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Hilbert-Speiser number fields and Stickelberger
ideals

par Humio ICHIMURA

Résumé. Soit p un nombre premier. On dit qu’un corps de nom-
bres F satisfait la condition (H ′pn) si toute extension abélienne
N/F d’exposant divisant pn possède une base normale d’entiers
sur l’anneau des p-entiers. On dit aussi que F satisfait la condition
(H ′p∞) s’il satisfait (H ′pn) pour tout n ≥ 1. Il est bien connu que le
corps des rationnels Q satisfait (H ′p∞) pour les nombres premiers
p. Dans cet article, nous donnons une condition simple pour qu’un
corps de nombres F satisfasse (H ′pn) en termes du groupe des
classes d’idéaux de K = F (ζpn) et d’un “idéal de Stickelberger”
associé au groupe de Galois Gal(K/F ). Comme application, nous
donnons un corps quadratique imaginaire qui pourait vérifier la
condition très forte (H ′p∞) pour un petit nombre premier p.

Abstract. Let p be a prime number. We say that a number field
F satisfies the condition (H ′pn) when any abelian extension N/F
of exponent dividing pn has a normal integral basis with respect
to the ring of p-integers. We also say that F satisfies (H ′p∞) when
it satisfies (H ′pn) for all n ≥ 1. It is known that the rationals Q
satisfy (H ′p∞) for all prime numbers p. In this paper, we give a
simple condition for a number field F to satisfy (H ′pn) in terms of
the ideal class group of K = F (ζpn) and a “Stickelberger ideal”
associated to the Galois group Gal(K/F ). As an application, we
give a candidate of an imaginary quadratic field F which has a
possibility of satisfying the very strong condition (H ′p∞) for a small
prime number p.

1. Introduction
Let p be an odd prime number. For a number field F , let OF be the

ring of integers and O′F = OF [1/p] the ring of p-integers of F . A finite
Galois extension N/F with group Γ has a normal p-integral basis (p-NIB
for short) when O′N is cyclic over the group ring O′FΓ. We say that F
satisfies the Hilbert-Speiser condition (H ′pn) when any abelian extension
N/F of exponent dividing pn has a p-NIB, and that F satisfies (H ′p∞)
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when it satisfies (H ′pn) for all n. The classical theorem of Hilbert and
Speiser combined with Kersten and Michalicek [17, Theorem 2.1] asserts
that the rationals Q satisfy (H ′p∞) for all p. One naturally asks “can there
exist any number field F other than Q satisfying the very strong condition
(H ′p∞) for some p ?”, which is a starting point of this study. The main result
(Theorem 1.1) of this paper is a necessary and sufficient condition for F
to satisfy (H ′pn) for n (< ∞). It is given in terms of a Stickelberger ideal
associated to the Galois group of F (ζpn) over F , where ζpn is a primitive
pn-th root of unity. As an application (Theorem 1.2), we give a candidate
of an imaginary quadratic field F which has a possibility of satisfying the
very strong condition (H ′p∞) for a small prime number p.

To be more precise, let us introduce some notation. For an integer n ≥ 1,
let Gn = (Z/pn)× be the multiplicative group. Let SGn be the classical
Stickelberger ideal of the group ring ZGn associated to the abelian exten-
sion Q(ζpn)/Q. Let H be a subgroup of Gn. For an element α ∈ QGn,
put

αH =
∑
σ∈H

aσσ ∈ QH with α =
∑
σ∈Gn

aσσ.

In other words, αH is the H-part of α. We define the Stickelberger ideal
SH of the group ring ZH simply by

SH = {αH
∣∣ α ∈ SGn} ⊆ ZH.

In Section 2, we collect several properties of this ideal.
Let F be a number field. For an integer n ≥ 1, let Kn = F (ζpn), and

we identify the Galois group Gal(Kn/F ) with a subgroup H = HF,n of Gn
through the Galois action on ζpn . For simplicity, we write

SF,n = SHF,n .
Let ClF and Cl′F be the ideal class groups of the Dedekind domains OF
and O′F , respectively. Let hF = |ClF | and h′F = |Cl′F |. Letting D be the
subgroup of ClF generated by the classes containing a prime ideal of OF
over p, we have an isomorphism Cl′F

∼= ClF /D. Hence, we have Cl′F = ClF
and h′F = hF when the prime ideals of OF over p are principal.
Theorem 1.1. Under the above setting, a number field F satisfies the
condition (H ′pn) if and only if the Stickelberger ideal SF,i annihilates the
class group Cl′Ki for all 1 ≤ i ≤ n.

When n = 1, we proved this assertion in [11] and [16, Appendix], and
gave the following application.
Proposition 1.1. ([14, Theorem 1]). Let p be an odd prime number with
p ≡ 3 mod 4, and assume that GRH is satisfied when p = 163. Then the
imaginary quadratic field F = Q(

√
−p) satisfies (H ′p) if and only if p = 3,

7, 11, 19, 43, 67 or 163.
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The above imaginary quadratic fields are the famous 7 ones of class
number one with an odd prime conductor.

Let hpn be the class number of the pn-th cyclotomic fieldQ(ζpn), and h+
pn

the class number of the maximal real subfield of Q(ζpn). Let h−pn = hpn/h
+
pn

be the relative class number. Using Theorem 1.1 and some other results,
we prove the following:

Theorem 1.2. Let p = 3, 7, 11, 19, 43, 67 or 163, and F = Q(
√
−p). Let

n ≥ 2 be an integer. Assume that h+
pn/h

+
p = 1 and h−pn/h−p is odd, and that

GRH is satisfied when p = 163. Then F satisfies (H ′pn).

Let us comment on the assumption on class numbers. Washington [24,
25] began studying the non-p-part of h−pn or the quotient rn = h−pn+1/h

−
pn .

He proved that for a prime number ` 6= p, rn is not divisible by ` for all
sufficiently large n and that the set of primes ` with ` - h−pn for all n has
natural density 1. When ` = 2 and p = 3, 7, it is known that h−pn is odd for
all n ≥ 1 (Horie [8], the author [15]). It is plausible that the assumption
on h−pn/h

−
p is satisfied also for the other p’s and all n. On the other hand,

the class number h+
pn is a very difficult object, and the exact value of h+

pn is
known only for small p and n (partly, under GRH) due to van der Linden
[18]. For this, see also Washington [26, page 421]. It is known that when
p = 3, the assumption on h+

pn/h
+
p is satisfied for 2 ≤ n ≤ 4, and for n = 5

under GRH. When p = 7, it is satisfied for n = 2. Recently, Buhler et al [1]
proposed a striking conjecture that h+

pn+1 = h+
pn for all n ≥ 1 except for a

finite number of primes p. Thus, we can say that the imaginary quadratic
field F = Q(

√
−p) in Theorem 1.2 satisfies the very strong Hilbert-Speiser

condition (H ′p∞) if we are lucky enough; namely, if a prime number p in
Theorem 1.2 is not an exceptional one in the above conjectual sense (and
the assumption on h−pn is satisfied for all n).

In [7, Theorem 136], Hilbert gave his famous alternative proof of the
Kummer-Stickelberger theorem for the class group of Q(ζp) using the
Hilbert-Speiser theorem. Fröhlich [3] generalized this argument for the
class group of a general cyclotomic field Q(ζm). The “only if” part of The-
orem 1.1 is a natural generalization of these works. Let us refer to a work
of McCulloh [19, 20, 21]. Let Γ be a cyclic group of order p; Γ = F+

p where
F+
p is the additive group of the finite field F p = Z/p. Denote by Cl(OFΓ)

and R(OFΓ) the locally free class group of the group ring OFΓ and the
subset of the classes [ON ] for all tame Γ-extensions N/F , respectively. It is
known that R(OFΓ) is contained in the kernel Cl0(OFΓ) of the projection
Cl(OFΓ) → ClF induced from the augmentation OFΓ → OF . Through
the natural action of G1 on Γ, the group ring ZG1 acts on the locally free
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class group. In [19, 20], McCulloh proved that

(1.1) R(OFΓ) = Cl0(OFΓ)SG1 .

Similar result is obtained also when Γ is an abelian group of exponent p.
Theorem 1.1 for the case n = 1 is a consequence of a p-integer version of
(1.1) as we have seen in [16, Appendix]. In [21], McCulloh tried to generalize
this beautiful theorem for a general abelian group, but could not obtain a
result as sharp as (1.1) (see [21, Theorem 7.49]). Our proof of Theorem
1.1 for general n is quite elementary, and is a natural generalization of the
arguments in [11] where we gave a simple and direct proof of Theorem 1.1
for the case n = 1 without using McCulloh’s theorem (1.1). In place of
(1.1), we used, in [11], (i) a p-integer version of a theorem of Gómez Ayala
[5, Theorem 2.1] on normal integral basis of a Kummer extension of prime
degree and (ii) a Galois descent property of p-NIB for a cyclic extension of
degree p ([10, Theorem 1]). Gómez Ayala’s theorem was generalized in [9,
Theorem 2] and Del Corso and Rossi [2, Theorem 1] for a cyclic Kummer
extension of arbitrary degree. (See Remark 5.1.) A generalization of the
descent property is given in Section 4 (Theorem 4.1).

This paper is organized as follows. In Section 2, we collect several prop-
erties of the Stickelberger ideals. In Section 3, we derive Theorem 1.2 from
Theorem 1.1 and the results in Section 2. In Section 4, we study a Galois
descent property of p-NIB, which is a key for proving Theorem 1.1. In
Section 5, we prove Theorem 1.1. In Section 6, we prove the lemmas given
in Section 2.

2. Properties of Stickelberger ideals
In this section, we collect some properties of the Stickelberger ideals,

which are necessary to prove Theorems 1.1 and 1.2. Some of them are
formal generalizations of the previous results in [11, 12, 13, 16] for the case
n = 1. For a while, we fix an odd prime number p and an integer n ≥ 1.
Let G = Gn = (Z/pn)×, and let SG be the classical Stickelberger ideal of
the group ring ZG associated to the abelian extension Q(ζpn)/Q. For the
definition, see [26, Chap. 6] and/or Sinnott [23, page 189]. (It is quite easy
to see that the ideal SG given in [26] equals the one in [23].) For an integer
i with p - i, let σi = ī be the class in G represented by i. For a subgroup
H of G, the Stickelberger elements θH and θH,r are defined by

θH =
∑
i

′ i

pn
σ−1
i ∈ QH,

and

(2.1) θr = θH,r =
∑
i

′
[
ri

pn

]
σ−1
i ∈ ZH
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for r ∈ Z, respectively. Here, i runs over the integers relatively prime
to p with 1 ≤ i ≤ pn − 1 and ī ∈ H, and for a real number x, [x] is
the largest integer ≤ x. These elements are the H-parts of θG and θG,r,
respectively. As is well known, the elements θG,r are contained in SG, and
SG is generated, as a module over Z, by θG,r for all integers r with p - r
(cf. [26, Lemma 6.9]). Hence, the same holds for the H-part SH :

(2.2) SH = 〈θH,r
∣∣ r ∈ Z〉Z = 〈θH,r

∣∣ r ∈ Z, p - r〉Z .
Here, 〈∗ ∗ ∗〉Z denotes the module generated by ∗ ∗ ∗ over Z. Let NH be
the norm element of ZH, and e = eH = pnθH . The element e plays a role
in the proof of Theorem 1.1. We have

NH = −θH,−1 ∈ SH and e = θH,pn = θH,1+pn ∈ SH .
We easily see that
(2.3) (r − σr)θH = θH,r for r with r̄ ∈ H
and that
(2.4) ZH · θH ∩ZH ⊆ SH .
When H = Gn, these two assertions are well known (see Lemma 6.9 or
page 376 of [26]). They are shown exactly similary for the general case.
From (2.3), it follows that
(2.5) σre ≡ re mod pnSH for r with r̄ ∈ H.

Let PH and ∆H be the p-part and the non-p-part of H, respectively. Let
ωp : G1 = (Z/p)× → Z×p be the Teichmüller character. Regarding ∆H

as a subgroup of G1, let ωH = ωp|∆H . For a module X over ZpG1 (resp.
Zp∆H) and a Qp-valued character χ of G1 (resp. ∆H), let X(χ) be the
χ-component. Namely, X(χ) is the maximal submodule of X on which G1
(resp. ∆H) acts via χ. The following is a generalization of the well known
fact (SG1 ⊗Zp)(ωp) = Zp (cf. [26, page 101]). Here (and in what follows),
Zp is the ring of p-adic integers, and Qp is the p-adic rationals.

Lemma 2.1. We have (SH⊗Zp)(ωH) = ZpPH regarding ZpH as a module
over Zp∆H . In particular, when ∆H is trivial, SH ⊗Zp = ZpH.

Let J = σ−1 be the element of Gn of order 2 (complex conjugation).
The classical Stickelberger ideal SGn of ZGn is contained essentially in the
“odd part” (1− J)ZGn. This is generalized as follows.

Lemma 2.2. Let H be a subgroup of G = Gn with |H| odd, and let H1 =
H · 〈J〉 where J = σ−1. Let δr = 0 or 1 according to whether pn divides r
or not. Then the following equations hold :

θH1 = (1− J)θH + JNH and θH1,r = (1− J)θH,r + (r − δr)JNH .
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Let us look at the effect of the restriction map ϕ : ZGn+1 → ZGn. Let
H ′ be a subgroup of Gn+1, and H = ϕ(H ′) ⊆ Gn. There are two cases: (I)
|H ′| = |H| and (II) |H ′| = p|H|. Let e′ = eH′ , e = eH , and N = NH . For
elements or subsets α and β of ZH, let 〈α, β〉 be the ideal of ZH generated
by them.

Lemma 2.3. Under the above setting, the following assertion holds :
The case (I) : SH ⊆ ϕ(SH′).
The case (II) : SH = 〈ϕ(SH′), NH〉. Further, we have

ϕ(e′) = pe+ (p− 1)pn+1

2
N.

3. Proof of Theorem 1.2
In this section, we derive Theorem 1.2 from Theorem 1.1 and the results

in Section 2. We use the same notation as in Theorem 1.1.

Lemma 3.1. Let F be a number field and n ≥ 2. Assume that the norm
map Cl′Kn → Cl′Ki is surjective for 1 ≤ i ≤ n− 1 and that the natural map
Cl′F → Cl′K1

is trivial. Under these assumptions, if SF,n annihilates Cl′Kn,
then SF,i kills Cl′Ki for all 1 ≤ i ≤ n.

Proof. By the second assumption, the norm element NF,i of ZHF,i kills
Cl′Ki . Then, from Lemma 2.3 and the first assumption, we obtain the
assertion. �
Proof of Theorem 1.2. Let F = Q(

√
−p) with p = 3, 7, 11, 19, 43, 67 or

163. Let n ≥ 2 be an integer, and assume that h+
pn/h

+
p = 1 and h−pn/h

−
p is

odd. Let Kn = F (ζpn) = Q(ζpn). Since the unique prime ideal of Kn over p
is principal, we have Cl′Kn = ClKn . Let G = Gn and H = Gal(Kn/F ) ⊆ G.
The assumptions in Lemma 3.1 are satisfied as the class number hF of F
is one. Hence, by Theorem 1.1, it suffices to show that SH kills ClKn . The
order |H| is odd and G = H · 〈J〉 with J = σ−1. By Lemma 2.2, we have

(1− J)θH,r = θG,r − (r − δr)JNH .

The element θG,r kills ClKn by the classical Stickelberger theorem, and NH

kills ClKn as hF = 1. Therefore, it follows that

(3.1) Cl
(1−J)θH,r
Kn

= {0}.

Let p 6= 163. Then h+
p = 1 and h−p is odd. It follows from the assumption

on the class numbers that h+
pn = 1 and hpn = h+

pnh
−
pn is odd. Therefore,

(3.1) implies that SH kills ClKn . Next, let p = 163. In this case, we have
h+
p = 4 under GRH, and h−p = 4 ·N for some odd integer N . Similarly to

the above, we see from (3.1) and the assumption on the class numbers that
SH kills the Sylow q-subgroup ClKn [q] for all odd prime numbers q. Hence,
it suffices to show that SH kills the 2-part ClKn [2]. By the assumption on
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the class numbers, the natural map ClK1 [2]→ ClKn [2] is an isomorphism.
Let H̄ = Gal(K1/F ) ⊆ G1, and let ϕ be the restriction map ZH → ZH̄.
From the above, θH,r kills ClKn [2] if and only if ϕ(θH,r) kills ClK1 [2]. In
[14], we already showed that the Stickelberger ideal SH̄ associated to H̄
kills ClK1 under GRH. Hence, we see from Lemma 2.3(II) that ϕ(θH,r)
kills ClK1 . Therefore, F satisfies (H ′pn) also when p = 163 under GRH.
�

4. Galois descent of p-NIB
Let p be an odd prime number and F a number field. Let Kn = F (ζpn)

and H = Gal(Kn/F ) ⊆ Gn = (Z/pn)×. Let e = eH ∈ SH = SF,n. The
following lemma is an excercise in Galois theory, and we do not give its
proof.

Lemma 4.1. (I) Let L/Kn be a cyclic extension of degree pn. Then there
exists a cyclic extension N/F of degree pn such that L = NKn and N ∩
Kn = F if and only if there exists an element a ∈ K×n such that L =
Kn((ae)1/pn).

(II) Let N/F be a cyclic extension of degree pi with 1 ≤ i ≤ n − 1. If
N ∩Kn = F , then NKn = Kn((ae)1/pn) for some a ∈ K×n .

Let B∞F /F be the cyclotomic Zp-extension, and let BnF be the n-th layer
of B∞F /F with B0

F = F . When p does not divide [Kn : F ], the condition
N ∩ Kn = F in Lemma 4.1 trivially holds. When p divides [Kn : F ],
the condition is equivalent to N ∩ B1

F = F , which is also equivalent to
N ∩B∞F = F .

The following assertion on p-NIB is well known.

Lemma 4.2. (I) When ζpn ∈ F×, a cyclic extension N/F of degree pn

unramified outside p has a p-NIB if and only if N = F (ε1/pn) for some unit
ε ∈ O′×F .

(II) The extension BnF /F has a p-NIB for any n ≥ 1.

For the first assertion, see Greither [6, Proposition 0.6.5], and for the
second one, [6, Proposition I.2.4] or [17, Theorem 2.1].

Lemma 4.3. Assume that p divides [Kn : F ] and that any finite abelian
extension N/F of exponent dividing pn such that N ∩Kn = F has a p-NIB.
Then F satisfies (H ′pn).

Proof. Let N/F be an arbitrary abelian extension of exponent dividing
pn. Using Galois theory, we see that there exists an intermediate field N1
of NBnF /F such that N1B

n
F = NBnF and N1 ∩ BnF = F . By Lemma

4.2(II), BnF /F has a p-NIB. By the second assumption, N1/F has a p-NIB.
Therefore, sinceBnF /F is unramified outside p, the composite N1B

n
F /F has
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a p-NIB by a classical result on rings of integers (cf. Fröhlich and Taylor
[4, (2.13)]). As N ⊆ N1B

n
F , N/F has a p-NIB. �

We say that a number field F satisfies the Galois descent condition (D′pn)
when for any finite abelian extension N/F of exponent dividing pn such that
N ∩Kn = F , N/F has a p-NIB if the pushed-up extension NKn/Kn has a
p-NIB. The following is a key for proving Theorem 1.1.

Theorem 4.1. A number field F satisfies (D′pn) if it satisfies (H ′pn−1).

To prove Theorem 4.1, we need to prepare several lemmas.

Lemma 4.4. Let K be a number field with ζpn ∈ K×. Let Γ be a finite
abelian group of exponent pn, and Γ̄ a quotient group of Γ. Then the re-
striction map O′KΓ → O′K Γ̄ induces a surjection (O′KΓ)× → (O′K Γ̄)× on
the groups of units.

Proof. As 1/p ∈ O′K , the Wedderburn decomposition induces the following
ring isomorphisms

f : O′KΓ→ A =
∏
χ

O′K , α→ (χ(α))χ,

g : O′K Γ̄→ B =
∏
ψ

O′K , β → (ψ(β))ψ.

Here, χ (resp. ψ) runs over theK-valued characters of Γ (resp. Γ̄), which we
regard as a homomorphism from O′KΓ (resp. O′K Γ̄) to O′K by linearity. The
restriction map ϕ : O′KΓ→ O′K Γ̄ induces a natural projection ϕ′ : A→ B
such that g ◦ ϕ = ϕ′ ◦ f . We easily see that ϕ′(A×) = B×. This implies
that the restriction map ϕ induces a surjection (O′KΓ)× → (O′K Γ̄)×. �

In the following, let

(4.1) Γ = 〈γ1〉 × · · · × 〈γg〉

be a finite multiplicative abelian group of exponent pn, and let per be the
order of γr for 1 ≤ r ≤ g. We may as well assume that

(4.2) 1 ≤ e1 ≤ · · · ≤ es < n and es+1 = · · · = eg = n

for some s < g. Let
X = Z/pe1 ⊕ · · · ⊕Z/peg

be the additive group. For an element I ∈ X, we often write I = (i1, · · · , ig)
for some integers ir defined modulo per .

We fix a primitive pn-th root ζ = ζpn of unity. Then ξi = ζp
n−i is a

primitive pi-th root of unity for 1 ≤ i ≤ n. Let K be a number field with
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ζ ∈ K×, and let L/K be a Γ-extension. For an element w ∈ L and each
I = (i1, · · · , ig) ∈ X, let

wI =
∑

Λ∈X

( g∏
r=1

ξ−irλrer

)
· wγ

λ1
1 ···γ

λg
g

be the associated resolvent. Here, Λ = (λ1, · · · , λg) runs over X. We easily
see that

(wI)γk = ξikek · wI .
Let O′L,I be the additive group consisting of integers x ∈ O′L such that
xγk = ξikek · x for all 1 ≤ k ≤ g. The resolvent ωI is an element of O′L,I . The
following lemma is well known and easy to show.

Lemma 4.5. Under the above setting, assume that O′L = O′KΓ ·w for some
w ∈ O′L. Then we have

O′L,I = O′K · wI and O′L =
⊕
I∈X
O′L,I ,

where I runs over X.

Lemma 4.6. Under the setting and the assumption of Lemma 4.5, let αI
be an arbitrary generator of O′L,I over O′K , and put

W =
∑
I∈X

αI ∈ O′L.

Then we have O′L = O′KΓ ·W .

Proof. We easily see that the resolvent WI of W equals peαI with e =
e1 + · · ·+ eg. Hence, as p is a unit, it follows that

O′L =
⊕
I∈X
O′KαI =

⊕
I∈X
O′KWI ⊆ O′KΓ ·W,

which implies that O′L = O′KΓ ·W . �
Proof of Theorem 4.1. Let Γ and the integers er be as in (4.1) and (4.2).
Let K = Kn = F (ζpn). Let N/F be a Γ-extension with N ∩ Kn = F ,
and L = NK. Assume that O′L = O′KΓ · w for some w ∈ O′L. To prove
the assertion, it suffices to show that we can take W ∈ O′N such that
O′L = O′KΓ ·W . Actually, when this is the case, we have O′N = O′FΓ ·W .
Let

Ω = {1} × · · · × {1} × 〈γp
n−1

s+1 〉 × · · · × 〈γ
pn−1
g 〉 ⊆ Γ.

Then the quotient
Γ̄ = Γ/Ω = 〈γ̄1〉 × · · · × 〈γ̄g〉

is a finite abelian group of exponent pn−1. Let N1 be the intermediate field
of N/F corresponding to Ω by Galois theory, and let L1 = N1K. Then the
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Galois groups Gal(N1/F ) and Gal(L1/K) are naturally isomorphic to Γ̄.
Let

Y = Z/pe1 ⊕ · · · ⊕Z/pes ⊕ (pZ/pnZ)⊕(g−s) ⊆ X
and

X̄ = Z/pe1 ⊕ · · · ⊕Z/pes ⊕
(
Z/pn−1

)⊕(g−s)

be the additive groups. We write an element J of X̄ in the form J =
(j1, · · · , jg) for some integers jr defined modulo per (resp. pn−1) for 1 ≤
r ≤ s (resp. s+ 1 ≤ r ≤ g). We see that∑

I∈Y
wI =

∑
J∈X̄

∑
Λ∈X

(
s∏
r=1

ξ−jrλrer ×
g∏

r=s+1
ξ−jrλrn−1

)
· wγ

λ1
1 ···γ

λg
g .

Here, I and Λ = (λ1, · · · , λg) run over Y and X, respectively, and J =
(j1, · · · , jg) runs over X̄. The right hand side equals

∑
Λ

∑
j1

ξ−j1λ1
e1 × · · · ×

∑
jg

ξ
−jgλg
n−1

 · wγλ1
1 ···γ

λg
g ,

where jr runs over the integers with 0 ≤ jr ≤ per − 1 (resp. 0 ≤ jr ≤
pn−1 − 1) for 1 ≤ r ≤ s (resp. s+ 1 ≤ r ≤ g). We see that this equals

pf ·
∑′

Λ
wγ
λ1
1 ···γ

λg
g with f = e1 + · · ·+ es + (g − s)(n− 1)

where Λ runs over the subset

{0} × · · · × {0} ×
(
pn−1Z/pnZ

)⊕(g−s)
⊆ X.

Hence, it follows that ∑
I∈Y

wI = pf · TrL/L1w.

On the other hand, we have O′L1
= O′K Γ̄ ·TrL/L1w from the assumption.

As we are assuming that F satisfies (H ′pn−1), there exists an element w1 ∈
O′N1
⊆ O′N such that O′L1

= O′K Γ̄ · w1. Hence, (TrL/L1w)A = w1 for some
unit A ∈ (O′K Γ̄)×. By Lemma 4.4, there exists a unit B ∈ (O′KΓ)× which
is sent to A by the restriction map O′KΓ → O′K Γ̄. Now, replacing w with
wB, we may as well assume that

(4.3)
∑
I∈Y

wI ∈ O′N .

Let H = Gal(K/F ) = Gal(L/N) ⊆ Gn, and let ρ = σκ (κ ∈ Z) be a
generator of H sending ζ = ζpn to ζκ. Put

Z = X \ Y.
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The Galois group H acts on I = (i1, · · · , ig) ∈ Z by the rule

Iρ = κI = (i1κ, · · · , igκ).

For each I = (i1, · · · , ig) ∈ Z, we have p - ir for some s + 1 ≤ r ≤ g.
From this, we see that each H-orbit in Z consists of ` = |H| elements, and
that the set Z is the union of T = |Z|/` orbits. Choose a representative
It (1 ≤ t ≤ T ) of each orbit. Since ζρ = ζκ, we see that

(O′L,I)ρ = O′L,κI .

Therefore, we obtain

⊕
I∈Z
O′L,I =

T⊕
t=1

`−1⊕
k=0

(O′L,It)
ρk =

T⊕
t=1

`−1⊕
k=0
O′K · w

ρk

It
.

Now, we put

W =
∑
I∈Y

wI +
T∑
t=1

`−1∑
k=0

wρ
k

It
=
∑
I∈Y

wI +
T∑
t=1

TrL/N (wIt).

Then we see that O′L = O′KΓ ·W from Lemma 4.6 and that W ∈ O′N by
(4.3). Therefore, N/F has a p-NIB. �
Remark 4.1. Let K = F (ζpn). In [10], we showed that (i) when p does
not divide [K : F ], any cyclic extension N/F of degree pn has a p-NIB
if NK/K has a p-NIB, but that (ii) when p divides [K : F ], this descent
property does not hold in general. This is a reason that we imposed a
strong assumption in Theorem 4.1.

5. Proof of Theorem 1.1
We fix an odd prime number p and an integer n ≥ 1. Let F be a number

field. Let A be a pn-th power free integral ideal of O′F . Namely, ℘pn - A for
any prime ideal ℘ of O′F . Then we can uniquely write

A =
pn−1∏
i=1

Ai
i

for some square free integral ideals Ai of O′F relatively prime to each other.
The associated ideal Br of A is defined by

(5.1) Br =
pn−1∏
i=1

Ai
[ri/pn] (0 ≤ r ≤ pn − 1).

Clearly, we have B0 = B1 = O′F . The following is a version of a theorem
of Gómez Ayala [5, Theorem 2.1].
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Theorem 5.1. ([2, Theorem 1], [9, Theorem 2]). Let K be a number field
with ζpn ∈ K×, and let L/K be a cyclic extension of degree pn. Then L/K
has a p-NIB if and only if there exists a nonzero integer a ∈ O′K \ (K×)p
such that L = K(a1/pn) satisfying the following two conditions :

(i) The principal ideal aO′K is pn-th power free.
(ii) The ideals of O′K associated to aO′K by (5.1) are principal.

For an integer x ∈ Z, let (x)p,n be the unique integer such that (x)p,n ≡
x mod pn and 0 ≤ (x)p,n ≤ pn−1. We can easily show the following simple
formulas for x, y, z ∈ Z.

(5.2) x =
[
x

pn

]
pn + (x)p,n.

(5.3) (−x)p,n = pn − (x)p,n if pn - x.

(5.4)
[
xy(z)p,n
pn

]
=
[
x(yz)p,n
pn

]
+ x

[
y(z)p,n
pn

]
.

Lemma 5.1. Let F be a number field, and a ∈ O′F an integer satisfying
the conditions (i) and (ii) in Theorem 5.1. Let s ∈ Z be an integer with
1 ≤ s ≤ pn − 1 and p - s. Then we can write as = bxp

n for some b, x ∈ O′F
with b satisfying the conditions (i) and (ii).

Proof. Write aO′F =
∏
i Ai

i for some square free integral ideals Ai relatively
prime to each other. Let Br be the ideals associated to aO′F by (5.1). They
are principal ideals as the integer a satisfies the conditions (i) and (ii). We
see from (5.1) and (5.2) that

asO′F =
∏
i

Ai
is =

∏
i

Ai
(is)p,n

(∏
i

Ai
[is/pn]

)pn
=
∏
i

Ai
(is)p,n ·Bs

pn .

As Bs is principal, it follows that
as = bxp

n and bO′F =
∏
i

Ai
(is)p,n

for some b, x ∈ O′F . In particular, b satisfies the condition (i). For each
0 ≤ r ≤ pn − 1, let

Cr =
∏
i

Ai
[r(is)p,n/pn]

be the ideal associated to bO′F by (5.1). Using (5.4), we see that[
r(is)p,n
pn

]
=
[
rsi

pn

]
− r

[
si

pn

]
=
[(rs)p,ni

pn

]
+
[
rs

pn

]
i− r

[
si

pn

]
,

and hence
Cr = B(rs)p,n · (aO

′
F )[rs/pn] ·B−rs .

Therefore, Cr is principal, and b satisfies the condition (ii). �
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The following assertion is an immediate consequence of Theorem 5.1 and
Lemma 5.1.

Theorem 5.2. Let K be a number field with ζpn ∈ K×, and let L =
K(a1/pn)/K be a cyclic extension of degree pn with a ∈ K×. Write

aO′K =
pn−1∏
i=0

Ai
i · Apn

pn

for some fractional ideals Ai of O′K such that for 0 ≤ i ≤ pn − 1, the
ideals Ai are integral, square free and relatively prime to each other. Then
L/K has a p-NIB if and only if (i) the ideal Apn is principal and (ii) the
ideals of O′K associated to the pn-th power free integral ideal aO′K · A

−pn
pn

are principal.

Proof of the “only if” part of Theorem 1.1. Let F be a number field, and
let K = Kn = F (ζpn) and H = Gal(K/F ) ⊆ Gn. We assume that F
satisfies (H ′pn). Then, since F satisfies (H ′pi) for all 1 ≤ i ≤ n, it suffices to
show that SH = SF,n kills Cl′K . Let r ∈ Z be an integer with r 6= 0, and
let c ∈ Cl′K be an arbitrary ideal class. Choose prime ideals P ∈ c−r and
Q ∈ c of relative degree one over F such that (NK/FP, NK/FQ) = O′F .
The condition that P is of relative degree one over F means that the prime
ideal ℘ = P ∩O′F splits completely in K. There exists an element a ∈ K×
with aO′K = PQr. Let b = ae with e = eH , and let L = K(b1/pn). By
(2.1) and (5.2), we see that

bO′K =
∏
i

′
Piσ−1

i

∏
i

′
Qriσ−1

i = A · (QθH,r)pn

with
A =

∏
i

′
Piσ−1

i

∏
i

′
Q(ri)p,nσ−1

i .

Here, i runs over the integers relatively prime to p with 1 ≤ i ≤ pn − 1
and ī ∈ H. As P is of relative degree one over F , we have P ‖ bO′K .
Hence, L/K is a cyclic extension of degree pn. Further, by the assumption
on P and Q, the integral ideal A is pn-th power free. By Lemma 4.1(I),
there exists a cyclic extension N/F of degree pn such that L = NK and
N ∩K = F . As F satisfies (H ′pn), N/F has a p-NIB, and hence L/K has
a p-NIB. Now, from Theorem 5.2, it follows that QθH,r is principal. Hence,
SH kills Cl′K . �

To prove the “if” part of Theorem 1.1, we prepare some lemmas.

Lemma 5.2. Let F be a number field. Let K = F (ζpn), H = Gal(K/F ) ⊆
Gn and e = eH . Assume that SH annihilates Cl′K . For a prime ideal P
of O′K , let π ∈ O′K be an integer such that Pe = πO′K , the existence of
which is assured by the assumption. Let L = K(π1/pn). If P is of relative
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degree one over F , then the extension L/K is of degree pn and has a p-NIB.
Further, the extension is totally ramified at P and unramified outside the
prime ideal ℘ = P ∩ O′F .
Proof. As ℘ splits completely in K, the integral ideal πO′K = Pe is pn-th
power free, and P‖πO′K . Hence, L/K is of degree pn. Further, the ideal
Br associated to πO′K equals

Br =
∏
i

′
P[ri/pn]σ−1

i = PθH,r for 0 ≤ r ≤ pn − 1.

As SH kills Cl′K , these ideals Br are principal. Therefore, L/K has a p-NIB
by Theorem 5.1. The other assertions are obvious. �

Lemma 5.3. Let F be a number field, K = F (ζpn), and H = Gal(K/F ) ⊆
Gn. Assume that SH kills Cl′K . Let P be a prime ideal of O′K such that
Pe = Apn for some ideal A of O′K , where e = eH . Then A is a principal
ideal.
Proof. As e ∈ SH and SH kills Cl′K , the ideal class [A] is contained in the
Sylow p-subgroup Cl′K [p]. We show that [A] = 1. Let ∆ = ∆H be the
non-p-part of H. When ∆ is trivial, we see that Cl′K [p] = {0} from Lemma
2.1 as SH kills Cl′K , and hence [A] = 1. Let us deal with the case where ∆
is nontrivial. Let χ : ∆ → Z×p be a p-adic character, and εχ ∈ Zp[∆] the
associated idempotent. When χ = ωH , we see that [A]εχ = 1 from Lemma
2.1 and Cl′SHK = {0}. Let χ 6= ωH . Then we easily see that

θHεχ ∈ ZpH with θH = 1
pn
e.

When H = Gn, this is shown in [26, Proposition 7.6(b)]. It is shown
similarly for the general case. Let pe be the exponent of Cl′K [p]. We
choose an element ε̄χ ∈ Z[∆] so that ε̄χ ≡ εχ mod pn+e. Then we see
that θH ε̄χ ∈ Z[H]. From (2.4), it follows that θH ε̄χ ∈ SH , and hence
eε̄χ ∈ pnSH . Now, letting ε̄χ act on Pe = Apn , we see that Aε̄χ is principal
as SH kills Cl′K . It follows that [A]εχ = 1. We obtain [A] = 1 since [A]εχ = 1
for all χ. �
Proof of the “if” part of Theorem 1.1. Let F be a number field, and n ≥ 2.
As in the previous sections, let Ki = F (ζpi), HF,i = Gal(Ki/F ) ⊆ Gi,
SF,i = SHF,i , and eF,i = eHF,i for each 1 ≤ i ≤ n. We are writing K = Kn,
H = HF,n and e = eF,n for brevity. Assume that the Stickelberger ideal
SF,i kills Cl′Ki for any 1 ≤ i ≤ n. Then, by [11, Theorem 1], F satisfies
the condition (H ′p). Therefore, by induction, it suffices to show that F
satisfies (H ′pn) assuming further that F satisfies (H ′pn−1). Let Γ be a finite
abelian group of exponent pn. By Lemma 4.3, it suffices to show that any
Γ-extension N/F with N ∩ Kn = F has a p-NIB. Let N/F be such a Γ-
extension. By Theorem 4.1, it suffices to show that L = NK/K has a
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p-NIB. By Lemma 4.1, we can write

L = K
(
(ae1 )1/pn , · · · , (aeg )1/pn

)
for some integers ai ∈ O′K (1 ≤ i ≤ g). For each prime ideal ℘ of O′F , we
choose and fix a prime ideal P of O′K over ℘. Then we can write

aiO′K =
∏
℘

PX℘,i

for some X℘,i ∈ ZH with nonnegative coefficients, where ℘ runs over all
prime ideals of O′F and X℘,i = 0 for almost all ℘. By (2.5), we have

X℘,ie ≡ s℘,ie mod pnSH
for some integer 0 ≤ s℘,i ≤ pn − 1. Therefore, as SH kills Cl′K , we obtain

(5.5) aei O′K =
∏
℘

Ps℘,ie · (xiO′K)pn

for some xi ∈ K×. To show that L/K has a p-NIB, we have to study the
Kummer generators (aei )1/pn . For this, we look into each factor Pe in the
decomposition (5.5). Let D = D℘ ⊆ H be the decomposition group of ℘.
There are two cases: (i) |D| is not a power of p and (ii) |D| is a power of p.

First, we deal with the case where |D| is not a power of p. Let h = |H|
and ρ = σκ be a generator of H with κ ∈ Z. Then we have

e =
h−1∑
i=0

(κi)p,nρ−i.

Let a = [H : D] and d = h/a. As ρa ∈ D fixes P, it follows that

Pe =
a−1∏
r=0

(Pρ−r)cr with cr =
d−1∑
q=0

(κaq+r)p,n.

Let P and N be the p-part and the non-p-part of D, respectively, so that
we have D = P ×N . As N is nontrivial, we see that

cr ≡ κr
∑
x∈P

(x)p,n
∑
y∈N

(y)p,n ≡ 0 mod pn.

Hence, Pe = Apn for some ideal A. Now, by Lemma 5.3, we see that A is
a principal ideal. Therefore, for studying the Kummer generators of L/K,
we may as well assume that in the decomposition (5.5), ℘ runs over the
prime ideals of O′F for which |D| is a power of p.

Let ℘ be a prime ideal of O′F , and let D = D℘. Assume that |D| = pn−`

for some integer ` with 1 ≤ ` ≤ n. Let us show the following:
Claim There exists an integer π℘ ∈ O′K such that (i) Pe = πp

n−`
℘ xp

nO′K
for some x ∈ K× and (ii) the extension K(π1/p`

℘ )/K has a p-NIB and is
totally ramified at P and unramified outside ℘.
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When ` = n, such an integer π℘ exists by Lemma 5.2. So, let ` < n. Then
the decomposition field of ℘ equals K`. Let P` = P ∩O′K` . The ideal SF,`
kills Cl′K` by the assumption, and ℘ splits completely in K`. Therefore, by
Lemma 5.2, there exists an integer π℘ ∈ O′K` such that (i) P

eF,`
` = π℘O′K`

and (ii) the extension K`(π
1/p`
℘ )/K` has a p-NIB and is totally ramified at

P` and unramified outside ℘. We easily see that the pushed-up extention
K(π1/p`

℘ )/K has the same property. Let ϕ : ZH → ZHF,` be the restriction
map. Then, as |H| = pn−`|HF,`|, we see from the second assertion of Lemma
2.3(II) that

ϕ(e) = pn−`eF,` + pnaNF,`

for some a ∈ Z. Here, NF,` is the norm element of ZHF,`. As NF,` ∈ SF,`
kills Cl′K` , we have

Pe = P
ϕ(e)
` O′K = πp

n−`
℘ xp

nO′K

for some x ∈ K×. Thus, the Claim is shown.
Let ε1, · · · , εr be a system of fundamental units of O′K . From the above,

it follows that

L ⊆ L̃ = K
(
ε
1/pn
i , π1/p`(℘)

℘

∣∣ 1 ≤ i ≤ r, ℘|NK/F (a1 · · · ag)
)
.

Here, ℘ runs over the prime ideals of O′F with ℘|NK/F (a1 · · · ag) for which
|D℘| is a power of p, and `(℘) = n − ordp|D℘|. The cyclic extension
K(ε1/p

n

i )/K has a p-NIB by Lemma 4.2(I), and K(π1/p`(℘)
℘ )/K has a p-NIB

by Claim. Further, these extensions over K are linearly disjoint over K,
and their relative discriminants are relatively prime to each other. There-
fore, by [4, (2.13)], the composite L̃/K has a p-NIB. It follows that L/K
has a p-NIB as L ⊆ L̃. �
Remark 5.1. Let m > 1 be an integer, and K a number field with
ζm ∈ K×. In [9, Theorem 2], we gave a necessary and sufficient condition
for a cyclic Kummer extension L/K to have a normal integral basis, which
is a generalization of [5, Theorem 2.1]. Recently, Del Corso and Rossi [2]
showed that the “only if” part of [9, Theorem 2] is incorrect when m is not
a power of a prime number, and gave a correct version.

6. Proof of Lemmas in section 2
In this section, we show the lemmas in Section 2.

Lemma 6.1. Let A and B be subgroups of G = Gn with A ⊆ B. Then we
have

SB ⊆ SAZB.
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Proof. When n = 1, this assertion was shown in [16, Lemma 3]. We can
show it for the case n ≥ 2 exactly similarly (using (2.1) and (5.4)). �

The following simple lemma was shown in [13, Lemma 6]. Let Q̄p be an
algebraic closure of Qp.

Lemma 6.2. Let H be a finite cyclic group, and let A be an ideal of
ZpH. If A $ ZpH, then there exists a character χ : H → Q̄×p such
that χ(A) $ Zp[χ]. Here, χ is regarded as a homomorphism from ZpH to
Q̄p by linearity, and Zp[χ] is the subring of Q̄p generated by the values of
χ over Zp.

Proof of Lemma 2.1. Let H be an arbitrary subgroup of G = Gn, and let
PH , ∆H and ωH be as in Section 2. For simplicity, we write SH,p = SH⊗Zp.
Let ψ : PH → Q̄

×
p be an arbitrary p-adic character, and let χ = ωH × ψ

be the character of H = ∆H × PH such that χ|∆H = ωH and χ|PH = ψ.
Then we have χ(SH,p) = ψ(SH,p(ωH)). Let ψ̃ be a character of PG with
ψ̃|PH = ψ, and χ̃ = ωG× ψ̃ the character of G = ∆G×PG with χ̃|∆G = ωG
and χ̃|PG = ψ̃. By (2.3), we see that the image χ̃(SG,p) is generated, over
Zp[χ̃], by the elements (r − χ̃(r))B1,χ̃−1 for integers r with p - r. Here,

B1,χ̃−1 = 1
pn

pn∑
i=1

iχ̃(i)−1

is the first Bernoulli number. We can easily show that the ideal of Zp[χ̃]
generated by the elements r− χ̃(r) equals the principal ideal generated by
1 − ψ̃(1 + p). It follows from this that χ̃(SG,p) = Zp[χ̃] by [26, Lemma
7.12] and the 3rd and 4th formulas in [26, page 126]. Hence, by Lemma
6.1, we obtain ψ(SH,p(ωH)) = χ(SH,p) = Zp[χ]. Therefore, it follows that
SH,p(ωH) = ZpPH from Lemma 6.2. �
Proof of Lemma 2.2. When n = 1, this assertion was shown in [13, Lemma
4]. We can show it exactly similarly for the general case (using (2.1) and
(5.3)). �
Proof of Lemma 2.3. Let H ′ = Hn+1 be a subgroup of Gn+1, and H =
Hn = ϕ(H ′) where ϕ is the restriction map ZGn+1 → ZGn. For simplicity,
write θ′r = θH′,r and θr = θH,r. We write elements of Gn+1 and Gn in the
form σj = j mod pn+1 and τi = i mod pn, respectively.

The case (I) where |H ′| = |H|. We see that

ϕ(θ′rp) =
∑
j∈H′

[
rj

pn

]
ϕ(σj)−1 =

∑
j∈H′

[
r

pn

([
j

pn

]
pn + (j)p,n

)]
ϕ(σj)−1,
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where j runs over the integers with 1 ≤ j ≤ pn+1 − 1 and j̄ ∈ H ′. As the
restriction map ϕ : H ′ → H is an isomorphism, the left hand side equals

r
∑
j∈H′

[
pj

pn+1

]
ϕ(σj)−1 +

∑
i∈H

[
ri

pn

]
τ−1
i = rϕ(θ′p) + θr,

where i runs over the integers with 1 ≤ i ≤ pn − 1 and ī ∈ H. Hence, it
follows that θr = ϕ(θ′rp)− rϕ(θ′p) ∈ ϕ(SH′), and SH ⊆ ϕ(SH′).

The case (II) where |H ′| = p|H|. It is easy to see and well known that

ϕ(θGn+1) = θGn + p− 1
2

NGn

(cf. [22, page 56]). Then, using (2.3), we obtain

(6.1) ϕ(θGn+1,r) = θGn,r + (p− 1)(r − 1)
2

NGn

for any integer r with p - r. As |H ′| = p|H|, we can easily show that
ϕ(αH′) = ϕ(α)H for α ∈ ZGn+1. Here, αH′ (resp. ϕ(α)H) is the H ′-part
(resp. H-part) of α (resp. ϕ(α)). Hence, it follows from (6.1) that

(6.2) ϕ(θ′r) = θr + (p− 1)(r − 1)
2

·N

for r with p - r, where N = NH . Hence, from (2.2) and N ∈ SH , we
see that SH = 〈ϕ(SH′), N〉. We obtain the second assertion from (6.2) by
taking r = 1 + pn+1. �
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