have the following asymptotic
expansion for Jy;(z) (P.627 in [12])

iwz(Zr)—i—ﬂ'r—i% B-1
Typ(wy = S (

a2y e
+ O<(4r2+x2)*§))

where w,(r) = Vr?2 4+ 22 —rlog (; + (%)2 + 1) and Y 07 [tn|ST" < o0

for some S > 0. We assme K > S from now on.
Using the above asymptotic expansion we will show for K171 < z <

pM>
/_O:O Joir(2)rg (T _GK) Coj;;wr < (MKN)™'.
Indeed,
/_O:o Joir(@)rg (T Z?K) cosdlfm“

o T_K 67”" 2 275
+ O(/_Oorg( e )coshwr(4r + x) 2dr>.

Taking B = Llogl(é\giﬁfﬂ 100J and bounding trivially

00 r— K e B
42 + )" 2dr <« KK~2G
/Oorg< G )coshm“(r +at) dr <

< (MKN)™1°
For each 0 < m < B — 1. Let

7K ™r m
hn (1) =19 (TG ) ° (4r2+x2)7i 2.

cosh 7r
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Then by Leibniz’s rule,

WY (r) = 2% <j> ljz—]g (rg <T _GK> COZ:W)]
(dj (4r2+x2)—}1—’;>.

dri

And by induction, for K <r < K + G,

d m .
W(MQ + xz)_%_? <m K 27™mJ
and
dl—i r— K e
el e
drl=J < g< G > COSh7T’r') <
Hence,

§=0
!
l Gm\’
- () ()
j=o \J K
Gm !
o (G
G % +

< G'K2 Bl
Integrating by parts,

/ hum ()€™ 2T dp = / (Dm0 ) (r)et= @y

—00

where for any smooth function f,

o4 (42)

By induction,
N
! [T (wz""(2r)
(51) <®Ahm7x> (T) = Z Cu,v; h%?x(r) ( +22 ]
V+Z vip;=2A [w:/]:(2r)]l/ it
v (=1 =A

for some constants {c,,,, }, and " is a sum over a subset of all {v,v;} such
that v + > vju; =2A and v + 3 (v; — 1)p; = A.
We first have to estimate the size of w/(2r) in the range K <r < K+ G

_€ 4y /nin
and K'™F < @ 1= ap, 0, = TR < A
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Letu:%,then%<<u<<[(§ and

| 2 1
wh(2r) = —log(u + Vil 1) =—u og(u +;/ﬁ) 0

We will find a lower bound of f(u) := log(% V) i the given range
range.
The derivative

vy u—vVurtllog(Wul+1+u)  h(u)
flw) = N RN

has exactly one zero ug in (0,00) and f'(u) > 0 for all 0 < u < wp;

f'(u) < 0 for all up < u. To see this notice that h'(u) = % uu;leu) <0

for all w > 0 (hence h(u) is decreasing in (0,00)), lim,_,o+ h(u) > 0 and
pMK

limy 00 A(u) = —o0. Thus for 7~ < u < K1,

f(w) > minf lim f(u), f(KT)} > K5
Hence,
wh(2r) Tt < %Ki
and by induction,
W (2r) < 7ot

Thus, using (A.1),

/ hin (1)) dr = / (D hn,e ) () dr

—0o0

/ . IT (w8 (2r))"
= Z Cl/,l/j/ h(y) (T) +Z ) .dr
V+2Vj/.1j:2A > [w;:(QT)]V VJMJ
v (v =1 =A
/
< > GG VK3 ™K~ 2 Wi-Du; gv (f{m
1/+Zujuj:2A
S S

)VJrZ(le)w
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/ A
< Z G—I/-‘rlK%—m—A-FZ/BI/ (;KZ>
v+ vy =24
vy (=1 =A

A A
< GKz mApA (g) (2) KiA

— GK:™mBA ($>AKZA
KG
< GK:™(KMN) “AKiipA
< GK*™(KMN) ““Ki4 (log(MNK))"
10 (log(MNK))*

K "™(KMN
< ( ) MNK

by taking A = {@J + 1.
)A—l

Let w(x) = M, then w'(z) = (IOL(A —log z). Hence w(z) has
A

T 2

maximum ( é)

Hence,

B—1
Z - /00 rg <r — K> e (4 + $2)—i—%eiw$(2r)dr
— PSS G cosh mr

B-1 0o
< Y tm] KT (MEN)T0 < (KMN)T0 > [ty |S7T
m=0 m=0

< (KMN)™1
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