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Prime factors of class number of cyclotomic fields

par TETSUYA TANIGUCHI

RESUME. Soit p un nombre premier impair, r une racine primitive
modulo p et 7; = r* (mod p) avec 1 < r; < p — 1. En 2007, R.
Queme a posé la question : le f-rang (¢ premier impair # p) du
groupe des classes d’idéaux du p-ieme corps cyclotomique est-il
égal au degré du plus grand diviseur commun sur le corps fini Fy de
z(P=D/2 41 et du polynéme de Kummer f(z) = Zl o T—ix'. Dans
cet article, nous donnons une réponse compléte a cette question
en produisant un contre-exemple.

ABSTRACT. Let p be an odd prime, r be a primitive root modulo
p and 7; = r® (mod p) with 1 < r; < p — 1. In 2007, R. Queme
raised the question whether the ¢-rank (¢ an odd prime # p) of
the ideal class group of the p-th cyclotomic field is equal to the
degree of the greatest common divisor over the finite ﬁeld IFg of
2=D/2 41 and Kummer’s polynomial f(z) = S~ r_;a%. In
this paper, we shall give the complete answer for this question
enumerating a counter-example.

1. Introduction

Let ¢, = €2™/™ (n > 2) be a primitive n-th root of unity and Q(¢,) be
the cyclotomic field defined by (,. Also, let h,, be the ideal class number of
Q(¢p)- It is well-known that h,, can be written as h,, = h,, h.", where h,, and

mn''n?
h are the so-called relative and real class numbers of Q(¢,), rebpectlvely
We put that p is an odd prime, N = 1 , T is a primitive root modulo

p and r; is the least positive residue of 7 (z € Z) modulo p, i.e., r; = '
(mod p) with 1 <r; <p—1.
In 1850, Kummer [3] established the following formula for h,:

N

— 2] 1
hp

)

where

F(ZC) =7r9+r_1xr+ 7"_2,1'2 + -4 T_(p_g)l'p_Q_

Manuscrit regu le 31 octobre 2007.
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This formula was slightly modified by Lehmer [4] and it was shown that

(1.1)

I

N .
16
j=1

) 1
"y =

where G is the “monic” polynomial defined by

(1.2)
1

G(z) = 2P2F () =T_(p—2) tT_(p-3)T+ - +r_ 2P 4 reaP 2, 1o = 1.
x

In his papers , Queme investigated the structure of class group of Q((p,)
and raised the following question.

Question (Queme, 2007): Let p be an odd prime and ¢ be an odd prime
with £ # p. Is the degree of the greatest common divisor over [y (the finite
field with ¢ elements) of F(z) and 2V +1 equal to the f-rank of the ¢-Sylow
subgroup of relative class group Cl@( &) of Q(¢p)?

In the present paper, we shall give an answer to the above Question.
This will be done by inspecting the ¢-part of the class group of Q(¢,) with
an argument about resultants of certain polynomials and by producing
concretely counter-evidence using computer.

2. Some preliminaries on resultants

In this section, we deal with some basic properties of resultants as pre-
liminaries, which will be needed later in order to discuss a prime-divisibility
of i, in the next section.

Let L be any field. For f € L[z], we write O f for the degree of f and
¢(f) for the leading coefficient of f. Given two non-constant polynomials f
and ¢ in L]z], we denote by Rz (f, g) the resultant of f and g, that is, using
roots a; and 3 in L (an algebraic closure of L) of f and g, respectively,

af Og

Ri(f,9) = c(f)?9c(9)?! T T] (i — B5)

i=1j=1

Lemma 2.1 (cf. [5]). Let L be any field and f, f1, f2,9,91,92 be non-
constant polynomials in L[z]. Then we have
(1) Re(fif2,9) = Re(fi,9) Ru(f2.9),
(i) Rp(f,9192) = Re(f,91) Ri(f,g2),
(iii) if f=sg+t (s, t € Lz], 0t < dg), then

{c<g>af8tRL<t,g> if 9t >0,

RL(fag) = C(g)aftag Zf ot =0.
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Let @,, (n > 1) be the n-th cyclotomic polynomial, i.e.,

n—1

k

o) = [[ (+—¢).

k=
(k,n)=1

Concerning the resultant of cyclotomic polynomials, we can state

Lemma 2.2 (cf. [1]). Let ¢ be the Euler totient function. Then we get
(i) if n > 1, then

Ro(®y,®,) =
(™ ) {1 otherwise,
(ii) if n >m > 1 and ged(m,n) =1, then Ro(®p, Pp) =1,

u ifn=u* (Ju a prime, a > 1),

(iii) f n > m > 1 and ged(m,n) > 1, then

Ro(®pm, n) = {uw(m) ifm|n and 2 =u® (Ju a prime, a > 1),

1 otherwise.
Lemma 2.3. Define two polynomials S and T in Q[z] by

gy ®a(z) 2V —1 a1 ®alz)
B ST e T T

, T(x) +1.

Then it follows that R (S,T) = 2NV-1.

Proof. Using Lemma 2.1, we know

R (5,T) =Rg (H (I)maH (I)n> = H H R (®m, Pn),

where the products H;n and H; are taken over all positive m and n such
that m | N for m > 2 and n | p—1 with n t N, respectively. Hence, for each
fixed m there exists only one single n = 2°m such that Rg(®.m,, ) # 1,
where e = orda(p — 1) — orda m. Here note that if ged(m,n) = 1, then
Ro(®m, ®,) = 1. Also, it is clear that if m | n and > = u® (3u a prime,
a>1), then u=2.

Using Lemma 2.2 and M&bius’ inversion formula, we can deduce

Ro (5,7) = [ [[ 2™ =[] 2 = 93, lm) _ gN-1.

where the sum Z/m runs over all m > 2 such that m | N. g
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3. Divisibility properties of h;

In this section, we will discuss the ¢-divisibility properties (¢ a prime, £ #
p), and as a consequence, we are able to answer to the Question introduced
in Section 1.

Let S, T be the polynomials as in (2.1) and put Gy = G/S for the
polynomial G in (1.2). Here we comment that G is a polynomial with
integer coefficients. Indeed,

(z —1)Go
=T—(p-2) T T—(p-2)+(p-1)/2-1 = 70 = "'~ (p-2)+(p—1)/2
(p—3)/2
+ Z T (p—2)+i—1 — T—(p—2)+i T T—(p—3)/2+i—1 — 7“—(p—3)/2+z‘) Z
i=1

=0 (mod (x—1)5),
hence Gy = G/S € Z[z]. We shall state
Proposition 3.1. We get
(1) 2p)¥"'h, = [Re(G,T)],
(ii) pNth, = [Rg(Go, T)I.
Proof. Let a; € C, i =1,...,p—2, be the roots of G. From (1.1), we obtain

N p—2

[T IT(ei =G50

Jj=11:=1

- (2p)1N Ro(G, 7)),

as desired in (i). For (ii), we deduce from Lemmas 2.1 and 2.1 that, since
G = SGy,

(2p)"h, = [Rg (G, T)| = [Rg (S,T)Rg (Go, T)| = 2""" [Rg (Go,T)|.
= |Rg(Go,T)| and we are done. O

hp_ Nl

This gives at once p _1h;

Here, we should remark that above (i) has been mentioned in Lehmer
[4].
Proposition 3.2. For a prime £ with ¢ # p, we have
(3.1) C|h, & 0ged(Go, T) > 1 in Fy.
Proof. From Proposition 3.1, we can see that
l|h, < L] Ro(Go,T) < Rr,(Go, T) =0,
which yields the proposition. O

We now quote the following one from [8, Lemma 16.15] for stating our
main Proposition 3.4 given below.
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Proposition 3.3. Let ¢ be a prime and let L/ K be an extension of number
fields of degree prime to £. Let Ay, and Ak be the £-parts of the class groups
of L and K. Then, the natural map Ax — Ay is injective and

Ap ~ A @ (AL/AK)

The next proposition answers to the Question by Queme stated in Section
1.

Proposition 3.4. There exists a pair (p,£) of distinct primes p and ¢ such
that
ranky Cl@(cp) > 0ged(G,T) in Fy,

where ranky Cl@(cp) means the £-rank of the £-Sylow subgroup of Cl@(cp).

Proof. We will produce counter-evidence for the Question by finding a con-
crete pair (p,¢) of primes p and ¢ with p # ¢. In fact, choosing particularly
(p,£) = (3299, 3), we know that

(3.2) Clo(y=p) =L/ LXLITL.

The degree of Q({p,) over Q(y/—p) is equal to N = 1649 = 17 x 97, which
is prime to £. From Proposition 3.3, we obtain Ag(,) 2 Z|PLXZLIZ,
and hence rank, CZQ(Cp) > 2. Further, since the class-group of Q(y/—p) is in
the minus eigenspace with respect to complex conjugation acting on ideal

classes and so is its isomorphic image in the class group of Q({p), we may
conclude that ranky C’l@( &) > 2.

On the one hand, we can know that, for the above pair (p, ),

(3.3) ged(Go, T) = x + 1 over Fy,
and hereby ged(G,T) = x + 1 over Fy. This implies the assertion immedi-
ately. O

Addendum. We verified the facts (3.2) and (3.3) by computer with aid
of the softwares “GP/PARI CALCULATOR Version 2.3.3 (released)” and
“Mathematica 6.0.1.0 for Linux x86 (32bit)”, respectively. For details, con-
sult with our on-line resources [7]. It should be noted that by several authors
(see e.g. [2, 6]) the isomorphism (3.2) has been also confirmed by computer
for the same pair (p,¢) as indicated above.
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