URNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

Bihomogeneous forms in many variables
Tome 26, n°2 (2014), p. 483-506.

<http://jtnb.cedram.org/item?id=JTNB_2014__26_2_483_0>

© Société Arithmétique de Bordeaux, 2014, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des Nom-
bres de Bordeaux » (http://jtnb.cedram.org/), implique I’accord
avec les conditions générales d’utilisation (http://jtnb.cedram.
org/legal/). Toute reproduction en tout ou partie de cet article sous
quelque forme que ce soit pour tout usage autre que I’utilisation a
fin strictement personnelle du copiste est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jtnb.cedram.org/item?id=JTNB_2014__26_2_483_0
http://jtnb.cedram.org/
http://jtnb.cedram.org/legal/
http://jtnb.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Journal de Théorie des Nombres
de Bordeaux 26 (2014), 483-506

Bihomogeneous forms in many variables

par DamARris SCHINDLER

RESUME. Nous comptons les points entiers sur des variétés don-
nées par des équations bihomogenes en utilisant la méthode de
Hardy—Littlewood. La principale nouveauté est 'utilisation de la
structure des équations bihomogenes pour obtenir, de maniére gé-
nérique, des estimations asymptotiques pour moins de variables
que ne le permette I'approche classique pour les variétés homo-
genes. Nous considérons aussi des fonctions de comptage ou toutes
les variables n’appartiennent pas nécessairement a des intervalles
de méme taille, ce qui se présente comme une question naturelle
dans le cadre des variétés bihomogenes.

ABSTRACT. We count integer points on varieties given by bi-
homogeneous equations using the Hardy-Littlewood method. The
main novelty lies in using the structure of bihomogeneous equa-
tions to obtain asymptotics in generically fewer variables than
would be necessary in using the standard approach for homoge-
neous varieties. Also, we consider counting functions where not all
the variables have to lie in intervals of the same size, which arises
as a natural question in the setting of bihomogeneous varieties.

1. Introduction

An important issue in the study of diophantine equations is to deter-
mine the density of integer points on algebraic varieties. In this setting the
circle method is a powerful instrument, with which for example Birch [1]
and Schmidt [7] obtained results in great generality. So far, most literature
is concerned with counting integer points in boxes which are dilated by a
large real number. In this case all the variables lie in intervals of comparable
length. In this paper we study systems of bihomogeneous equations where
it is natural to ask for similar asymptotic formulas while allowing different
sizes for the variables involved. Furthermore, we use the structure of biho-
mogeneous equations to obtain results on the number of integer points on
these varieties, using in generic cases fewer variables than needed in Birch’s
work [1].

Manuscrit regu le 29 janvier 2013, accepté le 3 septembre 2013.
Classification math. 11D45, 11D72, 11P55.
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First we need to introduce some notation. Let n, no and R be positive in-
tegers. We use the vector notation x = (x1,...,2n,) and y = (Y1, ..., Yny)-
We call a polynomial F(x;y) € Z[x,y]| a bihomogeneous form of bidegree
(dy,ds) if

Fx; py) = X F(x;y),
for all A\, u € C and all vectors x,y. In the following we consider a system of
bihomogeneous forms F;(x;y) € Z[x,y]|, for 1 <1i < R. We are interested
in the number of solutions to the system of equations

(1.1) Fi(x;y) =0,

for 1 < i < R, where we seek integer solutions in certain boxes. Thus, let
B1 and Bs be two boxes of side length at most 1 in R™ and R™2, and let
P, and P, be large real numbers. We write P B; for the set of x € R™
such that P 'x € By, and P»By analogously. Then we define N (P, P») to
be the number of integer solutions to the system of equations (1.1) with

x € P|By and y € P,Bs.

Furthermore, we introduce the affine variety V;* in A% " given by

OF;
(1.2) rank( : < R.
O0xj ) 1<i<Rr
1<j<m

Similarly we define V5" to be the affine variety in A% ™" given by

OF;
(1.3) rank( : < R.
Yj ) 1<i<R
1<j<n2

Our main result is an asymptotic formula for N(P;, P»), which we can
establish as soon as the codimensions of V" and V5" are sufficiently large in
terms of the number of equations, the bidegree of the polynomials and the
logarithmic ratio between the two parameters P; and Ps.

Theorem 1.1. Let Py and Py be two large real numbers, and define b =
iggg. Assume that b > 1. Furthermore, for all 1 < i < R, assume that the
polynomials F; have bidegree (dy,ds). Let n1,ne > R and Vi* and V' be the

varieties given by equations (1.2) and (1.3). Assume that
ny +ng — dim V;* > 2822 max{R(R + 1)(dy + dy — 1), R(bdy + da)},
fori=1,2. Then we have the asymptotic formula
N(Pl PQ) — O.P1711—Rd1P2712—Rd2 + O(P{L1—Rd1—ap2nz—Rd2)
for some real o and € > 0. As usual, o is the product of a singular series
S and a singular integral J which are given in equations (5.6) and (5.7).

Furthermore, the constant o is positive if
i) the Fi(x;y) have a common non-singular p-adic zero for all p,
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it) and if the F;(x;y) have a non-singular real zero in the box Bi x Ba
and dim V' (0) = ny + na — R, where V(0) is the affine variety given by the
system of equations (1.1).

We note that in our result the number of variables ny and no depends
on the parameter b. However, this condition can be omitted if

(R+1)(dy +dy — 1) > (bdy + do).

There are few examples in the literature where the number of integer points
on bihomogeneous varieties is studied. Robbiani ([5]) and Spencer ([8])
treat bilinear varieties, and Van Valckenborgh ([9]) provides some results
on bihomogeneous equations of bidegree (2, 3). However, Van Valckenborgh
only considers a diagonal situation, whereas we are interested in a general
set-up.

In our work we largely follow Birch’s paper [1]. However, we have to take
care of the different sizes of our boxes and their growth. The main difference
to Birch’s work is in the form of Weyl’s inequality we use. When Birch works
with forms of total degree d he differentiates them d — 1 times via Weyl-
differencing to obtain linear exponential sums. We apply that differencing
process separately with respect to the variables x and y, such that we only
have to use this process d; — 1 times for the variables x and do — 1 times
for the variables y. In total we therefore only need d; 4+ do — 2 differencing
steps. This approach was first mentioned to us by Prof. T. D. Wooley. One
condition in Birch’s theorem is that the total number of variables 7 satisfies

i —dim V* > R(R +1)(d — 1)2971,

which is essentially determined by the form of Weyl’s lemma, which he uses.
We obtain a similar condition for d = d; + ds, however we can replace the
factor 29-1 by 29-2,

On the other hand, in our condition the quantities dim V;* and dim V5
appear instead of the dimension of V*, which is the variety given by

rank <8Fz) < R,
8Zj

where z; run through all variables z1,...,z,, and y1,...,yn,. We clearly
have V* C V;* and thus dim V* < dim V}*, for ¢ = 1,2. However, we note
that the singular locus of a bihomogeneous variety is rather large, as soon
as not both d; and ds equal 1. If we assume for example d; > 1, then we
see that V* contains a linear subspace of dimension no, when we set x = 0.
The same holds of course for V" and V5'. We assume for the moment that
we have n = n; = n9 and that d; or ds is larger than 1. Then we claim
that in a generic situation for hypersurfaces, i.e. R = 1, we have

(1.4) n=dimV* =dim V" = dim V5.
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Since each of the loci has dimension at least n, and V* C V{*, it suffices by
symmetry to show that dim Vj* = n in the generic situation.
To justify this claim, we note that for fixed bidegree (d;, d2) with dy,ds >

1 there are
n+d—1\(n+dy—1
m =
n—1 n—1

monomials of bidegree (d1,d2) in (x;y). We fix an order of them and asso-
ciate to each a € Ay a bihomogeneous form Fa(x;y). We write VyF for
the gradient of a bihomogeneous form F'(x;y) with respect to the variables
x. For a € Pg_l we set

Xia={(xy) € Py x P! : ViFa(x;y) = 0}
Furthermore, we consider the projective variety
V={(a;x;y) € ngl X ]P’&*1 X P(’é*l : Vi Fa(x;y) = 0},
and the projection to the first factor 7 : V — PS_I. Define the function
AMa) = dim(r ! (a)) = dim X a,

for a € Pg_l. Then Corollary 11.13 of [4] shows that A is an upper semi-
continuous function on 7(V) in the Zariski-topology of m(V), which is itself
a closed subset of qu by Theorem 3.13 of [4]. Hence the set

Y:{aEPg_lz)\(a)Zn—l}

is closed in 7(V) and hence in ]P’g_l. We claim that Y # Pg_l. For this we
consider the vector b € Af} \ {0} such that

Fo(xyy) = o'y + ... + 2y,

Then X , is given by x;y; = 0 for 1 <i < nif d; > 2, and empty if d; = 1.
In any case, we have dim Xy, < n — 2. Therefore the set

{a € Pg_l cdim Xy 5 <n—2}

is open and non-empty in ]P’gfl, and so dim V¥ = n in the generic case..

Another novelty in this work is the way we use of the geometry of num-
bers in the treatment of our exponential sums. Birch in his paper [1] uses
Lemma 12.6 from [3], which is a standard argument at this step. However,
this lemma can only be applied if the involved matrices are symmetric,
which is not the case in our situation. Our Lemma 3.1 provides a form of
generalising that lemma from Davenport to general matrices.

We note that a system of bihomogeneous polynomials Fj(x;y) defines a
variety in biprojective space P! x P"2~1 Hence, in the context of the
Manin conjectures, it is natural to count rational points on this variety with
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respect to the anticanonical height function in biprojective space, which is
in our case given by

ni1—Rd; na2—Rda
Hixy) = (maxle ) (maxlyl)

if x and y are integer vectors with coprime coordinates. Our Thoerem
1.1 is a first step in this direction and will be used to accomplish this
goal in forthcoming work of the author. We note that it will turn out to
be important that we can establish asymptotic formulas for N(P;, P) for
parameters P; and P, which are not necessarily of the same size.

In the following a is some vector & = (ayq,...,ar) € R and we use
the abbreviation o - F := a1 F} + ... + agFRr. Furthermore, we frequently
use summations over integer vectors x and y, such that sums of the type
> xep B, are to be understood as sums >, p 5,z - For a real number
we write ||z|| = min,cz |x — z| for the distance to the nearest integer. As
usual, we write e(z) for 2™

The structure of this paper is as follows. After introducing some notation
in section 2, we perform a Weyl-differencing process in section 3. In section 4
we are concerned with the lemma from the geometry of numbers mentioned
above. This is used in section 5 to deduce a form of Weyl’s inequality. In
section 6 we set up the circle method, reduce the problem to a major arc
situation and treat the singular series and integral. The proof of Theorem
1.1 is finished in the final section.

Acknowledgements. During part of the work on this paper the author
was supportet by a DAAD scholarship. Furthermore, the author would like
to thank Prof. T. D. Wooley for suggesting this area of research.

2. Exponential sums

We start in deﬁning the exponential sum

Z Z e(a-F(x;y)),

XEP1B1 yeP: B2

for some a € Rf. One goal of this section is to perform (d; — 1) times
a Weyl-differencing process with respect to the variables x and (d2 — 1)
times the same differencing process with respect to y. For this we write
each bihomogeneous form F; as

ny n2

Z Z Jl, Jdy ks kay <o Ljg Yk - - Ykays
j=1k=1
with the F(’) iy sk, symmetric in (j1,...,7q4,) and (k1,...,kq,). Here

the summatlons are over ji,...,jq, from 1 to ny, and ki, ..., kg, from 1 to
ng, and we write j and k for (ji,...,jq,) and (k1, ..., kq,). Without loss of
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generality we can assume the FJ(ZIZ to be integers (otherwise multiply with
some suitable constant).

Let d2 > 1. We start our differencing process in applying Holder’s in-
equality to obtain

(2.1) S(@)2® " < PERTID ST IS ()P
x€P1B1

with the exponential sum

Sx(a)= > e(a-F(xy)).
yEP2B2
Next we use a form of Weyl’s inequality as in Lemma 11.1 in [7] to bound

\Sx(a)\zdrl. For this we need to introduce some notation. Let U = PaBs,
write UP = U — U for the difference set and define

Z/l(y(l), o 7y(t)) = 021:0 o L (7 ey — .. — sty(t)).

. =

Following the notation of [7], we define the polynomial F(y) = a- F(x;y).
Furthermore we set

1 1
Falyt, - ya) = Y - > (=) Fleyy + ... +eaya),

£1=0 eq=0

and Fp = 0 identically.

In our estimate for |Sx() we want to avoid absolute values in the
resulting bound such that we directly consider equation 11.2 in [7]. This
delivers the estimate

[Sx(@)* " < PP Y
y(l)euD

’2d2—1

2

> > e(Faa(yW, .y =)

y(d2=2) ey D y(d2_1)eu(y(l),_._y(dQ_Q))

We note that all the summation regions for the y) are boxes, since P>B
is a box and intersections and differences of boxes are again boxes. As in
the proof of Lemma 11.1 in Schmidt’s work [7] we consider two elements
z,z' € U(yW,...y(@=2) and note that

(
Zfd2_1(y(1), o ’y(d2*2)7y(d2)) _ fd2_1(y(1), B 'y(d2*2)7 y(d2*1) + y(d2))
:]:dz (y(l)a < 7y(d2_1)a y(dZ)) - fdz—l(y(l)v B 7y(d2_2)7y(d2_1)>1
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for some y(®2~1 € ¢y(yW,. .. y( @)D and y(®) € y(yW,. . yd-b)
Thus, we obtain the bound

|Sx(a)|2dz—1 < P2nz(2d2—1,d2) Z Z Z

yOaUD  ylda 2 eyD y(dz - eyy(y(D),  y(da—2))D
d do—
> e(Fap(y W, .., y“®)) — Fuya(yW, ..y = 7Y)).
y2eu(y™,. . y(d2=1)

By Lemma 11.4 of Schmidt’s work [7] the polynomial Fy, is just the mul-
tilinear form associated to F. In our case we have

]:d (W, ..., yl®) —fd2_1(y(1),---,y(d2_1))

_ZQZZZF kle . 'xjdlhk(y(l)a DRI 7y(d2))7

with
he(yW, ...y ) = dzlyl(;) . y,(giz) + I (yW, ..yl =),
where hy are some homogeneous polynomials of degree dy independent of
(d2)
y\42),

We come back to estimating > . p 5, 1S (@) 227" Set d = dy + dy — 2.
We write and ¥ = (y(I, ..., y(®)) and set

S;(a)= > (Z ZZ Wy, . .xjdlhk(y))

xeP1 B

In equation (2.1) we interchange the summation over >, with all the sum-
mations 3 ) from the bound for } i cp 5, S ()27, An application of
Holder’s inequality now delivers

’ ( )’2 < Pn1(2 1_ody — 1) ng(? —d2 Z Z ‘S ‘2‘11 1.
y)  yd)
Applying the same differencing process as before to S;(a) leads us to
d 24 _dy) (24—dy)
(22) [S(@)* <« prETpRETRIRT NN LY e(r(%9)
y® y(d2) x(1) x(d1)

with

Z ZZ ng (¥)-

As before we have

(1), .. 7X(dl)) = dl|x§1) .. :E(dl) + G, (1) X(d1—1))

gj(x T, gi(x", ..
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with some homogeneous form g; of degree dj,and all summations over
xM . x@) run over intervals of length at most 2P;. Note that equa-
tion (2.2) holds for all integers d; > 1 and d2 > 1. Next we introduce
the notation X = (x(l), . ,x(dl_l)) and ¥ analogously, and turn towards
estimating the sum

Z(iv y) = Z

y(d2)

> e(v(%:))

x(dl )

First we have

ni
< [T min (Pr. 5% ex9) 7).
=1

> e(v(x.3))

x(dl)

where €; is the [th unit vector and ¥ is given by
S (% i) (1 d ~
FEY) = dil> a > Fal) Ll ().
i ik

Next we follow Davenport’s analysis in [2], section 3. For some real number
z we write {z} for the fractional part, and use the notation r = (r1,..., 7).
For some integers 0 < r; < P; let A(X;¥;r) be the set of y(42) in the above
summation such that

nPrt < (7R, 639,y < (m+ )P,
for 1 <1 < ny. Then we can estimate

DD ev(x:y)

y(d2) x(dl)

above by
n
PN . Py Py
<<§ AX;y;r mm(P,max(,)),
. %y )1:1_[1 ! rp Pp—r—1

where the summation is over all vectors r with 0 < r; < P; for all [, and
A(X;y;r) is the cardinality of the set A(X;y;r). Our next goal is to find
a bound for A(X;y;r), which is independent of r. For this consider two
vectors u and v counted by that quantity. Then we have

15(%, e, 0) — (X, e 9, v)[| < P Y,
for 1 <1 < nq. Define the multilinear form

~ ~ i 1 d 1 d
['(X;y) = dy!ds! Z a; Z Z FJEIE:EEI) .. :Eg-di)y,(ﬂ) . y,idz),
i ik

and let N(X;¥) be the number of integer vectors y € (—P;, P2)™ such that
HF(}/E, €] S\Ia y) H < P1_17
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for all 1 <[ < nj. Observe that
:Y(ia €l S\’a u) - ’7(52? €l 3\77 V) = I‘(i, €l 3\77 u— V)'
Thus, we have
AX;y;r) < N(X;y),

for all r under consideration. This gives us finally the bound

>

y(d2)

> e(v(x:¥))

x(dl)

< N(X;¥)(P1 log P)™.

Furthermore, let M (a; Pr; Po; Pfl) be the number of integer vectors X €
(= Py, P) =D and § € (— Py, Py)®"™2, such that

ID(%,e55)| < Pt

holds for all 1 <1 < nj. Summing over all X and ¥ in equation (2.2) gives
us the bound

1S(a) 2! < ppimdit e pra@iod) v ppy poly,
The above discussion delivers now the following lemma.

Lemma 2.1. Let P be a large real number, and € > 0. Then, for some real
k > 0, one has either the upper bound

(@) < PPeRpp,
or the lower bound
Mi(a; Py; Py, P > pr(@i=) prada p=27.

Next we want to apply the geometry of numbers to M;(a; Py; Pa; Py 1),
similar as done in Birch’s work [1] in Lemma 2.3 and Lemma 2.4. For this we
need a modified version of a certain lemma from the geometry of numbers
which we give in the following section.

3. A lemma from the geometry of numbers

For some integers n; and ny and real numbers A;; for 1 < i < ny and
1 < j < ng, we consider the linear forms

na
Li(u) = Aijuj,
j=1

and the linear forms corresponding to the transposed matrix of (A;;) given
by

ni
L;-(u) = Z )\Z'jui.
i=1
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Furthermore, for some real a > 1 we define U(Z) to be the number of
integer tuples ui,...,Upy, .-+, Un,+ny, Which satisfy
luj| < aZ,
for 1 < j <mno and
|Li(ut, .. tUny) — Uny il < a™'Z,

for 1 < i < ny. Let UY(Z) be defined analogously with L; replaced by the
linear system L;-. Our goal of this section is to establish the following lemma
using the geometry of numbers.
Lemma 3.1. If 0 < Z; < Zy <1, then one has the bound

Zo\™ Zy?

o < ((22)" w122, B ez
Z] Zl L
In the case of n; = ny and symmetric coefficients \;;, i.e. Ajj = Aj; for

all 4, 7, this is just Lemma 12.6 from [3]. In our proof we follow mainly the
arguments of Davenport in section 12 of [3].

Proof. We start in defining the lattice I' via the matrix

a'l,, 0
A= ( ax  alp, > ’

where we write I, for the n-dimensional identity matrix and A for the
n1 X no-matrix with entries A;;. Let Ry, ..., Ry, 1n, be the successive minima
of A. Furthermore consider the adjoint lattice given by

PRY.
M:(At)—1:<afn2 a) )

0 a'l,
where \! is the transposed matrix of X. As pointed out by Davenport in
section 12 of [3], M has the same successive minima Si, ..., Sy, tn, as the
lattice
-1
~ (a I, 0
M= ( aXt  al,, )

Note that M and A are by construction adjoint lattices. Next we set b =
a("le)/ (m1+12) and consider the normalised lattices A" = bA and M™°* =
b=1M. Then A" and M™ are adjoint lattices of determinant 1. Let R}T,
1 <7 <ny+mngand S, 1 <1i < ny + ng be the corresponding succissive
minima. Then Mahler’s lemma (see for example Lemma 12.5 of [3]) delivers

R = (S$p0mein) ™
forall 1 <k <nq+ no.
We note that RI" = bR; and SP°" = b~1S; for all 4, and hence we have

the relations

- a-1
Ry = Sn1+n2+1—k:7
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forall 1 <k <nq+ no. -
Next let Uy(Z) and U}(Z) be the number of lattice points on A and M,
whose euclidean norm is bounded by Z. Then one has

Uo(2) <U(Z) < Up(vn1 +n2Z),

and the analogous relation holds for U? and U¢. Therefore, we see that it
is enough to establish the bound

n2

Z2 "2 Z2 no—nmiyrt
U()(ZQ) <Kny,ne Max — U()(Zl), T @ UO(Z1) R

forall 0 < 71 < Z5 < \/nj + no.
For this we first assume that Ry < Z; and S7 < Z1, and then define the
natural numbers u, v and w by

R, <71 < Ry+1, Ry < Zs < Ryqa,
and
Sw < Z1 < Syt

Let Uy°*(Z) be the number of lattice points on A" with euclidean norm
bounded by Z. Note that R, < Z; < R,41 is the same as saying that
R}°T < bZy < RpY, and that one has Up(Z) = Uy°"(bZ). Hence Lemma
12.4 of [3] delivers

Uo(Z1) = Uy (bZ1) = R{ugrbél_)Rxl}or = Ry Zl R,
With the same argument applied to Uy(Z2) we obtain
Us(Z2) _ ZYRi...R,
Uo(Z1)  ZVRy...R,
If u < ng, then we can estimate
Uy(Z VA Zo\ " Zo\ ™
Uiﬁzfi DT (Z) <(z) "

which is good enough for our lemma. If we have p > ng and Ry,+1 > C)
for some positive constant C'; to be chosen later, then we have
zy Zy?

Zy\ "2
< < T )
ZVRyi1... Ry Z%Rpyi1... R, O <Z1>

for v < ns, and

Zs < 1<<(22>n2
ZYRy1.. R, ¢ z)

for v > ny using Z; > Ry,+1 > C).
Next assume p > ng and R,,11 < Cf, and note that we have S, < Z; <
v/n1 + na. Let ¢ be some positive constant such that R,,,+15,, > c. Then we
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obtain S,, > C% Weset C; = cy/nq + ngfl, which delivers Sy, > v/n1 + n2
and thus w < n;. Now consider

Uo(Zy) _ Z5S1...8. _ 2%
UYZ1) " ZYRi...R, ~— Z¥

(3.1) (S1 -+ S)(Smytnpt1—p - - Sy ms)-

We use the relation

- 1n1-+n2 gnor nor — Lni1+ne
S1...Spyin, <b Sper...sper = b .

Hence, if w < ny + no — p we can bound the right hand side of equation
(3.1) by

Zé‘am—m

n2 no—ni n2
Z2 a < Z2 na—ni
ZSu0i1 - Sy tngp

< Z?H-m—u Ziﬂl a ’

<

since 1 > no and Z; < 1. If w > n1 4+ ne — u, then we obtain in a similar
way the bound

Uo(Z2) Zg _
L2 o Suamm
US(Zl) Z(f; 1+tn2+l—p a

n2 n2

2 n]—w ng—n 2 ng—n
< i Zy sl s Spa T L 7@ =

1 1

using S, < Z1 < 1 and 77 <« 1.

If Z1 < Ry or Z7 < S7 the same computations as above show the inequal-
ity which we want to prove, using the observation Uy(Z) = 1 or U(Z1) = 1
in these cases. O

4. A form of Weyl’s inequality

First we introduce the counting function My (c; Pr; Py; P~1) to be the
number of integer vectors X € (=P, P)"™ and § € (=P, Py)(d2~1)n2
such that

Ty, el < P,
for 1 <[ < ngy. Here P is some large real number to be specified later. We

need this function for our bounds of M;j(a; Py; Py; P~1), which we intro-
duced in the last section. We start in writing

M (e Py Py PrY) = > > Mg 5(Py, PV,
Re(—Py,P) (@17 D11 Fe(— Py, Py)(d2=Dnz

where M 5(P2, P 1Y) is the number of integer vectors y(@2) € (—Py, Py)"2
such that

DX, e;5, vy < P Y,
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for 1 <1 < n;. We apply Lemma 3.1 to the linear forms I'(%, e;; ¥,y (%))
in the variables y(%). Let 0 < 6y < 1 be fixed. We choose the parameters
Z1, 49 and a such that

This gives a1z, = P 1PQ_H@Q. Furthermore note that Zo < 1 since we
have P2 < Pl.
Recall that Lemma 3.1 gives a bound of the form

U(Z3) < max ((Zg)m U(Zy), Ezgj; Uz ))

Hence, we have
Mz 5(Py, PTY) < max(Py* 0 Mg (PP PR Ry ),
116 0 -1 p—146
Py 2M,§A(P227P1 P, * )

where MAA counts the solutions of the corresponding transposed linear
system as in section 5. For this we write

F()/E?el;g’?y(dz) Z Al y(d2 ;

with
Aim = F(§> ey, em)'

Still with the notation from section 5 we have
Lt Z/\lmyl ( (d )35\” em)'

Therefore, we see that Mi;(Pg 2 P1_1P2_ 1JF@Q) counts the number of integer
vectors z € (—P5?, PY2)™ with
IT(R, 25, en)| < PPy 102,

for 1 < m < ng. Taking the sum over all the contributions of admissible X
and ¥ we obtain

Ml(a; P Py Pl_l) <K Sl n2(1 62) + SQP2712—n192.

Here S; counts vectors X € (—Pl,Pl)(dlfl)"1 and y € (—PQ,PQ)(dTU"2
and z € (—P%, Pf?)"  all with integer coordinates, with

IN(% €59, 2)| < PPy 0,
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for 1 <1 < nq, and Sy is the number of X and y in the same region and
z € (=P, PY2)™ such that

HF(>A<72§§’791)H < P1_1P2_1+927

for 1 <1 < ng.

Next we define 6; by the relation Pf b= P29 ? and note that we have
0 < #; <1 by the assumption on P; and P». For convenience we write
Pf 1 = P? for some real number 6 and some P > 2. Now we iterate the

above procedure with repect to all the vectors from X and y. This delivers
the bound

M, (c; Py Ps; Pl_l) < le(dlfl)PémdQPfe("ldﬁmd?)

x (P™O My (; P75 PP; P py 2 pPLatl)

+ PO My(o; PO POy P Py %2 PP
In combination with Lemma 2.1 we obtain the following result.
Lemma 4.1. Under the above assumptions one has either the upper bound

S(a)| < PPy P,
or the lower bound
M;(e; Pe; P(’; Pfdlpgdzpe(dﬂ)) > P@(nldl—l—ngdg)—@nip_gfiﬁ,

fori=1o0ri=2.

Next we proceed similarly as in Birch’s work [1]. We write

R
I(xy) =Y aili(x,7y),
i=1

with
A (1),.(1) (d1), (1) (d2)
[i(x;y) = dildy! ZZF},Zk:Eﬁ .. ':L‘]'di Yp, - .ykdz .
i k
Suppose that we have some integer vectors X € (—P?, P/)(di—1) and y ¢

(—P?, P22 counted by My (a; P?; PY; Pr% Py po(d+)) such that the
matrix

(I'i(X,ey)) 1<i<r
1<i<ng
has full rank. Without loss of generality we may assume that the leading
R x R minor has full rank. Our next goal is to show that in this case the
«; are well approximated by rational numbers. For this we write

['(X,e;y) = a + 0,
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for 1 < | < nq, with some integers @ and real numbers &; with || <

P le{ d2 pO(d+1) Next let q be the absolute value of the determinant of
the R x R-matrix (I';(X, e;;¥))1<ii<r, and note that we have

q< PRG(J+1)'

Using the formula for the adjoint matrix of our matrix under consideration
we obtain

;= q  a; +6),

for 1 <i < R with some integers a; and with
10;] < PE-D0E+D) max 16y
Thus, we obtain the approximation
lga — a;| < Pfle{d?PRe(J“),

for 1 <i<R.
We have now established the following lemma.

Lemma 4.2. There is some positive constant C such that the following
holds. Let P, < Py and P some real number larger than 2. Let 0 < 05 <1
and write P292 = P?. Then at least one of the following alternatives hold.

i) One has the upper bound |S(ax)| < PMtepyps,

it) There exist integers 1 < q < PRATVO and aq, ... ar with

ged(q, ai,...,ag) =1,
and i
2qa; — ai] < Py Pyt pRA+10.

for1 <i<R.
iii) The number of vectors X € (—P?, Pym(hi=1) gngy e (—P?, pfynadz
with integer coordinates, such that

(4.1) rank(I;(X,e;y)) < R
is bounded below by
> C(Pe)m(d1—1)+n2d2—2%/9_
w) The number of vectors X € (—P?, P)Y"% andy € (—P?, p?)n2(d2—1)
with integer coordinates, such that
(4.2) rank(I;(x;y,€1)) < R
1s bounded below by

2 C(PG)n1d1+n2(d2_1)_2gn/9.
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We note that the constant C' is independent of 65.

Assume that alternative iii) of the above lemma holds. Let £; be the
affine variety defined by equation (4.1) in affine nq(dy — 1) 4+ nads-space. As
in Birch’s work [1], section 3, the condition iii) implies the lower bound

dim £; > nl(dl — 1) + nody — QCZH/Q.

Recall that the affine variety V;* (see equation (1.2) in Az " is given by

rank <8Fi < R.

0rj | 1<i<Rr
1<j<n;

Furthermore, let D be the linear subspace given by
xM = =x@B=D and yM) = . = yld2),

in affine ny(d; — 1) + nads-space. Considering these as varieties over the
algebraically closed field C one has

dim£1ND > dim L1 —na(de — 1) — ny(dy — 2).
Since £; N'D projects onto V}*, condition iii) above implies
dim V" > ny +ng — 2d~/€/9.
Similarly, we note that condition iv) of Lemma 4.2 implies
dim V5" > ng +ng — 2‘211/9.
Define K by
21K — min{n; +ng —dim V{*, ny + ng — dim V5'}.

Furthermore we set P = Pld1 ]32d2 for the rest of this paper. Note that this
gives the relations
0 = (bdy + d2) 102,
and
01 =b""0s.
Next we define 9(6) to be the set of a € [0,1]f such that a satisfies

condition ii) of Lemma 4.2. With this notation we can state our final lemma
of this section, which is a direct consequence of Lemma 4.2.

Lemma 4.3. Let 0 < 0 < (bdy + d2)~! and assume € > 0. Then one has
for some real vector a € RE either o € M(0) modulo 1 or the upper bound

S(e)] < P pyz ROt
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5. Circle method

In this section we set up the circle method to get an asymptotic formula
for N(P;, P») mainly following Birch’s work [1]. We note that by orthogo-
nality we have

(5.1) N(PL, Py) = / () da.
[0,1]%
In the following we assume that we have
(5.2) K > max{R(R+1)(d+ 1), R(bdy + d)}.

Next we choose positive and real § and ¢ in such a way that the following
conditions are satisfied

(5.3) K —R(R+1)(d+1) > 259, ",

(5.4) K > (26 4+ R)(bdy + da),

and

(5.5) 1> (bdy + d2)R(d + 1)99(2R + 3) + 6(bdy + d).

Note that the parameters § and 99 may depend on b. Now we use the results
of the last section to show that the contribution of those @ which are not in
M () is neglegible in equation (5.1). This is done in the following lemma.

Lemma 5.1. One has

[ 1St da = o Py p R,
agm(vo)

Proof. We choose a sequence of ¥; with
Y >Op_1 > ... > > g >0,

and
I7 < (bdy +dp)™t  and ¥rK > 26+ R.

Note that this is possible by equation (5.4). Furthermore we choose our ¥;
in such a way that they satisfy

1 -
50> R(R+1)(d+1)(0041 — 01),

for 0 <t < T. We certainly can achieve this with 7" < P%/2.
Now we consider the contribution of those «, which do not belong to
M (V7). By Lemma 4.3 we have

/ |S(a)| da < P P;2P7K19T+€
ag¢M(dr)

< PPy pRTO,
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For some 6 > 0 we can estimate the measure of 9t(0) by
— — — 207
meas(M(0)) <« Z Zq Rp; leP2 d2R pR=(d+1)0
quR(d‘H)e a
< P—R+R(R+1)(d~+1)9'
This estimate together with Lemma 4.3 delivers the bound
/ ‘ ( )‘ da < Pn1 Pnzp Ki+e— R+R(R+1)(d+1)19t+1
aem(ﬁt+1)\m(§t)
Since we have the inequality
~ 1 < 1
—K9%+ R(R+1)(d+ 1)1 < 55 +H(-K+RR+1)(d+1)) < 55 — 20,
we finally obtain the estimate
/ | ( )|da<<Pn1Pn2PR35/2
a€M(Fr41)\M(Ve)
for 0 <t < T, which is enough to prove the lemma. O
Next we turn towards the contribution of the major arcs. In order to

obtain nicer formulas, we first define some modified major arcs. For some
qand 0 < a; < q let My, () be the set of v € [0, 1]® such that

|qaz’ o ai| < qP_1+R(d~+1)9,

for 1 <i < R. In the same way as before we set
0M'(9) = U Um0
1Sq§PR((i+1)0 a

where the union for the a is over all 0 < a; < ¢ with ged(q,aq,...,ar) = 1.
We note that the My, ,(0) are disjoint if 6 is sufficiently small. If we have
in the above union some
o< m;,q(e) n iméi,q(e),

for distinct a, ¢ and a, ¢, then there is some 1 < i < R such that

i < |% _ de < 9p~1+R(d+1)§

qq 1 q ql
This is impossible for large P and 8 < 1/(3R(d 4 1)). By equation (5.5) we
see that our major arcs M'(¥y) are disjoint. Thus, we have the following
lemma, which is a direct consequence of Lemma 5.1 and equation (5.1).

Lemma 5.2. One has

N(P, P,) = > Z/, o) da 4+ O(P" py2 p~1i=9y,

1<g< PR(+1)0g 2 (190
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where the second sum is over all 0 < a; < q for 1 <i < R, such that
ged(q,ai,...,ag) = 1.

Our next goal is to obtain an approximation for S(a) on the major arcs.
For convenience we write in the following n = R(d+ 1)dy. Furthermore, for
some a € My, (Vo) we write @ = a/q + B with

|BZ‘ < P_1+777

for 1 <i < R. We introduce the notation

o o (St

where x and y run through a complete set of residues modulo q. Let
R

- e £

u; Fy(v; W)) dvdw,
i=1

for some real vector u = (uq,...,ugr). Now we have introduced all the
notation we need to state our next lemma.

Lemma 5.3. Let o € My, (Vo) and ¢ < P". Then one has
S(a) = P/ Py2q~™ "8, JI(PB) + O(P{" Py PPy 1.

Proof. In the sum S(a) we write x = z()) + ¢x’ and y = 2z + gy’, with
0< zgl) <qand 0 < 252) < q for all 1 < i < n. Then we obtain

R
Sl@)= > €<ZaiFi(X§Y)>

XEP1B1 yeP2 B2 =1

=S5 (S anaa)a) st o)

2D 72 \i=1

with the sum
S3(at9,22) zze(z@ @+ a0y 2

where the integer vectors x’ run through a range such that ¢x’+z( € P, By
and for y’ analogously.
Consider some vectors x’,x” and y’,y” with
max |x} — 27| < 2,
1<i<ni
and

i
m < 2.
1<z%)7(1 |yZ yil <2
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In this case one has
Fi(gx' +2Wsqy’ +2P) — Fi(gx" + 2, qy" +21?)]
< qP TP + qP PR < g P PR

We replace the sum in S5 with an integral and obtain
R

S3 = / / e (Z BiFi(qv; qVV)) dvdw
qveEP1B1 JqWE P23 i—1

R n n n no—1
1 (PIN™ [P\ (PI\™ [P\
rofgmartrs (3 (2)"+ (2 (2)).
(Sotmarert (2)" ()" (2)"

A variable substitution v = ¢P; 13 and w = qPZ_IVNV in the integral leads
to
R
/ e (Z PlleQdQﬁiFi(v; w)) dvdw
weB2 i—1
+ O(qfnrn2+1pnp2—lplmpzm + qufanrIle P2nz—1)

= P Py2q ™M " I(PB) + O(P{" Py2 PPy g™ 2t

S3 = P Pp2g—(m+n2) /
veB]

Summing over z(!) and z(? we finally obtain the approximation
S(a) = P Py2q~™ "8, JI(PB) + O(P" Py P21 Py 1),
as desired. 0

Now we use the approximation of Lemma 5.3 to evaluate the sum over
the major arcs from Lemma 5.2. This leads to

N(Py, Py) =P Py 2375, / 1(PB)dp

1ngg:pn Za: B
+ O(PM Py2 P* Py 'meas(9 (¥0))).

The measure of these major arcs is bounded by

meas(M' () < > ¢"P AR « p—E+n(2R+1)
q<pPn

We define the sum

G(PW) = Z q_nl_n2 Zsa,qu

1<q< P

where the second sum is over all tuples 0 < a; < ¢ with ged(q,aq,...,ar) =
1, and we define the integral

ey = [ a8,



Bihomogeneous forms in many variables 503
With this notation we see that N (P, Py) equals

= PP te(Pn) [ H(B) s+ O By PIeRe)
|BI<Pn

— le P2"2P*R6(P”)J(P’7) + O(Pfl P2712P*R+17(2R+3)71/(bd1+d2))'
The error term is bounded by O(PJ* Py P~1=%) if we have
bdli—dg > 77(2R + 3) + 57

which is just equation (5.5). Thus, we have obtained the following asymp-
totic for N(Py, Ps).

Lemma 5.4. Assume that equation (5.2) holds and let § and ¥y be chosen
as at the beginning of this section. Then one has

N(Py, Py) = P/" P*P~R&(P")J(P") + O(P" P> PH70),

Next we consider the terms &(P"7) and J(P") separately. First we define
the singular series,

(5.6) 6= > g mtIg, .

q:l a

if this series exists. The following lemma shows that this is the case, and
that & is absolutely convergent.

Lemma 5.5. The series © is absolutely convergent and one has
8(Q) - 6| </,
for any large real number Q.

Proof. First we need an estimate for the sums S, 4. For this we note that
we have

Saq = S(a),
if we set By = [0,1)™, By = [0,1)"2 and P; = P, = g and a = a/q. We
define 6 by
(dy +do)R(d+1)0 =1 — ¢,
for some € > 0. Then we claim that a/q cannot lie inside the major arcs

M(G), if we assume ged(q, ai,...,ar) = 1. Otherwise we would have some
integers ¢’ and a’ with

1<q < q(d1+d2)R(J+1)0’

and

2|¢'a; — alq| < gq~ g RglBTRIREDY,
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for all 1 <+¢ < R, which is impossible. Therefore Lemma 4.3 delivers

|Saql < g2 g~ E(ditd2)[(d1+d2) R(d+1)] " +e
< qn1+n27K/(R(Cz+1))+€.

With equation (5.3) this leads to the bound
[ Saql < gm0,

Now we can estimate the desired series

Z Zq—n1—n2|5a,q| < Z q—1—5/77 < Q—5/7I’

>Q a >Q

which proves both claims of the lemma. Il

Similarly as for the singular series, we define the singular integral

(5.7) J= 1(B)dB,

BERE
if this exists.

Lemma 5.6. The singular integral J is absolutely convergent and we have
|J —J(®)| < &1,
for any large positive real number ®.

Proof. For convenience of notation we set B = max; |3;| for some real vector
B = (b1,...,5Rr), and assume B > 2. Set § = ¥y as we have chosen it at
the beginning of this section and define P by

9B — PR(JJrl)O‘
Then we have P~18 € My 1 (0), since
2|P_1,3i| < P—1PR(d”+1)9’
for all 1 <7 < R. Then Lemma 5.3 delivers
(58)  S(P7'B) = PMPI(B) + O(PM Py P2REH prty

Furthermore P~!3 lies by construction on the boundary of 9%(#), which
are disjoint by Lemma 4.1 of Birch’s paper [1]. Thus, our Lemma 4.3 gives
the bound

|S(P_1,3)’ < P{“P;QP_K%_E,

Together with equation (5.8) this implies
11(8)| < PfKﬁoJrs+P2R(J+1)971/(bd1+d2).
From equation (5.5) we see that

g — 2R(d + 1)0g > 2R(R + 1)(d + 1) + 6,
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which implies
P2R(J+1)971/(bd1+d2) < B2R,
In the same way we see that equation (5.3) gives
P_K'190+5 < B—R—l
)
such that we have
1(8)] < (max|Bil) .

Now we can use this bound to estimate the integral

[ u@as< [ ppiap <o
$1<B<P, &1 <B<LD,

This shows that J is absolutely convergent and also that the second asser-
tion of the lemma holds. O

6. Conclusions

Before we finish our proof of Theorem 1.1, we give an alternative repre-
sentation of the singular integral, following Schmidt’s work [6]. For this we
define the function

1—|z| forlz| <1,

¥(z) = { 0 for |z] > 1,

and for T' > 0 we set ¢¥p(z) = Ty(Tz). Furthermore, for some vector
z = (z1,...,2Rr) we define

Yr(z) = Yr(z1) - ... Yr(2R).
With this notation we define
Tr= [ erEED:E®) ag g,
Bl XBQ

and
J = lim Jp,

T—o0
if the limit exists.

Proof of Theorem 1.1. Note that the assumptions of Theorem 1.1 imply
that equation (5.2) holds. Hence, by Lemma 5.4 we have

N(Py, Py) = P" Py>P~ & (P")J(P") + O(P* Py2 P~R79),
Together with Lemma 5.5 and Lemma 5.6 this gives
N(Py, Py) = P P2 P~R&J 4 O(P Py2 P~E9),
which already proves the first part of the theorem.
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As usual, the singular series & factorizes as & = ][, &,, where the
product is over all primes p, and

oo
GP = Z Zp_(n1+n2)lsa,pl7

=1 a

where the sum over a is over all 0 < a; < p' with ged(ay,...,ag,p) = 1.
We know in a relatively general context that & > 0 if the F;(x;y) have a
common non-singular p-adic zero for all p. This can for example be found
in Birch’s work [1], and applies to our case, since & is absolutely convergent
by Lemma 5.5.

Our singular integral can be treated in the very same way as in Schmidt’s
work [6]. First of all we know that J > 0, if dim V' (0) = n; +ng — R and if
the Fj(x;y) have a non-singular real zero in B; x By. This is just Lemma
2 from Schmidt’s paper [6]. Furthermore, we have shown in the proof of
Lemma 5.6 that we have

|I(B)| < min(1, max |3;|~%1),
1
which enables us to apply section 11 of [6]. This implies that the limit
J = lim jT

T—o00

exists and equals J = J. This proves our main theorem. O

References

(1] B. J. BIRCH, Forms in many variables. Proc. Roy. Soc. Ser. A 265, (1961), 245-263.

[2] H. DAVENPORT, Cubic Forms in Thirty-Two Variables. Phil. Trans. R. Soc. Lond. A 251,
(1959), 193-232.

[3] H. DAVENPORT, Analytic methods for Diophantine equations and Diophantine inequalities.
Cambridge Mathematical Library. Cambridge University Press, Cambridge, second edition,
(2005). With a foreword by R. C. Vaughan, D. R. Heath-Brown and D. E. Freeman, Edited
and prepared for publication by T. D. Browning.

[4] J. HARRIS, Algebraic Geometry, A First Course. Springer, (1993).

[6] M. ROBBIANI, On the number of rational points of bounded height on smooth bilinear hy-
persurfaces in biprojective space. J. London Math. Soc. 63, (2001), 33-51.

[6] W. M. SCHMIDT, Simultaneous rational zeros of quadratic forms. Seminar Delange-Pisot-
Poitou 1981. Progress in Math. 22, (1982), 281-307.

[7] W. M. ScumiDT, The density of integer points on homogeneous varieties. Acta Math. 154,
3-4, (1985), 243-296.

[8] C. V. SPENCER, The Manin conjecture for xoyo + ...+ xzsys = 0. J. Number Theory 129,
6, (2009), 1505-1521.

[9] K. VAN VALCKENBORGH, Squareful numbers in hyperplanes. arXiv 1001.3296v3.

Damaris SCHINDLER

Hausdorff Center for Mathematics
Endenicher Allee 62

53115 Bonn, Germany

E-mail: damaris.schindler@hcm.uni-bonn.de


mailto:damaris.schindler@hcm.uni-bonn.de

	1. Introduction
	2. Exponential sums
	3. A lemma from the geometry of numbers
	4. A form of Weyl's inequality
	5. Circle method
	6. Conclusions
	References

