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On the Carlitz problem on the number of

solutions to some special equations over finite
fields

par Touria N. BAOULINA

RESUME. On considére une équation de la forme suivante
2 2
a7+ Fayx, =bry - xy,

sur le corps fini F; = IF,s. Carlitz a obtenu des formules pour le
nombre de solutions de cette équation dans le cas n = 3 et le
cas n = 4 avec ¢ = 3 (mod 4). Dans des travaux anciens, on a
démontré des formules pour le nombre de solutions lorsque d =
ged(n —2,(¢ —1)/2) =1 ou 2 ou 4, et aussi lorsque d > 1 et —1
est une puissance de p modulo 2d. Dans ce papier, on démontre
des formules pour le nombre de solutions lorsque d = 2¢, ¢ > 3,
p = 3oub (mod8) ou p = 9 (mod 16). On obtient aussi une
borne inférieure pour le nombre de solutions dans le cas général.

ABSTRACT. We consider an equation of the type
a i+ da,xt =bry---a,

over the finite field F;, = IFps. Carlitz obtained formulas for the
number of solutions to this equation when n = 3 and when n = 4
and ¢ = 3 (mod 4). In our earlier papers, we found formulas for
the number of solutions when d = ged(n —2,(¢ —1)/2) =1 or
2 or 4; and when d > 1 and —1 is a power of p modulo 2d. In
this paper, we obtain formulas for the number of solutions when
d=2't>3,p=3or5(mod8)or p=9 (mod 16). For general
case, we derive lower bounds for the number of solutions.

1. Introduction

Let F, be a finite field of characteristic p > 2 with ¢ = p® elements and
Iy =, \ {0}. By 1 denote the quadratic character on Fy (n(z) = +1,-1,0
accordingly as z is a square, a nonsquare or zero in Fy). L. Carlitz [7] pro-
posed the problem of finding an explicit formula for the number of solutions
in Fy to the equation
(1.1) a3+ art =bayx

n’
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where ay,...,a,,b € F; and n > 3. He proved that (1.1) has

¢ + 1+ [n(—ara2) + n(—ara3) + n(—azasz)] q

solutions if n = 3. Moreover, Carlitz showed that, for n = 4, equation (1.1)
has

¢*—1-[n(—ara2)+n(—aras)+n(—a1as) +n(—azaz)+n(—azas) +n(—azas)lq

—n(arazazas)g + Tq

solutions, where T' = 0 if ¢ = 3 (mod 4), and

T = [n(a1) + n(az) + nlas) + nas)] m%q 1 (m (”CQ + W))

if ¢ =1 (mod 4). Combining Carlitz’s expression for n =4, ¢ = 1 (mod 4)
with the result of Katre and Rajwade [8, Theorem 2| gives the explicit
formula for the number of solutions.

For n = 3, a1 = aa = a3 = 1, b = 3 (so-called Markoff equation)
A. Baragar [5] studied a structure of the set of solutions and calculated the
zeta-function.

Let g be a generator of the cyclic group Fy. Notice that by multiply-
ing (1.1) by properly chosen element of F; and also by replacing x; by h;z;
for a suitable h; € F; and permuting the variables, (1.1) can be reduced to
the form

where ¢ € F and n/2 < m < n. It follows from this that it is sufficient to
evaluate the number of solutions to (1.2).

Denote by N, the number of solutions to (1.2) in Fy. In [1], we found
formulas for N, when ged(n—2, (¢—1)/2) = 1 or 2. In another paper [2], we
determined N, when d = ged(n —2,(¢ —1)/2) > 1 and —1 is a power of p
modulo 2d. Besides, we considered there the case when n is even, m = n/2,
2d{ (n—2), and —1 is a power of p modulo d. In [3], we obtained formulas
for Ny when ged(n —2,(¢—1)/2) = 4.

The aim of this paper is to find certain explicit formulas for IV, when
ged(n — 2, (¢ — 1)/2) = 2% with ¢ > 3. Our main results are Theorems 3.1,
3.2, 4.1, 4.2, 5.1 and 5.2, in which we cover the cases p = 3 or 5 (mod 8)
and p = 9(mod 16) (Theorems 4.1 and 4.2 include the case ¢t = 2). All of
the evaluations in Sections 3-5 are effected in terms of parameters occurring
in quadratic partitions of some powers of ¢. Besides, in Section 6 we obtain
explicit lower bounds for N, and show that (1.2) has at least one nontrivial
solution except in the case m =n = ¢ = 3.
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2. Preliminary Lemmas

Let g be a generator of the cyclic group F;. Let n > 3 and n/2 <m < n.
Let 1 be a nontrivial character on [F,. We extend 1 to all of F, by setting
1 (0) = 0. The sum T'(¢) over Fy is defined by

1 _
T(¢)::‘jj1 Yoo it an, dgrn g o gan) (- wy,).
q T1,...,2n€Fq
In the following lemma we express Ny in terms of T'(¢) (for proof, see [1,
Lemma 1]).

Lemma 2.1. Let ged(n —2,(q—1)/2) =d. Then

n—2

_ 1 n m4|n|a=l n=2
Ny=¢""'+ 5 L+ ()" ()™ (g - 1)

1 Im_n ka-1) (2m —n\ &

O GBSl G 6
k=0
2k

+ ) Y(T(¥),

pi=e
e

where >, means that the summation is taken over all nontrivial char-

pi=e e
acters ¢ on IFy of order dividing d.

Let 1 be a nontrivial character on F,. The Gauss sum G(¢) over F is
defined by

. Tr(z)

G) =Y v@)e™ v,

z€F,
where Tr(z) =z + 2P + a?’ + - 42" is the trace of 2 from F, to ).
Lemma 2.2. For any nontrivial character ¢ on F,
G| = Ve
Proof. See [6, Theorem 1.1.4(c)] or [9, Theorem 5.11]. O

The next lemma, which is Lemma 2 of [1], gives a relationship between
sum T'(1)) and Gauss sums.

Lemma 2.3. Let ged(n—2,(q—1)/2) =d, d > 1. Let ¢ be a character of
order § on Fy, where 6 > 1 and | d. Let X be a character on Fy chosen so

that \? =1 and
ord\ 6 if 6 is odd,
T =
26 if § is even.
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T(6) = 50 Alg" ™)G() [ GOV - 6] "

} 2m—n

X HG(A) 160" 4 (o (e - G()\n)]zm_n] |

Corollary 2.1. With the notation of Lemma 2.3,
27”_1an71 if 2m # n,
()] < {

n—1

25¢ 7 if 2m = n.
Proof. Appealing to Lemma 2.2, we deduce that
1 3\ 3\ n—m
T ()] < p IG@)] - (IG) +[G(An)[?)

e 2m —n

) ( 5
k=0

kETL—i—an (mod 2)

= 1 Vg2V qm—% 2%” 2m —n
I k=0 k
k=n+2%2 (mod 2)

) (GG () [*

<

n—1

2m_1an_l if 2m # n,
23¢2 if 2m =n,

as desired. O

The aim of the remainder of this section is to obtain a modification of
the special case ged(n —2, (¢—1)/2) = 2! of Lemma 2.1, when p = 21+ 1
(mod 2") with h > 3.

Lemma 2.4. Let § > 1 be an integer with 2 | (¢ — 1). Then
- 1 -
> HTw) = 1 3 AT,
Ppo=¢ A20—=¢
e N2 te

Proof. Let x be a character of order 26 on F,. Then x? has order §. We
have

20—1 5—1
ZX(@)T(A?):Z (AT (x¥) :Z [Xj(CZ)T(X%)+>2j+5(62)T(X2(j+5))]
Nzt %
6—1
=23 (Y (OT((Y) =2 > v(e)T(w),
j:1 wéza

e
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as desired. O
For p = 2"~ + 1 (mod 2"), it is convenient to set
h+1 ifp=2""1—-1 (mod 2"),
w =
h if p=2""141 (mod 2").

Lemma 2.5. Let p = 2"~' £ 1 (mod 2"), h > 3, and \ be a character of

order 2" on Fq, where r > w. Then G(\) = G(\n).
Proof. See [4, Lemma 2.13]. O
Comparing Lemmas 2.3 and 2.5, we obtain the next result.

Lemma 2.6. Let p=2""1+1 (mod 2"), h > 3, ged(n—2, (¢—1)/2) = 2¢,
and X\ be a character of order 2" on Fy, where w <r <t+ 1. Then

oo - {2"—1G<X>”G<A2>/q ifm=n
0 ifm<mn.
Finally, Lemmas 2.1, 2.4 and 2.6 imply
Lemma 2.7. Let p=2""141 (mod 2"), h > 3, ged(n—2, (¢—1)/2) = 2,
t>w—1. If m=mn then

_ n-2 " (n\ &
Ny=¢""'+q 2 (q—l)—2<k>q2

k=0
2|k
_ 2n—2 t+1 B _
+ Y (OT) + . Yo D MAGN"GO).
waészg )\;\T_lzjéa

If m < n then
n—2
Ny=¢""'+(-1)"¢ 2 (¢—1)

Remark 1. Let a be a nonsquare in Fy. Suppose that p = 1 (mod 4). Then
(a%)2 +1 =0 and the equation 2% + 1 = 0 has exactly two roots in F,.
Hence a7 € F,. By abuse of notation, let a'T also denote any integer
= o'T (mod p). Similarly, if p = 1 or 3 (mod 8) and s is even, we have
(a% 1 a3(q8—1)

in F),. Therefore a

)2 +2 = 0 and the equation 22 + 2 = 0 has exactly two roots
g—1 3(g—1) . . q—1 3(g—1)
8§ +a s € F, and we identify a’s

1
+a” 8 with
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g—1 3(g—1)

any integer = a’s +a s (mod p). This abuse of notation will be kept
in the sequel.

Remark 2. In Lemmas 3.3, 4.2 and 5.2 of [4], we evaluated certain sums
of the form

fZW )" G,

Qb
where 1) is a character of order 2" on F, and 2" | (n — 2). It is easy to see
that these lemmas and also Lemmas 2.14, 2.15, 2.17 and 2.18 of [4] remain
valid with 27 | (n —2) replaced by 2" 71 | (n —2) (in Lemma 2.15, the factor

. i n—2
(—1)7 will be replaced by (—1)’ 7257 ). Furthermore, 2" | (¢ — 1) implies

that —1 is a 2"~ th power in F,. Hence, for any positive integer u < r,
¢? is a 2“th power in F, if and only if ¢ is a 2“7 'th power in F,. In view
of these observations, in Sections 3-5 we employ the mentioned results for

2= | (n — 2) and a = ¢? without any additional comments.

3. The Case p = 3 (mod 8)
The next lemma is a special case of [3, Lemma 12].

Lemma 3.1. Let p = 3 (mod 8), 4 | s, 2 | n, and n denote the quadratic
character on Fy. Then

—2”*1qn§1 if m=n,
T(n) = f
0 if m <n.

Lemma 3.2. Letp = 3 (mod 8), 8 | (n—2), and ¢ be a character of order 4
on Fy such that ¢(g) =1i. Then

k
2

BOTW) + v(eT() = 250y 7 Y ( k n)Lm—S—kq :

S
where
sin T+ if ¢ is a 4th power in F,
(3.1) 71" sin T+ if ¢ is a square but not a 4th power in IFy,

cos if cg is a 4th power in F,,

—cos Tt if cg is a square but not a 4th power in Fy.
The integers L and |M| are uniquely determined by
(3.2) q=L*+2M?, L=-1 (mod4), pf{L.
If m < n then the sign of M is determined by
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3(g—1)

(3.3) oM = L(g"5 + ¢ F) (mod p).
Proof. Since 8 | (n — 2), we have
_ 9 _
cos 7r(n4m) = cos 7r(4m) = sin %,
. m(n—m) . 7w(2—m) ™m
in ——~ =sin ——~ = cos —
S 1 s 1 cos — =,
and the result easily follows from [3, Lemma 18] (see the proof of [3, The-
orem 19]). O

Lemmas 2.7, 3.1 and 3.2 enable us to determine N, when m < n.

Theorem 3.1. Let ged(n —2,(¢—1)/2) =2, t > 3, p= 3 (mod 8), and
m <n. Then

2m—n
— m =2 m n—m 2m —n k
Ny=q""+(-D)"q¢ 7 (g—= 1)+ ()" (g—1)"™ ( L >q2

}cjjé)
2
n—"3+1prn— m T - ﬂl—-% m—2—k k
42 M T§j 2 |Emithee,
k=0
2|k

where T is determined by (3.1) and the integers L and M are uniquely
determined by (3.2) and (3.3).

Next, we consider the case m = n.

Lemma 3.3. Let p = 3 (mod 8) and v be a character of order 2" on F,,
where r > 4 and 2"~' | (n — 2). Then

(2" 2_1)n—2""242
*ZW GO GWY) =2l T
QTJ
L, if ¢ is a 2"~ th power in Fy,
—L, if ¢ is a 2" 2th power but not a 2""1th power in Fy,
—M, if ¢ is a 2""4th power but not a 2""3th power in Fy,
0 otherwise.
The integers L, and |M,| are uniquely determined by
n—2
(3.4) qr—2 = L? +2M?, L.=-1 (mod 4), pf{L,.

If ¢ is a 2"~*th power but not a 2" ~3th power in F, then the sign of M, is
determined by
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q—1 3(g—1)

(3.5) 2M, = L, (c2’ T +¢2T) (mod p).
Proof. See [4, Lemma 3.3]. O

Lemmas 2.7, 3.1, 3.2 and 3.3 imply
Theorem 3.2. Let ged(n —2,(q —1)/2) = 2%, ¢t > 3, p = 3 (mod 8), and
m =n. If ¢ is a 2'th power in Fy then
“(n\ & n=1 . n n—2 2 (n n k
Ne=q""4¢"F (¢-1)-Y <k>q2—2”1q2 +22 g T Y <2>L2kq2
k=0 k=0
20k 20k

t+1 (2r—271)n72r—2+2

+ 2”—2 Z 27’—1q—27‘,1 Lr'

If ¢ is a 28~ Yth power but not a 2'th power in F, then

n=2 - . 2 /n
Nq:q”_1+q 2 (q—l)—z (kﬁ) -2 lq 2 +22+1q 1 Z (2)
b

M\a-

k=0
20k

(2" 2_1)n—2""242 @t—1_1)n—2t—142

¢
+2n2 Z 2" g 2ar-t L, —2""2g 2t Liiq.

Ift > 4 and c is a 2'72th power but not a 21 th power in F, then

n

N n—1+ L*2( 1) Zn: n k 2n—1 L*1+22+1 ﬂi % Lﬂ_k k
— 2 — — 2 — 2 2 4 2 2
q=—49 q q k q q q k q
k=0 k=0
2|k 2|k
t—1 r—2_1yp_o"—2 t—2_ 1y, _ot—2
T DI e R M . T S

Ift > 5 and ¢ is a 2Vth power but not a 2T th power in Fg,2<v<t-3,
then

n

N g1y B2 _1_n n\ & oo 2t 2@+1n;25 ng_kﬁ
=¢""Ha T (@)= |, |e® ¢ 7 +22T g Ty | L2

k=0 k=0
2|k 2/k
v+1 r—2 r—2 v v
(272 —1n—2""242 (2¥—1)n—2Y42
+2n7? Z 2l et Ly —2v Tl e T Ly

(2“+2 —1)n—2V1t242

1
_ ontout q 20+3 Mv+4.
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If ¢ is a square but not a 4th power in Iy then

N gLy B2 _1_n n) & ono n;l_fﬂrﬁ? AT
=¢""Ha T (@)= |, |e® g7 —22Tg Ty | L2

k=0 k=0
20k 20k
0 ift =3,
20T My if t > 4.

If ¢ is not a square in F, then
n=2 - n k n—1 3n—2
Ny=q""+qz (g—1)=> <k> g +2" g — 2"t My,
k=0
20k

The integers L, L, and |M,| are uniquely determined by (3.2) and (3.4),
4<r<t+1.Ifcis a2 ~*th power but not a 2" ~3th power in Fg,4<r<
t + 1, then the sign of M, is determined by (3.5).

4. The Case p = 5 (mod 8)

The next lemma is the special case 4 | (n — 2) of [3, Lemma 11].

Lemma 4.1. Let p =1 (mod 4), 4 | (n —2), and n denote the quadratic
character on Fy. Then

n n—2 m_% m — n n k
T(n) = ()" Hasp g T Y (M2 ) am ik
k
k=0
2k
where the integers A and B are uniquely determined by
(4.1) q= A%+ B, A=1 (mod 4), ptA,
(4.2) Bg'T = A (mod p).
First, we consider the case m < n. Lemmas 2.7 and 4.1 imply

Theorem 4.1. Let ged(n —2,(q —1)/2) = 2%, ¢t > 2, p =5 (mod 8), and
m < n. Then

2m—n
- m =2 m n—m 2m —n k
Ny=¢"'+(-D)"¢ 2 (¢ 1)+ (1) (g—1)"™ ( L >q2

k=0
2|k
m—g n
+ (_1)m+12%Bn—mq"T—2n(c) Z (m . 2>Am—g—kq§’
k=0
2|k

where the integers A and B are uniquely determined by (4.1) and (4.2).
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Next, we consider the case m = n.

Lemma 4.2. Let p = 5 (mod 8) and v be a character of order 2" on Fg,
where r >3 and 2"~1 | (n — 2). Then

s @1 _1ypn—27—1 10
*ZW G )"GWY) = (-1)72 - 2""q )
2’(]
—E,. if cis a 27" 1th power in Fy,
E. if ¢ is a 2" "2th power but not a 2" 'th power in Fy,
—F, ifcis a 2" 3th power but not a 2"~ 2th power in Fy,

0 otherwise.

The integers E, and |F,| are uniquely determined by
(4.3) qz"T;*Q1 = E? + F? E. =1 (mod4), p1E,.

If ¢ is a 2" 3th power but not a 2"~ th power in Fy, then the sign of F) is
determined by

—1
(4.4) FcT = E, (mod p).
Proof. See [4, Lemma 4.2]. O

Lemmas 2.7, 4.1 and 4.2 imply

Theorem 4.2. Let ged(n —2,(q —1)/2) = 2%, ¢t > 2, p =5 (mod 8), and
m =n. If ¢ is a 2'th power in Fy then

n

n 2 n
_ n—1 n—2 n n-2 5 n_p k
Nq_qn +q 2 (q_l)_ E <k>q2 —22q 1 E <k>A2 qz
k=0 k=0
2|k 2|k

(2t—1)n—2t+2

@1 _1)p—2r—142 s B
T Ep—(—1)2T. 2" 2 TR,

t
o 2n72z 27’71(]
r=3

If ¢ is a 27 th power but not a 2'th power in Fy then

n

Ny=¢""'+q"F (1) i L et -2 i 2) ikt
= 2 — — 2 — 2 2 2
g =4 q q P k q q ] k q

2k 20k

—l)n or—14

(2t—1)n—2t42
Er+( 1)2t T. 2n+t 2q42t+1 Et+1-

_on— 2Z2r I Cii.
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Ift > 3 and ¢ is a 2°th power but not a 2°T th power in Fo,1<v<t—-2,
then

n

n 2 n n
Ny=¢""+q T (g-1) - (Z) g7 2847 ) (;)Afkqg

k=0 k=0
2|k 2|k
v+1 r—1 r—1 v+1 v+1
2 —1)n—2 +2 (2 —1)n—2 +2
Y 2r71q+E} i 2n+v71q+Ev+2
r=3
s (2VT2_1yn—2vt249
(—L)F g F

If ¢ is not a square in F, then

n— n n n n— n n
R R (A W AR
kz\:ko

3n—2

—(-1)2-2"q % F.

The integers A, E, and |F,| are uniquely determined by (4.1) and (4.3),
3<r<t+1.Ifcis a2 ~3th power but not a 2" ~2th power in Fg,3<r<
t + 1, then the sign of F, is determined by (4.4).

5. The Case p = 9 (mod 16)

Lemma 5.1. Let p = 1 (mod 8). Suppose that 273 | s for some positive
integer v > 4. Let A and |B| be uniquely determined by (4.1) and let |Ap|
and |Bo| be uniquely determined by p = A3 + BZ, 2 | Bo. Then 2"~1 | B

and
B Bys

gr—1 gr—1
Proof. Since p =1 (mod 8), we have 4 | By. By [8, Proposition 4],

- k1 s\ o
B=+) (-1)z <k>A0 *BE.

k=0

(mod 2).

Since 273 | s, it is not hard to see that 273 ’ (Z) for each odd k. Thus,

B =4+A5"1Bys (mod 27),
so that 2"~! | B and

B Ai'Bys _ Bos
27‘—1 =+ 2r—1 = 2r—l

as desired. O

(mod 2),
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Lemma 5.2. Let p=1 (mod 8), 8 | (n —2), 2| s and ¢ be a character of
order 4 on IFy such that 1(g) = i. Then

HOTW) + $(eT(W) = 2 g T 3 (m; )Lmkq

k=0

20k
where
Esin T + F' cos 7" if ¢ is a 4th power in F,
—Esin 7" — Fcos T*  if ¢ is a square
(5.1) T . l')ut n(.)t a 4th power zn Iy,
—Fsin 7" + Ecos T if cg is a 4th power in Fy,
Fsin T* — E cos 7" if cg is a square

but not a 4th power in F,.

The integers L and |M| are uniquely determined by (3.2). If m < n then
the sign of M is determined by (3.3). The integers E and F are uniquely

determined by
n—2

(5.2) ¢g* =E’4+F% E=1 (mod4), ptE,
(5.3) F¢'T = E (mod p).

Proof. Let A and B be determined by (4.1) and (4.2). Lemma 5.1 implies
that 8 | B. In view of Lemma 21 of [3] and the remarks at the beginning of
the proof of Lemma 3.2, we conclude that (see the proof of Theorem 22 of

31)

HATW) + Y(ATE) = 2~ F Mg 3 <m; )Lm‘“q
k=0
20k

where T is determined by (5.1),
n—2

nT_2 L_2 n—2 k ok nT_Z k—1 —_— n—2 k ok
E = —1 4 1A 7T "B F = -1z | 4 JA T "B,

Z( ) ( k; ) ' ’ Z( ) 2 < k ) '

k=0 k=0

2|k 21k
Since ¢ = |A + Bi|?, we have anfQ = |E + Fi|?> = E? + F?. Further,
since A = 1 (mod 4) and 2 | B, we deduce that F = AT =1 (mod 4).
Also, B? = —A? (mod p) implies £ = Tl ANT (mod p), and so p {1 E.
Finally,

MBS
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“ij
|||
M \

(?)A”f—k (—1)"F AR

= QT_IAT = F (mod p).
This completes the proof. O

“’W
o

Lemmas 2.7, 4.1 and 5.2 allow us to give the explicit formula for N, when
m < n.

Theorem 5.1. Let ged(n —2,(q—1)/2) =2!, ¢t >3, p=9 (mod 16), and
m < n. Then

2m—n
n— m =2 m n—m 2m —n k
Ny=¢""'+(-D)"g 2 (¢—= 1)+ (=) (g—1)"™ ( L >q2

k=0
2|k
m—m
1 m+1223n m_tT= : m_% Am—%—k g
+(-1) )Y L q
k=0
2|k

m2 m— 2 k
2717 +1Mn m -3 m—2_—k 2
q8TZ< " )L 27z,
k=0
20k
where T is determined by (5.1). The integers A, B, E, F, L and M are
uniquely determined by (3.2), (3.3), (4.1), (4.2), (5.2) and (5.3).
Next, we consider the case m = n.

Lemma 5.3. Let p =9 (mod 16) and ¢ be a character of order 2" on F,
where v > 4 and 2"71 | (n — 2). Then

1 (2"~ 1—3)n or—1l.g

fzw G G() = (-7 27

2@
E.L, if ¢ is a 2"~ th power in Fy,
—FE,.L, if ¢ is a 2" 2th power but not a 2" th power in Fy,
x < F.L, if ¢ is a 2" 73th power but not a 2" 2th power in Fy,
(Fr — E;)M, if ¢ is a 2"~*th power but not a 2"3th power in F,,
0 otherwise.

The integer |B| is uniquely determined by (4.1). The integers E, and |F}|
are uniquely determined by (4.3). If ¢ is a 2"~ *th power but not a 2" ~2th
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power in F, then the sign of F, is determined by

—1
FLcorT (mod p) if ¢ is a 2" 3th power

but not a 2""2th power in F,,
(5.4) E, = - P !
Fr.c=2 (mod p) ifc is a 2"~*th power

but not a 2" "3th power in Fy,.

The integers L, and |M,| are uniquely determined by (3.4). If ¢ is a 2"~ *th
power but not a 2" 3th power in F, then the sign of M, is determined
by (3.5).

Proof. We define the integers |Ag| and |By| by the conditions p = A% + B3,
2 | By. By Lemma 5.1, B/2"~1 and Bys/2"~! have the same parity. Hence
(=1)B/27 = (=1)Bos/2" " and the result follows from [4, Lemma 5.2]. O

Lemmas 2.7, 4.1, 5.2 and 5.3 imply

Theorem 5.2. Let ged(n —2,(q—1)/2) =2, ¢t >3, p=9 (mod 16), and
m =n. If ¢ is a 2'th power in F, then

w\w

n n 7L2 % n
Nq n1+q2(q_1) Z<k>q2—22q Z() 57

k=0
20k
241,252 o (B n_g k —2t _p @rlosm—2rl4e
+ 22 q 3 EZ 2 L2 q2_|_2n er q - ErLr
=0 r=4
\k
B g (2=3)n—2'46
+ (=1)2r 2y T Eii1Li4q.

If ¢ is a 27 th power but not a 2'th power in Fy then

1\3\2:'

n—1 n—2 " n n % n ﬂ
Ny =q +q2(q1)z<k>222 Z() >

k=0
2k
n n (2"~ l_3)m—2""146
+22+1q 3 EZ<2>L2 q2 4oon— 2221” 1 —ET'L’I‘
2\7@ r=4
B o (2t—3)n—2t+6
—(=1)2* -2 q 27T Byl



On the Carlitz problem

Ift >4 and c is a 2'72th power but not a 21 th power in F, then
1 n—2 n n k n n—2 % n n_p k
N,=¢"14+q¢2 (¢g—1)— 2 —22q 1 2 1 A2 Rg2
=" +q 7 (1) E:O(k)q q ;}(k q
20k 2k
niq n=2 2 n n_p k 9 i1 1 21 _g)p—2r—1i¢
+2: g T E) /i L2"Fqz +2" 2 ol E.L,
k2|:k0 r=4
(2t=1_3)yp—2t—1i¢ B (2t—3)n—2t+6
— STt Byl 4 (—1)27 - 20t T By Ly

Ift > 5 and ¢ is a 2°th power but not a 2°T th power in Fg,2<v<t-3,
then

o= 4P -1 (F)at -2 Y (F)arred
— p) — — 2 —22qg 4 2 2
qg =49 q q ) k q q k q

k=0
20k 20k

+1 =2 - % n_p k n720+1 r—1 @ logn-2""l46
+2: Mg T EY pEE e 42 > 2l 7 E.L,
k=0 r=4
20k
1 @vtl_g)n—2vtlis 2v+t2_3)n—2v*246
A 22 BEyioLyys +2"q 2vF3 Fyy3Llyts
B 2V T3 _3yn—2vt3 46
+ (_1)W X 2n+’u+1qT

(FU+4 - Ev+4)MU+4-

If ¢ is a square but not a 4th power in Iy then

i 2 /n
o n\ k n n—2 2\ 42—k E
Nq—q" +q2(q_1)_l€2<k>q2—22q4 Z<k>A2 q?2
= k=0
Q‘k 2|k
5 /n
2R Y </2€>L2_kq2 +(—1)F 2" g FuLy
%
0 ift =3,
+{(_1)16 on 2 13n—10

15



16 Toulia N. BAOULINA

If ¢ is not a square in F, then
ey . n=2 . (n\ & g@%% n_g k
Ng=q""+q 7 (¢=1) =3 |, Jaz+22a 7 > | ]A2 "

+237gs FZ( ) LE7Rg3 4 (—1)F - 2"H1g ™55 (Fy — By)My,

k=0
20k

The integers A, |B|, E, |F|, E,, |F|, L, L, and |M,| are uniquely deter-
mined by (3.2), (3.4), (4.1), (4.3) and (5.2), 4 <r <t+1. Ifcis a 2" *th
power but not a 2" "2th power in Fy, 4 <r <t+1, then the sign of F, is
determined by (5.4). If ¢ is a 2"~*th power but not a 2"~3th power in Fy,
4 < r < t+1, then the sign of M, is determined by (3.5). If ¢ is not a
square in Fy then the sign of F' is determined by

F'T =E (mod p).

6. Lower bounds for the number of solutions

The following result is a straightforward consequence of Lemma 2.1 and
Corollary 2.1.

Theorem 6.1. Let gcd(n —2,(q¢—1)/2) = d. Then

-1 n—-2

1+ ()™= "5 (g - 1)

m+1 a1 nfmZmin ka=y) (2m —n) &
+ (=DM (=) T g =1 Y (<) e

N

Nq > qnil +

2/k
B 2m=1(d — ) = if 2m # n,
25(d—1)¢"z  if 2m =n.

We can simplify this inequality and obtain a compact expression for lower
bound.

Theorem 6.2. Let gcd(n —2,(q—1)/2) =d. Then

N qnfl 2m71dan_l +anT_1J + (—1)”71 if 2m # n,
T - 2%dg"T ¢ T 1 if 2m = n.
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Proof. We have

1 Zm_n ka-1) [2m —n\ &k
() gy (-1 < ; >qz
k=0
20k

g—1 n

[ (D) g o (!

T S O L (" - m) <2m - n> i+
0<j<n—m k
0<k<2m-—n

2/k
(],k)#(070)7(n—m,2m—n)

N |

1 n — n
> S [+ (—1)) (- g o (-
n—1 n—m\{2m—n
0<j<n—m J
0<k<2m—n
2|k
(jvk)7é(070)7(n7m72m7n)
1 n — n n— 1 n—
> (14 (D)"Y B gE 4 (<1 g g S [ (1)
a1 [277Lif 2m £ n,
—-q 2 - n .
22 if 2m =n,
and the result follows from Theorem 6.1. O

Corollary 6.1. Let ged(n —2,(q¢—1)/2) =d. Then
¢ — 2”_2dq% +1 ifm<n,
Nq > 1 1, n=1 .
Q" —=2""dg 2 +1 ifm=n.

Remark 3. In the case p = 2""'£1 (mod 2"), h > 3, ged(n—2, (¢—1)/2) =
2t t > w—1, m < n, if instead of Lemma 2.1 one uses Lemma 2.7, then
one obtains lower bounds for Ny, given in Theorem 6.1, Theorem 6.2 and
Corollary 6.1, with d replaced by 2¥2.

Note that equation (1.2) always has the trivial solution (0,...,0). The
estimates in Corollary 6.1 can be employed to establish the existence of
nontrivial solutions to (1.2).

Theorem 6.3. Equation (1.2) always has a nontrivial solution unless
m=n=q=3.
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Proof. First, suppose that ¢ = 3. Then d =1 and

2m—n k(g1 m—n i 2m—n m—mn
Z(—n(ﬂ(Q . >q2= > (2 A )(i 2

_ [y i3 (2m )
(=1t 22mensl i 3 (2m — n).

Appealing to Lemma 2.1, we find that

3n=t —on 4 (—1)mts 2.3 if 2|n and 3| (2m —n),

N BT 2T (e 3"3° if 2 |nand 31 (2m — n),
! 3n—l _on if 2¢n and 3| (2m —n),
3n—1 4 on-l if 2¢n and 31 (2m —n).

Since 3771 — 2" > 2771 4 1 for each n > 4, we see that N, = 1 if and only
ifm=n=3.
Next, suppose that ¢ > 5. If m < n then, by Corollary 6.1,

N, > 2"—1q”51(<j>%1 - g) 1> 2”—1q"51((i>n21 - %) F1>1.

Now assume that m = n. Note that, by Corollary 6.1, the inequality
n—1
(g/4) 2 > d implies N, > 1. Since

n—1 n—1
q\ 2 q—4\ 2 n—1 qg—14
(4) <+ 1 ) S T

n>d if ¢ > 13 and n > 3,
> g—1
q—BZTZd if g>5andn>09,

it remains to examine the case when g € {5,7,9,11} and n € {3,4,5,6,7,8}.
Direct calculations show that the inequality (q/4)nT_1 > d holds except
when ¢ = 5, n = 4 or 6. Finally, we observe that for any ¢ € F; the equa-
tion 23 + 23 + 23 + 23 = cx 297537, has the nontrivial solution (0,0,1,2) and
the equation 2% + 23 + 2%+ 22 + 22 + 22 = cx,29737,7574 has the nontrivial
solution (0,0,0,0,1,2). This completes the proof. O
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Remark 4. Theorem 6.3 can also be proved without using the low bounds
for N,. Indeed,

Ng > #{(x2,...,2p) €FP 7 23+ + a2l + gap + -+ gap =0}

B g2 if n is even,
Sl a(-) T g™ T (¢ - 1) ifnis odd,
n=3 6 n—1

2qz (@7 —q+1),
where, in the penultimate step, we used the explicit formulas for the num-
ber of solutions to quadratic equations (see [6, Theorem 10.5.1] or [9, The-
orems 6.26 and 6.27]). Hence N, > 1 except possibly for n = 3. From
Lemma 2.1, we deduce for n = 3 that

N__f+1—@n?@ it m =2,
@1+ (1) 3¢ ifm=3.

Thus N, = 1 if and only if m = n = ¢ = 3. Note that for n > 3 we actually
proved that (1.2) always has a nontrivial solution with z; - -z, = 0.

In view of Remark 4, it is of interest to give conditions for the existence
of a solution with z1---x, # 0. Let N(}" be the number of solutions to
equation (1.2) in (IF;)". From the proof of [1, Lemma 1],

a1 —m 2m—n

. (g=1)"  (—D)mH(=D) T g1 ka=1) (2m —n\ &

Nq = + Z (=1)" 4 f qz
q q k=0
20k

+ D DT ().

pi=e
e

Proceeding then by the same arguments as in the proofs of Theorems 6.2
and 6.3, we find that

N, =

0 if ¢=3and 3| (2m —n),
2n=l if g=3 and 31 (2m — n),

and B
. (g=1)" 2 2dg" T if m < n,
Ng>————=9on1, 21 . _
q 2" dq 2 ifm=mn,

and obtain the next result.

Theorem 6.4. Equation (1.2) is always solvable with xy -z, # 0 except
in the following cases:

(a) g=3 and 3| (2m —n);

(b) g =5, m=n=4 and c is a nonsquare in F,.
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