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On the Decomposition of Hecke Polynomials over
Parabolic Hecke Algebras

par CrAauDpIus HEYER

RESUME. On généralise un résultat classique d’Andrianov sur la décomposi-
tion des polynémes de Hecke. Pour un groupe connexe réductif G défini sur
un corps local non-archimédien §, on donne un critére pour déterminer sous
quelles conditions un polynéme a coefficients dans une algebre de Hecke sphé-
rique parahorique de G(§) se décompose sur une algebre de Hecke parabolique
associée a un groupe parabolique non obtus de G. On donne une classification
des groupes paraboliques non obtus. Ceci montre alors que notre théoreme de
décomposition couvre tous les cas classiques diis & Andrianov et Gritsenko.
De plus, on obtient des cas nouveaux ou le systéme de racines relatives de G
contient des facteurs de types Fg ou E7.

ABSTRACT. We generalize a classical result of Andrianov on the decomposi-
tion of Hecke polynomials. If G is a connected reductive group defined over a
non-archimedean local field §, we give a criterion for when a polynomial with
coefficients in the spherical parahoric Hecke algebra of G(§) decomposes over
a parabolic Hecke algebra associated with a non-obtuse parabolic subgroup of
G. We classify the non-obtuse parabolics. This then shows that our decompo-
sition theorem covers all the classical cases due to Andrianov and Gritsenko.
We also obtain new cases when the relative root system of G contains factors
of types Fg or E7.

1. Introduction

1.1. Motivation. The problem to decompose Hecke polynomials emer-
ged in the theory of Hecke operators acting on spaces of Siegel modular
forms, see, e.g., [1, 2, 9]. One of the principal tasks is to find and study
relations between Fourier coefficients of eigenforms of Hecke operators and
the corresponding eigenvalues. It is instructive to work through an exam-
ple to see how decomposing Hecke polynomials helps to find such relations.
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Consider the modular group I' = SLy(Z). Recall that a holomorphic func-
tion f: H — C on the upper half-plane H = {z € C|S(z) > 0} is called a
modular form of weight k if for all v = (2 %) € I' and all z € H it satisfies

(1.1) f(2) = (fM(2) = (cz + d)7"f <Z§i2>

and if it admits a Fourier expansion of the form f(z) = 3272 a(j) - e?miiz,
Denote My, the C-vector space of modular forms of weight k. Let .S be the
set of 2 x 2-matrices with integral entries and positive determinant. Then
the algebra of Hecke operators H = Hc(T,S) naturally acts on 9iy: A
double coset (I'gl') € H acts on f via f|(I'gl") = ZF'yGF\Fgth/' If fis
a Hecke eigenform, we write Ay: H — C for the corresponding eigenvalue.
Then f is a Hecke eigenform if and only if ayr(j) = Ap(T) - az(j), for all
TeH, je ZZO'
Fix a prime number p and consider the Hecke polynomial

Qplt) =1 = Tit +phyt?, where Ty = (T(49)T), Th = (pEaT) € A,

where Fs is the 2 x 2 identity matrix. There is a natural embedding of H
into the parabolic Hecke algebra H" := Hc (g, So), where Ty (resp. Sp)
is the subgroup of upper triangular matrices in I" (resp. S). For example,
one has Ty = T + T} in Hc(Lo, So), where T7 = (To(5 9)Tg) and Ty =
(Lo 5 2)1“0). Over the ring Hc (Lo, Sp) the polynomial @, (t) decomposes as

(1.2) Qp(t) = (1 -T1"t)- (1 - T7 t).
Right multiplication with the inverse power series of 1 — 77 ¢ yields

(1.3) Qp(t) - 3 (T =1-1¢  in HOt].
=0

Note that H° acts naturally on the space 93?2 of holomorphic functions
f: H — C satisfying (1.1) for all v € T'y and admitting a Fourier expansion
as above. Then 9, C MY and HO[t] acts naturally on ?Jﬁo W[t]. Given f €

MY, one computes af‘Tf(j) = ay(j/p) and g (5) = p* kaf(pj), for all

j > 0. (Here, we define a¢(j/p) =01if p1j.)
Let now f € M be a Hecke eigenform and consider the complex poly-
nomial

Qpst) =1—=Xp(Th) -t +p- A\p(To) - t* € C[t].

Letting (1.3) act on f, we obtain on the level of Fourier coefficients the
relations

Qp, £ (1) Zpl af (Pl = =ay(j) —as(j/p)t in C[t], for each j > 0.
1=0
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This method of decomposing a Hecke polynomial over a parabolic Hecke
algebra proved to be very fruitful in the more general context of Siegel mod-
ular forms. Andrianov proved a general decomposition theorem of type (1.2)
in the context of Siegel modular forms, cf. [1]. In this case the modular
group SLa(Z) is replaced by Sps,,(Z), for some n € Z>1, and one considers
certain holomorphic functions on the Siegel upper half-space H,,. The sub-
group I'g of upper triangular matrices is replaced by the “Siegel parabolic”
in Sp,,,(Z), that is, the subgroup of matrices whose lower left quadrant is
zZero.

It is then natural to ask whether a decomposition of type (1.2) also
holds for more general groups. Since the problem is local in nature, one
may replace Z with the ring of integers of a non-archimedean local field §.
In this context, Gritsenko proved a decomposition theorem for GL,,(§) (and
all parabolics) [10, 12] and for the classical groups Spy, (F), SU,(F), and
SO, (F) (for the parabolics fixing a line in the standard representation) [11].

The main result in [12] found an application in the theory of p-adic
L-functions, where it was recently used by Januszewski [20] to define a
projection map in order to obtain simultaneous eigenforms for certain Hecke
operators. It is therefore reasonable to hope that a decomposition theorem
for more general reductive groups will have applications in the theory of
p-adic L-functions.

The aim of this paper is to generalize the theory developed by Andri-
anov [1] to the group G of F-rational points of a connected reductive -
group.

1.2. Main results. Let § be a non-archimedean local field of residue char-
acteristic p > 0. Let G be a connected reductive group over §, let B be a
minimal parabolic §-subgroup of G with Levi decomposition B = ZU. In
this article a parabolic subgroup of G is a standard parabolic §-subgroup
with respect to B. Fix a special parahoric subgroup K of G := G(F) cor-
responding to a special point in the apartment determined by Z. Then
G = KB, where B := B(gF). For any subgroup X C G we put Kx = KNX.
Let P be a parabolic subgroup of G and put P := P(F). Let R be a com-
mutative Z[1/p]-algebra, considered as a ring of coefficients.

The Hecke ring Hr(Kz,Z), where Z := Z(5F), identifies with the group
algebra R[Z/K 7], and there are natural R-algebra embeddings Hr(K,G) C
Hr(Kp, P) C Hr(Kp, B). There is a natural algebra homomorphism

0% Hr(Kp,B) — R[Z/K/]

induced by the canonical projection map B — Z. The restriction of @g to
Hr(Kq,G) is called the (unnormalized) Satake homomorphism. It is well-
known that Hr(K,G) is commutative. Besides Hr(K,G), the parabolic
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Hecke algebra H r(Kp, P) contains another commutative algebra C, which

is constructed as the centralizer of a certain element of Hr(Kp, P).
Consider the R-submodule 0 = Hr(K,G).Cp of Hr(Kp, P). In order

to develop a reasonable theory one needs to make the following assumption:

Hypothesis 1.1. The restriction of ©% to Op is injective.

It should be remarked that there is no example known where Hypothe-
sis 1.1 fails. There is one maximal parabolic subgroup in Spg(Q,) for which
we do not know whether Hypothesis 1.1 is satisfied. One can show (see
Proposition 5.23) that, if Hypothesis 1.1 is satisfied for two parabolics P
and Q, then it is also satisfied for P N Q. Hence, it would suffice to verify
Hypothesis 1.1 for every maximal parabolic subgroup of G. For practical
reasons we work with an equivalent form of Hypothesis 1.1, see Hypothe-
sis 5.16 on p. 985. We prove:

Theorem (Theorem 5.24). Assume that Hypothesis 1.1 is satisfied. Let
d(t) € Hr(K,G)[t] be a polynomial such that 47 (t), the polynomial ob-
tained by applying ©F to the coefficients of d(t), decomposes in R[Z]K z][t]

as
d% (t) = f(1) - g(t)

such that g(t) has coefficients in ©5(C5) with constant term 1. Then there

exist polynomials f(t), g(t) € Hr(Kp, P)[t] with the following properties:

°degf(t)=degf()andf9 Z(t) = f(t);
o degg(t) = degg(t) and gO7(t) = §(t);
e d(t) = f(t) g(t) in Hr(Kp, P)[t].

The proof is merely a straightforward extension of the arguments in [1].
However, it is in general very hard to decide for which P Hypothesis 1.1
is satisfied. The main contribution of this paper is to single out a class
of maximal parabolic subgroups in G for which this hypothesis holds. We
make the following important definition:

Definition 1.2 (See Section 3). Let P be a maximal parabolic subgroup
of G with unipotent radical Up. Then P is called non-obtuse if any two
relative roots that occur in Up span a non-obtuse angle.

Our main result is then:

Theorem 1.3 (Theorem 5.17). Assume that P is a non-obtuse parabolic
subgroup of G. Then Hypothesis 1.1 is satisfied for P.

The obvious question then is whether there exist non-obtuse parabolics
and if they can be classified. In Proposition 3.5 we achieve a complete classi-
fication of non-obtuse parabolic subgroups and formulate several equivalent
conditions. The maximal parabolic subgroups correspond bijectively to the
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vertices in the Dynkin diagram of the relative root system of G, and hence
it makes sense to say when a vertex of the Dynkin diagram is non-obtuse.
The classification shows that all vertices in type A,, the terminal vertices
in types By, Cy, and D,, two terminal vertices in type FEg, and one ter-
minal vertex in type FEr are non-obtuse. It also shows that there are no
non-obtuse vertices in types Eg, Fy, and Go, cf. Figure 3.2 on p. 958.

The proof of Theorem 1.3 requires us to investigate intersections of Car-
tan and Iwasawa double cosets. This problem is well-known and arises, for
example, in the study of the Satake homomorphism, but here it is of a dif-
ferent flavor. More precisely, let z, 2z’ € Z be such that U2/ K N KzK # &.
It is well-understood how 2’ and z relate. However, so far almost nothing
is known about the u € U for which uz’ € KzK.

To state our main technical result in this direction, let ¢ be the point in
the (adjoint) Bruhat—Tits building of G' corresponding to K. By assump-
tion, ¢ lies in the apartment & corresponding to a torus T C Z which is
maximal §-split in G. By definition, ¢ defines valuations, denoted ¢, on
the root groups U,. There is a canonical homomorphism v: Z — V into
the underlying R-vector space V of &7 containing the coroots with respect
to T. Fix a strictly positive element a € Z so that (o, v(a)) < 0 for all
simple roots « (with respect to B). Choose the representative z of KzK
such that z-(KNU)-2z71 C KNU, where U := U(F). Denote Up := Up(J)
the group of F-points of the unipotent radical of P. We prove the following
technical result, which might be of independent interest:

Theorem 1.4 (Theorem 4.4). Assume P is non-obtuse and that —v(az)
is a sum of simple coroots. Let 2z’ € Z and u € Up with uz' € KzK. Then
one has az' - (KNUp) - (az')"' CKNUp and aua™* € K.

The condition aua™' € K is the difficult part of the theorem and can
be interpreted as follows: Write u = u; - - - u,, for certain w; € U,,. Then
©Ya, (ui) > (aj,v(a)) for all i, that is, we obtain a lower bound for the
valuations of the u;. In order to obtain this bound, we describe an algorithm,
see Section 4, which produces a sequence of left cosets ugzoK, ..., ur2. K
in KzK (with u; € U, 2z; € Z) such that ugzg = uz’ and u, = 1 (so that
v(zy) lies in the orbit of v(z) under the action of the finite Weyl group). As
a byproduct, by a careful analysis, we can estimate the valuations of the
root group elements u;.

Finally, it should be mentioned that there is another possible approach
to study intersections of Cartan and Iwasawa double cosets, which we do
not follow here. For p-adic Chevalley groups Dabrowski describes in [8] the
intersections of the form UrI N Iol in terms of “good subexpressions”,
where [ is an Iwahori subgroup and 7,0 are elements of the affine Weyl
group. By adapting the methods of [21] it seems plausible that one could
in this way explicitly describe the intersections Uz'K N Kz K.
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1.3. Structure of the paper. In Section 2 we fix notations (Section 2.1)
and recall some notions about reductive groups (Sections 2.2-2.4). In Sec-
tions 2.5-2.7 we discuss positive elements, the Cartan and Iwasawa decom-
positions, and abstract Hecke rings.

In Section 3 we study non-obtuse parabolics. In Proposition 3.5 we clas-
sify non-obtuse parabolic subgroups and provide equivalent characteriza-
tions.

In Section 4 we present the Algorithm 4.2. Although it will not be used in
the sequel it is worth to mention that it always terminates (Proposition 4.3).
Our main technical result is Theorem 4.4.

Finally, in Section 5 we develop the theory leading to the decomposi-
tion Theorem 5.24. The Section 5.1 introduces parabolic Hecke algebras
and defines the unnormalized version of the Satake homomorphism. In Sec-
tion 5.2 we give another presentation of the twisted action due to Henniart—
Vignéras [14]. Then in Section 5.3 we translate the main theorem of [14]
into our context. In Section 5.4 we recall the commutative algebra C’;. In
Section 5.5 we work out an explicit example of a parabolic Hecke algebra.
We provide an explicit presentation of the parabolic Hecke algebra attached
to GL2(F) in terms of generators and relations. The straightforward proof
is given in an appendix. We also explicitly compute the Satake homomor-
phism for illustrative purposes. Given a strictly positive element ap, we
construct in Section 5.6 a certain Hecke polynomial x,,(t). With Hypoth-
esis 5.16 we impose that (Kpap) is a “left root” of x,, (t). This hypothesis
is crucial for proving the decomposition theorem. Theorem 5.17 shows that
this hypothesis is satisfied provided that the parabolic P is non-obtuse.
Proposition 5.21 lists several conditions which are equivalent to Hypothe-
sis 5.16. Proposition 5.23 shows that, in principle, it would suffice to verify
Hypothesis 5.16 for mazimal parabolics.

Acknowledgments. This article constitutes a part of my doctoral dis-
sertation [16]. I want to express my deep gratitude to my advisor Elmar
Grofle-Klonne for his support. I also thank Peter Schneider for inviting me
to present these results in the Mittagsseminar at the University of Miinster.
My thanks also goes to the organizers of the conference “Representation
Theory and D-Modules”, held in June 2019 in Rennes, for giving me the
chance to present a poster about this research. Finally, I thank the anony-
mous referee for a careful reading of the paper and for numerous remarks,
questions, and suggestions.

2. Preliminaries

2.1. Notations. We fix a locally compact non-archimedean field § with
residue field F, of characteristic p and normalized valuation valy: § —
Z U {0}
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If H is an algebraic group defined over §, we denote by the corresponding
lightface letter H := H(§) its group of F-rational points. The topology on
§ makes H into a topological group.

Let G be a connected reductive group defined over §. We choose a max-
imal §-split torus T in G and write X*(T") (resp. X.(T')) for the group of
algebraic §-characters (resp. algebraic §-cocharacters) of T.

We denote by Z = Zg(T) the centralizer and by N := Ng(T) the
normalizer of T in G. We call Wy := N/Z the finite Weyl group of G.

The (relative) root system of (G, T) is denoted by ® C X*(T'); it need
not be reduced if G is non-split. The finite Weyl group Wy identifies with
the Weyl group of the root system ®. We denote

Preq = { € @|a/2 ¢ O}

the subroot system of reduced roots. The set of coroots is denoted ®V C
X (T).

We consider the root group U, attached to a € ®. Then Uy, C U,
whenever «, 2a € .

We fix a minimal parabolic §-subgroup B of G containing T. It then
admits a Levi decomposition

B =UZ.

This choice fixes a system of positive roots ®* in ® (resp. positive coroots
(®V)* in ®V), and the unipotent radical U of B decomposes as

U= ][] U,

+
aG@red

where @:;d = ®oq NPT is the set of reduced positive roots.
All parabolic subgroups are taken to be standard with respect to B.

2.2. The standard apartment. If C denotes the connected center of G,
we consider the finite-dimensional R-vector space

V= Ry (X.(T)/X.(C)).

We view the set of coroots ®V as a subset of V via the natural map. Note
that ®" generates V as an R-vector space. On V there is the following
partial ordering: Given v,w € V, we write

v <w

if w — v is a linear combination of simple coroots with non-negative coefhi-
cients.

The conjugation action of Wy on T induces an action on V such that
the natural pairing

(-, ) V*xV —R
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is non-degenerate and Wy-equivariant. Here, V* = Homg(V,R) denotes the

R-linear dual of V. We view ® as a generating subset of V*. We fix a Wy-

invariant scalar product (-,-) on V' so that V' becomes a Euclidean vector

space. We denote || - || the norm induced by (-, - ). The scalar product (-, -)
induces a Wy-invariant scalar product on V* which we again denote (-, ).

By [6, 1.1.13] the tuple (Z, (Uy)aca) is a generating root group datum of
G in the sense of [5, (6.1.1)]. In particular, this means that the root groups
U, satisfy the following condition:

(DR2) For all o, § € @, the commutator group [Us, Ug| is contained in the
group generated by the Upqimg, where n,m € Z( are such that
na+mp € .

The standard apartment <7 in the adjoint building Z(G) of G is an affine
space under V' consisting of certain valuations [5, (6.2.1)] of (Z, (Ua)aca)-
Since valuations will be instrumental later on, we will recall their definition.
For the moment let L,, for a € ®, be the subgroup generated by U,, Z,
and U_,, and put

(2.1) M, = {:c € L, ’ 2Uz™ ' =U_y and 2U_pz7 ! = Ua} C N.

Then M, is a left and right coset under Z with image {s,} in Wy. We
record the following useful lemma:;:

Lemma 2.1 ([5, (6.1.2)(2)]). Let « € ® and w € U} = Uy ~ {1}. Then
there exists a unique triple (u',m(u),u”) € U_, x G x U_, such that u =
u'm(u)u”, mu)U_om(u)~t = Uy, and m(u)Uym(u)~t = U_,. Moreover,

one has m(u) € My and v, u” # 1.

Definition 2.2 ([5, (6.2.1)]). A wvaluation on (Z, (Uy)aca) is a tuple ¢ =
(Vo) aca of functions 1, : U, — RU{oo} satisfying the following conditions:

(V0O) The image of 1, contains at least three elements;

(V1) For each o € ® and 7 € RU {oo} the set Uy, = 1,1 ([r,00]) is a
subgroup of Uy, and Uy o = {1};

(V2) For each o € ® and each m € M, the function

Uty =U_a~{1} — R, ur—_o(u) — Yo (mum™)
is constant.

(V3) Given o, € ® with f ¢ Roga, and r,s € R, the commutator
group [Ua,r, Ug 5] is contained in the group generated by the groups
Una+mB,nr+ms, for n,m € Zxq such that na +mp € ®;

(V4) If o, 2«0 € @, then )9, is the restriction of 2¢), to Usy C Uk;

(V5) Given o € ®, u € Uy, and v/, u” € U_, such that v'uu” € M,, one
has ¥_q(u') = Y_o(u") = —1ho(u).

The space of valuations on (Z, (Uy)ace) admits the following two ac-

tions [5, (6.2.5)]:
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e Given a valuation ¥ = (¥g)ace and v € V', the tuple
Y+ov= (”% + <avv>)aeq>

is again a valuation.

e Let ¥ = (¢a)acod be a valuation and n € N. Denote w the image
of n under the canonical projection N — N/Z = W;. We obtain a
new valuation 1.9 = ((n.¥))4)ace defined by

(n)al(u) = Py-1(q) (n"tun), for all u € U,.

In this way, the group N acts on the space of valuations.
By [6, 5.1.20 Thm. and 5.1.23 Prop.] there exists a valuation

Y = (90043 er — RU {OO})a€<I> of (27 (Uoz)aeb)

which is discrete [5, (6.2.21)], special [5, (6.2.13)] and compatible with the
valuation valg [6, 4.2.8 Déf.]. The standard apartment <7 is the Euclidean
affine space under V given by

o ={p+v|veV}.

The action of N restricts to an action on &/ by Euclidean affine auto-
morphisms and the subgroup Z acts by translations [5, (6.2.10)]. More
concretely, it follows from (V2) that there exists a unique group homomor-
phism v: Z — V such that z.¢ = ¢ 4+ v(z), that is,

(2.2)  palz7tuz) = @o(u) + (o, v(2)), for all u € Uy, all a € ®.

The fact that ¢ is compatible with valg then expresses the condition that
(x|, v(2)) = —valz(x(2)), for all x € X*(Z).

The affine action of N on & induces a linear action of Wy = N/Z on
V', obtained by composing the action map N — Aff(«) (where Aff(%)
denotes the group of affine automorphisms of /) with the canonical pro-
jection Aff(«7) — GLg(V'). This action coincides with the natural action
of Wy on V.

Given « € V* and r € R, we consider the hyperplane

Hyr ={p+ved|{av)+r=0}
and put
N ={Hy,|a € Preq and r € po(U})} .
Then N acts on $) via

n.Hy, =H, for n € N with image w € Wj.

(a)vr_<w(a)7n'90_90>7
The groups Uy, = ¢, ([r,x]), for r € R, are a neighborhood basis of
1 € U, consisting of compact open subgroups, and we have

nUOMJf1 = Uw(a),r—(w(a)np—p)s tor n € N with image w € Wy.
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2.3. The associated reduced root system. We denote by S()) the
set of orthogonal reflections sy through H € §. Conversely, we denote H
the hyperplane in &7 fixed by s € S($)). This exhibits a canonical bijection
H=s (5’))

The group W2 generated by S ($) (inside the group of affine automor-
phisms of &7) is called the affine Weyl group of G. The stabilizer of ¢ in
W identifies with Wy, since o is special. This yields a semidirect product
decomposition

WA — (WA V) x W,

and W2 NV is generated by the translations raV, for a € ®,oq and r €
©0a(UZ) [5, (6.2.19)]. In particular, W2 NV is a lattice of rank dimg V in
V. Now, [4, Ch. VI, §2, no. 5, Prop. 8] shows that there exists a unique
reduced root system

rCcvr
such that W2f is the affine Weyl group of ¥. This means that W& coincides

with the group generated by the reflections sq k, for (o, k) € yaff .= M%7,
defined by

sakp(®) =2 — ((a,z — ) + k) aY, for x € 7.

We write simply s, instead of s, ¢ and view it as an element of Wj.
By [25, Lem. 1.2.10],

0a(UX) = €, 7, for a € @,

is a group, where €, € Z~g is a natural number which is even whenever
2a € . We obtain a surjective map

P —»>, ar— e

which induces a bijection ®..q = X.

Under this bijection, ®* corresponds to a system of positive roots in X,
which we denote 7T,

For each a = €gf3 in X, where 8 € ®,.q, we put U, = Ug and

Ula,k) = UB for all k € Z.

,eglkﬂ

This defines a Z-indexed descending filtration on U, by compact open sub-
groups which is separated and exhaustive. If n € N with image w in W,
we have

—1
(2.3) Uiy = Uw(a) k- (w(a)n.o—¢))-
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2.4. The Iwahori—Weyl group. Let K be the special parahoric sub-
group of G associated with ¢ [6, 5.2.6]. If X C G is a subgroup, we write

Kx = KnX.

We note the following properties:
e the special point ¢ is fixed by K under the natural action of G on
#(G);
e the group K N N contains a set of representatives of Wy;
e for all @ € ¥ we have K NUy = Uy 28, (51)];
e if P = UpM is a parabolic subgroup of G with Levi M and unipo-
tent radical Up, then Ky is a special parahoric subgroup of M [13,
Lem. 4.1.1]. In particular, since Z is anisotropic, K is the unique
parahoric subgroup of Z;
Since Kz is the unique parahoric subgroup of Z, it is normalized by N.
We call
W :=N/Ky
the Twahori—Weyl group. The subgroup
A=Z7 / K A - w
is a finitely generated abelian group with finite torsion and the same rank
as X, (T') [13, Thm. 1.0.1]. We therefore denote it additively. When we view
A as a subgroup of W, we employ an exponential notation, that is, we write
ed € W for A € A. The natural exact sequence

0—A—W-—>W;—1
splits, that is, W decomposes as the semidirect product

WgANW(),

and Wy acts on A by e?W = werw™. We note that the map v: Z —

V (2.2) factors through A and induces a Wy-equivariant map

v:A—V.

2.5. The positive monoid. We define
AT =ATY = {)\ € A‘ (a,v(N)) <0 for all @ € E"'}

and denote Z* (or Zt if we want to emphasize the dependence on G)
the preimage of AT under the projection Z — A. We refer to ZT as the
positive monoid. The negative monoid is defined as Z~ = (Z7)~1. We also
write A7 = —AT.

An element A € AT is called strictly positive if (a,v(\)) < 0, for all
a € ¥, Note that if \ is strictly positive, the group A is generated as a
monoid by AT and —\.
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More generally, let P = UpM be a parabolic subgroup of G. We denote
M* = {m e M|mKy,m™ € Ky, }

the monoid of M-positive elements. Note that Kyy € M*T N (M*)~1. We
define

(2'4) HUP(m) = [KUP : KUP N m_lKUPm] € qZZO-
Clearly, m € M is M-positive if and only if uy,(m) = 1. The integers
pup(m) have been studied in [18, §3.4].

An element A € A is called strictly M-positive if (Xpr,v(X)) = 0 and
(a,v(N)) <0 for all & € ¥F \ X). Note that by (2.3), the monoid

(2.5) Apre = {A € A|{a,v(V) <0 forall a € B~ By

coincides with the image of Z N M™ in A.

We call a € Z strictly M -positive if a lies in the center of M and a Kz € A
is strictly M-positive. We remark that by [7, (6.14)] there exist strictly M-
positive elements.

2.6. Double coset decompositions. We recall here the Cartan and the
Iwasawa decomposition of G. In Section 4 we will study intersections be-
tween Cartan and Iwasawa double cosets.

Cartan decomposition 2.3 ([13, Thm. 1.0.3]). The inclusion Z C G
induces a bijection
AWy = K\G/K.

Remark 2.4.

(a) The monoids A" and A~ are representatives for the Wy-orbits of
A [14, 6.3 Lem.]. Therefore, the inclusion Z C G induces bijections
At 2 K\G/K and A~ = K\G/K. These are also referred to as the
Cartan decomposition.

(b) The Cartan decomposition implies that if KzK = Kz'K, for some
z,z € Z, then there exists w € Wy such that w(zKz) = 2’Kz (and
hence also w.v(z) = v(2)).

Iwasawa decomposition 2.5. The inclusion Z C G induces a bijection
A= U\G/K.

This decomposition is often written as G = BK =UZK = ZUK.

Remark 2.6. It is of general interest to study intersections of Cartan and

Iwasawa double cosets. We recall some well-known results. Let z € Z~ and
2" € Z such that Uz’K N KzK # &. Then:

(a) v(2") <w(z), see [13, Lem. 10.2.1] or [14, 6.10 Prop.].
(b) If v(z) = v(2'), then 2K = 2/ Kz, see [14, 6.10 Prop.].
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(c) wr(Z) < v(z), for all w € Wy. This follows from properties of
the Satake homomorphism as in [24, Lem. 2.1] but using [14, 7.13
Thm.]. This argument is also spelled out in Remark 5.8.

This inequality is equivalent to saying that v(z’) lies inside the
convex polytope spanned by the Wy-orbit of v(z), cf. [23, (2.6.2)].

In Section 4 we give an algorithm which yields also information about the
u € U with uz’ € KzK.

2.7. Abstract Hecke rings. We briefly discuss abstract Hecke rings. The
references below refer to, and details can be found in, [3, Ch. 3, §1].

Let G be a topological group and I' C G a compact open subgroup. Let
I' €S C G be a submonoid. The pair (I', S) is called a Hecke pair. Let

ZIT\S| = @ Z.(Ts)
I'sel’\S

be the free Z-module on the set of right cosets I'\\S. It admits a natural
right S-action by (TI's) - s’ = (I'ss’), for s,s" € S. Clearly, Z[I'\S] is a left
module under the ring

H(T,S) := Endg(Z[T'\S)).
We usually make the identification
H(T,8) — Z[M\S]",
T+— T((I)).

The submodule Z[['\S]' of I'-invariants is a free Z-module on the set of
double cosets I'\ S/T". Concretely, it admits {(s)p | ['sI" € T'\S/T'} as a basis,

where
(s)r = Z (T's).

T's/CI'sI
The sum runs through all right cosets contained in I'sI". Note that the sum
is finite, because I" is compact open, so that the set (I' Ns~1's)\I is finite,
and the map

(2.6) (TN s~ 'Ts)\I' —» T\I'sT,
(U N s Ts)y — Tsy

is bijective. The multiplication on Z[T'\S]" is concretely given by

<Z n; - (Fsi)> . (Z mj - (th)> = anm] . (Fsz‘t]‘)

For an explicit description of the multiplication in terms of double cosets,
see [3, Lem. 1.5].
The following two results are frequently useful:
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Proposition 2.7 ([3, Prop. 1.9]). Let (I',S) and (I'o,So) be two Hecke
pairs satisfying

(2.7) ToCT, SCTSy, and TNSy Syt CTy.
Then the map
£: H(F, S) — H(Fo, S()),

Zni . (I‘sl) — Z?’Ll . (Fosi),
i i
where the s; are chosen in Sy, is an injective ring homomorphism.

Proposition 2.8 ([3, Prop. 1.11]). Let (T, S) be a Hecke pair. Then (T, S™1)
is also a Hecke pair, and the map

(2.8) Cs: H(T,S) — H(T, S,
(s)r — (s H)r
is an anti-isomorphism of rings.
Lemma 2.9 ([3, Lem. 1.13]). Let (I',S) and (I'o, So) be two Hecke pairs

satisfying (2.7) such that (T',S™) and (To,S5") also satisfy (2.7). Then
the following diagram is commutative:

/H(F, S) ;) H(Fo, So)

cs| 2

H(T, S —— H(To, S5 ).
If R is a commutative ring with 1, we put
HR(T,S) = Rz H(T,S5).

It is clear that Propositions 2.7 and 2.8 and Lemma 2.9 remain valid for
Hecke rings over R.

3. Non-obtuse parabolics

We fix a maximal parabolic subgroup P = UpM of G. Recall from Sec-
tion 2.2 the Euclidean vector space (V*,(-,-)), on which the finite Weyl
group Wy acts, and the special point ¢ € 7 from Section 2.2. We view ¢
as a valuation on the root group datum (Z, (Uy)aeca)- Also recall from Sec-
tion 2.3 the reduced root system ¥ C V*. The system X% of positive roots
determines a unique basis A of Y. Since M is reductive, all these objects
have an analogue for M, and we denote them by adding the subscript ‘M.
For example, we write X7, Wo ar, A ete.

Definition 3.1. The parabolic P is called non-obtuse if
(o, BY) >0, for all o, B € 7~ 2as.
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Remark 3.2. For P to be non-obtuse it is equivalent to say that
(o, B) >0, for all a, f € &7 T

This more geometric definition explains the term “non-obtuse”: It means
that any two roots in ¥ \ ¥, span a non-obtuse angle.

During the whole section we assume that P is non-obtuse. The main
result of this section is a complete classification of the non-obtuse para-
bolic subgroups of G. First, we prove an important technical result which
explains our interest in non-obtuse parabolics.

Lemma 3.3. Let A\, u € A such that X is strictly M -positive. Assume that
v(w(p)) < v(=A) for all w € Wy. Then one has

(o, v(A+p)) <0, foralla € T Ty

Example 3.4. Before giving the proof, let us look at the two examples in
Figure 3.1. Example (a) explains why Lemma 3.3 should be expected to
hold true for non-obtuse parabolics, while (B) explains why Lemma 3.3 fails
otherwise.

(A) Type Az: The translate of the (B) Type G2: The translate of the
dotted region by v(A) fits into the dotted region by v(\) does not fit
shaded area. Lemma 3.3 holds in into the shaded area. Lemma 3.3
this case. fails.

FIGURE 3.1. In both examples we choose ¥y = {£+a}, and
v(p) can lie anywhere in the dotted region.

Proof of Lemma 3.3. Recall that P is non-obtuse so that (a, 3") > 0 for
all a, B € X7~ X. We proceed in two steps.

Step 1. Assume p = w(—A), for some w € Wy. We do an induction on the
length ¢(w) of w. If {(w) = 1, we write w = sg for some simple root 5 € A.
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For each o € X1 \ X we compute

(A +55(=A))) = (o, _35(1/()\))>
= (a, N) - BY)
<5’V( )> o, 8Y)
<0,

where in the last step we have used (3,())) < 0 and that P is non-obtuse.
Now assume £(w) > 1, and let § € A with {(sgw) < {(w). We write

31 v(A+w(=X) =v(A+ss(=A) +55((A + s5w(=N)).

We distinguish two cases:

e If 3 € Ay, then we have sg(XT N X)) = BT \ Iy For each
a € 7 N\ Xy, the induction hypothesis (applied to sgw) yields:

(a, 55(v(A+ sgw(=2)))) = (sg(a), v(A+ sgw(=A))) < 0.

Together with (3.1) and the base case the statement follows.
o If B € A~ A)y, then we compute for each o € X1 ~ Xy

(,v(A+w(=N))

= <0W(A+S/3 A)) + <a 56( (A +spw(=X))))
= (o, (B, BY) + (spla), v(A + sgw(=X)))
= (B,v(\ aﬁv>+< BV> B, v(A + spw(=X)))

(a ) = (e, BY) - (B, v(s5w(=A)))
= (o, v\ + sgw(=N))) + {a, 8Y) - ((spw) ~H(B), v(N))
0

where the last step uses the induction hypothesis and (sgw)~1(8) €
T, which in turn follows from ¢((sgw) 'sg) > £((spw)™1) (see,
e.g., [19, 1.6 Lem.]).

This finishes the induction step.

Step 2. Let u be general. Take an arbitrary a € X7\ 2. Let ag = w(a) be
a root of maximal height in the Wy-orbit of a. (If we write ap = >~ 5c4 1553,
the height of ag is >-gca ng-) Then we have (g, BY) >0, for all § € X7,
since otherwise sg(ag) = ap — (@, 8Y) -  would have greater height than
ap. By the hypothesis, v(—\) — v(w(i)) is a linear combination of simple
coroots with non-negative coefficients. Therefore,

(32) (el () + ) = (w(a), (A + w(p))
(a0, v(~A) ~ vlw(u))) <0,
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By Step 1 we have
(3.3) {a, v A +w (=) <0.
Finally, (3.2) and (3.3) imply
(v + 1)) = o v(A+ w (=) + o, v () + ) 0. O

We now turn to the classification of non-obtuse parabolics. Since P is as-
sumed to be maximal, the roots in X\ X ;s are contained in an irreducible
component of X. Without loss of generality we may therefore assume that
> is irreducible.

The maximal parabolics of G are in one-to-one correspondence with
the elements of the basis A of ¥. We write A = {ay,...,a,} and denote
Sp = 84, the simple reflection attached to «,. Let P, = Up M, be the
maximal parabolic subgroup corresponding to a,. so that Ay, = AN {a,}.
We put

Yu

P = E+ AN EM,»-

Then «; is the unique element in Xy, N A. We say that a; is non-obtuse
if P, is.

Proposition 3.5. The classification of non-obtuse parabolic subgroups of
G is given in terms of the Dynkin diagram of ¥ in Figure 3.2. Moreover,
the following conditions are equivalent:

(i) ay is non-obtuse.
(ii) (ar,BY) >0 for all B € Xy, .
(iii) The Weyl group Wo a1, acts transitively on the roots in Xy, of the
same length.
(iv) In the notation of (3.4) below we have c,(af)) = 1, where oy is the
highest root of the same length as «;.

Proof. We consider each type separately. The equivalences of (i)—(iv) are
obtained along the way. For the concrete description of the roots systems
we follow [4, Planches I-1X].
As usual we denote ey, ..., e, the standard basis of R", endowed with

the canonical scalar product (-,-). Given a root 8 € X, we write

n
(3.4) ,B = Z Cz(,@) 78

i=1
Observe that ¢;(s;(5)) = ¢i(B), for i # j. In particular, the action of Wy as,
does not affect ¢,(3). Observe that Xy, consists of those § € £% with

cr(B) > 0.

(Ap). Inside V = {(z1,...,2511) € R™| 7 2; = 0} the root system
of type A, is
E:{i(ei—ej)|1§i<j§n+1}.
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a1 9 Qn—1 Qp
B, (n>2): .
aq [eD) Qp—2 Qp—1 Qg
Cn ( n > 3 ) .
] (6 5) Qp—9 Qp—1 Qi
Qp—1
D, (n>4): — o
aq a2 Qp—3Qn—2
QTL
ﬁ( az
Es: . o
aq Qg (a7} as (e 7]
I aQ
E7 o °
ay ag Qy [¢% Qg ar
T OQ
E8 o 0
(€31 asg Qy as Qg ar ag
F4 J o 0
aq g s Qy
G2 ——0

F1cure 3.2. The black vertices are precisely the non-obtuse
simple roots. Note that in types EFg, Fy, and G4 there are no
non-obtuse parabolics, while in type A,, all maximal parabo-
lics are non-obtuse.

The simple roots are given by o; = e; —e;41, for i = 1, ..., n, and the roots
€ —ej = i;i ag, for 1 <i < j <n+41, are positive. The Weyl group Wy
is the symmetric group &,41 acting on ey, ...,e,11. Fix 1 < r < n. Then
we have
EUPT :{6i—€j’1§i§'l“<j§n—|—1}.

If e; — ej,eq — ey € Yy, , then we have a # j and i # b. Hence, (e; —
ej,eq — €p) = 0iq + 055 > 0 and «, is non-obtuse. The Weyl group Wy y,
identifies with &, x &,,41_, with the first factor acting on {ey,...,e,} and
the second on {e,y1,...,enq1}. It clearly acts transitively on ¥y, .

(By). Inside V' = R" the root system of type B, is
Y={tei|1<i<n}U{te;xej|1<i<j<n}.
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A basis is given by a; = e; — e;41, for 1 < i < n, and «,, = e,. The positive
roots are
e = Y p—i O, for 1 <i<mn;
ei—ej:Z‘Z;iak, for1<i<j<mn;
eitej=Ya o +2 oy, forl<i<j<n
The Weyl group W, identifies with (Z/2Z)" x &,, with &,, permuting the
ei, and (Z/2Z)" acting by changing the signs of the e;. Consider three cases:
e Assume r = 1. Then

EUPI :{el}U{eliei‘Qﬁifn}.

Given ey +€1e;, €1 + 265 € Xy, , With €1,2 € {-1,0,1}, we com-
pute

(e1 +e1e4, €1 + €265) = 1 4 £1€28;; > 0.
Hence, o; is non-obtuse. The Weyl group Wy s, identifies with
(Z/2Z)"* x &,,_1 with both groups acting on {+*es,...,+e,},
leaving e; fixed. It acts transitively on {e; £e;|2 <i <n} (and

on {e1}).

e Assume r = n. Then
Sup, ={ei|1<i<n}U{e;+e;|l <i<j<n}.

It is obvious that o, is non-obtuse. The Weyl group Wy y,, identifies
with &, acting on eq,...,e,. It clearly acts transitively on both
{e1,...,en} and {e; +¢;|1 <i<j <n}.

e Assume 1 < r < n; in particular, n > 3. Note that both o, = e, —
ery1 and e,_1+e-11 lie in ¥y, and satisty (e, —eq11,er—1+€r11) =
—1. Hence, «, is not non-obtuse. The highest root is ag = €1 +e9 =
a1 + 23—y ay. Notice that ap and a, both lie in ¥y, and have
the same length. But since ¢,(ag) =2 # 1 = ¢, (), it follows that
ap does not lie in the Wy a7, -orbit of a;.

(Cp). Inside V = R™ the root system of type C), is
Y={+2e |1 <i<n}U{fe;+e;j|1<i<j<n}.

A basis is given by a; = e; —e;11, for 1 < i < n, and ay, = 2e,,. The positive
roots are

e —ej = Y2 for 1 <i<j<n;

i—1 - .
ei+ej:2f€:iak+2zzz}ak+an, for 1 <i<j<m;
2e; = 230 o + a, for 1 <i<n.

The Weyl group W) identifies with (Z/27Z)" x &,, as for type B,,. Consider
three cases:
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e Assume r = 1. Then
Yup, ={2atU{e1 £e;|2<i<n}.

Given e1 +¢e1¢€;,e1 +e2¢j € By, , with 4,j # 1 and e1,62 € {1},
we compute

(e1 +e1e4,e1 +e2e5) = 1+ €1620;5 > 0.

Since also (2e1,e14e;) =2 > 0 (for i # 1), the root o is non-obtuse.
The Weyl group Wy p, identifies with (Z/2Z)" ! x &,,_; with both
groups acting on {£eo,...,+e,} leaving e; fixed. It clearly acts
transitively on {e; £ e;|2 <i <n} (and on {2e1}).

e Assume r = n. Then

Sup, = {261 <i<n}U{ei+ej|1<i<j<n}.

It is obvious that o, is non-obtuse. The Weyl group Wy y,, iden-
tifies with &,, acting on eq,...,e,. It clearly acts transitively on
{2e1,...,2e,} and on {e; +¢;|1 <i < j<n}

e Assume 1 < r < n; in particular, n > 3. Note that both o, = e, —
ery1 and e,_1+e-11 lie in ¥y, and satisty (e, —eq11,er—1+€r11) =
—1. Hence, ozr is not non-obtuse. Consider the root ay =e; + ez =
o1 + 2Ek 5 a + a,. Then af and «; both lie in ZUPT and have
the same length. But since ¢, (ag) =2 # 1 = ¢, (o), it follows that
og does not lie in the Wy a7, -orbit of a.

(Dy,). Inside V' = R"™ the root system of type D, is
Y={te;te;|1<i<j<n}.

A basis is given by a; = e; — €41, for 1 < i < n, and oy, = ep—1 + €. The
positive roots are

Zkzozk, for1 <i<j<my
el+en— 22ak+o¢n, for 1 <i<mn;

e +ej= Z ak+2zkjak+an1+an, for1 <i<j<n.
The Weyl group Wy identifies with I' x &,,, where I is the kernel of the map
(Z)2Z2)" — 727, (x;); — > iy z;. We distinguish the following cases:

e Assume r = 1. Then
EUPl ={€1i62’2§2§n}

The same computation as in (B,,) shows that «; is non-obtuse. The
Weyl group Wy ps, identifies with I'y x &,,—1, where &,,_1 permutes
e, ...,en and I'y C T is the subgroup of elements (z;); with 21 = 0.
It is easy to check that Wy ps, acts transitively on EUpl-
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e Assume r = n—1 or r = n. By the symmetry of the Dynkin diagram

it suffices to consider the case r = n. Then
EUF,” :{ei+ej|1§i<j§n}.

It is obvious that «, is non-obtuse. The Weyl group Wy s, identifies
with &,, which acts by permuting the ej,...,e,. It clearly acts
transitively on Xy, .

Assume 1 < r < n — 1. Both o, = ¢, —e,41 and e,—1 + e,41 lie
in ¥y, and satisfy (e, —e,11,e,—1 +er11) = —1. Hence, a, is not
non-obtuse. The highest root is ag = €1 + e2 = a1 + 222;% o +
ap_1 4 apn. Then ag and «, both lie in Xup, and have the same
length. But since ¢,(ag) = 2 # 1 = ¢, (), it follows that «y does
not lie in the Wy p,-orbit of a.

(Eg). Inside V = {(z1,...,25) € R®| 26 = x7 = —xg} the root system of
type Eg is

S ={te;tej|1<i<j<5}

1 > ‘
U {:EQ (68 —e7 — eg + iz:l(_l)y(2)6i>

5
v(i) € Z/2Z, Y v(i) = o} .
=1

A basis is given by a; = %(61 +eg) — %(62 +e3+ - Fey), arg = e+ e,
and a; = €;_1 — ¢;_o, for 3 < i < 6. We distinguish the following cases:

e Assume r = 1 or r = 6. By the symmetry of the Dynkin diagram

SUp,

for Eg it suffices to consider the case r = 1. We have

1 5 ' 5
= {2 (eg —e7 —e6+ Z(—l)’j(z)ei> v(i) € Z/2Z, Zl/(’b) = 0} .
i=1 =1
We write a, = 1(eg — er — e + Y51 (—1)"WDe;), for each v =

(v(i)); € (Z/27)°, to ease the notation. Let v, u € (Z/27)° such
that 37, v(i) = Y9y u(i) = 0. Since 37_; (v(d) + p(i)) = 0, we
observe that the cardinality of the set {1 <i <5]|v(i) # u(i)} is
even, hence equals 0, 2, or 4. But then [{1 <i <5|v(i) = u(i)}| is
either 1, 3, or 5. Thus, we compute

(aw, o) = i(S + {ilv(@) = w@} = Kilv(i) # u@}) = 0.

Therefore, o is non-obtuse. The Weyl group Wy as, is the group
I' x &5 of type D5 described in (D,,); it acts on ey, ..., e5, leaving
e6, e7, and eg fixed. Given v,y € (Z/27)5 with oy € Xyp, , we
may view j— v as an element of I" which maps «,, to a,,. Therefore,
Wo,um, acts transitively on Xy, .
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e Assume 1 < r < 6. The roots 51 = Zk L = 7( es —er—eg+ep+
es —e3+e4—e5) and By = ag + az + 2a4 + a5 + ag = e5 + e3 both
lie in Xy, and satisfy (81, 52) = —1. Hence, a; is not non-obtuse.
Notice that 1 = wy(a;), where w, € Wy py, is given by

W2 = 55518334,
W3 = 55515254,
Wy = 55518332,

Wy — S$1528354.

Clearly, w, 1(32) € Yy, and (ar,wH(B2)) = (B1, B2) = —

The highest root is ag = %(eg —er—egtertertestestes) =
a1 + 2a + 2a3 + 3a + 2a5 + ag. Then ap and ;. both lie in Xy,
and have the same length. But since ¢, (ag) > 1 = ¢, (o), it follows
that ag does not lie in the Wy ps,.-orbit of .

(E7). Inside V = {(z1,...,28) € R®|z7 = —2g} the root system of type
E7 is

Z:{:lzei:tej‘l§i<j§6}U{:|:(€8—67)}
6 6
U {i; <e8 —er + Z(—l)”(i)e,) v(i) € Z/2Z, Y v(i) # 0}.
i=1 i=1

A basis is given by a1 = (61 +eg) — *(62 +es+ - Fer), arg = e+ e,
and a; = e;_1 — e;_o, for 3 < < 7. We distinguish the following cases:

e Assume r = 7. Then

Yup, ={estei |1 <i<5}U{es —er}

1 5 A
U {2 (68 —e7+ e+ Z(—l)y(l)&;)

=1

5
v(i) € Z/2Z, » v(i) # 0}.
=1

(These are all the positive roots not lying in the subroot system
of type Fgs.) To ease the notation we write ay, = %(eg —e7 +

6 (=1)"Wey), for each v = (v(i)); € (Z/2Z)5. For all 1 <i,j <5
and v € (Z/27)° with a,, € Xup, we compute

(e6 £ ei,e6 L€ —1:|:51J>()

(e6 £ e, e8 — €7

( +(-1)"Y) >0,

’_‘l\D\

)
)
(eg £ ej, )
)

( €g — €7,y
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Let now v, u € (Z/ZZ) with v(6) = ( ) = 0and 32, v(i) =
S0 (i) # 0. As 32 (v(i) + p(i)) = 0, we observe that the car-
dinality of the set {1 <1 < 6|v(i) # (i)} is even, but not 6, hence
equals 0, 2, or 4. But then |[{1 <17 <6|v(i) = u(i)}] is e1ther 2,4,
or 6. Thus, we compute

() = 3 2+ i1 v(0) = W)} = I{i]v(0) £ (i) }) 2 0.

Therefore, a7 is non-obtuse. The Weyl group Wy, is the group
generated by s; and the group I' x &5 of type D5 (acting on
{ze1,...,£es} while leaving eg,e7, and eg fixed). Given v, €
Yup,, we may view p — v as an element of T' (by forgetting the
last entry) which maps a, to «,. Moreover, I' x &5 clearly acts
transitively on {eg +e; |1 < i < 5}. Together with
51(66 - 61) =eg—e1+ &(0,1,1,1,1,1) = &¥(1,1,1,1,1,0)»

and 51(0(1,0,0,0,0,0)) = 0(1,0,0,0,0,0) T (0,1,1,1,1,1) = €8 — €7,
and the fact that I' acts transitively on the set of those «, with

_1 (1) # 0 and v(6) = 0, it follows that Xy, is the W, rs,-orbit
of a7. Hence, Wy p, acts transitively on EUP7.

e Assume 1 < r < 7. The roots g1 = 22:1 g = a(0,0,1,1,0,1) and
B2 = a1+ az +2a3 + 3aq + 2a5 + ag + a7 = @(1,1,0,0,1,0) both lie in
Yup, and satisfy (81, 52) = —1. Hence, a; is not non-obtuse. Note
that 81 = wy (), where w, € Wy py, is given by

W1 = 5655528433, W2 = 8655515354, W3 = 5655525451,

W4 = 5655515352, W5 = 5651535254, We = 5152535455.
Clearly, w; 1(32) € Yy, and (ar,wH(B2)) = (B1,P2) = —

The highest root is ag = eg — ey = 2a1 + 200 + 3ag + 4oy +
3as +2a6 + 7. Then o and «,. both lie in ¥y, and have the same

length. But since ¢,.(ag) > 1 = ¢, (), it follows that «p does not
lie in the Wy az,-orbit of a;.

(Eg). Inside V = R® the root system of type Fg is

E:{:I:eZ:I:eJ\1§Z<]§8}
7 7
U {:I:;(eg + Z(—l)”%i) v(i) € Z/2Z, > v(i) = o} .
i=1 =1

A basis is given by a1 = %(61 +eg) — %(62 +e3+ - Fey), ar =€+ e,
and o = e;_1 —e;_o, for 3 < i < 8.

Let 1 < r < 8. The roots 81 = Z%Zlak = %(eg+e7—eﬁ+el + e9 —
ez —eq —es5) and Bo = a1 + 2a9 + 3as + bay + das + 3o + 2a7 + ag =
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%(68—|—€7—|—66—61—62—|—63+64—|—65) both lie in Xy, and satisfy (81, f2) = —1.
Hence, o, is not non-obtuse. Note that 81 = w,(a;), where w, € Wy, is
given by

W1 = 88575655525453, W2z = 58575655515354,
W3 = 58575655525451, Wy = 58575655515352;
W5 = 58575652515354, We = 58575251535455,
W7 = 5852515354S5556, Wg — §25153545556S7.

Clearly, w; ' (f2) € Xup, and (ar,w; ' (B2)) = (B1, B2) = —

The highest root is ag = eg + e7 = 21 + 3o + 4as + 6y + Sas + dag +
3ar +2ag. Then a; and g both lie in Xy, and have the same length. But
since ¢;(ap) > 1 = ¢, (o), it follows that o does not lie in the Wy 57, -orbit
of o

(Fy). Inside V = R* the root system of type Fj is
Y ={te|1<i<4tuU{te; te;|1<i<j<4A}U{S(tertestestes)}.

A Dbasis is given by a3 = es —e3, as = e3 —e4q, ag = eq, and g =
%(61 —eg —eg —eq). We have

(a17a1+3a2+4a3+2a4) (82—63’€1+63) = —]_’
(062,051 + (%) + 2@3 + 2@4) = (63 — 64, el — 3) g —]_’
(g, a1 + 20 + 203 + 204) = (eq,61 —eq4) = —1,
1
(o, 01 + 200 + 3a3 + o) = 1 (e1 —ex —e3 —eq,e1 +ex+e3+eq)

1

5"

Hence, none of the ag, ..., a4 is non-obtuse. Consider the following cases:

e Assume r = 1 or » = 2. The highest root is ag = e1 + e2 = 2a7 +
3ag + 4az + 2a4. Then both ag and «, lie in Yup, and have the
same length. But since ¢, (o) > 1 = ¢, (), it follows that ag does
not lie in the Wy p,-orbit of a.

e Assume r = 3 or r = 4. The highest short root is oy = e1 =
a1 + 209 + 3a3 + 2a4. Then of and o, both lie in Yup, and have
the same length. But since ¢, (af) > 1 = ¢ (o), it follows that af
does not lie in the Wy ps,-orbit of .

(Go). Inside V = {(z,y,2) € R¥|z+y+ 2 =0} the root system of type
G2 is

Y = i{el — €2,€2 —€3,€61 — 63,261 — €9 — 63,262 — €1 — €3, 263 — €1 — 82}.
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A basis is given by a1 = e; — eg and as = —2e; + e3 + e3. Since
(a1,01 + ) = (e1 —ez,e3 —e1) = —1
and (ag,3a1 + ag) = (—2e1 + ez + e3,e1 — 2e3 + €3) = —3,

neither aq nor ag are non-obtuse.

The highest root is ag = 31 + 2c0 = —e; — eo + 2e3. Then both ag and
as lie in XUp, and have the same length. But since ca(ag) = 2 # 1 = ca(a2),
it follows that ag does not lie in the Wy az,-orbit of as.

Similarly, the highest short root is aé = 201 + a9 = ez — eg, and both a(l)
and ap lie in ¥y, and have the same length. But since ¢1(8) =2 # 1 =

c1(aq), it follows that af does not lie in the Wo,n,-orbit of a. O

We end this section by applying the previous analysis to prove a result
on the ordering of positive roots that will become useful later. First, we
need a preliminary lemma which also appeared in [22, Lem. (2.1.1)]. For
the convenience of the reader we supply the simple proof.

We make the following convention: If A’ is a basis of X, we denote by
EZ,A,(resp. ¥ /) the system of positive (resp. negative) roots with respect
to A,

Recall, [4, Ch. VI, §1.6, Cor. 3 of Prop. 17|, that there exists a unique
longest element wy € Wy. It satisfies wg = 1 and £(wwg) = £(wp) — £(w),
for all w € Wj.

Lemma 3.6. Let wg = s;, - -+ 55, be a reduced decomposition and put 3; =
Siy -+ 8i;_q (auy), for j=1,...,r. Then one has, for all0 < j <,

E+ "Sij(A) = {ﬁj+1aﬁj+27 <o 767‘7 _/617 _/627 CR) _BJ}

81'1 .

Proof. Write w; = s;, - -s;;. Applying [4, Ch. VI, §1.6, Cor. 2 of Prop. 17]

to wit

= Sip e Sy yields

SAND, (a) = DA NwSy = {B1, B2, -, B}

Note that ZZ = ZXQZ;O(A) = {p1, B2, ..., Br}. Hence, the assertion follows
from
E:;J-(A) =(Zan E:;j(A)) U(Ein E:;j(A))
= —(ZAN2, a) UEANT, a))- O

Example 3.7. It is instructive to visualize an example. The orderings of
the positive roots in 1 obtained in Lemma 3.6 generalize the “circular
orderings” one has for root systems of rank 2. Assume 3 is of type Go
with basis {a1,as} such that as is the long root. The ordering of T
corresponding to the reduced decomposition wg = s15251525182 is shown in
Figure 3.3.
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Ba

Be = o % | B B2

B1=a

Ficure 3.3. The circular ordering in type Ga

Corollary 3.8. Let oy € A = {ay,...,an} be a non-obtuse simple root,
and let o € XYy, such that a and o have the same length. There ex-
ists a reduced decomposition wy = s;, ---s;. such that, if we put 3; =
Siy +++ 8i;_y (au;), there exists 0 < I < r with By,..., 0 € Xy, and 41 = a.
In particular,

EuUp, N {a} C EjilmsiH»l(A) ={Bi+2,--+Br,—B1y---, =01, —a}.
Remark 3.9. Corollary 3.8 says geometrically that, for non-obtuse «;, the
roots of length o[ are extremal in the cone generated by Xy, .

The statement of Corollary 3.8 is generally false if «; is not non-obtuse,
see Figure 3.3.

Proof of Corollary 3.8. Denote wo p; the longest element in Wy »z,. Since
«a; is non-obtuse, we find by Proposition 3.5 (iii) an element w € Wy pz, with
w(a;) = a. Choose reduced decompositions

W= 84 -8 and Wo,M; W0 = Sipyy " Si -

T

l
For each v € Wy »;, we compute

(3.5) e(’l)w()VMl.’LUo) = é(wo) - E(U’u}o,Mi)

= l(wo) — L(wo,r,) + £(v) = £(v) + £(wo,n,wo)-

In particular, wwo a;wo = siy -+ 85, is a reduced decomposition. We fur-
ther observe s; , = s;, for otherwise we would have s; , € Wy, and
(84, wo,nr;wo) < £(wonr;wo), contradicting (3.5) for v = s, . Now, if
we pick a reduced decomposition (wwy, Mwo) " twg = Siys,, " Sip, then it is
clear that we obtain a reduced decomposition wy = s;, - - - 5;,. From the con-

struction it is clear that 31,...,8;, € ¥, and ;41 = . The last statement
is a consequence of Lemma 3.6. U

4. The algorithm

Recall the special parahoric subgroup K of G associated with ¢. Given
z € Z and 2/ € Z, it is of general interest to understand the intersection
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of the ITwasawa double coset Uz’ K and the Cartan double coset KzK. For
example, it is well-known that v(z’) < v(z) provided Uz’K N KzK # @,
see Section 2.6.

There is, however, very little known about the u € U such that uz’ €
KzK. One of the main goals of this article is to study the following ques-
tion: If w2z’ € KzK and if we write u = wy, - - - u,, with u,, € U,,, what
can be said about the valuations ¢, (u+,)? We will prove that for each
strictly positive element a € Z with v(z) < v(a™!), the valuation ¢, (u-,)
is bounded below by (v;,v(a)), see Theorem 4.4.

In this section we present an algorithm that gives information about
the ¢, (u,). First, we need to set up some notation. We fix a reduced
decomposition wg = s;, - - - 8;,. of the longest element wqy of Wj.

r

Notation 4.1. Recall the reduced root system X associated with ®. Let
A ={ai,...,a,} be the fixed basis of X.

(a) Put Bj := 54 ---si;_, () and AU = i -8, (A), for 1 < j <.
Thanks to Lemma 3.6 we have
Z(j) = ZZ(]') = {/6j+17/6j+27 s 757”7 _617 _627 ) _/Bj}7 for 0 < .7 <r.
Given k > 0, we let j(k) € {1,...,r} be the unique integer with
k= j(k) (mod r). Let

o 1, ifk=jk) (mod 2r),
b —1, otherwise.

Put By = exBjx) and A®) = g, AUK) “and then

2H) = g, nUR) = St = {8kt Betas - s Brrr }-

Then X(?) = ¥ and the sequence (Z(F)),cz.  is 2r-periodic. See also
Figure 4.1 below. -
(b) Let oo € ¥ and write o = eg3 for the unique 3 € ®eq. Define

Pa = €5¥3: U; — Z.
(c¢) For each o € ¥ we fix a lift n, € N N K of s, € Wy.

(d) Given a basis A’ of ¥, we denote by Ua: the group generated by
UaEEZ, Ua-

Recall from Section 2.4 that K N Uy = U(,), for all a € X.

Algorithm 4.2. Let 2,2’ € Z and u € U such that uz’ € KzK. We define
sequences (u*))gso and (2(7));>¢ with the following properties:
e 4 =y and 20 = 2
(k) e Uaiw) NUp -1y and 2K) ¢ Z, for all k > 1;
k) 2(k) ¢ KzK, for all k > 0.

® U
® U
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»(0) 34 B (1) By B 2@ By
A fa Ba
Bs
$(3) $(4) $2(5) Be
Ba Br Br
Bs Be Bs Be Be

FIGURE 4.1. A visual aid for the sets (%) relative to the
reduced decomposition wg = sisgs1, where a; = (1 and

a = [33.

Suppose we have constructed «*) and z¥) for some k > 0. Write

k k k Ua, if k=0,
u® =) gl ) € .
UA<k) N UA(’“*U’ if k > 1,
for uniquely determined ugj) el 51..1 Depending on ¢g, ., (ugj’ll) we distin-

guish three cases:

(Alg-1): Case g, ,, (u(k) ) + (Bri1, () > 0. By (2.2) this is equiva-

Br+1
lent to

—1 k
€= (Z(k)) ’ UI(B]C)Jrl FARN Ugsr,0) = Uppyr N K
We then define
Sk+1) . z(k),
k —1
D = (k) <u/(8k)+1) € Uty NUAm)-
Then u*+D 2 (k+1) — (k) (k)1 ¢ K2 K.

k k
((iAf}g—Z): Case @g, ., (U(Bk)H) > 0 and not (Alg-1). Then u(ﬂk)+1 € K and we
efine
LD )

ukt) = (ugzl)_l cu®) e Untery NUAm) -

INote that ug;)# =1 unless k£ = 0.
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The fact that u*+1) € Up sy follows from (DR2) and B*) ~ {81} =
R+ A s k),

(Alg-3): Case f = ps,, (u(k) ) < min{0, —(Br11,v(2))}. Note that

Br+1
UI(BIZ)JA # 1. By Lemma 2.1 there exist unique v/, v” € U_ such that

Br+1

m®) = u'ugg) u” € N.
k+1

By [5, Prop. (6.2.10) (ii)] the element m®) acts on &/ as the orthogonal
reflection sg, ., r, in the hyperplane Hg, ,, 7, . Observe that the element

D) ) )

lies in Z, because its image in Wy = N/Z is trivial. Considering how z(*+1)

acts on ¢ € &7, we deduce
(4.1) v(" ) =855 (=) = v (W) = ((Brrr, v (z W) + fi) - Bl

Applying (Bk+1, —) to this equation, and rearranging, we obtain

k 1
(42) @ lufy,) = fo = =5 - ((Brar, v(z)) + (B, v(=4D))).
By (V5) and (2.2) we have

YP—Brr1 (u/) - _fk >0
and @—6k+1((z(k))_lullz(k)) = —fi — B, v(z0)) > 0.

This entails that «’ and (z(k))flu”z(k) lie in K. We now define

WFHD ) (u/(BIZ)JrI)fl . (ul)fl € Upntsn) NUA®)-

We remark that ugji;) = u(ﬁi)JrQ as can be seen from (V3) and the fact that

Bryo is extremal in *+1) | Finally, we compute

a0 = o) @) 7 () ®B

= k) (z(k))_lu”z(k) -ng,,, € KzK.

Note that, as a byproduct, at each step the algorithm provides a lower
(BIZ)H) It is because of this property that Algorithm 4.2
will be useful for us later.

The next result will not be used in the sequel.

bound for ¢g, ., (u

Proposition 4.3. Algorithm 4.2 terminates, that is, there exists | > 0 such
that u) = 1. Moreover, v(21) lies in the Wy-orbit of v(z2).
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Proof. Letu e U, 7',z € Z with uz’ € KzK. Suppose we are in case (Alg-3)
at the k-th step. Then v(z(**1)) is obtained by reflecting v(2*)) along
the hyperplane Hg, ., r . But since we have (8yy1,0) + fr = fr < 0 and
(Brr1,v(2™)) + fr < 0, it follows that 0 and v(2*)) are on the same side
of Hg, | f., whereas v(2F+1) lies on the other. An elementary argument
in Euclidean geometry now shows |[v(z(™)|| < |[v (D).

As v(Z) is a lattice in V, its intersection with the convex polytope C
spanned by the Wy-orbit of v(z) is finite. Since u® k) ¢ K2K, we have
v(2(®) € O, for all k > 0, see Section 2.6. As the 2(¥) remain unchanged in
the cases (Alg-1) and (Alg-2), the above discussion shows that there are
only finitely many instances of case (Alg-3).

Let k > 0 such that [|[v(2*))| is maximal. As only the cases (Alg-1)
and (Alg-2) occur, it follows that for all j > 0 we have z(#7) = 2(¥) and
u 7)€ Upssy N Upw- In particular, we have u*+7) € Uy gry N Upwy =
U_xtwy NUpw = {1}. Hence, Algorithm 4.2 terminates with | = k + r.
Moreover, we have Kz*+") K = K 2K by the construction in Algorithm 4.2
and the fact that u**") = 1, and hence the last assertion follows from the
Cartan decomposition 2.3. O

We are now ready to prove our main technical result, which may be of
independent interest.

Theorem 4.4. Let P = UpM be a non-obtuse parabolic. Let a € Z be
strictly M -positive. Let w € Up, z € Z~, and 2’ € Z such that v(z) <
v(a™') and uz’ € KzK. Then the following assertions hold:

(i) az’ € MT;

(ii) aua™' € Kp = KN P.
Proof. Note that uz’ € KzK implies w.v(z') < v(z) for all w € Wy, see
Remark 2.6.c. Let A (resp. ) be the image of a (resp. z’) in A. Then (i) is
equivalent to

(4.3) (a,v(N+p)) <0, for all o € X7 N Sy

(cf. (2.5)). But this follows from Lemma 3.3, since by assumption A is
strictly M-positive and v(w(u)) < v(z) < v(=M) for all w € W.

We now prove (ii). As P is maximal parabolic, the roots appearing in
Up are contained in a single irreducible component ®; of ®. Since all
computations will be done in the subgroup of G generated by Z and U,,
for « € ®;, we may assume for notational convenience that ® (and hence
Y)) is irreducible. As in Section 3 we write a, ..., ay for the simple roots
in ¥ and put 3y, = 3T \ Xy Let wo (resp. wo ) be the longest element
in Wy (resp. Wy ar). Denote og the highest root of ¥ and write oy =

>imy cilao)a;.
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Write v = HanUP uq for some ordering of the factors (to be specified
later). Since we have Kp NUp = HaeEUP Ula,0)5 and because Ug g NUsg =
Usgo whenever 3,28 € @ (by (V4)), it suffices to prove pq(auqsa™t) =
©Ya(ta) — (o, v(a)) > 0, that is,

(4.4) Valta) > (a,v(a)), for all o € ¥p7,.

The general procedure is as follows: We fix an ordering o of ¥, with

respect to which we write u = HaEEUP Uq. For each a € ¥y, we apply

Algorithm 4.2 in order to estimate ¢, (u ). This necessitates to temporarily
consider a different ordering, and we need to ensure that in the notation

of Algorithm 4.2 we have ¢q(uq) = SOQ(U(B?H)’ for the minimal k > 0 for

which Bg+1 = . (In many cases we will even have u, = u(ﬁi)ﬂ) The next

step in the algorithm then provides the desired estimate for ¢, (us ). Finally,
we go back to the initial ordering o and repeat this procedure with another
root of X,.

(a). Let wo=s;,---s;, beareduced decomposition and apply Algorithm 4.2.
At the k-th step we have

uw®) ) &) AL

- u5k+r Br4r—1 Br4+1"

Note that, by (i), we have az®) € M+, for all k > 0. Assume Brt+1 € Xup,
so that (Bry1,(az®)) < 0. In case (Alg-1) this implies

PBrr1 (u(ﬂlz.l) > _<Bk+1v V(Z(k))> > (Brt1,v(a)).

In case (Alg-2) we estimate g, (u(ﬁi)Jrl) >0 > (Brt1,v(a)). If, however,

we are in case (Alg-3), then (4.2) implies

P (12 ) = =2 - (B v (®)) o+ B v (ZEH))) 2 (B, @),

2
Thus, whenever ;41 € Xy, we have
k
(4.5) @b () = (Brar, v(a)).

(b). Let a;, be the unique simple root in ¥y;,. Let a € Xy, with the same
length as «;,. By Corollary 3.8 we find a reduced decomposition wy =
Siy -+ - si, such that for some 0 < [ < r we have f,...,0 € ¥j and

Bi+1 = a. We apply Algorithm 4.2 to this reduced decomposition. Note that

ug)l) =... = ugl]) = 1. As a = (41 is a simple root in Estl---sz'l

contains X, ) it follows that a cannot be expressed as the sum of two or

) (which

more roots in ¥r,. Hence, (DR2) implies uy = ug;ll. Now, case (Alg-1)

applies for the first [ steps. Consequently, we have ugl)ﬂ = uq. Hence, (4.5)
shows @q(uq) > (a,v(a)).
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This proves (4.4) in the case where a and «;, have the same length.
When ¥ is simply-laced, that is, of type ADE, then all roots have the same
length. This proves (ii) in this case.

It remains to study the cases where X is of type B, or C,, and where
a € Yy, and «;, have different lengths.

(c). Suppose that ¥ of type B, and that P corresponds to «a, = e, in
the notation of (B,,) in the proof of Proposition 3.5. (Note that ® is not
necessarily reduced.)

We have

Sup={ei|1<i<n}U{e+ej|l<i<j<n}.

We choose a specific ordering of the factors as follows: Let o: ¥y, =N

%
{1,2,...,|2u,|} be a bijection such that, writing u = HL;{P‘ Ug-1(;) With

Uo-1(3) € Up-1(3), we have: @, (ue;) < ¢e;(ue;) implies o(e;) > o(e;). With
this choice of ordering we will prove (4.4). For each o € Xy, we will apply
Algorithm 4.2 to estimate ¢q(uq). As the algorithm changes the ordering,
we have to ensure that ¢, (uq) = cpa(ugo)).

Note that e; cannot be written as the sum of two or more roots in X,.
An application of (DR2) shows that for any ordering the e;-component of u
coincides with u.,. Therefore, the estimate for ¢, (u,) is provided by (b).

Observe that, given v1,72 € Xy,, we have e¢; +e; = 1 + 72 only if
{ei,ej} = {71,72}. An application of (DR2) shows that the (e; + €;)-
component of u in a reordering depends only on the relative position of
ue; and ue;. In order to estimate @e,te; (uei+ej), we thus have to ensure
that the reordering needed for applying Algorithm 4.2 does not change the
relative position of u., and Ue; -

Note that every reduced decomposition of wg yywo necessarily starts
with sps,—1---. Indeed, this follows, since si,...,s,—1 € Wy and
L(wwo pwo) = L(w) + L wo pmwo), for all w € Wy, and sps; = S;i8p,
forall 1 <i<n-2 Fix1 <i,j < n with o(e;) > o(ej) and choose
w € Won = 6, such that w(e,) = e; and w(e,—1) = e;. As in the proof
of Corollary 3.8 we find a reduced decomposition wy = s;, - - - 54, such that
Si, -+ - i, 1s a reduced decomposition of w (for some 0 < I < r — 2) and
Sijy1 = Sn and s;,, = sp—1. In particular, we have f1,...,08; € Xy and
Bi1 = €. Since sp(en—1 — €p) = en—1 + €y, we also deduce Fj12 = €; + ¢€;.
Note that e; = §y for some I’ > 1+ 2.

We apply Algorithm 4.2 to this reduced decomposition and observe that,

by construction, the relative position of ue,, u., and ug.)), ué?) is the same;

therefore, we have ue, e, = ugi)l_ej. Note that u) = u(® in Up, and hence
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ORI ugj) = e, and WV =0 = Ue, +e;- We NOwW prove

Bi+1 Bit2 = By T
(4.6) Peite; (Ueire;) 2 (ei + ej, v(a)).
In cases (Alg-1) and (Alg-3) we have ugli) = ué?ﬁ = Ug,te;- There-

fore, (4.6) follows from (4.5). Assume that we are in case (Alg-2), so that
Pe; (Ue;) = pe;(te;) = 0. Then

1

- _ -1 -1
U, Ue, = Ue; Uy, - [Ue;, Up ]

ej
: -1 : (I+1) _ -1

with [ue,, ue '] € Ule;+e;,0), by (V3). This means ug' * = [ue,, ug,'] - Ue,+e;-

Thus, we have either e, t¢;(Ue;ve;) = 0 > (e; + ej,v(a)) or we have

©Biys (u(ﬁii)) = Qe;t+e; (Ue;1e;)- In the latter case, (4.6) follows, again, from

(4.5). This proves (ii) in case ¥ is of type B, and P corresponds to a,.

(d). If ¥ is of type C,, and P corresponds to a,, = 2e,, then a similar
argument as in (c) applies. The argument becomes easier, though, since Up
is commutative (use (DR2) and the fact that c,(ap) = 1).

(e). Assume that @ is of type BC),, and P corresponds to a1 = e; — e
in the notation of (B,,) in the proof of Proposition 3.5. The other cases,
where @ is of type B,, or C, (and where P corresponds to «;) are proved
in essentially the same way.

Note that ¥ is of type B, and we have

Yup, ={ei}U{er e |2 <i<n}.

We remark that, again by (DR2), the uc,+e, do not depend on the or-
dering of the factors. By (b) we have @e,te,(Ue,+e;) > (€1 £ €;,v(a)). It
remains to prove

(4.7) Per (Ue,) = (e1,v(a)).

Note that if 2¢¢, (Ue,) > @ey—e; (Uey—e;) + Pey+e; (Ueyte, ), for some 2 < i <n
and some ordering of the factors, then we easily obtain (4.7). Therefore, we
assume from now on

(4.8) 20¢, (Uey) < Pey—e;(Uey—e;) + Pey+e; (Uey +e;)

for all 2 <4 <n and all orderings of the factors.
Given v € V, we denote s, the orthogonal reflection in the hyperplane
orthogonal to v.

Claim 4.4.1. The decomposition
Se; = (8182 Sp—1)Sn(Sn—18n—2 " 81)

is reduced.
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Proof. We write this decomposition as s;, ---s;,, , and put §; =
Siy e sijfl(aij), for all 1 < j < 2n — 1. Then we have

B — s1---8j—1(ej —ejp1) =e1 —ejq1, forl <j<mn—1;
j = .
s1-Sp—1(en) = €1, for j = n.

For 1 < j <n —1 we compute
Bon—j = 8152+ 8jSj41" " SnSn—1--Sj+1(€j — €j11)
=51 8jSe;p (€5 — €j11)
=10 85(ej +ej+1)
=e1+€541.

Therefore, the elements (1, ..., f2,_1 are pairwise distinct and [4, Ch. IV,
§1, no. 4, Lem. 2| shows that ¢(s.,) = 2n — 1. O

We fix a reduced decomposition s;, - --s;. of wy whose initial piece is
$182 - SpSp—1 - - - 1. Since the u, for v € Ly, \ {e1}, are independent of
the chosen ordering, we are free to choose a convenient ordering in order
to estimate ., (ue, ). We take the ordering given by the fixed reduced de-
composition of wyg, so that ue, = ug?), and apply Algorithm 4.2. We need
to study the support of u®), that is, the set {y € ¥ | ugk) # 1}. We define
recursively (0 = Yu, and then U as the closed? subset of ©(*) gener-
ated by W=D < {e; —epy1} and epyq —eq, for 1 < k < n — 1. Concretely,
we have forall 0 <k <n —1:

U = e de|k+2<i<n}U{eite|2<i<k+1}
Ufeste|2<i<k+1,i<j<n}U{e|l<i<k+1}.
By construction, the support of u®) is contained in U*).
Under the addition map ¥ x U(*) — R™ the preimage of {e;,2e1} is
the set of pairs (e; +¢;,e1 Fe;), for k+2 < i < n. The preimage of e +¢;

is empty for k 4+ 2 < i < n. Together with our assumption (4.8) we show
that this implies the following claim:

Claim 4.4.2. For all 0 < k <n — 1 one has:

(1) e, (ul?) = e, (uli™);
(2) WMo =T forall k+2<i < n.

el iei €1 iei ’

(We put u,(fl) ‘= U, for y € 3.)

Proof. We prove the claim by induction on k, the case k = 0 being trivial.
Assume the claim holds for some 0 < kK < n — 2 and all 0 < j < k. Recall

that Br11 = €1 — exqa.

2A subset X C £(F) is called closed if 7,8 € X with v + 8 € Z(¥) implies v+ 6 € X.
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Assume we are in case (Alg-1), so that

k
Per—er+2 (u((il)—eIH—Q) > —(Br+1, ’/(z(k)»-

In this case, we have ugkﬂ) = ugk), for all v € W) <\ {e; — ep42}, which
proves the induction step in this case.

(k+1)
e1te;

— o for all £k +3 <

el:l:ew

Suppose we are in case (Alg-3). Then u

¢t <n, and ugfﬂ) = ugf) This shows the induction step in this case.

Finally, assume we are in case (Alg-2) so that ¢e, e, (u(k) ) > 0.

e1—€ky2
(k+1) _ (k)
We then have u, 1 o) = ue e,

k k -1
uélf+l) = ut(flf) ’ [ugl)*elwrg? (u((alz‘l‘ek+2) ] € U€1‘

for all k£ + 3 < i < n. Moreover, we have

(k) _

€1 :tek+2

The induction hypothesis implies ¢e, (ué’f)) = e, (Ue,) and u
Uey+ey,o- Using (V4), (V3), and (4.8), we compute

k k -1 k k —1
29061 ( [u((il)—ek+2’ (u£1)+ek+2) ] ) = @261 ( [u((il)—ek+27 (u£1)+6k+2> } )

k k
> Per—epto (u:(a1)—ek+2> + Perterta (uél)Jrek+2)

> 20, (u(k)).

€1

Therefore, we conclude ., (ugfﬂ)) = Pe, (ué’f)) This proves the induction
step in this case and finishes the proof. O

Now, Claim 4.4.2 and (4.5) show ¢, (ue,) = ¢g, (ugfl_l)) > (e1,v(a)).
This shows (4.7) and finishes the proof. O
5. Decomposition of Hecke polynomials

We fix a commutative ring R with 1. In Sections 5.2 and 5.6 we will
assume that p be invertible in R.

5.1. Parabolic Hecke algebras. Parabolic Hecke algebras for the gen-
eral linear and the symplectic group were introduced and studied by An-
drianov, see [1], [2], and the book [3].

Definition 5.1. Let P be a parabolic subgroup of G. Then
Hr(Kp,P)
is called a parabolic Hecke algebra.

Lemma 5.2. Let P and Q be (not necessarily proper) parabolic subgroups
of G with P C Q. Then the map

epQ: Mr(Kq, Q) — Hr(Kp, P),
> ri- (Kqgi) — Y _ri- (Kpgi),
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where one may choose g; € P, is a well-defined injective R-algebra homo-
morphism. Moreover, the following diagram is commutative:

H (K G ‘—> HR KQ, )
\ \[spQ
KP7 )

Proof. Clearly, we have Kp C Kgp and Kg N P = Kp. The Iwasawa
decomposition 2.5 implies Q = KgP. Therefore, the conditions (2.7) for
(I',S) = (K, Q) and (I, Sp) = (Kp, P) are satisfied and the first state-
ment follows from Proposition 2.7. The commutativity of the diagram is
obvious. O

Let P = UpM be a parabolic subgroup of G. Let pry;: P — M be
the canonical projection. Note that Ky = K N M is a special parahoric
subgroup of M (see Section 2.4). The map

oF: Hr(Kp, P) — Hr(Kp, M),
Z’m - (Kpgi) — ZW (K pryv(9i))

is a homomorphism of R-algebras.
Definition 5.3. The composition

P
€pP,G

S5y
Sy Hr(K,G) —= Hr(Kp, P) =% Hr(Ku, M)
is called the (partial) Satake homomorphism.

If P =B and M = Z, then the subgroup K is normal in Z and hence
Hr(Kz,Z) identifies with the commutative group algebra R[Kz\Z] =
R[A]. In this case, the Satake homomorphism takes the form

S¢ = 8Y: Hr(K,G) — R[A].

Lemma 5.4. Let Q = UgQL and P = UpM be parabolic subgroups of G
and assume that Q C P. The diagram

eP
Hr(Kp, P) —L1 Hp(Ky, M)

5Q,P\[ Lsi”

Hr(Kg,Q) e Hr(Kp, L)
L

is commutative. In particular, one has S¥ = SM o S§;.
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Proof. Note that Q "M is a parabolic subgroup of M with Levi L. Given
b € Q, we have pry(b) € QN M and pry,(prag(b)) = pry,(b). Hence, for all
>oiri- (Kpbi) € Hr(Kp, P), where, by the Iwasawa decomposition 2.5, we
may choose b; € (), we compute

st' (911\34 (Zi:%"(Ksz')» =S (;Tz Ky prM(bi))>
=27+ (Kppry (pra(bi))

)

=2_mi- (Kppry (b))

= @g (Z T (KQbJ)

= @g <€Q7p (Z T (Kpbz)> ) .

In particular, in view of Lemma 5.2, we have
SM oSG =8 o0 oepa = @% oeQPoOEPG = @%OEQG =S¢ O

5.2. The twisted action. Assume that R is a Z[1/p]-algebra. The twisted
action of Wy on R[A] was defined by Henniart—Vignéras, [14, 7.11, 7.12], in
order to describe the image of the integral Satake homomorphism. We give
a slightly different presentation.
Given b € B, we consider the integers (see (2.4) in Section 2.5)
pu(b) = [Ky : Ky nb 1 Kybl.
Observe that pgr is constant on K z-cosets, since Kz normalizes K. There-
fore, we obtain an induced map
o A — ¢#>o.

Note that py(A) =1 if and only if A € AT,
We employ the exponential notation e* when we view A € A as an
element of R[A].

Definition 5.5. The twisted action of Wy on R[A] is defined by
A
wx e ::M-eww7 for A € A, w e W,
pu(A)

In order to describe the relation with the twisted action in [14, 7.11], we
recall the modulus character

§: B—q",  6(b) = [bKyb~': Ky] = py(b)/pu(b71),
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where [bKyb~!: Ky] == [bl[(KUg blebe li O?I?U} denotes the generalized index.

Similar to the above, § induces a character

§: A — ¢~
Lemma 5.6. For all w € Wy and A € A, one has
S(wN) _ (puw)N® [ po(=A) N
s < pu(N) ) - (MU(_ (M)) '

Proof. Note that 5(;?&))‘)) Z ggw)(i‘)g (“_ UHE( /\)g Therefore, for both equalities it

suffices to show

pu(A) - po (=A) = po (wA)) - po (=w(A).
But this follows from puy(A)pu(—A) = ¢n (cf. [18, Prop. 3.14.(a)]) and
qx = Qu(n) (cf. [28, Prop. 5.13]). O
5.3. The Satake isomorphism. Given A € A, we denote W} ) the stabi-
lizer of A under the (usual) Wy-action on A. Then W, y is also the stabilizer

of e under the twisted action of Wy on R[A].
Note that, if R = Z[1/p] and A € AT, one has

(5.1) Syi= Y. wxeeZ[A]
’LUGWO/WO’)\
With our notations, the main result of [14] is the following:

Theorem 5.7. Let R be a commutative ring with 1 and consider the Satake
homomorphism S¢: Hp(K,G) — R[A].

(i) SY is injective.

(i) The image of S¢ is a free R-module with basis {1 ® Sy | A € A*}.

If p € R*, then the image coincides with R[A]Vo*, the algebra of
Wo-invariants under the twisted action.

(iii) Both R[A] and Hr(K,G) are commutative algebras of finite type
over R.

Proof. We briefly explain how our notations relate to the notations in [14].
Consider the space C°(K\G/K, R) of compactly supported K-biinvariant
functions G — R with product given by convolution:

(fuxf)(g) = D fiulh)- f2(h'g),
heG/K
for fi, fo € C*(K\G/K, R) and g € G, and where “h € G/K” means that
h runs through a set of representatives for the left cosets in G/K. The map

pa: CP(K\G/K,R) — Hr(K,G),
fr— > flgh-(Kg)

geK\G
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is an anti-isomorphism of R-algebras.? Following [15], the Satake homomor-
phism in [14] is defined as

§' CX(K\G/K,R) — CX(Z/Kz, R) = R[A],

fb—>[z»—> Z f(zu)],

ueU/Ky
where Ky = K NU. Now, the diagram

C®(K\G/K,R) —5— C>®(Z/Kyz,R)
lPG lpz
HR<K, G) T HR(KZ,Z)

commutes: Fix a representing system I' C Z for the coset space Kz\Z,
so that Kpy\U x I' = K\G via (Kyu,z) — Kuz. Then for each f €
C’OO(K\G/K R) we compute

pz(S'(f)) =>_S(f) (Kzz2) =Y > fz'u)- (Kzz)

zel zel'uelU/Ky
—Z Z f((wz)™") - (Kzz) = Z f((w2)) - (Kz2)
z€l'ue Ky\U uz€K\G
:sG( S f((u2) <Kuz>)=8G<pG<f>>.
uze K\G

If p € R*, then the twisted action of Wy on C°(Z/Kyz, R) is defined by
wo e =52\ — w(N)) - e,

where /2 is a square root of §. This is indeed defined over R, since
Lemma 5.6 shows that 6%/2(\ — w(\)) actually lies in ¢%. The same lemma
also shows that pz(woe*) = w*e ™
Therefore, we have pz (ZweWo/Wm woe)‘) =S_,in R[A],forall A € A™.
Now, (i) and (ii) are [14, 7.15 Thm. and 7.13 Cor.], and (iii) is [14,
7.16). O

Remark 5.8. Let z € Z= and put A = zKz € A. It follows from Re-
mark 2.6 (a) and (b) that

(5.2) SR =+ X au-et € Z/A]

HEA s.t.
v(p)<v(A)

By Theorem 5.7, SY((2)k) is invariant under the twisted action of Wj.

ay, . a
oy () b

Therefore (”u(j‘&)), for all w € Wy and all 4 € A. In particular,

3As C°(K\G/K, R) turns out to be commutative, pg is in fact a homomorphism.
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a,, # 0 if and only if a,,,) # 0 for all w € Wy. Now, (5.2) shows w(u) < A,
for all w € Wy and all u € A with p < A. This explains Remark 2.6.c.

5.4. Centralizers in parabolic Hecke algebras. Let P = UpM be a
parabolic subgroup of G. We choose a strictly M-positive element ap € Z,
see Section 2.5. This means that ap lies in the center of M and satisfies

(a,v(ap)) <0, for all a € 1\ 3y

Note that KpapKp = Kpap and hence (ap)x, = (Kpap) in Hr(Kp, P).
We consider the centralizer algebra

Cp ={X € Hr(Kp,P)| X - (ar)kp = (ap)K, - X}.

The algebra C;S was originally studied by Andrianov when P is the “Siegel
parabolic” of a symplectic group, see [1, 2].

Lemma 5.9. The following statements hold true:
X = Z<Ti : (Kpml)
) Cp=49X Kp, P ’ .
(i) Cp { € Hr(Kp, P) with m; € M andr; € R
(ii) For all X € Hr(Kp, P), there exists n > 0 such that (ap)y,X €
.
(iii) The map OF; restricts to an isomorphism Cf = Hr(Ky, MT). In
particular, C’;S 18 commutative.

Proof. See [17, Lem. 4 and Cor.y 5]. The last assertion in (iii) follows
from the fact that Hr(Kuy, M) is commutative by Theorem 5.7 applied
to M. g

Note that Lemma 5.9 (i) shows that C} is independent of the choice of

ap.
Recall the anti-involution (p on Hr(Kp, P), cf. (2.8), which is given by

Cp(9)kp) = (97 kp-

Remark 5.10. Let ap € Z be a strictly M-positive element. Then a}l is
strictly M-negative and

CP(CP) = Cp = {X € Hp(Kp, P) ]X (ap ) kp = (ap ) rep - X}
The analog of Lemma 5.9 for C also holds.?

Lemma 5.11. One has
¢p(Ker ©F)) = Ker 0%

4However, note that it is not @ﬁ which induces an isomorphism C, = Hi (K, M), but
rather (s o @f/[ o(p.
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Proof. Note that, for each g € P, the index pu(g) == [Kp : Kp N g ' Kpg]
counts the number of right Kp-cosets in KpgKp, by (2.6). Similarly,
par(m) = [Ky : Ky Nm~ Kprm] counts the number of right Kjs-cosets
in KyymKj;. Moreover,

1(9)
(g™
is the modulus character of P. As every element in Up is contained in a
compact group, we have 6|Up =1, by [27, Ch. I, 2.7]. Therefore,

§:P—q”  8(9)=l9Kpg ' : Kp] =

(5.3) 8(g9) = d(prm(9)), for all g € P.
Note that ©4;((9)k,) = Wﬁ@) : (prM(g))KM by [18, Prop. 4.3], and
hence Ker ©F; is generated by elements of the form (g)x, — m .

(prav(9)) k- We compute

O (CP((Q)KP - lt(;ﬁ(\/xgzsm ' (PTM(Q))KP>>

N .
= oy 1)) Pl

)
Mg pormleT))
:U’(prM(g)) ) ,U'M(prM(g_l)) (p M(g ))KIW

=0, (by (5.3)).

This shows (p(Ker ©4;) C Ker ©F,. The assertion follows from (% =id. O

Remark 5.12. One has ©4, o (p # (yr 0 ©4; (apply both maps to (ap)k,
for a strictly M-positive ap).

5.5. Example of a parabolic Hecke algebra. The purpose of this sec-
tion is to work out an example of the setup so far.

Let Oz be the valuation ring of § and fix a uniformizer 7 € Oz. Consider
the group G = GL2(F) and the maximal compact subgroup K = GL2(O5).
Let B C G be the subgroup of upper triangular matrices and Z C B
the subgroup of diagonal matrices. Fix a coefficient ring R. A variant of
the parabolic Hecke algebra Hpr(Kp, B) is briefly discussed in Vienney’s
thesis [26, p. 102]. We prove the following structure result of Hr(Kp, B)
in Appendix A.

Theorem 5.13. The R-algebra Hr(Kp, B) is generated by the elements

oo e (G, (0 9),

(5.5) Y = (7E2) Ky, Y= (7 By gy,
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where Ey is the 2 X 2 identity matriz, subject only to the following relations:

YY =y ly =1,

VX, = X.Y,
(5.6)

YX_ =X_Y,

X+X_ =q- 1.

In particular, Hr(Kp, B) is non-commutative.

Remark 5.14. It follows from Theorem 5.13 that X is a left zero-divisor
(resp. X_ is a right zero-divisor), because

X+(X,X+—q1):(X7X+—q1)X,:0

If ¢ is invertible in R, then X is right invertible (resp. X_ is left invertible),
since

X, ¢ 'X_=¢'X, X =1

Since A = 72, the Hecke algebra Hp(Kz, Z) identifies with R[z*!, y*]

via ((59)k, — z and ((§ 2))k, + y. Then the map ©F is given by

0% : Hr(Kp,B) — Hr(Kz,2),
X+ — 1’,

X_ +—qx 7,

The kernel of ©F is the two-sided ideal generated by X_ X, — ¢ - 1.
Assume ¢ € R*. The twisted action of Wy = {l,wy = ({})} on
R[z*!, y*1] is given by
Wo* T = qY and woxy =q ‘z.
For all a,b,c € Z with a > b, the elements
(5.7) Sap = 2y’ + " aly", See = (xy)°

are Woy-invariant with respect to the twisted action; in fact they constitute
an R-basis of R[A]"0*. Moreover, the relations

(5.8) See =511, for c € Z,
(5.9) Sab = Sbb " Sa—b,0 = Sa—b0 S, for a,b € Z with a > b,
(5.10)  Spo-S1,0=Sn+10+9q-S11-Sn-1,0s for n € Z>;
are immediate. Thus, R[A]"Vo* = R[S, Slill] = R[z + qy, (zy)*'].

We identify AT with {(a,b) € Z?|a > b}. By the Cartan decomposi-
tion 2.3, every double coset in G is uniquely of the form K (7T0a 7?1; )K with
(a,b) € AT. Let us compute the Satake homomorphism S%: Hg(K,G) —
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R[A]. Let A C O be a complete system of representatives for the residue
field of § such that 0 € A. Note that |A| = ¢. For each (a,b) € AT we have

7 0 7 0
K(O wb>K‘K<o w”)

a—b—1 a—c b+c—1 i
T ST B
U |_| |_| K( 0 ! ;b—i-c ’ )
c=1 6b7""ﬁb+671€A

Bo#0

b a—1 )
™ i=b Bim
o K(O b )

Boy--sBa—1€EA

Let v = L"T_bj be the largest integer < “T_b. We deduce

a 0 a—b—1
s (((75 b>> ) =%+ 30 (g Da e Y g ety
T K c=1
i
= Pab + (q - 1) : ch_lsa—c,b+c +e€- (q - 1)q7_IS%7,

c=1

and where e = 1 if a—b is even and non-zero, and € = 0 otherwise. Consider
on A the partial ordering defined by (¢, d) < (a,b) if c < a and c+d = a+b.
As usual we write (¢,d) < (a,b) if (¢,d) < (a,b) and (¢,d) # (a,b). Note
that for each (a,b) € AT there are only finitely many elements (¢, d) in AT
satisfying (¢, d) < (a,b). Then we have shown

SG<((7BG 7?1)))[) €Sap+ Y, ZSca

(c,d)EAT,
(e,d)<(a,b)

By a “triangular argument” it follows that S¢ is an injective map with
image R[A]"o*. In particular, Hr(K,G) is commutative. Moreover,

(& 9)) 5070

SG(('T('EQ)K) = 5171 =2y,

which shows that Hr (K, G) identifies with the polynomial ring generated
by ((59))x and (7E2)x, with (7E2) g invertible. We have verified Theo-
rem 5.7 in this specific example.
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We can also view Hr(K,G) as a subalgebra of Hr(Kp, B) via the em-
bedding

€B,G: HR(K, G) — HR(KB,B),

™0 x4 xY,
0 1)),

(FEQ)K — Y.

Note that C’E is the centralizer of X . Explicitly, C’E is the polynomial
algebra
Cf = RIX,, Y+ C Hy(Kp, B).
The anti-involution (g on Hr(Kp, B) is determined by (p(Xy) = X_ and
g(Y)=Y"L
Consider the polynomial

Qt)=1- ((g ?))K g (e By 12 € Ha(K, G,

Applying S¢ to the coefficients of @, the resulting polynomial QSG (t) de-
composes as follows:

Q5 () =1— (v +qu) - t+quy > = (1—at)- (1 qut) € Rz y*][t).
One may ask whether this decomposition can be lifted to a decomposition
of Q(t) in Hr(K,G)[t]. Unfortunately, this is false. But it turns out that

one can find a decomposition of Q(t) over the parabolic Hecke algebra
Hr(Kp,B): Applying ep ¢ to the coeflicients of Q(t), we obtain

QBC(t)=1— (X4 + X_Y) -t +qVt?
—(1-Xit)-(1- X_Yt) € Hp(Kp, B)[t].

Here, the free variable ¢ in Hr(Kp, B)[t] commutes with the elements
in Hr(Kp, B). Note that the order of the factors is important, because
‘Hr(Kp,B) is non-commutative.

In the next subsection we prove a general decomposition theorem follow-
ing the ideas of Andrianov [1, 3].

5.6. The decomposition theorem. From now on we assume that R is
a Z[1/p]-algebra. Let P = UpM be a parabolic subgroup of G. We view
the embeddings epg: Hr(K,G) — Hr(Kp,P) and eg p: Hr(Kp, P) —
Hr(Kp, B) as inclusions.

Let ap € Z be a strictly M-positive element and denote its image in A
by Ap. Choose a representing system W of Wy/ Wo, v in Wy. Consider
the polynomial

Xap() =[] (1—wxe 7 -t) € 1+ tR[A][].

wGW({VI
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This definition does not depend on the choice of W, because Wo,m fixes
= R[A] with respect to the twisted action. Note that, by construction,
we have X,,(e*?) = 0, and the coefficients of X, (t) are Wy-invariant for
the twisted action. By Theorem 5.7 (ii) the coefficients of X, (¢) lie in the
image of the Satake map S¢. Since, by Theorem 5.7 (i), S is injective,
there exists a unique polynomial

Wl
(5.11) Xap(t) = > Xi-t' € 1+ tHp(K,G)[t]

=0
with 3, SY(X;) - t' = Xap (t). (Note that X = 1.) Explicitly, we have, for
all 0 <4 < |[WM,

(5.12) SE(X:) = (=)'pu(-Ap)~!
S T sow(=Ap)) - e2eues ™) € RIA]

ngéw weJ
\J|=i
Lemma 5.15. One has
[Wo|
Xap ((aP)Kp) = Z (ap)i, - Xi € Ker 7.
=0
Proof. By Lemma 5.4 we have SM (01 ((ap)k,)) = 08 ((ap)k,) = 7,
and the restriction of SM oL, to Hr (K, G) coincides with S¢. We compute

(SM o @]I\?)(XGP aP KP ZGMP SG XGP (6 P) =0.

Since by Theorem 5.7 (i) the map SM is injective, the assertion follows. [J

In order for the theory to work, one needs to assume the following
strengthening of Lemma 5.15:

Hypothesis 5.16. The element (ap)k, is a left root of xap(t), meaning
that

Xap((ap)KP) =0 m HR(KP,P).

This hypothesis has been verified in many cases: Andrianov [1] essen-
tially proved it for G = Sps,,(§) with P being the “Siegel parabolic”, i.e.,
the subgroup of matrices whose lower left quadrant is zero. Gritsenko then
adapted the methods of Andrianov to prove it for G = GL,(F) and all
parabolics [10, 12]. Finally, Gritsenko verified Hypothesis 5.16 for the clas-
sical groups Spy,(F), SUL(F), and SO, (F), for the parabolics fixing a line
in the standard representation, see [11].
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The main contribution of this article is the verification of Hypothesis 5.16
for general connected reductive groups and non-obtuse parabolics, cf. Sec-
tion 3. This covers, in particular, all the cases mentioned above.

Theorem 5.17. Assume that P is non-obtuse. Then Hypothesis 5.16 holds
true.

Proof. Lemma 5.9 (iii) shows C} NKer ©F, = {0}. Hence, in view of Lem-
ma 5.15, it suffices to prove (ap)é(PXi € CP, forall 0 <4 < |WM|.

Let i be arbitrary but fixed. Recall the explicit description (5.12). Note
that 3 ,c;v(w(=Ap)) < v(—iXp), where J C W is such that |J| = 4,
see [4, Ch. VI, §1, no. 6, Prop. 18]. If we write

X, = ZCj . (Zj)K in HR(Kv G)7
=1

then this and (5.2) imply v(z;) < v(ap'), for all 1 < j < n. In view of the
Cartan decomposition 2.3 we may choose z; € Z™.

By the Iwasawa decomposition 2.5 for G and the Cartan decomposi-
tion 2.3 for M, we have

G=KP=KUpM = KUpKy ZT MK, = KUpZPMKyy,
because K s normalizes Up. Therefore, we can write, for every j,
n;
()K= Y cit - (Kujziiki),
=1
with uy € Up, 2 € Z+M “and kj; € Kyr. Note that uj2y € Kz K, for all
J. L . ,
Since P is non-obtuse, Theorem 4.4 implies apujjap’ € Kp, for all 7, 1.
Now, since a2}k € M, Lemma 5.9 (i) implies
(ap)ip - Xi = Z chcjl - (Kpapzjikj) € CF. O

j=11=1

Consider the submodules

0} =CHHr(K,G) = {Z YiZ;

Y; € Ch, Z; € Hr(K, G)} ;
Op = (p(0}) = Hr(K,G).Cp

of Hr(Kp, P). (Note that (p preserves Hr(K,G) by Lemma 2.9.)
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Definition 5.18. Assume that Hypothesis 5.16 is satisfied. For every n €
Z>1 we define recursively the “negative powers” of (ap)k, as

(Wl
(ap)xy = — Z (ap)y, - Xi € 7%
i=1

It should be noted that (ap)k, is not invertible in Hr(Kp, P). In fact, for
n > 1, one even has ((ap);éj)n # (ap)y,- However, by a simple induction
on d we have

(ap)k, - (ap)?(P = (ap)?;;d, for all n € Z>¢ and d € Z.

Example 5.19. Let us compute “negative powers” for G = GLa(§F). The
notations are the same as in Section 5.5. Choose the strictly positive element
ap = (759), so that (ap)k, = X+ in Hr(Kp, B). The polynomial

Xap(t) =1 —a7't)- (1= (qy)'t)
=1— (@ "+ (qn) ") - t+ (quy) ' -2 € RlzE, ][]

annihilates ©% ((ap) k) = =. We compute

S¢ (ql(sz);é : ((g (1)) >K> =q - (2y) " (2 +qy)

and
—1 —1 T 0  1y—1
epcla - (TE2) g - 0 1 =q¢ Y (X +XY)
K
=4q ! (X-‘rYil + X—)7
5B,G(q_1 . (TFEQ);(l) = q_ly_l‘
Therefore,

Xap(t) =1—q 1 (XY T+ X)) -t g7 Y122
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It is clear that X is a left root of x4, (f). We compute
X'=¢t (XY '+ X)) ¢ ' X v
=q'X_,
X;Q — q—lX_Il . (X+Y_1 + X_) _ q—ly—l
=q X2+ Y X Xy —q 1)
X7 =g ' XXy T+ X)) =g XY !
=g 3X3 43X Xy —q- DX, Y 243X (X_Xy —q-1) YL

Recall from Lemma 5.9 (ii) that for every X € 0} there exists n > 0 such

that (ap)k, X € C}. Using “negative powers” it is possible to reconstruct
X from (ap)k,X.

Lemma 5.20. Assume that Hypothesis 5.16 is satisfied (for P).

(i) For every X € Hr(K,G) and every n > 0 with (ap)fk, X € C} we
have

(ap), - X - (ap)k, = (ap)d- X, foralldeZ.

(ii) Let Q be a parabolic contained in P. For every X € ﬁ5 we have,
inside Hr(Kqg,Q),

(ap)k, X - (GP)[_(?D =X, for all n > 0.

Proof. (i). Let X € Hp(K,G) and let n > 0 such that (ap)fk, X € Cp.
We prove the assertion by descending induction on d. If d > 0, this follows
from the assumption that (ap)f, X centralizes (ap)k,. Now assume d < 0.
Since Hpr(K, ) is commutative by Theorem 5.7, we compute

WM
(ap)ie, - X - (ap)k, = = D (ap)kp - X - (ap)i?- X;
=1
(W |
=— > (ap)ih ™ XX,
1=1

T |
= (— Z (ap)?(:”dXi) - X
i=1
d
= (aP)YIL(J; ' X7
where the second equality uses the induction hypothesis and the third that
Hr(K,G) is commutative. This finishes the induction step.
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(ii). Write X = 7, Y;Z; with Y; € C’Zg and Z; € Hpr(K,G). Choose n €
Zxo such that (ap)f,Z; € C}# for all j. From Lemma 5.9 (i) applied to Q,
it follows easily that (ap)x, centralizes Cg. Using (i), we compute

(ap)ip - X - (ap)g, = ZY ap)i,Z ZYZ = O

We are now able to prove the following characterization of Hypothe-
sis 5.16:

Proposition 5.21. The following assertions are equivalent:
(i) Hypothesis 5.16 is satisfied.
(ii) If X € 0} and n > 0 are such that (ap)f,X =0, then X = 0.
(iii) 05 NKer©F, = {0}.
(iv) If X € Op and n > 0 are such that X - (a;l)”KP =0, then X = 0.
(v) 0p NKer©}, = {0}.

Proof. The equivalence (i) <= (iv) follows from (p(0}) = Op, and
(iii) <= (v) follows from (p(0}) = 05 and Lemma 5.11.

Since Xap ((ap)Kp) € OF N Ker S by Lemma 5.15, it follows that (iii)
implies (i).

Assume that (i) holds. Let X € 0% and n > 0 such that (ap)f, X =
0. After possibly enlarging n, it follows from Lemma 5.20.(ii) that X
(ap)k,X(ap)x, =0, whence (ii).

Assume that (ii) holds. Let X € &} such that ©1,(X) = 0. By Lem-
ma 5.9 (ii) there exists n > 0 such that (ap)k,X € C#. But we also have
(ap)f,X € Ker ©F;, hence Lemma 5.9 (iii) implies (ap)f,X = 0. By the
assumption we deduce X = 0. This proves (iii). O

Corollary 5.22. Assume that Hypothesis 5.16 is satisfied. Then
Hr(Kp,P) = 0} @ Ker O = 05 ® Ker 04

Proof. In view of Lemma 5.11 it suffices to prove the first equality. By
Proposition 5.21 it remains to prove Hp(Kp, P) C 07 + Ker ©F;. So let
X € Hgr(Kp,P) and choose n € Zxo such that (ap)k,X € C#. Then

(ap)f, X (ap)g" € 0% and X — (ap)f, X (ap)y" € Ker or. 0

The next result implies that it suffices to verify Hypothesis 5.16 for maz-
imal parabolics only.

Proposition 5.23. Let Q be another parabolic subgroup of G with Levi L.
Assume that Hypothesis 5.16 is satisfied for P and Q. Then Hypothesis 5.16
is satisfied for P N Q.
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Proof. Let ag € Z be a strictly L-positive element. Then apng = apag
is strictly L N M-positive. The elements (ap)k, and (ag)r, commute

inside Hr(Kpng, P N Q) and we have (apng)kpng = (aP)kp(aQ)k, in

Hr(Kpng, PNQ). Let X € Ofg and n > 0 such that (apng)f, X = 0.
After enlarging n if necessary, Lemma 5.20.(ii) shows
0= (aPn@)kp o X - (aQ)k, (ar) k),
= (aP)kp(aQ) ko X - (aQ) K, (aP) i,
= (ap)i,p X - (aP)ky,
= X.
The assertion now follows from “(ii) = (i)” in Proposition 5.21. O

Notation. If ¢: A — B is a homomorphism of R-algebras and f(t) =
S, aitt € A[t] is a polynomial, we denote f¥(t) = 3", 4(a;)t' € B[t] the
polynomial obtained by applying v to the coefficients of f(t).
We now prove the decomposition theorem for Hecke polynomials. Recall
the following commutative diagram:
o7

Hr(Kp,B)

EB,P]\
P

©
Hr(Kp, P) — Hp(Ky, M) <32 R[A]

ra|

HR (K7 G) SG

Theorem 5.24 (Decomposition Theorem). Assume that Hypothesis 5.16
holds true. Let d(t) € Hr(K,G)[t] be a polynomial and assume that there
is a decomposition

() = F1)-g(t)  in RIAl,
such that one of the following properties is satisfied:
(a) f(t) has coefficients in (SM o 0P)(Ch) with constant term 1, or
(b) §(t) has coefficients in (SM o ©F)(Cp) with constant term 1.
Then there exist polynomials f(t), g(t) € Hr(Kp, P)[t] such that

deg f(t) = deg f(1), £SO (1) = f(1),
deg g(t) = deg §(t), g5"oON (1) = g(1),

and
d(t) = f(t)-g(t) in Hr(Kp,P)[t].
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Proof. Note that @§|HR(KP,P) =SMo @ﬂ and @]g’HR(K,G) =S¢,

Assume that (a) is satisfied. The case (b) is completely analogous. By
Proposition 5.21 the restriction of ©4; to ﬁ; is injective. As SM is injective
by Theorem 5.7, it follows that the restriction of @Jg to ﬁ; is injective. By
the assumption there exists a unique polynomial f(t) € C}[t] satisfying
fOZ(t) = f(t). Tts constant term is necessarily 1, and hence there exists a
power series h(t) = Y22, hit' € CH[t] with h(t) - f(t) = f(t) - h(t) = 1.
Now, set

g(t) = h(t) - d(t) € OF[1].

Then ¢9Z(t) = hOZ(t) - d9Z (t) = hOZ(t) - f(t) - §(t) = G(t). As the re-
striction of ©F to 0 is injective, it follows that g(t) is a polynomial of
degree deg g(t). Moreover, we have f(t) - g(t) = f(t) - h(t) - d(t) = d(t) in
Hr(Kp, P)[t]. O

Remark 5.25. Suppose we are in the situation of Theorem 5.24.

(i) The polynomial 55 (t) decomposes in Hz(Kar, M)[t].

(ii) In case (a) the proof shows that one can choose f(t) € CH[t] and
g(t) € OFt]. Since, by Proposition 5.21, the restriction of ©F; to
0} is injective, it follows that f(t) and g(t) are unique with these
properties.

(iii) Similarly, in case (b) one can choose f(t) € Op[t] and g(t) € Cp|t],
and both polynomials are unique with these properties.

We draw some consequences of Theorem 5.24, cf. also [1, Thm. 6.2 and
Cor.].

Corollary 5.26. Assume that Hypothesis 5.16 holds true.

(i) Let f(t) € CH[t] be a polynomial with constant term 1. Then there
exists a polynomial g(t) € Hr(Kp, P)[t] with constant term 1 and
deg g(t) < deg f(t)- (IWM| - 1) such that

f(t)-g(t) € Hr(K, G)[t].

(ii) Let X € C}. Then there exists a monic polynomial d(t) = Y, d;t* €
Hr(K,G)[t] such that degd(t) < |WM| and

> X'd; =0.

(i') Let g(t) € Cp[t] be a polynomial with constant term 1. Then there
exists a polynomial f(t) € Hr(Kp, P)[t] with constant term 1 and
deg f(t) < degg(t) - (IWM| - 1) such that

f(t)-g(t) € Hr(K, G)[t].
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(ii') Let X € Cp. Then there exists a monic polynomial d(t) =3, d;t' €
Hr(K, G)[t] such that degd(t) < |[WM| and

> diX'=0.

Proof. Note that, using the anti-automorphism (p on Hr(Kp, P), which on
Hr(K,G) restricts to (¢ by Lemma 2.9, one can easily deduce (i') and (ii’)
from (i) and (ii), respectively.

Let us prove (i). So let f(t) be a polynomial with coefficients in C}
and constant term 1. Write fOZ (t) = f(t) = 3, f;it' € R[A][t]. Since we
have SM 0 O, = 68 o ep p by Lemma 5.4, the coefficients of F(t) lie in
SM(HR(Kp, M)). Hence, the coefficients of f(t) are invariant under the
twisted action of Wy . Given w € Wy, write Fo@t) = S (w f;) - t. The
polynomial d(t) := Hwew(fw f*(t) is then Wy-invariant with respect to the
twisted action and hence has coefficients in SY(Hg(K,G)). Moreover, it
factors as d(t) = f(t) - §(t) for some §(t) € R[A][t] with constant term 1
and g(t) < deg f(t) - ([W{| —1). The existence of the polynomial g(t) with
the desired properties now follows from Theorem 5.24.

We now prove (ii). Let X € C}. Applying (i) to the polynomial f(t) :=
1 — Xt, we find a polynomial g(t) = /=0 git’ € Hr(Kp, P)[t] with go = 1
and r < |WM| and such that

T
F0) - gt) = 3 dr_it’ € HR(K, O],
i=0
Since f(t) - g(t) = 1 + Z;:ll(gi — Xgi_1)t' — Xg,_1t", a comparison of
coefficients shows that dg = —Xg,—1,d; = gr—i— X gr_(i41) for 1 <i <r—1,
and d, = go = 1. Therefore, the polynomial i, d;t' € Hr(K,G)[t] is
monic, of degree 7 < |[W{Y|, and satisfies

r r—1
Y Xldi=-Xgra+ Y (X'gr—i— X))+ X" =0. O
=0 i=1

Example 5.27. We continue Example 5.19 and apply Theorem 5.24 to the
polynomial

Xap(t) =1—q¢ 1 (X Y1+ X )t 4+ ¢ Y12 € Hr(K,G)]t].
Then XfBG (t) = 1—((qy) "'+~ 1) t+(gzy) ~'t? decomposes in R[z*!, y*1][t]

as f(t)-g(t) with f(t) =1 — (qy)~'t and §(t) = 1 — 2~ . Then f(t) =
1 — ¢ 'X;Y~1t € C}[t] is the unique polynomial with fOZ(t) = f(t). Let
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h(t) =372 (¢ 1 XY 1)t € CL[t] be the inverse power series. Then

g(t) == h(t) - Xap(t)
=h(t) —h(t) - ¢ ' X YU —h(t)g I X_t + h(t) - ¢ Y 142

=1

oo
-1— q_let _ Z(q—1X+Y—l)i—1 . q—ly—lti-l—l
=1
oo
+ Z(qilX_Q_Yil)i . qflyflt’H*Q
=0
=1—q¢1X_t.

Hence, X4, (t) decomposes in Hr(Kp, B)t] as
Yo () = (1 g X, Y1) (1 — g 1 X )

Appendix A. Proof of Theorem 5.13

Let B C GLy(F) be the subgroup of upper triangular matrices and let
Kp be the subgroup of B with entries in Oz. Fix a uniformizer 7 € Oz and
recall that ¢ denotes the cardinality of the residue field of §. Let R be a
coefficient ring.

We describe the R-algebra Hr(Kp,B) = R ®z H(Kp, B) in terms of
generators and relations. As R ®z — is right exact, we may reduce to the
case R =7.

First, we need to understand the double cosets of B with respect to Kpg.
Let A be a complete system of representatives for Oz /() with 0 € A. Then
Ap = {30 am? |n € Zso,a; € A} is a complete system of representa-
tives for §/Os.

Lemma A.1. As a set B decomposes as
¢ P
B= || KB(O 7T0>KB,
a,b,c€Z,
b<min{a,c}

and for all a,b,c € Z with b < min{a, c} one has the decomposition

Llgeagne, KB(%G fc), if b < min{a, c};

a b
KB (7‘(’ T > KB = valg(8)=b . . '
0 =€ Ll geagne, KB(”O fc), if b = min{a,c}.
valg(8)>a

Proof. Let (’8‘ 5) € B. Write a = aon® and v = yg7¢, where g,y € (’);,
a,c € Z, and write afwe ="+ z, with f € Ap and © € Oz. Then /' =0
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or valg(f) = valz(8'm°). Moreover,

(6500 %)@ F)er(y )

Let now a,d’,c,cd € Z and 8,3 € Ap with

’ / _1 / / /
a C a ! .C a—a c—C __ ! a—a
(5 o) (5 ) (e
0 = 0 x° 0 me¢
Then a = o’ and ¢ = ¢/, and then g — ' € Op, that is, 5 = . This shows
that B is the disjoint union of the right cosets Kp ( 7‘; B;LC ), where a,c € Z
and 5 € Ap.

Let now a,c € Z. Take any 0 # 8 = Bon"5(F) € Apz¢ with f € OSX. If
valz(8) < min{a, c}, then

e /B B 1 0 — anlg(ﬁ) 1 0 e 7rvalg(ﬁ)
D6 &) G el 7
If valz(8) > min{a, c}, then valz(5) > a, because valz(5) < ¢ always holds
true. Hence,

™ B\ _ (7 0 1 pn @ 7 0
(0 n0>_<0 WC)'(O 1 )GKB<0 WC)KB'
The lemma follows. O

We now prove Theorem 5.13. Let H be the Z-algebra generated by the
variables X, X_, Y, and Y !, subject to the relations (5.6). This means
that Y is central and invertible and we have X, X_ = ¢ -1 in H. We show
that

gives a well-defined isomorphism of algebras.
It is clear that (K p) is the unit in H(Kp, B), and that (7E3) i, is central
and invertible with inverse (7! Es)f,. In addition, using Lemma A.1, we
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compute

() () I CA V) B CH V)

Therefore, p is a well-defined algebra homomorphism.

m

Observe that p(XT) = (7" 9))k, and p(Y*) = (7% E2) K, for all m €
Z>o and k € Z. For each n € Z>n we compute

p(X™") = p(X_)" = (%(KB (ﬂ(;l 5771_1)>>n

_ ﬂhm%eA ( Ky (WO" Z?zllﬁmi)) ((TF(;" (1)>>KB'

Given m,n € Z>o and k € Z, this shows

(7 9), (7 ), 4o
S (KB <7rmJ(r)k_" sz;;kﬂﬂ_v)

B min{ki‘rk—n} ((T‘_m—s—k—n 7Tb>>
S k .
b=k—n 0 ™)) kg

For m,n € Z>; and k € Z this implies

" om e - ﬂ.m—i—k—n ﬂ.k—n
p(X" XYk - xrlxmolyR) = << 0 k )) :
Kp

™
Now notice that
(A1) {X_TY’“ ] m € Zso, k € Z} U {Xﬁyk ’n €Zs1,k € Z}

U {XEXTY’f — XXy \ m,n € Zsy, k € Z}

generates H as a Z-module and identifies via p with the double coset basis
of H(Kp, B). It follows that (A.1) is in fact Z-linearly independent, hence
a Z-basis of H. Consequently, p is an isomorphism.
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