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Substitutions on two letters, cutting segments
and their projections

par SIERK W. ROSEMA

RESUME. Dans cet article on considére la structure des projec-
tions des segments de coupure correspondant aux substitutions
unimodulaires sur un alphabet binaire. On montre qu’une telle
projection est un bloc de lettres si et seulement si la substitution
est sturmienne. Une double application de ce procédé a une substi-
tution de Christoffel donne la substitution originelle. On obtient
ainsi une dualité sur I’ensemble des substitutions de Christoffel.

ABSTRACT. In this paper we study the structure of the projec-
tions of the finite cutting segments corresponding to unimodu-
lar substitutions over a two-letter alphabet. We show that such
a projection is a block of letters if and only if the substitution
is Sturmian. Applying the procedure of projecting the cutting
segments corresponding to a Christoffel substitution twice results
in the original substitution. This induces a duality on the set of
Christoffel substitutions.

1. Introduction

The history of Sturmian words goes back to J. Bernoulli in 1772 and
Christoffel [2] (1875). The first in depth study of Sturmian words was made
by Morse and Hedlund [6], [7] in 1938 and 1940. A Sturmian word induces
a broken half-line, the so-called cutting line, which approximates a half-line
through the origin quite well. See Series [14] (1985). We call a substitution
o Sturmian if o maps every Sturmian word to a Sturmian word. In 1991
Séébold [13] showed that Sturmian substitutions that have a fixed point
are exactly those substitutions that have Sturmian words as fixed points.
For further information on Sturmian words and substitutions we refer to
Lothaire [5], Ch. 2 and Pytheas Fogg [8], Ch. 6.

In 1982 Rauzy [9] introduced a fractal which is defined as the closure of
the projection of the cutting line corresponding to the Tribonacci substitu-
tion 0 — 01, 1 — 02, 2 — 0. The analogues of this so-called Rauzy fractal
have been studied for many other substitutions, see [5], [8]. An important
question is whether the projection of the cutting line generates a tiling or
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not. This question was the motivation for the author and Tijdeman [12] to
have a closer look at the structure of the projections of the finite cutting
segments corresponding to ¢™(0) in case o is the Fibonacci or Tribonacci
substitution. They found in the Fibonacci case that the projections of the
integer points of the cutting line generate a two-sided Fibonacci word. In
the Tribonacci case they found a close connection with number systems.
The latter connection was generalized by Fuchs and Tijdeman in [3]. In the
present paper we generalize the former property to unimodular substitu-
tions defined over two letters.

We examine for which substitutions the projected points form a (doubly-
infinite) word and which properties these words have. In Section 2 we start
with some notation and definitions. Next in Section 3 we give some prop-
erties of the points that we get after projecting the cutting segment corre-
sponding to a substitution. We show that the order of the projected points
of 6™(0) is preserved in the projection of 0™*1(0). Then in Section 4 we
define Sturmian substitutions, Sturmian matrices and prove some of their
properties.

In Section 5 we consider substitutions for which the incidence matrix is
unimodular, and we show that the projected points form a central word if
and only if the substitution is Sturmian. We show how the number of 0’s
and 1’s in these central words can be calculated from the incidence matrix
of the original substitution.

In the final Section 6 we consider a special class of Sturmian substitu-
tions, that we call Christoffel substitutions. We show that when one starts
with a Christoffel substitution, the projected points form Christoffel words,
and that the relation between these words is again given by a Christoffel
substitution. Moreover, if one applies the procedure of projecting the cut-
ting segment corresponding to these Christoffel words again, the result will
be the original substitution. This induces a duality on the set of Christoffel
substitutions.

2. Notations and definitions

An alphabet A is a finite set of elements that are called letters. In this
article we always assume A = {0, 1}. A word is a function u from a finite or
infinite block of integers to A. If this block of integers contains 0 we call u
a central word. If a € A and u(k) = a we say u has the letter a at position
k, denoted by up = a. If the block of integers is finite we call u a finite
word, otherwise it is an infinite word. If v = vy ...v,, is a finite word and
if w = upuq ... is a finite or infinite word, and there exists a k such



Substitutions, cutting segments, projections 525

Y
b5

2+ [

D2 -
1 T va p4
0 b1 l l
Po 1 P 3 x
—1+

FIGURE 1. The cutting segment corresponding to v = 01001.

that v; = ugyq for I = 0,...m, then v is called a subword of u. If a word w is
finite, we denote by |u| the number of letters in u, and by |u|, the number
of occurrences of the letter a in u.

A substitution o is an application from an alphabet A to the set of
finite words. It extends to a morphism by concatenation, that is, o(uv) =
o(u)o(v). It also extends in a natural way to a map over infinite words w.
A fized point of a substitution o is an infinite word u with o(u) = .

A substitution over the alphabet A is primitive if there exists a positive
integer k such that, for every a and b in A, the letter a occurs in o (b).

We denote the largest integer y such that y < x by |z], the smallest
integer y such that y > = by [x] and we put {z} =z — |z].

Definition. Let u = ug ... un,—1 be a finite word. The cutting segment in
the z-y-plane corresponding to w consists of m + 1 integer points p; given
by pi = (luo...ui—1lo, |uo ... ui—1|1) for i« = 0,...,m, connected by line
segments of lengths 1.

In Figure 1 we show the cutting segment corresponding to u = 01001.

Let u = ug . .. um—1 be a finite word containing at least one zero. Consider
the cutting segment corresponding to u, and draw the line through the
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FIGURE 2. Projecting the cutting segment corresponding to u = 01001.

origin and the end point of the segment, given by y = %x We project
each integer point p; on the cutting segment parallel to this line to the
y-axis. By P(p;) we denote the second coordinate of the projection of p;. It

is clear that P(po) = P(pm). See Figure 2 for an example.

Lemma 2.1. Let u = ug...um—1 be a finite word containing at least one
zero and let P(p;) for i = 0,...,m be defined as above. Then for every
i=0,...,m we have P(p;) = (Jug ... ui—1|1|ujo — |uo ... wi—1|olu|1)/|ulo €
Z/|ulo.

Proof. We use induction on i. Obviously P(py) = 0. Assume the lemma
is valid for ¢ > 0. If w; = 0 then P(pit1) = P(pi) — |[ui/|ujo =
(Juo .- - ui|1|ulo — |ug - . - uilolulr) /|ulo, and if u; = 1 then P(p;+1) = P(p:) +
1= (lug...ui|1|ulo — |uo ... wilolu|1)/|ulo- O

The following lemma says that when the numbers of 0’s and 1’s in u are
relatively prime, the points p; are projected to distinct points.

Lemma 2.2. Let u = ug...umnm—1 be a finite word containing at least one
zero, let |uly > 0 if m > 1, let ged(|ulo, |ul1) = 1 and let P(p;) for i =
0,...,m be defined as above. Then for i,j € {0,...,m —1} and i # j we
have P(p;) # P(p;).
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Proof. Suppose P(p;) = P(p;). Put x = |ug ... ui—1|1, ¥y = |uo ... ui—1]o and
' =|ug...uj—1l1, ¥ = |uo...uj—1)o. Then P(p;) = (z|ulo—y|ul1)/|ulo and
P(p;) = ([ulo — o/Jul1)/Julp, hence zluly — yluly = 2'lulo — 3/[ul. Since
ged(|ulo, Jul1) = 1 and |z — 2'| < |u|1, |y — ¥'| < |u]o with at least one strict
inequality, we have z = 2/, y = %/, hence i = j. O

Let D = {—\u|oP(pl-) ie{0,...,m— 1}}, hence D is a subset of Z con-
taining m elements under the hypotheses of Lemma 2.2. We define the
central function w: D — {0,...,m — 1} as follows. If P(p;) = k/|u|o then
w(—k) = i. We say w has number i at position —k. If k1 < ko < k3 are
integers and w has numbers at positions k1, k3 but not at ko, we say w has
a gap at k. If the central function w has no gap we call w a central block.
Note that a central function always has the number 0 at position 0. By |w|
we mean the number of positions on which w is defined, hence |w| = |u]| if
w is the central function corresponding to u. The following lemma shows
that w(k 4+ 1) — w(k) is constant modulo |u|.

Lemma 2.3. Let u be a finite word with ged(|ulo, |ul1) = 1 and w the
central function corresponding to w. If w has a number at position k, then
w(k) = klu|T! (mod |ul), where the inverse is taken modulo |u.

Proof. Suppose w has the number ¢ at position k. Then we obtain succes-
sively from |u|o + |u|; = |u| that

lug - wi—1|olulr — |uo .. wi—1|1|u|o = K,
"U,O .. .ui_l\oluh + ‘UO .. .ui_lh\uh =k (mod \u]),
iluji =k (mod |ul).
O

Remark. If w(k) =i then w(k + |u|1) =i+ 1 in case u; = 0, and w(k —
|ulp) =i+ 1 in case u; = 1. We say that to move from number i to i +1 in
w we either "jump" |u|; positions to the right or |u|y positions to the left. It
follows that the |w| positions on which w is defined, represent exactly the
cosets modulo |w|.

Example 1. If v = 01001, the central function w associated with u is a
central block given by w = 20314, where we have underlined the number
at position 0. See Figure 2.

3. The central functions w,,

In this section for every n we define a central function w,, corresponding
to un = 0"(0), where o is a substitution. We give conditions on ¢ so that
the construction of w, is well-defined, and we show that the order of the
numbers in w,, is preserved in wy41.
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Let o be a primitive substitution that has a fixed point. Without loss
of generality we may assume the fixed point starts with 0. Let M, =
( [7(0)]o [o(0)]1

leMlo oDy
where we use the convention that o°(v) = v for every word v. We assume
ged(|un|o, |unl1) = 1 for every n € Z>( and consider for each w,, the corre-
sponding central function w,,.

Example 2. Let ¢ be the substitution defined by ¢(0) = 01001, ¢(1) = 01.
If we start with 0 and repeatedly apply ¢ we get successively

) be its incidence matrix. Define u,, = ¢™(0) for n € Z>q

Uy = 0
u; = 01001
uz = 0100101010010100101

This yields the following table of central functions w,,, where we have under-
lined the number at position 0. Note that the central functions are central
blocks, that is, have no gap.

(3.1)

n‘ Wy,

0 0

1 2 0 3 1 4

219 2 147 0 12 5 17 10 3 15 8 1 13 6 18 11 4 16

We use the following lemmas to derive conditions on the incidence matrix
M, under which the central functions w,, exist for all n.

Lemma 3.1. If M is a 2 X 2-matriz with integer coefficients and det(M) #
0, then trace(M™) — (trace(M))™ is divisible by det(M) for every n > 0.

Proof.
trace(M") — (trace(M))" = AT + A5 — (A1 + A2)"

n—1
n A Nn—k—
=AY <k>)\’f Lxpkt

k=1
with det(M) = )\1)\2. O

Lemma 3.2. Let M = ( CCL Z ) be a matrix with a,b,c,d € R. Then

M" = (a+d)M" ' — (ad — be)M"2 for n > 2.
Proof. We have M? = (a + d)M — (ad — be) M°. O
Proposition 3.1. Let o be a primitive substitution with a fired point start-

a b

ing with 0, let M, = ( e d ) be its incidence matriz and let u, = o™ (0).
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Then ged(|uno, |unl1) = 1 for every n € Zsq if and only if ged(a,b) =
ged(a +d,ad — be) = 1.

Proof. Assume ged(|uplo, [unl1) = 1 for every n € Z>¢. We define ay,, by, ¢y,
an by

d, by M = ( o d ) for n € Z>p. Since Myn = M, we have |u,|o =

an, |un|t = by. Hence ged(a,b) = ged(|ug|o, |u1l1) = 1. By the previous
lemma, |uzlp = (a+d)a—(ad—bc), |uz|1 = (a+d)b. Since ged(|uzlo, |uzl1) =
1, we have ged(a + d,ad — be) = 1.

We now prove the other implication. Assume that ged(a,b) = ged(a +
d,ad — bc) = 1. From Lemma 3.1 and our assumption that ged(trace(M,),
det(M,)) =1 it follows that
(3.2)
ged(ap, + dp, a1d; — bicy) = ged(trace(MY), det(M,)) =1 for every n > 0.

We prove by induction on n that ged(ay, b,) = 1. We know that ged(aq, by)
= 1. Assume gcd(am, by,) =1 for m = 1,...,n. Note that

n+1 __ an+1 bn+1 o Ay, bn a b
Mo _(Cn+1 dn+1)_(0n dn><c d>
[ aap +cb, bay + db,
~ \ac, +cd, be,+dd, )’

Assume p is prime and p|a,+1 and p|b,+1. Then plab,+1 — bap+1 = aba, +
adb,, — aba,, — bcb, = b, (ad — be). Hence plb,, or p|(ad — be). Suppose plby,.
From p|b,+1 = bay, + db,, it follows that p|b and from plan+1 = aa, + cby,
that p|a, but ged(a,b) = 1. Thus p 1 b, and

(3.3) p|(ad — be) = det(M).

By (3.2) this gives p { ant1 + dpt1, hence p 1 dpi1. By (3.3) we have
p|det(M"™) = and,, — bycy. Thus plb(andy, — bye,) and because p|d,by 41 =
band, + db,d, we obtain p|db,d, + bb,c, = bpdp+1. This contradiction
implies that ged(ap+1,bn+1) = 1. O

Consider the sequence of words wy, in (3.1) from Example 2. We see that
the numbers 0,...,4 in w; are ordered in the same way as the numbers
0,5,7,12,17 in wy directly below them. This observation illustrates the
following proposition.

Proposition 3.2. Let o be a primitive substitution with incidence matriz
M, = ( i Z ) and a fized point starting with 0, let ged(a,b) = ged(a +
d,ad—bc) = 1 and let wy, be the corresponding central functions forn € Zg.
If wy, has numbers at positions k and | then wy+1 has numbers at positions
det(My) -k and det(M,) - 1. If the number at position k of wy, is larger than
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the number at position | of w, then the number at position det(M,) - k of
Wn41 @8 larger than the number at position det(My) -1 of wp41.

Proof. First note that since
‘un—i-l’O = a’un’() + C‘“n’l
unt11 = blunlo + dlun|y

we have a|unt1|1 — bluns1]o = (ad — be)|uy|1 = det(My,)|uy |1, and similarly
cluntili — d|unt1]o = — det(My)|un|o. We prove the proposition by induc-
tion. Since the first letter of u, is a 0, the first jump in w, starting at posi-
tion 0 is to the right and places the number 1 at position |uy|;. When going
from u, to un41 this 0 is replaced by a 0’s and b 1’s. Therefore the number
a+ b in wyq is placed at position aluy11]1 — blupt1]lo = det(My)|unli.
We see that the statements of the proposition hold for the positions of the
numbers 0 and 1 in w,. Assume that in w, the number m is placed at
position k and in w1 the number m’ is placed at position det(M,)k. The
next jump is either to the right or to the left, depending on the value of
the (m + 1)-th letter in w,. If the next jump in w,, is to the right, then
the number m + 1 is placed at position k + |uy,|1 in wy,, and it follows that
the number m’ 4+ a + b is placed at position det(My)(k + |upl1) in wpiq.
If the next jump in w, is to the left, then the number m + 1 is placed at
position k — |uy|o in wy,, and it follows that the number m’ + ¢+ d is placed
at position det(M,)(k — |unlo) in wyy1. The assertions of the proposition
follow now easily. O

Example 3. Let the substitution o be given by ¢(0) = 011, o(1) = 0 so

L2 > and det(M,) = —2. We get

that it has incidence matrix M, = < 10

the following table for u, = ¢"™(0):

ug = 0
up = 011
uz = 01100

uz = 01100011011

This gives the following sequence of w,’s, where LI indicates a gap.

w N~ o3

1
3 1
3 4

N CoNo

U8 10 1 U 5 7 9 U U U 6

u 4 2
U oo u

oo oo §

Comparing wy with ws illustrates Proposition 3.2.
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4. Sturmian matrices and Sturmian substitutions

In this section we define Sturmian matrix, Sturmian substitution, re-
duced matrix, dual matrix and we list some properties of these objects.

A word wu is called balanced if ||v|g — |w|o| < 2 for all subwords v, w of
equal length. A finite word u is called strongly balanced if u? is balanced.
Here u? is the concatenation of u with u. It is easy to see that a finite
word u is strongly balanced if and only if u™ is balanced for some n > 2.
A one-sided infinite word is Sturmian if it is balanced and not ultimately
periodic. We call a 2 x 2-matrix Sturmian if it has determinant equal to £1
and has entries in Z>g. We call a substitution o over two letters Sturmian
if o(u) is a Sturmian word for every Sturmian word w. [5] Th 2.3.7 says that
a substitution ¢ is Sturmian if and only if there exists a Sturmian word
v such that o(v) is Sturmian. It follows that a primitive substitution o is
Sturmian if and only if its fixed point is Sturmian.

Lemma 4.1. A Sturmian substitution maps every finite balanced word to
a finite balanced word.

Proof. See [10] Cor.9. O

The set of Sturmian substitutions is generated by the following three
substitutions, cf. [5] Th 2.3.7.

0 — 1 0 — 01 ~ 0 — 10
E'{1—>0 ¢‘{1—>0 ¢‘{1—>0
Their incid tri Mp= (Y1 dMy == (11
€1r' 1ncidence matrices are E = 1 0 an o = é= 1 0 R

respectively. From this it follows that each Sturmian substitution has a
Sturmian matrix as incidence matrix. On the other hand we have the fol-
lowing result.

Theorem 4.1. If M is a Sturmian matriz then there exists a Sturmian
substitution that has M as its incidence matriz.

Proof. Let M be a Sturmian matrix. It can be written as a product of fac-
tors Mg and My, cf. [8] Sec.6.5.5. By replacing each matrix with the corre-
sponding substitution the composition of these substitutions is a Sturmian
substitution that has M as incidence matrix. O

Lemma 4.2. Let M = ( a b
c d

(i) If a+ b= c+d, then M is the identity matriz or Mpg.
(ii) If a > ¢ and b < d, then M is equal to the identity matriz.
(iii) Ifa <c andb>d, then M = Mg.

> be a Sturmian matriz.
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. a b
Proof. (i) Assume a +b = ¢+ d. Then M = <a—5 b+

d € Z. Since det(M) = (a+b)0 = £1 we have a+b =1 and § = £1. It

. 10 0 1
follows that M is of the form ( 0 1 > or ( 10 )
(ii) Assume a > c and b < d. Using that ad — be = £1 we get be <
(d—1)(a—1) <bc—(a+d)+2. It follows that a +d < 2, hencea =d =1
and b=c=0.

) for some

(iii) The proof is similar to the proof of (ii). O
Corollary 4.1. Let M = “ Z be a Sturmian matriz. If M is an

upper matrix then a > ¢ and b > d with at least one of the two inequalities
strict. If M s a lower matrix then a < ¢ and b < d with at least one of the
two inequalities strict.

Proof. This follows immediately from Lemma 4.2. O
Definition. Let M = ( CcL Z ) be a Sturmian matrix. If a +b > ¢ + d,
then we call M an upper matriz, if a +b < ¢+ d a lower matriz.
Corollary 4.2. Let M = < Z Z ) be a Sturmian matrix with ab # 0.
. L a b .
Then there exists a non-negative integer k such that ( c—ka d— kb ) 18

an upper matriz.

. a b
Proof. Let k = min(|¢/a|,|d/b]) and let N = ( c—ka d—kb ) Then

det N = det M hence N is Sturmian. Since ¢ — ka < a or d — kb < b it
follows from Lemma 4.2 that N is an upper matrix. U

Definition. We call the upper matrix that is constructed from M as de-
scribed in Corollary 4.2 the reduced matriz of M.

It follows directly from Corollary 4.1 that this definition of reduced ma-

trix is unique.

Lemma 4.3. Let M = ( CCL Z ) be an upper matriz. Then there exists a

unique upper matric N = ( : g ) such that det(N) = det(M), o+ 5 =
a+b and o = c+d. Moreover v+ 6 = a and trace(M) = trace(N).

a b
Proof. Let M = <c d

1, the case for det(M) = —1 is similar. We define N := ( : ? ) =

) be an upper matrix. We assume det(M) =



Substitutions, cutting segments, projections 533

c+d a+b—(c+d)
( c a—c
tries. This is clear for «, 3,7. Assume a < ¢. Then b = (ad—1)/c < d. This
implies c+d < a+b—1 < c+d. It follows that § > 0. Next we show that
N is unique. Because a+ (3 = a+b and o« = ¢+ d, the variables « and 3 are
uniquely defined. It is well known from number theory that the equation
ax — By = 1 in unknowns z, y has a unique solution in nonnegative integers
x,y with x +y < a + 8. Therefore v and ¢ are also uniquely defined. For
a+ 0 >vy+46, observe that if b =0thena=d =1, hence a+b =1 < c+d.
The other properties are obvious. Il

). We have to show that N has nonnegative en-

Definition. For an upper matrix M we call the matrix N as defined in
the previous lemma the dual matriz of M. If N = M we say that M is
self-dual.

It follows directly from the proof of Lemma 4.3 that if N is the dual
matrix of M, then M is the dual matrix of NV, and that an upper Sturmian

matrix M = ( ch Z ) is self-dual if and only if a = ¢+ d.

Lemma 4.4. Let M = < a b
c d

le/a] = [d/b].

) be a Sturmian matriz with a,b > 1. Then

_ : d _ 41 oty _ d
Proof. From ad — bc = +1 it follows thaut1 7 — &=+ From —* = ¢
and b > 1 we get [£] = {%J. From CHTE = ¢ and a > 1 we also get

£ = 4], O
The statement of Lemma 4.4 is not valid if ¢ = 1 and ad — bc = —1 and
ifb=1, ad —bec=1.

Lemma 4.5. Let M = ( a b
c d

let k = min(|c/a|,|d/b]). Put

n o__ (7% bn o an bn
M<ql%>mmm(%mn%mJ

forn > 0. Then N, is the reduced matrix of M™.

) be a Sturmian matriz with ab # 0 and

Proof. The case where n = 1 has been proven in Corollary 4.2. Assume N,,
is an upper matrix for n > 1. Then it follows from Corollary 4.1 that ¢, <
(k+1Day, d, < (k+1)b, with at least one of the inequalities strict. From
this we derive ac, + cd,, < (k+1)(aa, + cby,) and be, +dd,, < (k+1)(bay, +

. an by a b aa, + cb, ba, + db, \ .
dby). Since M1 = < o do ) ( e d ) = ( ac. +cds bes +dd, ) it
follows that N,y is an upper matrix.
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5. Unimodular substitutions

We call a substitution o over 2 letters unimodular if its incidence matrix
is Sturmian. We assume that all substitutions that we consider are uni-
modular, primitive and have a fixed point starting with 0. Note that for
a unimodular substitution ged(a,b) = ged(a + d,ad — be) = 1, so that it
follows from Proposition 3.1 that the construction of w,, is well-defined for
all n > 0.

Lemma 5.1. Let u = Ouqus ... be the fized point of a primitive unimodular
substitution. Then u is not eventually periodic.

Proof. Let 1 be the primitive unimodular substitution with fixed point u.
Then ¥ has a Sturmian incidence matrix M. It follows from Theorem 4.1
that there exists a Sturmian substitution o with incidence matrix M. Let
un, = ¥™(0) and u], = 0™(0). Because the numbers of 0’s and 1’s in u,, and
u, are completely determined by M, we have |u,|o = |ul,|o and |u, |1 = |ul, |1
for every n € Z>g. Therefore lim,, .o [tn|0/|tun]1 = limp—oo |ul,|o/|ul]1 and
this limit is irrational since it is the fixed point of a Sturmian substitution
([5] Sec.2.1.1). It follows that u is not eventually periodic. O

lula
[l

For a finite word u we denote by f? = the frequency of the letter a

in u.

Lemma 5.2. Let u be a finite word that is not balanced. Then u has a
subword v with 2|v| < |u| such that |v]o > [|v|f2] or |v|1 > [|v|fL].

Proof. Since u is not balanced, it has subwords v, w of equal length such
that |v|p — |w|o > 2. Without loss of generality we may assume that v

and w are disjoint, so that |v] = Jw| < |u|/2. Assume |v]p < [Jv]f]. Then
jwly = |w|1—\w!0 > |w|+2=vlo > [w|+2—[lo[ f7] = [w[+2~[|w|(1 - f3)] >

Lemma 5.3. Let u be a finite word with ged(|ulo, |ul1) = 1. Then u is
strongly balanced if and only if for every subword v of u we have |v|g =

vl £2] or [v]o = [lvlf2].
2

Proof. Assume u is not strongly balanced. Put v = ug...upy. Since u® is
not balanced, there exists a subword v of u? with |v| < |u| and |v]p >
(ol f2] or |vli > [|v]fL], according to the previous lemma. It is obvious
that |v| # |ul. If v is a subword of u we are done. Otherwise v is of the
form w, ... upug . . . ug with ¢ < p—1. Without loss of generality we assume
lvl1 > [|v|fL], hence —|v]g > [—|v|f0]. Define v' = ugyq ... up—1. This is a
subword of u with |v| 4 [v/| = |u|. We get

[v'lo = [ulo = [vlo > [lulo — [vl £ = [I/1£2] -
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Assume there is a subword v of u = ug ... u, with |[v| < |u| and |v]p <
o] £2] or |v]o > [|v]£0]. We assume the second case, the proof for the fist
case is similar. Put n = |v|, hence n < |u| = m + 1. Consider the m + 1
subwords of u? of length n that start with the letters ug, u1, ..., un. Each
letter of u occurs in exactly n of these subwords, hence on average each
of these subwords contains nf° zeros. Because ged(|ulo, |u|) = 1 we know
nfd ¢ 7Z. Assume all these subwords contain [nf0] or more zeros. Then
lulp > (m+1) [nf2] /n > (m+1)f0 = |ulo. This contradiction implies that
there exists a subword v’ of u? of length n with fewer than [nfJ] zeros, and
it follows that u? is not balanced. O

Proposition 5.1. Let u be a finite word with ged(|ulo, |ul1) =1 and let w
be the corresponding central function. Then w forms a central block if and
only if u is strongly balanced.

Proof. Assume that u is not strongly balanced. Then using the previous
lemma we may assume without loss of generality that there exists a subword
v of u with [v|g > [|v] f2], since if [v]o < [|v]f0] then |v]y > [|v]fL]. Because
of the way w is defined, there are two letters in w at positions that are
lul1|v|o — |ulolv]1 apart. We get

[uli[olo = lulofols > Jul ([f2I0[] + 1) = Julo (o] = [£2lo]] = 1)
> Jul f2]0] + [u] = lulofv| = Jul-

Hence w contains a gap.

Assume w contains a gap. Then w has two numbers at positions that are
|w| or more apart. Call the smallest of these two numbers a and the largest
b. Let v be the subword of u that starts at the (a 4+ 1)-th letter and ends
with the b-th letter. There are two possibilities, |u|g|v]1 — |ul1|v|o > |u| or
lu|1|v|o — |ulo|v|1 > |u|, depending on whether the position of a in w is left
or right of the position of b. We will assume the second inequality holds;
the proof for the first case is similar. We get, successively,

lul1|v]o > |u] + |ulo(|v] — [v]o),

[vlo > 1+ f2lv] > | f2lol] -
It follows from the previous lemma that u, is not strongly balanced. O

Remark. If we replace the condition in Proposition 5.1 that w is strongly
balanced by the condition that u is balanced the statement does not hold.
Take for example u = 0010100 so that ged(|ulo, |ul1) = 1, w is balanced
(but u? is not balanced). Then w = 5116 3 0 4 112 contains gaps.

Theorem 5.1. Let o be a primitive unimodular substitution with fived point
starting with 0. Then o is Sturmian if and only if w, forms a central block
for every n > 0.
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Proof. Because ¢" is a Sturmian substitution it follows from Corollary 4.1
that u2 = ¢™(00) is balanced. Applying Proposition 5.1 gives that w,, has
no gap for any n > 0.

Assume w,, has no gap for any n > 0. Proposition 5.1 implies that wu,, is
balanced for every n, and therefore the fixed point of ¢ is balanced. Because
it is not eventually periodic according to Lemma 5.1, it is a Sturmian word.
Hence o is a Sturmian substitution. g

Example 2 (continued). For n > 0 we define v,, as follows. Let g, be
the number at position —1 of w,,. Then v, is obtained by replacing every
number in w, that is smaller than g, by 0, and every other number by 1.
We get the following table of central words over a two-letter alphabet.

n | v

0 0

1 1 0 1 0 1

2/(17 011 0 1011 01 101011°O01

This example illustrates the following definition. Let o be a primitive
unimodular substitution with fixed point starting with 0. For n > 0 put
gn = —det™(M,)|u,|;! (mod |uy|), where the inverse is taken with respect
to |uy|. Let w], = w,, for each n if det(M,) = 1, otherwise let w], = w,, and
reflect each w/, in the origin for n odd. Note that it follows from Lemma
2.3 that g, is the number at position —1 of w/, if there is one.

Definition. Let ¢ be a primitive Sturmian substitution with fixed point
starting with 0 and g, w], as defined above. Then for n > 0 we get the
central word v, by replacing every number in w/, that is smaller than g,
by 0, and every other number by 1.

We already noted in Section 2 that wy, has in each coset modulo |wy,|
exactly one position on which it is defined. This means we can extend w/, to
a bi-infinite central block 1:1771 with period |wy,]|. It follows from the definition
of vy, that w!, (i) < w!,(i 4 1) <= wl, (i) < w/,(—1) <= v, (i) = 0. The next
corollary follows directly from Proposition 3.2.

Corollary 5.1. Let o be a primitive Sturmian substitution with fixed point
starting with 0 and assume that v, has a letter at position —1. Then for
n > p if v, has a letter at position k then v,41 has the same letter at
position k.

We see that in this case v := lim,,_. o vy, is an infinite central word. The
only primitive Sturmian substitutions with fixed point starting with 0 for
which there does not exist an integer p such that v, has a letter at position
—1 are the Christoffel substitutions defined in Section 6.
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Example 4. Let the primitive Sturmian substitution ¢ be given by ¥ (0) =
01, ¢(1) = 011. Then the statement of Corollary 5.1 does not hold since
v1(1) = 1 and va(1) = 0, as we see in the table below. Note that there is
no letter at position —1.

n‘un wy, = wh, U,

010

110 1 0 1 01

20 101 1]{]0 2 4 1 3|0 0101

Theorem 5.2. Let o be a primitive Sturmian substitution with fized point
starting with 0. If vy, has a letter at position i then it equals 0 if {—ign/|vn|}
€ [0,gn/|vn|) and 1 otherwise. Moreover, v, is strongly balanced for every
n > 0.

Proof. The first statement follows directly from the definition of v, and
from Lemma 2.3 which says wy, (i) = i|u,|! (mod |uy|). It follows from [5]
Sec.2.1.2. that words defined in this way are strongly balanced (so-called
rotation words). O

Remark. The central words v, need not be balanced if we would not
require that g, is the number at position 1 or —1 in w,. We illustrate this
using the substitution ¢ from Example 2 and choosing in wy the number
at position —2 as go. Then

v2 = 0010000100100001001.

Clearly v9 is not balanced, since it contains subwords of length 4 that
contain two 0’s and subwords of length 4 that contain four 0’s.

Theorem 5.3. Let o be a primitive Sturmian substitution with fized point
starting with 0 and M, as its incidence matriz. Then |v,|o and |v,|1 are
given by the top left and top right entry, respectively, of the dual matriz of
the reduced matriz of M)} for n > 0.

Proof. We know that M} = ( [unlo |1ﬁin‘1 > with ¢, dy, € Z>( for n > 0.

Cn n

We call its reduced matrix < |u,7|0 |u,}|1
c d,,

n
of w,, that w),(—=1) = x,, + y, where (x,,y,) is the unique solution of the
equation |uy, oz —|u, |1y = det(M?) with 0 < z,, < |uy|1 and 0 < y,, < |up|o-
Therefore we must have that (¢, d],) = (yn, Zr). From the definition of v,
we get immediately that |v,|o = gn = w],(—1) = z,, + y,. This means that
the dual matrix of the reduced matrix of M} has |v,|o as top left entry,
and because the sum of the elements of the top row is the same for the dual

matrix, it has |v,|1 as top right entry. O

>. It follows from the definition
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Corollary 5.2. Let o be a primitive Sturmian substitution with fixed point
starting with 0, M, its incidence matriz and let v, be the central word
corresponding to u, for some n > 0. Shift v, a number of positions to the
right so that the left most letter is at position 0. In the same way as before
we can project the cutting segment constructed from the shifted word v, to
form the central block t,,. By looking at the incidence matrixz of M, we get t/,
from t,, in the same way as we construct w), from w,,. Finally we construct
a new central word z, from t,. Then |z,|o = |unlo and |zp|1 = |unl1-

Proof. Let N, be the dual matrix of the reduced matrix of M. We know
|Un‘0 |vn‘1

> for some
CTL n

from the previous theorem that IV, is of the form <

Cn, dpn, € Z>( and it is an upper matrix. This means that the solution (x,, yn)
of the equation |v,|ox — v, |1y = det(M[) is given by the bottom entries of
N,,. Therefore |z,|¢p and |z,|1 are given by the top left and top right entry
of the dual matrix of N, respectively, which is the reduced matrix of M7,
since the dual matrix of the dual matrix is the original matrix. Of course
the reduced matrix of M has the same top row as M} itself. g

Let 0 be a primitive Sturmian substitution with fixed point starting with
b\ . . . .
0 and M, = ( ch d ) its incidence matrix. For n > 0 we define (z,, yn)

as the unique solution of the equation |uy|ox — |u, |1y = det(MY) satisfying
‘un‘O ‘un‘l

c?’l n

0 <zp <|upli and 0 < y,, < |uplo. Since M)} = < >, it follows

that |up|odn — |un|1¢n = det(MF). Hence x,, = dp, — klup|1, yn = cn—Kk|un|o
for some suitable k € Z>(. From Lemma 4.5 we know that the value of k&
is independent of n. Since according to Lemma 3.2 both (c,), (d,) and
(lunlo), (|un|1) satisfy the recurrence relation p, = (a + d)pp—1 — (ad —
be)pn—2 it follows that (z,) and (y,) satisfy the same recurrence relation.
By going backwards we define xy and yg. Since |uglozo — |ugliyo = 1 and
luoglo = 1, |up|1 = 0, we see that zy = 1, but yo is not determined by this
equation.

We mentioned in the proof of Theorem 5.3 that |v,|o = 2, + yn. Hence
we see that (Junlo) and (Juy|1) satisfy the same recurrence relation. By
going backwards we can now define |vg|o and |vg|1, and we see that also
lvolo = 2o + yo. Note that vy has no meaning in terms of projecting a
cutting sequence, and is only formally defined. We will see that |vg|p and
|vo|1 can take negative values, but their sum is |ug| = 1. Theorem 5.3 can
be used to find |v,|op and |v,|; for n > 0. In order to calculate |vg|p and
|vo|1 we prove the following lemma.
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Lemma 5.4. Let o be a primitive Sturmian substitution with fixed point
. . b\ ., . .
starting with 0 and M, = < CCL d ) its incidence matrix. Let k be the non-

a b
c—ka d—kb
‘U0|1 =k and ‘U0|0 =1- |U0‘1 =1-k.

negative integer such that ( ) 1s an upper matriz. Then

Proof. The reduced matrix of M, equals < g, cll)’ ) where ¢ = c—ka,d =
d — kb and ad’ — bc’ = det M,. Recall det M, = £1. In the table below we
know |uglo = 1, |ugls = 0, |u1]|o = @, |ui|1 = b. Using the recurrence relation
on (|unlo), (|un|1) we compute |uzlp = a(a + d) F 1,|uz|1 = bla + d). We
know that zg = 1, 21 = d' and y; = ¢/. Next we get 2 = (a +d)d' F1 from
the recurrence relation on (x,). Recall that a +d # 0 and b # 0. We use
the equation |ug|oxe — |uzl1y2 = 1 to find yo as follows.

bla + d)ys = a(a + d)*d F ala+ d) F (a + d)d';
bys = ala+d)d F(a+d') = (bd £1)(a+d)F (a+d) =bd(a+d) + kb;
yo = (a+d) k.
Finally we find yop = —k from the recurrence relation on (y,) and then

lvolo = xo +yo = 1 — k, |vg|1 = 1 — |vo|o = k. See the table below.

n |Un|0 |Un|1 Tn  Yn |Un|0 |Un|1
0 1 0 1 —k 1-k k
1 a b d
2 ala+d)F1 bla+d)|(a+d)d F1 d(a+d)+k
O

Consider a primitive Sturmian substitution o with fixed point starting
with 0, with incidence matrix M, and u,,v, defined as before. As men-
tioned before we have for (Jv,|o) and (Jv,|1) the same recurrence relation
as for (|uy|). The following theorem shows that there is a Sturmian matrix
that we call M, such that (Jvplo, |vn|1) - My = (|vntilo, |Uns1]1) for every
n € Z>p. Thus M; has the same trace and determinant as M,.

Theorem 5.4. Let o be a primitive Sturmian substitution with fixed point

starting with 0, with incidence matriz M, = ( (CI 2 > and let (vy)32, be

the corresponding central words. Let k be the mon-negative integer such
b . .

that ( “ ) is an upper matriz. Then (|vylo,|vnl1) - M: =

c—ka d—kb
r_d oy —d
(|ont1lo, [vnt1]1) for everyn € Zso where My = M) +k ( Z, _ Z, Y d )

a b

and M! = ( J ) is the dual matriz of the reduced matriz of M, .



540 Sierk W. ROSEMA

Proof. Let o be a Sturmian substitution. We write its incidence matrix

as M, = ( c—iflak d—fbk ) so that < CCL Z ) is the reduced matrix of

c+dk+1) a+b—(c+d)+k(b—d)
c+kd a—c+k(b—d)

previous lemma we see that |vg|; is k and we can make the following table.

M,. Then M, = ( ) Using the

n |un|0 |un|1 Tn Yn ’Un|0 ’Un|1
0 1 0 1 —k|1—-Fk k
1 a b d ¢ |c+d a+b—(c+4d)

We see that

(lvolos lvol1) - M- = (1 — k, k) - < C+Cd4(_kk:1— 1) a+ ba—_(zii)(;__kg; —d) )

=(c+d,a+b—(c+d)) = (Jvilo, [v1]1).

Straightforward calculations show that trace(M;) = a+d-+bk = trace(M,)
and det(M;) = ad—bc = det(M,). Since (|v,|o) and (|v,|1) satisfy the same
recurrence relation p,, = trace(M;)p,—1 — det(M;)pp—2 as (|unlo), (|un|1)
and since trace(M )M — det(M)Id = M? for any matrix M, it follows that
(lvnlos [vnl1) - Mz = (lvnt1o, [vnt1]1) for every n € Zxo. O

6. Christoffel substitutions

In this section we consider a special class of unimodular substitutions
that we will call Christoffel substitutions.

Let u be a finite word. We call u a Lyndon word if v = vw implies u < wv
in the lexicographical order. Let 0 < p < ¢ and ged(p,q) = 1. The finite
word u = ugu1 ... uq—1 is called a lower Christoffel word or just Christoffel

word if
. p .p
= |(+1)=| —|i—]|,

cf. [5] Sect.2.1.2. Note that p equals the number of 1’s in w. It follows from
the definition that for each a,b € Z~o with ged(a,b) = 1 there exists a
unique Christoffel word containing a zeros and b ones. We also see that
every Christoffel word starts with 0 and ends with 1.

Lemma 6.1. A finite non-constant word is a Christoffel word if and only
if it is a balanced Lyndon word.

Proof. See [1] Sec.4. O

This means Christoffel words are the finite balanced words in which the
0’s are placed "as far as possible" to the left.
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Definition. Let M = ( Z Z ) be a Sturmian matrix with determinant 1
and abed # 0. We call the unique substitution o that has M as incidence
matrix and for which ¢(0) and o(1) are Christoffel words the Christoffel

substitution corresponding to M.

Lemma 6.2. Let o be a substitution with o(0),0(1) Lyndon words, and
0(0) < o(1) in the lexicographical order, and let u be a Lyndon word. Then
o(u) is a Lyndon word.

Proof. See [11]. O
Let M be a matrix with determinant 1. M can be written in a unique

. 1
way as the product of some occurrences of the matrices Xg = ( 1 (1) )

and X7 = ( é 1 ) We associate to each occurrence of Xy the substi-

tution g : { (1) : 001 and to each occurrence of X; the substitution

Y1 { (1) : 011 . Let o be the inverse product of the associated substi-

tutions. It is clear that ¥y and 1 are Sturmian substitutions, therefore o
is a Sturmian substitution. Hence ¢(0) and (1) are balanced. Also it fol-
lows from Lemma 6.2 that they are Lyndon words. Now we conclude from
Lemma 6.1 that o is a Christoffel substitution.

Since for each matrix with determinant 1 and positive integer entries
there exists a unique Christoffel substitution, we get the following result.

Lemma 6.3. Christoffel substitutions are Sturmian substitutions.

Lemma 6.4. Let M, be a Sturmian matriz with positive entries and de-
terminant equal to 1 and let o be the Christoffel substitution belonging to
M. If M, is an upper matriz there exist possibly empty words u and v
such that o(0) = uOv and o(1) = ul. If M, is a lower matriz there exist
possibly empty words u and v such that o(0) = u0v and o(1) = (uOv)*Ful
for some positive integer k.

Proof. If M, can be written as the product of two matrices Xg, X1, we
haveeitherMU:(2 1),0:{0 — 00l ong:<1 1),0:

11 1 — 01 1 2
0 — 01
{ 1 — 011

of the lemma is true for incidence matrices that can be written as the
product of n matrices Xg, X1. Let M, be a Sturmian matrix with positive
entries and determinant equal to 1 that can be written as the product of
n + 1 matrices Xy, X1, and let 7 be the Christoffel substitution belonging

and we see that the statement holds. Assume the statement
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to M;. Then 7 = o’¢y or 7 = 0’11, where ¢’ is of the form stated in the
lemma. It is easy to check that 7 is also of this form. O

Corollary 6.1. Let o be a Christoffel substitution. Then o"(0) is a Christ-
offel word for every n > 0.

Proof. Because according to Lemma 6.3 a Christoffel substitution is a
Sturmian substitution, ¢™(0) is balanced. It follows from Lemma 6.4 that
0(0) < o(1) in the lexicographical order, and applying Lemma 6.2 gives
that ¢™(0) is a Lyndon word. According to Lemma 6.1, 6™(0) is a Christof-
fel word. O

Proposition 6.1. Let u be a Christoffel word, let w' = w be the central
block that we get after projecting the cutting segment of u, and let v be the
corresponding central word, as defined in Section 5. Then v is a Christoffel
word.

Proof. According to [1] Sec.4 the cutting segment of a Christoffel word
lies below the line connecting the origin and the endpoint of the cutting
segment. It follows that when the integer points on the cutting segment
are projected parallel to this line, they all lie below the origin, except the
origin which is projected to itself. Since Christoffel words are Sturmian
words according to Lemma 6.3, there is no gap by Theorem 5.1. Hence the
projected points form the word w = w(0) ... w(|u| — 1) with w(i) = i|u|;*
(mod |u]). Put g = |u|7" (mod |ul). Then

v(i) =0<= w(i) <w(i+1)<=ig (mod |u|) < (i+1)g (mod |ul)
. g ) g
= |i—| =[G+ 1)—
{ \u!J \U\J
and we see that v is a Christoffel word containing |u|;' (mod |u|) ones. O

Theorem 6.1. Let o be a Christoffel substitution. Let (vy) be the words
that we get by projecting the cutting segments of u, = o"(0) for n > 0.
Then there exists a Christoffel substitution T such that T(v,) = vp41 for
n >0 and 7 has M; as defined in Theorem 5.4 as incidence matriz.

Proof. Tt follows from the previous proposition that the words (v,) are
Christoffel words. According to Theorem 5.4 the relation between the num-
ber of 0’s and 1’s in v, and v,,41 is given by M, . Define 7 as the Christoffel
substitution that has M, as incidence matrix. Because 7 is Sturmian, 7(v;,)
is a balanced word. Because v, is a Lyndon word, and 7 is a Christoffel
substitution with 7(0) < 7(1) in the lexicographical order, 7(v,) is also a
Lyndon word. Thus 7(vy,) is a Christoffel word. Because there is only one
Christoffel word of length |v,, 41| that contains |v,11]o zeros, it follows that
T(Vn) = Uny1. O
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Definition. Let o be a Christoffel substitution with incidence matrix M,
that is an upper matrix. Then we call 7 as defined in Theorem 6.1 the dual
substitution of o.

Corollary 6.2. Let 7 be the dual substitution of o. Then o is the dual
substitution of T.

Proof. Let o be a Christoffel substitution and let its incidence matrix be an
upper matrix. It follows from Lemma 5.4 that |vg|p = 1 and |vg|; = 0. Hence
according to Theorem 6.1 we have v, = 7"(0). It follows from Theorem 5.4
that M is an upper matrix. Define z, as the central word that corresponds
to vy, as in Corollary 5.2 (note that the left most letter of v, is already
at position 0, so that v, doesn’t have to be shifted to the right). Then it
follows from this corollary and the fact that 7 is a Christoffel substitution
that 2z, = u, for n € Zx. O

Example 5. The duality relation exists between the following pairs o, 7
of Christoffel substitutions.

.G'{o — 00101 andT'{O — 01011

‘11 — o1 ‘L1 — o1l

.G.{o — 0010101 andT‘{o — 0110111
11 — o1 ‘11 — o111

.J.{o — 0101011 andT.{o — 0001001
‘11 — o101l ‘11 — ool

The following Christoffel substitutions are self-dual (i.e. o = 7).
{ 0 — 001
®0:

1 — o1
.. .0 — o001
7°11 = ool

The next lemma and theorem are thanks to a suggestion by Julien Cas-
saigne.

Lemma 6.5. Let z = 2921 ...2, be a finite word with z; € {0,1}. Put
( ‘CL b ) = X X., ... X.,. Then Xo Xo ... Xo = ( d b )

d c a

Proof. It is easy to check that this holds for n = 0, 1. Assume it holds for n.

. a b
Let z = zp...2p11 be given. Then X, ... X, ,, = ( ¢ d )inﬂ- In case
Zn+1 = 0 we get ( Zis 2 ) and in case z,4+1 = 1 we get (Z 312) In
the same way we find X ., ... X equals ( ctd a+b> in case zp,4+1 = 0,
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a
for n + 1. O

and ( ¢ —ic_ d a+tb > in case zp+1 = 1. We see that the lemma also holds

Let o be a Christoffel substitution with incidence matrix M, that is an
upper matrix. Hence there exists a finite word z = 29271 ... 2z, so that ¢ =

Vo - Y2, 1. I we write M, = ( a—cl—c b—gd ),Wtaseethanthn...XZ0 =

< CCL Z ) Hence using the previous lemma we get X,, ... X, = ( (cl 2 )

We  define  the  Christoffel  substitution ¢ = 2 e -
1,11 and see that it has incidence matrix My = < 11 > < d b ) =

01 c a
c+d a+b
< c a
is the dual substitution of ¢. This gives the following theorem.

). We find that My is the dual matrix of M, and hence ¢

Theorem 6.2. Let o be a Christoffel substitution with as incidence an
upper matriz, so that we can write ¢ = 1y, ..., V1, with z; € {0,1}.
Then the dual substitution of o equals 1V, ... Y,11.

Example 5 (continued). If we write the substitutions o and 7 from Ex-
ample 5 as products of ¥y and ¥; we get the following pairs of substitutions.

o 0 = Yo1¢1 and T = Y1y

o 0 = Yo1¢1¢1 and T = Y1Y1Porr
o 0 = YP1¢otoir and T = Yooih191
o 0 =T7=1oy

® 0 =17 =1Yothoy1
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