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An effective proof of the hyperelliptic Shafarevich
conjecture

par RAFAEL VON KANEL

RESUME. Soit C' une courbe hyperelliptique de genre g > 1 sur
un corps de nombres K avec bonne réduction en dehors d’'un en-
semble fini S de places de K. Nous démontrons que C' posséde un
modele de Weierstrass sur ’anneau des entiers de K avec hauteur
effectivement bornée en termes de g, S et K. En particulier, nous
démontrons que pour tout corps de nombres K, tout ensemble
fini S de places de K et tout entier g > 1, on peut déterminer en
principe I’ensemble des classes d’isomorphisme de courbes hyper-
elliptiques de genre g sur K avec bonne réduction en dehors de

S.

ABSTRACT. Let C be a hyperelliptic curve of genus g > 1 over a
number field K with good reduction outside a finite set of places
S of K. We prove that C' has a Weierstrass model over the ring of
integers of K with height effectively bounded only in terms of g, S
and K. In particular, we obtain that for any given number field K,
finite set of places S of K and integer g > 1 one can in principle
determine the set of K-isomorphism classes of hyperelliptic curves
over K of genus g with good reduction outside S.

1. Introduction

Let K be a number field, let S be a finite set of places of K and let g > 1
be an integer. The main goal of this article is to show that for given K, S
and g there is an effective constant Q(K, S, g) with the following property.
If C is a hyperelliptic curve over K of genus g with good reduction outside
S, then there is a Weierstrass model of C' over Ok,

Y? = f(X),
such that the absolute logarithmic Weil height of the polynomial f € Ok [X]
is at most Q(K, S, g), where O is the ring of integers in K. In particu-
lar, this holds for all elliptic and all smooth, projective and geometrically
connected genus 2 curves over K, since they are hyperelliptic.

We deduce a completely effective Shafarevich conjecture [29] for hyperel-
liptic curves over K which generalizes and improves the results for elliptic
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curves over K of Coates [5] and of Fuchs, Wiistholz and the author [10]. In
addition, our effective result allows in principle to list all K-isomorphism
classes of hyperelliptic curves over K of genus g with good reduction out-
side S. Such lists already exist for special K, S and g. For example, the
case K = Q, S = {2} and g = 2 was established by Merriman and Smart in
[20, 31]. We also mention that the theorem of this paper is used in the proof
of [33, Theorem 1] which gives an effective exponential version of Szpiro’s
discriminant conjecture for hyperelliptic curves over K.

In our proofs we combine the effective reduction theory of Evertse and
Gy6ry [8], which is based on the theory of logarithmic forms, with results
for Weierstrass models of hyperelliptic curves obtained by Lockhart [19] and
by Liu [17]. This method can be exhausted to deal with the corresponding
problem for slightly more general curves. Generalizations are motivated by
the “effective Mordell Conjecture”, which would follow from a version of
our main result for arbitrary curves over K of genus at least two. However,
we point out that our method certainly does not work in this generality.
To conclude the discussion of potential Diophantine applications of our
results we mention Levin’s paper [16]. In this paper, Levin establishes a
link “effective Shafarevich conjecture for hyperelliptic Jacobians = effective
Siegel theorem for hyperelliptic curves”.

Parsin [23] and Oort [22] proved the qualitative Shafarevich conjecture
for hyperelliptic curves over K, and Faltings’ finiteness theorems in [9] cover
in particular Shafarevich’s conjecture for all curves over K of genus at least
two. However, it is not known if the proofs of Parsin, Oort and Faltings
are effective (i.e. allow in principle to list all K-isomorphism classes of
hyperelliptic curves over K of genus g with good reduction outside S). See
for example Levin’s discussion in [16] or section 3 for certain crucial aspects
of the method of Parsin and Oort.

The plan of the paper is as follows: In section 2 we define the geometric
objects, as for example Weierstrass models, discriminants and Weierstrass
points, to state and discuss the results in section 3. In section 4 we begin
with Lemma 4.1. It allows to construct effectively principal ideal domains
in K. Then we collect some results for Weierstrass models to prove Propo-
sition 4.1 which gives a Weierstrass model of C' with certain minimality
properties. In section 5 we go into number theory. We first give some el-
ementary results for binary forms. Then in Proposition 5.1 we apply the
theory of logarithmic forms to establish effective estimates for the height of
some monic polynomials and binary forms with given discriminant. In sec-
tion 6 we prove the theorem by the following strategy. We first assume that
C has a K-rational Weierstrass point. On using results of Lockhart [19] we
obtain a Weierstrass model of C' over Spec(Or)

Y?=f(X), A(f)€Or
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such that the discriminant A(f) of f € Op[X] has minimality properties,
for T' O S a controlled finite set of places of K and Or the ring of T-integers
with units OF. Then we deduce some T-unit equations

z+y=1, z,yecOF.

Gyéry and Yu [13] applied the theory of logarithmic forms to bound the
height of z,y. On using their result we get 7 € Op such that f(X + 7)
has height controlled by K, S, g, A(f) and then by K, S, g, since A(f) has
minimality properties. A suitable transformation of Y2 = f(X 47) provides
the desired Weierstrass model of C' over Spec(Ok) in this case. In the
remaining case where C' has no K-rational Weierstrass point we use that
hyperelliptic curves and binary forms are closely related. We slightly extend
an effective theorem for binary forms of Evertse and Gyéry [8], which is
based on the theory of logarithmic forms, to combine it with a global result
of the theory of Weierstrass models of Liu [17]. This gives a Weierstrass
model of C' over Spec(Or) with height bounded and then as in the first
case we get the desired model over Spec(Of).

Throughout this paper we shall use the following conventions. The num-
ber of curves over K always refers to the number of K-isomorphism classes
of these curves. We identify a closed point p € Spec(Of) with the corre-
sponding finite place v of K and vice versa, we denote by log the principal
value of the natural logarithm and we define the maximum of the empty
set and the product taken over the empty set as 1.

2. Geometric preliminaries

In this section we give some definitions to state the results in the next
section. Let K be a number field and let g > 1 be an integer.

A hyperelliptic curve C' over K of genus ¢ is a smooth projective and
geometrically connected curve C' — Spec(K) of genus g such that there
is a finite morphism ¢ : C' — Pi of degree 2, for P} the projective line
over K. For example, [18, Proposition 7.4.9] gives that all elliptic and all
smooth projective and geometrically connected genus two curves over K
are hyperelliptic curves over K.

Let —id be the automorphism of a hyperelliptic curve C' of order two
induced by a generator of the Galois group corresponding to ¢ : C' — Pk If
g > 2, then a K-rational Weierstrass point of C'is a section of C' — Spec(K)
which is fixed by —id and if g = 1, then any section of C' — Spec(K) is a
K-rational Weierstrass point of C.

Let R C K be a Dedekind domain with field of fractions K. The function
field K(C) of C takes the form K(C) = K(X)[Y], where

(2.1) Y2+ H(X)Y = f(X), f(X),f2(X) € R[X]
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and 2g+1 < max(2deg fo(X),deg f(X))< 2g+2, for deg w(X) the degree
of any w(X) € R[X]. We say that (2.1) is a hyperelliptic equation of C
over R. The normalization W(f, f2) of the Spec(R)-scheme Spec(R[X]) U
Spec(R[1/X]) in K(C) is called a Weierstrass model of C' over Spec(R).
This generalizes the well-known definition of Weierstrass models of elliptic
curves over Spec(R), see [18, p.442] or [30, p.42]. To ease notation we write
W(f) for W(f, f2) if fo = 0 and we define somewhat crudely the height
hOW(f)) of W(f) as the absolute logarithmic height (see [3, 1.6.1]) of f €
R[X]. We define the discriminant A of W(f, f2) by

_ J2YA(fo) for deg fo =29+ 2
~|2%a2A(fy) otherwise,

where fo = f + f2/4 has leading coefficient oy and discriminant A(fo).
This discriminant allows to study the reductions of C. More precisely, let
p € Spec(R) be closed and let R, be its local ring. As usual we define that
the curve C has good reduction at v if C' is the generic fiber of a smooth
proper scheme over Spec(R,). This is equivalent to the existence of a smooth
Weierstrass model of C over Spec(Rjp). We note that a Weierstrass model
of C over Spec(Ry) with discriminant A is smooth if and only if v(A) = 0.
The curve C' has good reduction outside a set of places S of K if it has
good reduction at all finite places v of K which are not in S.

We remark that our explicit definition of A is not intrinsic. However, in
[33] we shall show that the more sophisticated discriminant of Deligne and
Saito [28, p.155] for arithmetic surfaces over Spec(Ry) of generic fiber C
can be controlled in terms of A.

3. Statement of the results

In this section we state the theorem and the corollary. We also discuss
several aspects of our results and methods. In the sequel ¢ denotes an
effective absolute constant.

Let K be a number field. We denote by Oy its ring of integers, by d its
degree over Q and by Dg the absolute value of its discriminant over Q. Let
g > 1 be an integer and write

v =06(2g 4+ 1)(29)(2g9 — 1)d>.

Let S be a finite set of places of K. We denote by Og the ring of S-integers
of K and by OgF its unit group. Let hg be the class number of Og and let
hi be the class number of Ox. We remark that hg < hg and we write
As = logy hg. To measure S we take

(3.1) c=s8+Ms+1, p and NS:HN(’U)

with the product taken over the finite places v € S, for s the number of
finite places in .S, p the maximum of the residue characteristics of the finite
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places in S and N (v) the number of elements in the residue field of v. Now
we can state our main result.

Theorem. There is a finite set of places T of K containing S such that
if C' is a hyperelliptic curve over K of genus g with good reduction out-
side S, then there is a Weierstrass model W(f) of C' over Spec(Ok) with
discriminant A € OF. Furthermore,

(i) if C has a K-rational Weierstrass point, then f is monic separable
of degree 2g + 1 and h(W(f)) < (1/0)5""N§/2D;<()‘5+1)/4,
(ii) if C' has no K-rational Weierstrass point, then f is separable of

degree 2g + 2 and h(W(f)) < (Va)c(2”)3”4p(3”)3"4Dgy)304.

The proof shows in addition that we can take in the theorem any set of
places T' O S of K with the following properties: T' contains at most do
finite places, Or is a principal ideal domain, the residue characteristics £
of the finite places of T are at most max(2, p, /D) and satisfy 2/ € OF,

and Np < (2N5D;‘{S/2)d. Such sets T' exist and they can be determined
effectively. For example if K = Q, then we can take T'= S U {2}.

The above result holds for all elliptic and all smooth projective and
geometrically connected genus 2 curves over K, since they are hyperelliptic.
By adding to T the places of K above 3 we can assume in the elliptic case
after a suitable change of variables which does not increase our bounds that

f(X) = X3+ as X + as.

Therefore the theorem generalizes the results for elliptic curves over K
of Coates, who covered in [5] the case K = Q, and of [10] to arbitrary
hyperelliptic curves over K. Since Ng < p%, we see that our explicit bound
(take in part (i) g = 1, K = Q) is sharper in all quantities than the explicit
one of Coates. Furthermore, the effective bounds in [10], which are double
exponential and only explicit in terms of S, are reduced to fully explicit
polynomial bounds (take in part (i) g = 1). We continue the discussion of
the bounds below the corollary.

From our theorem we derive a completely effective Shafarevich conjecture
[29] for hyperelliptic curves over number fields. The qualitative finiteness
statement was proven by Shafarevich for elliptic curves, by Parsin [23] for
genus 2 curves and by Oort [22] for arbitrary hyperelliptic curves of genus
g > 2, and Merriman and Smart [20, 31] used [8] to compile a list of all
genus 2 curves over Q with good reduction outside {2}, see also the survey
article of Poonen [25, Section 11]. In principle, the following corollary al-
lows to compile such lists in much more general situations. We recall that
¢ denotes an effective absolute constant.
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Corollary. The K-isomorphism classes Hy s 4 of hyperelliptic curves of
genus g > 1 over K with good reduction outside S can be determined effec-
tively and their number N (K, S, g) satisfies

N(K, S’ g) S exp((I/O—)C(QV)3O—4P(3V)BU4Dgy)SoA)'

In particular, this is an effective finiteness theorem of Shafarevich type
for hyperelliptic curves over K of genus one with no K-rational point. This
corollary for more general genus one curves with no K-rational point would
give the effective finiteness of the Tate-Shafarevich group of elliptic curves
over K. The proof of the corollary shows in addition that the number of
curves in Hg g, with a K-rational Weierstrass point is at most

exp((V0_>6V0Ng/2D;§>\S+1)/4) )

Let N(K,S,E) be the number of elliptic curves in Hg g;. Brumer and
Silverman [4] proved N(Q, S, E) < ¢1Ng* for absolute constants ¢y, ca (see
also Helfgott and Venkatesh [14] for an improved c2). For g > 2 one can
derive a similar estimate on combining the geometric ideas of this paper
with Evertse’s [7]. It leads to

max(N(K,S,E),N(K, S, g)) < csNg,

for c3 a constant depending only on K, g and ¢4 an effective constant de-
pending only on g. We plan to give the details in a future article.

We now explain the separation of the theorem in (i) and (ii) depending
on whether a K-rational Weierstrass point of C' exists or not. In part (i)
we can reduce the problem directly to solve unit equations. This has the
advantage that it leads to explicit estimates in (i), which depend directly
on the at the moment best bounds for unit equations. But the method of
(i) only works for monic polynomials and thus can not be applied in our
proof of (ii). Therein we get from Proposition 4.1 (ii) a Weierstrass model
W(f) with f not necessarily monic.

Next we discuss our results in view of the nice paper [6] of de Jong and
Rémond. Let C be a smooth, projective and geometrically connected curve
over K of genus g, with good reduction outside S. We denote by hp(J) the
absolute stable Faltings height of the Jacobian J = Pic?(C) of C. If there
exists a finite morphism C' — ]P’}( of prime degree which is geometrically
a cyclic cover, then [6] gives an effective upper bound for hp(J) in terms
of K, S and g. A motivation for such results is given by Rémond [26]. On
using Kodaira’s construction, he showed that an effective upper bound for
hr(J), in terms of K, S and g, would imply the effective Mordell Conjec-
ture. To prove their result, de Jong and Rémond generalize the method of
Parsin [23] and Oort [22] which worked before only for hyperelliptic curves.
They replace therein the qualitative finiteness theorem for unit equations of
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Siegel-Mahler by its effective analogue of Gy6ry and Yu [13]. This gives an
affine plane model of C' with bounded height, which then allows to estimate
hr(J) by combining results of Bost, David and Pazuki [24] and of Rémond
[27]. On the other hand, our method relies on the effective reduction theory
of Evertse and Gy6ry [8] and on results for Weierstrass models of hyperel-
liptic curves obtained by Lockhart [19] and by Liu [17]. Hence, we conclude
that the method of de Jong and Rémond and our method are rather dif-
ferent. We point out that the main new feature of our method is that it
allows to prove the following: Any hyperelliptic curve C' has a Weierstrass
model, with height effectively bounded in terms of K, .S, g, which is defined
over Ok . This immediately implies an effective Shafarevich theorem for
hyperelliptic curves in the classical sense, i.e. which allows to determine
effectively the K-isomorphism classes in question. On the other hand, the
method of Parsin, Oort, de Jong and Rémond (only) gives that any hyper-
elliptic curve C' has a Weierstrass model, with height effectively bounded
in terms of K, S, g, which is defined over a field extension L of K. Although
L can be controlled, it is not clear if this weaker statement can be used to
deduce our Theorem. Further, it is not clear if the method of Parsin, Oort,
de Jong and Rémond allows to determine effectively the K-isomorphism
classes of hyperelliptic curves over K of genus g, with good reduction out-
side S; their method (only) allows to effectively determine the smaller set
of K-isomorphism classes, where K denotes an algebraic closure of K.

We now consider additional aspects of our method. Theorem (i) together
with [6, Remarque| shows that if J is the Jacobian of a hyperelliptic curve
over K of genus g, with a K-rational Weierstrass point and with good
reduction outside S, then

(3.2) hp(J) < 922299 (Z/O_)BVO'NA;/2D;((>\S+1)/4'

This bound depends polynomially on the important quantity Ng (see be-
low), while the estimate of [6] is of the form exp(c(K,g)(log Ng)?) for
¢(K, g) an effective constant depending only on K and g. In addition, our
method gives bounds of the form (3.2) for Jacobians of curves over K
which correspond to function fields K (X)[Y] with a relation Y = f(X),
for m > 2 an integer and for f as in Proposition 5.1 (i); see the discus-
sion at the end of the paper. Moreover, on exhausting our method further
generalizations should be possible in view of the general results from the
effective reduction theory of Evertse and Gyory. However, it is clear that
substantially new ideas are required to deal with arbitrary Jacobian vari-
eties.

Finally, we explain the shape of the estimates. They depend ultimately
on the theory of logarithmic forms and we refer to Baker and Wiistholz [1]
in which the state of the art of this theory is documented. We conducted
some effort to obtain in (i) a bound which in terms of S is polynomial in
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0% and Ng. This leads immediately to an estimate in terms of S which is
polynomial in Ng and that is what we need for the applications given in
[33]. Of course, on accepting a worse dependence on S one could improve
the dependence on d, Dg or on g. As a consequence of calculating the
constants explicitly in every step of our proofs we obtained

c = cger,

for the effective absolute constants cg, c; of [8, Theorem 3]. We note that
throughout this paper the constants are calculated according to Baker’s
philosophy: “Although some care has been taken to obtain numerical con-
stants reasonably close to the best that can be acquired with the present
method of proof, there is, nevertheless, little doubt that the numbers in the
above inequalities can be reduced to a certain extent by means of minor
refinements. In particular it will be seen that several of the numbers occur-
ring in our estimates have been freely rounded off in order that the final
conclusion should assume a simple form, and so some obvious improvements
are immediately obtainable."

4. Weierstrass models with minimality properties

In this section we start with a lemma which allows to construct effectively
principal ideal domains in any number field K. Then, after collecting some
known results for hyperelliptic curves C' over K, we give Lemma 4.3. It
describes a relation between Weierstrass models and the existence of a K-
rational Weierstrass point of C'. In the last part we prove Proposition 4.1
which gives a Weierstrass model of C' with certain minimality properties.

Let S be a finite set of places of K. We denote by Og the ring of S-
integers in K and by hg its class number, and we write Ag = logy hg. Let
s, Ng and p be as in (3.1) and for any finite set of places T' of K let ¢, Ny
and ¢ be the corresponding quantities. Let Ok be the ring of integers in K
and let Dg be the absolute value of the discriminant of K over Q.

The next lemma allows us later to remove class group obstructions in
connection with the existence of certain Weierstrass models. We thank
Sergej Gorchinskiy for improving the upper bound for ¢ in [10, Lemma
43] tot < s+ hg — 1, and we thank the referee for further improving
t < s+ hg — 1 to the estimate in Lemma 4.1.

Lemma 4.1. There is a set of places T O S of K such that Ny < NSD?(SQ,
q <max(p,vDg), t < s+ Ag and that Op is a principal ideal domain.

Proof. Let Cl(R) denote the class group of a Dedekind domain R C K. If
hs = 1, then we take T" = S. We do induction and we now assume that
the statement is true for any finite set of places S’ of K with corresponding
class number hg at most hg/2. Let 7w : Cl(Og) — Cl(Og) be the canonical
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surjective homomorphism and for a non-trivial a € CI(Og) we take b €

Cl(Ok) with 7(b) = a. Minkowski’s theorem gives a representative b C Ok
of b such that the residue field of any p € Spec(Of) which divides b has
at most /Dy elements. Since a is non-trivial and 7 is a homomorphism
there exists such a p with 7(p) non-trivial, where p is the ideal class of p.
We write S = S U {p} and then we see that the class number hg of Og
is at most hg — 1, since m(p) lies in the kernel of the canonical surjective
homomorphism Cl(Og) — Cl(Og/). Thus, on using that hg divides hg, we
deduce that hgs < hg/2. Finally, an application of the induction hypothesis
with S’ gives a set of places T' of K with the desired properties. O

Let C be a hyperelliptic curve of genus g defined over K. Let R be a
Dedekind domain with quotient field K and with group of units R*. The
following lemma is a direct consequence of [17, Proposition 2.

Lemma 4.2. Suppose R is a principal ideal domain and C' has good reduc-
tion at all closed points in Spec(R). Then there exists a Weierstrass model
of C over Spec(R) with discriminant in R*.

Let V2 =1(Z) and Y? = f(X) be two hyperelliptic equations of C over
K with discriminant A" and A respectively. Then [17, p.4581] gives

6= (j ﬁ) € GLy(K), A € K

0
such that 748 v
o
(S (vZ + )91
and that
(4.1) A = )\4(29+1)(det ¢)*2(g+1)(2g+1)A/7

where GLa(K) are the invertible 2 x 2-matrices with entries in K and det ¢
denotes the determinant of ¢ € GLa(K).

Next, we discuss a relation between K-rational Weierstrass points and
Weierstrass models of C' over Spec(R). We are grateful to Professor Qing
Liu who pointed out that the following Lemma 4.3 is well-known (see for
example the results at the bottom of [17, p.4579]).

Lemma 4.3. Suppose W(f) is a Weierstrass model of C' over Spec(R). If
C' has no K-rational Weierstrass point, then f € R[X] has degree 2g + 2.

Let S and T be finite sets of places of K. Let X be a generating system
of the free part of the units OF of the ring of T-integers Or and let ¢ be
a generator of the torsion part of OF. We write U = (¥,() and we say
that € € OF is U-reduced if it takes the form € = (" [].cx, ¢"(©) for integers
0 < rr(e) < 4(g+1)(2g + 1). Let ny be the product [Jlog N(v) taken
over the finite places v € T for N(v) the number of elements in the residue
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field of v and let d be the degree of K over Q. Let h(a) be the absolute
logarithmic height (see [3, 1.6.1]) of a € K.

Proposition 4.1. Suppose T O S and Ot is a principal ideal domain with
2 € OF. Let U be as above and let C' be a hyperelliptic curve over K of
genus g with good reduction outside S. There is a Weierstrass model W(f)
of C over Spec(Or) with U-reduced discriminant A € OF such that

(i) if C' has a K-rational Weierstrass point, then f is separable and
monic of degree 2g + 1,

(ii) if C' has no K-rational Weierstrass point, then f is separable of
degree 2g + 2.

Moreover, there is a U as above such that any U-reduced A € OF satisfies
h(A) < (50g(t + d))*(dDg)"nr.

Proof. We now take a hyperelliptic curve C' over K of genus g > 1 with
good reduction outside S. Since T' contains S we conclude that our curve
C has a fortiori good reduction outside 7T'.

(i) We suppose that C' has a K-rational Weierstrass point. In a first step
we construct a Weierstrass model of C' over Spec(Or) with discriminant
invertible in Op. Let a C Ok be a representative of the Weierstrass class
(see [19, Definition 2.7]) of C'. Since Or is a principal ideal domain we get
a € Ok and a fractional ideal ar of Ok in K, which is composed only
of primes in 7', such that a = aap. After multiplying this ideal equation
by a suitable T-unit in Ok we see that there is a representative b C O
of the Weierstrass class of C which is composed only of primes in 7. An
application of [19, Proposition 2.8] gives a Weierstrass model W(l,l3) of
C over Spec(Of) with discriminant A’ and with the following properties.
The degree of Iy is at most g, [ is monic of degree 2¢g 4+ 1 and

A/OK — b4g(2g+1)©07

for ®¢ the minimal discriminant ideal of C' (see [19, Definition 2.5]). To
see that A" € OF we let p € Spec(Or) be any closed point and we denote
by O, its local ring. Since our curve C' has good reduction outside T" we get
a Weierstrass model W of C over Spec(Oy) which is smooth. In particular
this shows that the special fiber of W is smooth over the spectrum of the
residue field at p. Therefore p does not divide the discriminant of W, and
thus does not divide the minimal discriminant ®~ as well. Then the above
representation of A’Ok and our choice of b give that A’ is not divisible by
p. This proves that A’ € OF. Since 2 € OF we see that the base change
of W(l,12) to Spec(Or) takes the form of a Weierstrass model W(lp) of C
over Spec(Or) with discriminant A/, for lo = [ + 13/4. We recall that [ is
monic of degree 2g + 1 and that I has degree at most g. This shows that
lp is monic with degree 2¢g + 1.
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In a second step we reduce the discriminant. Since A’ € OF there exist
integers a, a(e) such that A’ takes the form A’ = ¢¢[] €*(¢) with the product
taken over € € 3. By reducing the exponents a, a(e) modulo 4g(2g + 1) we
can rewrite the above equation as

A = 49+ er H €€ 0<rr(e) <4g(2g+1)
€Y
with w € OF and integers 7,7(¢). For f(X) = w9t2]5(X/w?) let W(f) be
the corresponding Weierstrass model of C' over Spec(Or). By (4.1) it has
U-reduced discriminant w?929tDA’ ¢ OF and the properties of ly imply
that f is monic with degree 2g + 1.

(ii) We now assume that C' has no K-rational Weierstrass point. Since
our curve C has good reduction outside T it has good reduction at all
closed points in Spec(Or). Then an application of Lemma 4.2 with R = Or
gives a Weierstrass model W(l,l2) of C over Spec(Or) with discriminant
A’ € OF. As in (i) we get a Weierstrass model W(ly) of C' over Spec(Or)
with dlscrlmlnant A’ where ly = [+ 13 /4. Our assumption and Lemma 4.3
show that Iy has degree 2g + 2. Next we reduce, in the same way as in (i),
with a suitable w € O the exponents of A’ modulo 4(g + 1)(2g + 1). Let
f(X) = w9ty (X/w?) and then we see that the Weierstrass model W(f)
of C over Spec(Or) has the desired properties.

It remains to prove the last statement. We claim that for any finite set
of places S” of K there is a generating system ¥’ of the free part of O,
with
(4.2) h( 10 |E | dDK) ng,, €ec E,,
for |X'| the cardinahty of ¥'. To see this let Rgr be the S’-regulator, Rx

the regulator of K and hg the class number of K. From [13, Remark 3] we
get that Rgs < Rxhgng and [15, Theorem 6.5] shows that

Rihy < /Dy max(2d,dlog Dg)* 1/ (d — 1)
Hence we deduce
(4.3) Rg < Dy/*max(2d, dlog D ) 'ng/ /(d — 1)\.

Then the claim follows, since [13, Lemma 2] gives a generating system >’
of the free part of Og, such that

h(€) < (10]%'|")? max(1,logd)Rgr, e € X'\
We choose U = (X, ¢ ) such that X is a generating system of the free part
of OF with heights bounded as above. Since A € OF is U-reduced it takes
the form (" [[,cx, € for integers 0 < r,7(e) < 4(g + 1)(2g + 1). Therefore

the above bound for h(e) together with |¥| =t 4+ d — 1 leads to the last
statement. This completes the proof of the proposition. O
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To apply this proposition in our proof we shall extend S to a set T" such
that Or is a principal ideal domain. By Lemma 4.1 this can be done in a
controlled way with the disadvantage inherent that then 7" depends on K.

We now briefly discuss two further ideas and we let C' be as in the
proposition above. The first idea is to use the Hilbert class field H(K) of
K. This field is controlled in terms of K and it seems that one can avoid
an extension of S by working with the base change of C' to H(K) to get an
equation over H(K) with minimality properties.

The second idea is due to Parsin [23]. There is a smallest finite extension
L D K such that the base change Cf, of C to L has 2g + 2 L-rational
Weierstrass points. With the help of a fixed L-rational Weierstrass point
we embed C7, in its Jacobian over L which extends to an abelian scheme
J — Spec(O), where O denotes the integral closure of Og[1/2] in L. Then
on using that the Weierstrass points give 2-torsion points on J we get a
Weierstrass model of Cp, over a localization of Spec(Q). Its discriminant
and also L can be controlled in terms of K, .S, g, since all places of L that
extend a closed point in Spec(Og[1/2]) are unramified over K.

Probably, one can use these ideas to improve the estimates in some spe-
cial cases as for example when C' is semi-stable over K. But it is clear that
in general both approaches give no equation for C' over K.

5. Binary forms and monic polynomials with given discriminant

In the first part of this section we collect some elementary results for
binary forms over any number field K. In the second part we prove Propo-
sition 5.1. It gives effective bounds for the height of certain binary forms
and monic polynomials over K of given discriminant.

Let n > 1 be an integer. Over a field extension of K the binary form

G(X,Y)= ) BX"'Y'e€K[X,Y]

0<i<n

factors as [[1<;<,((;X — §Y) and we define the discriminant A(G) of G
by
AG) = ] (& —¢&)*
1<i<j<n

It has the properties (see [8, p.169]) that A(G) € Z[bo,. .., Bn] and that
A(aG) = a®"2A(G), for a € K. The pullback ¥*G of G by 1 € GLy(K)

can be written as

P*G(X,Y) = G(aX + BY,7X 4 6Y) for ¢ = <: f) € GLy(K)

and has discriminant A(¢*G) = (det )"~ DA(G).
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Suppose that f(X) = apX™ + ... + a,, € K[X] is separable of degree
n > 1. We write the monic polynomial

o f(X) = [] (X )€ K[X]

1<j<n

as a product taken over k of irreducible and monic f;(X) € K[X] and
we denote by F and Fj the homogenizations in K[X,Y] of f and fi re-
spectively. Let T be a finite set of places of K and let Or be the ring of
T-integers in K with units OF. For any A € K[X,Y] we let (A)r be the
Orp-submodule of K generated by the coefficients of A and if G # 0 we
define

(A(G))r

(G772

We now prove some elementary results for which we did not find a suitable
reference.

dr(Q) =

Lemma 5.1. The discriminant of F' and of f are equal. The binary forms
F,, € K[X,Y] are irreducible and satisfy [1, Fx = ag ' F. If F € Op[X,Y]
is monic with A(F) € O3, then dp(F) = Or.

Proof. The leading coefficient oy € K \ {0} of F is the product of the
elements (j;, thus all (; are nonzero and then with F'(X,1) = f(X) we get

H G(X C‘Y) = Qg H (X —Y),
1<5<n J 1<j<n

which implies A(F) = A(f). On using that Fi(X, 1) is irreducible in K[X]
we deduce that Fj, is irreducible in K[X,Y]. We observe that []; fr has
the same coefficients as ag ' F and this implies that [[, Fx = ag'F. The
fractional ideal (F)7' of Or in K consists of the elements a € K such that
aF € Or[X,Y]. This gives for our monic F' € Or[X,Y] that (F);' = Or
and then our assumption that A(F) € OF leads to dp(F) = Or. O

Next we give Proposition 5.1 which allows us later to construct Weier-
strass models with effectively bounded height. Its proof is based on the
theory of logarithmic forms. More precisely, in part (i) we use ideas of
Gy6ry and we apply a result of Gyéry and Yu [13]. Part (ii) is an applica-
tion of Gyéry and Evertse [8]. To state the proposition we have to introduce
some notation. In the sequel c¢ is an effective absolute constant.

For any subset Ty of T' let Op, be the ring of Tp-integers and let p :
O1, — GL2(K) be the representation given by

'_>17'
T 0 1)
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We say that ¢ € p(Or,) is a unipotent translation and we define ¢* f(X) =
(¢*F)(X,1). For any Dedekind domain R C K we denote by SLy(R) the
2 X 2-matrices with entries in R and with determinant one.

As before let Ny = [[ N(v) and ny = [[log N(v) with the products
taken over the finite places v € T and for N(v) the number of elements in
the residue field of v. Let ¢ be the number of finite places in T" and let g be
the maximum of the rational prime divisors of Nyp.

Let d be the degree of K over QQ, let Dg be the absolute value of the
discriminant of K over Q and for any n > 3 let

wu(n,d) =3n(n —1)(n — 2)d.
Let h be the absolute logarithmic height (see [3, 1.6.1]) and let H = exp(h)

be the absolute multiplicative height. We now can state the following propo-
sition.

Proposition 5.1. Suppose f € Or,[X] has degree n > 3 and discriminant
A(f) € OF. Let F be the homogenization of f in Or,[X,Y] and write
p=p(n,d).
(i) If f is monic, then there is a unipotent translation ¢ € SLa(Ogy)
such that h(¢" ) < B(A(f)) + (Np D>V (u(t + 1)+,
(ii) In general there is a ¢ € SLa(Or) such that

h(§* F) < 32h(A(F)) + 2" +0* DIE0D ¢ 4o gy)endle®+ 17,

Proof. In the proof we shall use well-known results in [3, Chapter 1] for the
height H without mentioning it.

(i) We start with some notation. Since n > 3 and A(f) # 0 we can
choose pairwise different roots «, 3, v of f and we write L = K(«, 3,7). The
quantities Dy, [, U, Ry and u denote the absolute value of the discriminant
of L over Q, the degree [L : Q], the places of L which lie above T together
with the infinite places of L, the U-regulator of L and the number of finite
places in U respectively. We note that | < dm for m = n(n —1)(n — 2).

In a first step we show that H(a — ) is bounded explicitly in terms of
n, K, T and H(A(f)). The roots «, 3, of our monic f € Opy[X] are U-
integral and A(f) is a U-unit. This shows that the factors (o — 3), (8 —7)
and (a — ) of A(f) are U-units. Therefore we get a U-unit equation

(a—p)  (B=1)
(@=7)  (a=9)
An application of [13, Theorem 1] gives
Qu = exp(Tkr Ry N7 max(1, log Ryy)),
for kK = c1(md, m(t + d)) defined in [13, Theorem 1], such that

=1.

(5.1) H(Z—5) <.
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In what follows we shall use that k7 and thus Qy are sufficiently big, see
[13, Theorem 1]. The term Qg depends on Ry for which we now derive an
upper bound in terms of K, n and T. For ny defined similarly as ny with
U in place of T we deduce ny < ((I/d)'ng)"?® and then (4.3), with L and
U in place of K and S’ respectively, leads to

Ry < (21)7'DY* max(1,log D)~ ((1/d)!'nr) /.

To estimate Dy we first show that D7, Or = Or, where D /i is the
relative discriminant ideal of L over K. For any fractional ideal a of Ok in
K let (a)p = aOrp, where Ok denotes the ring of integers in K. We consider
for k € {a, 3,7} the field M = K(k), we write f(X) as a product taken
over k of irreducible monic fx(X) € K[X] and we let F' and Fj be the
homogenizations in K[X,Y] of f and fi respectively. Lemma 5.1 implies
that ' =[], F} can be associated to a system of fields which contains the
field M and then [8, Lemma 15] shows

dr(F) € (®ny/r)Ts
for D7/ the relative discriminant ideal of M over K. Thus our assump-

tions that f is monic with A(f) € OF together with Lemma 5.1 show that
(Dn/x )7 is trivial. Let 07 /5 and 0y be the relative different of L and
M over K respectively. The multiplicativity of differents in towers together
with [32, Lemma 6] leads to [],, 9y;/x € 0r/k and taking the ideal norm
from L into K gives

[V <o

Thus we deduce that (D)7 = Or, since all (D x)r are trivial. Then
the arguments of [8, p.194] show Dy < (DxN7)Y/%(1/d)"* and this together
with the above upper bound for Ry gives Ry < cxcr, for

CK = D2/2(2m3al2 max(1,log D ))™41,

cr = (N%ﬂnT)m(maX(l, t)m? max(1,log Np))™4=1,
Then we replace in the definition of £2;; the term Ry by cxer and denote
by €2 the resulting term. Hence we get Q; < € and since the root v # «,
of f was chosen arbitrarily it follows from (5.1) that
H(A(f)(a = )" 1) < (207)D.

This leads to H(a — 8)""~D < H(A(f))(29%)*"=1 which gives
(5.2) H(a — B) < 202H(A(f))M/(n=1),

In a second step we approximate the trace Tr(f) of f by a suitable
7 € O, such that if a is a root of f, then H(a — 7) is bounded explicitly

in terms of 2, n and H(A(f)). Our assumption f € Og,[X] provides that
Tr(f) € Og, and then an application of [8, Lemma 6] gives n € Ok, 7 € O,



522 Rafael vON KANEL

such that n = Tr(f) — n7 and that H(n) < Q. Thus for any root « of f we
get

n(a—7) =2 (a=p)+n,
with the sum taken over the roots 5 of f, which together with (5.2) leads
to
H(a—7) < Q™ H(A(f)™
For ¢ = p(7) in SL2(O7,) we get ¢* f(X) = [[(X —(a—7)) with the prod-
uct taken over the roots a of f. Then we deduce from the above estimate
for h(a — 7), which holds for all roots « of f, together with

Q = exp(Trr N cxer log(cker))

and the definitions of ¢, k7, cr an upper bound for h(¢*f) as stated in
(i). To simplify the form of the final bound we used the estimates m > 6,
logz < 3z'/3 for > 1, np < Ny and log(exer) < 3(cKcT)1/12.

(i) From [8, Theorem 3] we get ¢y € SLa(Or), € € OF and effective
absolute constants cg > 3, ¢; > 1 such that H(e(y5F)) < Q, where

(53) log 2 = (7n)—2(c6(d + t)n)07dn8(t+1)2q2dn8(t+1)2D§?8(t+l)'

We now construct with € and 1y an element ¢ € SLa(Or) such that ¢*F
has bounded height. From [13, Lemma 3] we deduce that there exist 7-
units €; and ez such that € = eje; " and such that H(e;) is bounded from
above by a term, which is at most Q by [15, Theorem 6.5]. If ¥ = €5 14
and G = ¢*F, then we see that G takes the form el_le(zb(’)k ) which implies

(5.4) H(G) < Q2

For ¢(X) = G(X, 1) we get from Lemma 5.1 that H(A(G)) = H(A(g)) and

this leads to H(A(G)) < 28"~V H(G)?"~2. Then (5.4) implies
H(det(y1)) < QP H(A(F) (=1,

since det (¢~ 1)) = A(F)A(G)~! by F = (¢y~1)*G. An application of
[8, Lemma 7] with the transpose of ¢y =1 € GL2(Or) gives ¢ € SLa(Or) such
that the maximum H (¢~ '¢) of the absolute multiplicative heights of the
standard coordinates of ¢~ 1¢ is at most QH (det(¢)~1))®. Thus the upper
bound for H(det(1)~!)) implies

(5.5) H(y™'¢) < QU H(A(F))¥/((n=1),

In the last step we derive an upper bound for H(¢*F') in terms of n, {2
and H(A(F)). Let (a;) be the coefficients of G and let

ve= (5 5)

1
(
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Since the pullback * induces a right-action of the group GL2(K) on the set
of binary forms over K we get that ¢*F = (1~'¢)*G which shows

P*F(X,Y) = zn: ai(aX 4+ BY)" (X + 6Y).
i=0
We deduce that
H(¢*F)< (n+1) ﬁ H(o(aX + BY)" (v X 4 6Y)Y)
i=0
and we see that the i-th factor of the product on the right-hand side is at
most 25" H (a;) H (v~ ¢)?". Hence (5.4) and (5.5) give

H(gf)*F) < Q(Yn)2H(A)32

and then (ii) follows from (5.3) with ¢ = cgey. This completes the proof of
the proposition. O

For any monic and separable f € K[X] of degree n > 3 we let Ty be
the smallest set of places of K such that f € Og,[X]. For T' we take the
smallest set of places of K containing Ty such that A(f) € OF. Then we
see that (i) gives a unipotent translation ¢ € SLa(Orp,) such that

(g f) < h(A(f)) + (Nr DL (u(t + 1)+,

for p = p(n, d). The quantities ¢t and Ny can be bounded effectively in terms
of A(f) and Tp such that the resulting bound improves in all parameters the
actual best effective estimates (see [11, Thm 7], [2], [12] and the references
therein) and makes them completely explicit. For example we can reduce
the exponent (dn!)?((n!d)!) of Ny and Dy, which would follow from [11,
Thm 7], to i < 6n3d. Moreover, it is shown in [11] that an effective estimate
for h(¢* f) has several applications in algebraic number theory. These can
now be stated with sharper and fully explicit bounds. Finally, we mention
that Evertse and Gy6ry informed the author that they are writing a book
which will inter alia allow to improve Proposition 5.1 and which will give
explicitly the effective absolute constants cg, ¢; and ¢ = cgey in the above
proof.

6. Proofs

For an outline of the principal ideas of the following proof we refer to the
introduction. Let K be a number field of degree d over Q and denote by
Og its ring of integers. Let Dg be the absolute value of the discriminant
of K over Q, let S be a finite set of places of K and let g > 1 be an integer.
As before we let h be the absolute logarithmic height (see [3, 1.6.1]).
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Proof of the Theorem. We take a hyperelliptic curve C of genus g defined
over K, with good reduction outside S, as in the theorem. First, we recall
some notation. For any finite place v of K, we denote by N(v) the cardi-
nality of the residue field of v. Let s be the number of finite places in 5,
write Ng = [[ N(v) with the product taken over the finite places v € S
and let p be the maximum of the rational prime divisors of Ng; and for
any finite set of places T" of K we denote by ¢, Ny and ¢ the corresponding
quantities. If £ is a rational prime, then there exist at most d finite places
of K of residue characteristic £ and if T contains all finite places of K of
residue characteristic ¢, then ¢ is invertible in the ring of T-integers Or.
Thus, on using Lemma 4.1, we see that there exists a finite set of places T’
of K with the following properties. The set T contains the set S, Or is a
principal ideal domain, 2 and all residue characteristics of the finite places
in T are in the group of units OF of O,

(6.1) t < d(s+As+1) = do, Ny < (2NsD}/*)? and ¢ < max(2,p, D}/?).

Here Ag = log, hg for hg the class number of Og.

To prove statement (i) we can assume that C' has a K-rational Weier-
strass point. Proposition 4.1 (i) gives a Weierstrass model W(l) of C over
Spec(Or) with discriminant A’ € OF and with the following properties.
The polynomial [ is monic of degree 2g + 1 and its discriminant A(l) =
271N € OF satisfies

R(A(®)) < 2(50g(t + d)!)2(dDx ) Nr.

Then we get from Proposition 5.1 (i) a unipotent translation ¢ € SLy(O7)
such that

(6.2) h(*l) < 2(p(t + 1) D (N Dy,

for p =329+ 1)(29)(29g — 1)d = v/(2d).
In the next step we modify W(¢*1) to get a Weierstrass model of C over
Spec(Of) with the desired properties. To simplify notation we write

(6.3) n=2g+1, n=1

Let a be a coefficient of ¢*l. We denote by N(w) the cardinality of the
residue field of a finite place w of Q(a) and we define |al, = N(w)~%(®),
where w(«) is the order in « of the prime ideal which corresponds to w.
On taking the product over the finite places w of Q(«) we see that

(6.4) () = [[ max(1,|af, )€ N

is at most H(a)? and that §(a)a € O by [10, Lemma 4.2]. The residue
characteristic of a finite place in T is invertible in Or and only the finite
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places w of Q(«) with ord,, () < —1 contribute to the right-hand side of
(6.4). Since ¢*[ has coefficients in O this shows that

w= H §(a) € OF,
where the product is taken over the coefficients o of ¢*I. For
F(X) = w™¢"1(X/w?) € Ok[X]
let W(f) be the corresponding Weierstrass model of C' over Spec(Ok). By
(4.1) it has discriminant w?(@+H1=MCIFDA’ € OX and we see that

(6.5) ROV(S)) < ddn?h(671).

On replacing N and ¢ in (6.2) by the estimates given in (6.1) we conclude
from (6.5) that W(f) has the required properties. This completes the proof
of Theorem (i).

To prove statement (ii) we can assume that C' has no K-rational Weier-
strass point. Proposition 4.1 (ii) gives a Weierstrass model W(l) of C' over
Spec(Or) with discriminant A’ € OF such that [ has degree 2g + 2 and
discriminant A(l) = 27%A’ € OF which satisfies

h(A(1)) < 2(50g(t + d))*(dDg ) nr.

Then an application of Proposition 5.1 (ii) to the two variable homogeniza-
tion L of | gives

(;5 = <3 g) S SLQ(OT)
and an effective absolute constant ¢ such that
* nSd(+2 2 nd en8d(+2 2
(6.6) h($*L) < 2q2 d(t2+1) Di (t+1)(n(t+d)) d(t2+1) 7

for n = 2g + 2.

We now use the close relation between hyperelliptic curves and binary
forms. Suppose that W(I) arises from V2 = [(Z). The group SL2(Or)
acts on the non-constant rational functions in K(C') by fractional linear
transformations. We get a non-constant rational function X = ¢~ 1Z €
K(C). Therefore Y = V(yX 4 §)™/? is non-constant and it is in K(C),

since n/2 is an integer. Then we can rewrite V2 = [(Z) as
Y? B l(aX + B)
(YX +6)  AX+67

Multiplying both sides of this equation by (yX + §)™ gives

V2= "ai(aX + B)" " (vX +6)' = ¢"I(X)
i=0
for (a;) the coefficients of [ and this implies that W(¢*l) is a Weierstrass
model of C' over Spec(Or). Lemma 5.1 shows that A(¢*L) = A(¢*]) and
A(L) = A(l) which gives A(¢*l) = A(l), since ¢ is in SLa(Or). Therefore
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W(¢*1) has discriminant A" € OF. Then h(W(¢*l)) = h(¢*L) and (6.6)
together with the arguments of the proof of part (i) (where now n = 2g+2,
n = 0 in (6.3)) lead to Theorem (ii). To simplify the form of the final
bound we used here the estimate g(6dg)? < v. This completes the proof of
the theorem. 0

It remains to prove the corollary. We denote by N the number of K-
isomorphism classes of hyperelliptic curves of genus g defined over K with
good reduction outside S.

Proof of the Corollary. The theorem shows that there is an explicit con-
stant Q = Q(K, S, g,c), for ¢ an effective absolute constant, with the fol-
lowing property. Any hyperelliptic curve C over K of genus g with good
reduction outside S gives a polynomial f € Ox[X] of degree at most 2g + 2
with absolute multiplicative height H at most €2. If two such curves give the
same f, then their function fields are described by the hyperelliptic equation
Y? = f(X) and we see that these curves are K-isomorphic. This implies
that N is bounded from above by the number of polynomials f € K[X] of
degree at most 2g + 2 that satisfy H(f) < Q. Thus the proof of [3, 1.6.8]
yields

N < (59)10d2g

and then (6.2) and (6.6) lead to an upper bound for © which shows that
the estimate of the corollary holds as stated.

The polynomials in K[X] with bounded degree and bounded absolute
height can be determined effectively (for details we refer to the discussions
in [3]). Thus the effective upper bound given in the theorem implies that
the K-isomorphism classes of hyperelliptic curves over K of genus g with
good reduction outside .S can be determined effectively. This completes the
proof of the corollary. O

To conclude this article we demonstrate how our method can be used
to deal with more general curves. Let C' be a smooth, projective and geo-
metrically connected curve over K of genus g, with good reduction outside
S. We denote by hp(J) the absolute stable Faltings height of the Jacobian
J = Pic’(C) of C. Let L be a finite field extension of K. We denote by
Dy, the absolute value of the discriminant of L over Q and by dy, = [L : Q]
the degree of L over Q. Let T be a finite set of places of L. We denote
by OF the group of units of the ring of T-integers Or of L and we define
Nr =[] N(v) with the product taken over all finite places v € T, where
N (v) is the number of elements of the residue field of v.

Proposition 6.1. There exists an effective constant A, depending only on
Dy, di, Nt and g, with the following property. Assume the function field
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of C x i L takes the form L(X)[Y], where
Ym:f(X), mGZZQ,

for f € Op[X] a monic separable polynomial of degree at least 3 with A(f) €
OF. Then it holds

hi(J) < A

Proof. In the sequel A1, A9, ... denote effective constants depending only on
Dy, dy, Ny and g. Let n be the degree of f, and let [ be the least common
multiple of m and n. We write [ = m/m and | = n’n with positive integers
m’ and n/. The Riemann-Hurwitz formula implies

(6.7) max(m,n) <1< Ap.

Let ¢ be a generator of the torsion part of OF. An application of (4.2)
with S’ =T and K = L gives a generating system ¥ = ¥/ of the free part
of OF such that

(6.8) h(e) < X2, €€X.

Here we used that the cardinality |X| of ¥, which appears in the upper
bound (4.2), satisfies |X| =t +dr — 1 < A3, where ¢ denotes the number
of finite places in 7. Our assumption provides A = A(f) € Of. Thus
there exist integers a,a(e) such that A takes the form A = (%] cx €.
On reducing the exponents a,a(e) modulo I(n — 1), we can rewrite the
above equation as A = w{n—1¢r [lees (9 with w € OF and integers
0<rr(e) <ln—1). We define U = w™ X and V = w™Y, and we write
fo(U) = W f(U/w™) € LIU). Tt follows that

(6.9) V"= fu(U)

defines an affine plane model of C; = C x g L. Further, we observe that
fw € Or|U] is monic, since f € Op[X] is monic and w € Op, and the
discriminant A, of f,, satisfies A, = Wwn=HA = (" [leex ¢"(©) . Therefore
the inequalities 0 < r(e) < I(n — 1), (6.7), (6.8) and |X| < A3 imply
(6.10) h(Ay) < 4.

The monic polynomial f,, € Or[U] is separable, with discriminant A,, €
OF. Moreover, f,, has degree n > 3 and therefore we see that f, and
T satisfy all conditions of Proposition 5.1 (i). Hence, an application of

Proposition 5.1 (i) with f = f, and Ty = T gives a unipotent translation
¢ € SLa(Or) such that f* = ¢* f, satisfies

(6.11) B(f*) < X5 + h(A).

Here we used in addition (6.7) to estimate n which appears in the upper
bound of Proposition 5.1 (i). The definition of ¢*f, gives 7 € Op such
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that W = U — 7 satisfies f*(W) = f,(U), and then (6.9) shows that
V™ = f*(W) defines an affine plane model of C..

Let hg(J) be the theta height of J, defined in [27, p.760]. On using
Rémond [27, Théoreme 1.3 and 1.5], we obtain an explicit estimate for
he(J) in terms of h(f*), m, n and g. Further, a result of Bost-David-Pazuki
implies an explicit upper bound for hr(J) in terms of hg(J) and g, see [24].
Then (6.7), (6.10) and (6.11) lead to hp(J) < Ag as desired. O

Proposition 6.1 provides a tool to prove new cases of the “effective Sha-
farevich conjecture”: Suppose there exists a finite field extension L of K
and a finite set of places T' of L such that the function field of C x g L sat-
isfies the condition of Proposition 6.1 and such that Np, Dy, and dj, can be
effectively controlled in terms of K, S and g. Then Proposition 6.1 gives an
effective constant X', depending only on K, S and g, such that hp(J) < N.
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