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Moduli Spaces of Shtukas over the Projective Line

par MAR{A INEs DE FRUTOS-FERNANDEZ

RESUME. On donne des équations explicites pour des espaces de modules de
chtoucas de Drinfeld sur la droite projective avec structures de niveau I'(V),
['1(N) et To(N), ot N désigne un diviseur effectif sur P!. Si le degré du
diviseur N est suffisamment grand, ces espaces de modules sont des surfaces
relatives. On étudie certains invariants de l'espace de modules de chtoucas
avec structures de niveau I'g(IN) pour plusieurs diviseurs de degré 4 sur P!.

ABSTRACT. We provide explicit equations for moduli spaces of Drinfeld
shtukas over the projective line with T'(N), I'1 (V) and 'y (V) level structures,
where N is an effective divisor on P'. If the degree of N is high enough, these
moduli spaces are relative surfaces. We study some invariants of the moduli
space of shtukas with T'o(N) level structure for several degree 4 divisors on P*.

1. Introduction

Shtukas were introduced by Drinfeld in the seventies, in his series of
papers containing the proof of the Langlands correspondence for GLy over
function fields [4, 5], based on the study of the cohomology of moduli spaces
of rank 2 shtukas.

Let X be a smooth, projective, geometrically irreducible curve over F,
with function field K. Denote X := X XF, F,, where F, is an algebraic
closure of F,. Given any scheme S over F, and any vector bundle £ over
X xS, we denote by £7 the pullback (Idx x Frobg)*E, where Frobg : S — S
is the Frobenius morphism which is the identity on points, and ¢ +— t? on
functions.

Definition 1.1. Let S be a scheme over F,. A (Drinfeld) shtuka of rank r
over S is a tuple £ = (E,P,Q,E — & <+ &%), consisting of
e a rank r vector bundle £ over X x 9,
e two morphisms P,Q : S — X, called the pole and the zero of the
shtuka E,

e a modification consisting of two injections & — &’ <= £7, where
&' is a rank r vector bundle over X x S such that £/ and &'/E°
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2010 Mathematics Subject Classification. 11G09, 14H60, 11G18.
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are supported on the graphs of P and @), respectively, and they are
invertible on their support.
Two shtukas € = (§,P,Q,€ — & «+ &%) and F = (F,P,Q,F — F «+
F7) of rank r are isomorphic when P = P', Q = @', and there exist
isomorphisms « : &€ — F and 8 : £ — F’ such that the following diagram
commutes:

& &' Foad
b J=
F F Fo.

Definition 1.2. The stack Sht" := Sht’y of shtukas of rank r associates to
a scheme S over F, the groupoid Sht"(S) whose objects are shtukas of rank
r over S.

Drinfeld proved that the stack Sht" is an algebraic Deligne-Mumford
stack, and the map (P, Q) : Sht" — X x X sending a shtuka to its pole
and zero is smooth of relative dimension 2r — 2. Moreover, Sht” is locally
of finite type (see [5] or [19, Theorem 2.2]). We will denote by Sht}, the
fiber over (P, Q).

Denote by Sht™? the substack of Sht” consisting of shtukas for which the
vector bundle £ has degree d. Then each Sht™? is a connected component
of Sht”, and

Sht” = | | Sht"*.
deZ

Let S be an Fg-scheme. Let NV be a finite subscheme of X and let Ebea
shtuka of rank r over S such that the graphs of its pole P : S — X and zero
@ : S — X do not intersect N x S. Then the data of the shtuka provides
a restricted isomorphism ¢ : & — Eﬁws.

Definition 1.3. A level structure ofg on N is an isomorphism o : O g —
& nvs such that the following diagram commutes:

r = r,o

ONXS ONXS

J» Jo
Y o

5|N><S |N><S

We denote by Sht"(N) the stack of Drinfeld shtukas of rank r with level
structure on N, which associates to a scheme S over F, the groupoid
Sht” (N)(S) whose objects are pairs (£, ), where & is a rank r shtuka
over S and « is a level structure of € on N , with the evident notion of
isomorphism.



Moduli Spaces of Shtukas over the Projective Line 395

Drinfeld proved that the forgetful morphism Sht"(N) — Sht" x x2
(X — N)? is representable, finite, étale and Galois with Galois group
GL,(On) (see [6, Section 3]).

Now we restrict our attention to the case where the shtuka & has rank 2.
Then we often use the phrase “I'(IV) level structure of £” to refer to a level
structure on N, and use Sht?(I'(IV)) to denote Sht?(N). We introduce two
new notions of level structure:

(1) A T (N) level structure of € is a section v € HO(N x S, Elnxs)
which generates a locally free Onxg-module of rank 1 and such
that v7 = ¥ (v).

(2) ATo(N) level structure of € is a rank 1 locally free O g-submodule
L C &, ¢ such that L7 = ¥(L).

We denote by Sht?(I';(N)) the stack of Drinfeld shtukas of rank 2 with
I'1(N) level structure, which associates to a scheme S over F, the groupoid
Sht2(T'1(N))(S) whose objects are pairs (£, v), where £ is a shtuka of rank
over S and v is a I'1 () level structure. We define Sht?(I'o(/N)) analogously.

Remark 1.4. For some purposes, the study of the stacks Sht" or Sht"(T")
for some level structure I' is not enough, and one must instead use the
compactified stacks Sht’ or %T(F). To create these compactifications,
the notion of generalized shtuka is introduced. For I' = I'(V), the com-
pactification was studied by Drinfeld in the rank 2 case [7], and generalized
to arbitrary rank by Lafforgue [15]. It played a key role in the proof of the
Langlands correspondence for GL,, over function fields.

The main goal of this paper is to derive explicit equations for moduli
spaces of shtukas of rank 2 over the base curve X = P]%q, with the kinds of
level structures mentioned above.

Let Sht>' be the substack of Sht*? whose S-points are shtukas with
disjoint pole and zero and such that &£, is trivial on all geometric points x
of S, and let Sht>'(T") be the corresponding substack of Sht?(I"), where T
denotes I'(IV), I'1 (IV) or Ty(N).

Lemma 1.5. Let N be an effective divisor on P*. Let T’ denote T'(N),T'1(N)
orTo(N), and assume that the degree of N is at least 1, 2 or 3, respectively.
Then Sht>'"(T) is a relative surface over (P*\ N) x (P'\ N).

Proof. Suppose first that T = T'(N), and denote by Sht>%*(T'(N)) the
substack of Sht?(T'(V)) obtained by imposing the condition that for any
shtuka € over an Fy-scheme S and any s € S, the restriction & of £ to
P! x s has degree 0, and any invertible subsheaf of £ has degree at most
0. Note that since we are working over P!, this condition is equivalent to
asking & to be trivial.
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Then in Propositions 3.2 and 3.3 of [6], Drinfeld shows that Sht*%%(T'(V))
is representable by a smooth scheme of relative dimension 2 over (P!\ N) x
(P'\ V). Since Sht?* (T'(N)) is the open substack of Sht>%%(T'(IV)) obtained
by imposing the condition that the pole of a shtuka is different from its zero,
this implies that Sht?* (T'(V)) is a relative surface over (P'\ N) x (P'\ N).
The remaining cases are analogous. O

By deriving explicit equations for the fibers of Sht>'(T"), we conclude
the following results about the cases where N has low degree:

Theorem 1.6. Let N be an effective divisor on P! supported on points of
degree 1, and let P,Q be disjoint points of P\ N. Then up to birational
equivalence, we have that:

(1) If deg N =1, then Sht?gté(F(N) is a rational surface.
(2) If deg N = 2, then Sht % (I'y(

(3) If deg N = 3, then SthPté(Fo(N ) is a rational surface.
(4) If deg N = 4, then Sht?;té(Fo(N)) is an elliptic surface.

)
'y (N)) is a rational surface.
)

The contents of this paper are as follows. In Section 2 we review some
basic background on algebraic surfaces. In Section 3 we study moduli spaces
of shtukas of rank 2 over the projective line; we describe the stack of shtukas
with no level structure and with T'(NV), T'1(IV), and T'o(NN) level structures,
giving explicit equations for these spaces. Section 4 is dedicated to the study
of some arithmetic invariants of Sht®'(I'o(N)) for N a degree 4 effective
divisor on P'. Finally, in Section 5 we describe some future and related
work in this topic, including a modularity conjecture for elliptic curves
over funcion fields involving the moduli stack of shtukas with T'o(N) level
structure.

2. Background on Surfaces

We review some definitions and results about surfaces which will be
used in Sections 3 and 4, mainly following [17]. In this section X denotes a
smooth projective curve over a field k.

Definition 2.1. A rational surface is a surface which is birational to the
projective plane. An elliptic surface S over X is a smooth projective surface
S with an elliptic fibration over X, that is, with a surjective morphism
f 5 — X whose base change to the algebraic closure is such that almost
all fibers are smooth curves of genus 1 and no fiber contains a smooth
rational curve of self-intersection —1.

A section of an elliptic surface f : S — X is a morphism 7 : X — S such
that fom = Idyx. If S has a section, then we can regard its generic fiber
E as an elliptic curve over the field k(X), which allows us to work with a
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Weierstrass model. In this paper we only consider elliptic surfaces S which
admit a section and have at least one singular fiber.

The classification of singular fibers of elliptic surfaces was carried out
by Kodaira [12, 13, 14] in the case where k is the complex numbers, and
generalized to other fields by Néron [16]. The imperfect residue field case
was studied by Szydlo [18].

The Néron—Severi group NS(S) of a surface S is the quotient of its divisor
group under algebraic equivalence. The rank of the Néron—Severi group is
called the Picard number of S, denoted p(S5).

If S is an elliptic surface over X, this group is closely related to the
Mordell-Weil group E(K) of its generic fiber E, where K := k(X). Denote
by T the trivial lattice of S, that is, the subgroup of the Néron—Severi group
of S generated by the zero section and the fiber components. Then E(K)
is isomorphic to NS(S)/T [17, Theorem 6.3]. In particular,

p(S) = rank(T") + rankyw ().

The Mordell-Weil rank of F is in general hard to compute, but the rank
of the trivial lattice can be computed from local information: denote by m,,
the number of irreducible components of each fiber F), of S. Then

rank(7T) =2+ Z (my —1).
veX

Definition 2.2. The arithmetic genus of a projective surface S over k is

defined as
2

Pa(S) =Y _(=1)" dimy, H'(S, Og).
i=0
If S is a complete intersection inside a product of projective spaces such
that S is smooth or has at most rational double points!, then its arithmetic
genus depends only on the degrees of the polynomials describing it. In
particular:

Lemma 2.3. Let S C P := P! x P! x P! be a hypersurface given by a multi—
homogeneous polynomial of multi-degree dy,ds,ds, with d; > 2. Assume
that S is smooth or has at most rational double points. Then the arithmetic

genus of S is (dy —1)(d2 — 1)(ds — 1) + 1.
Proof. Consider the cohomology long exact sequence of the closed sub-
scheme exact sequence
0— OP(—S) = OP(—dl, —dz, —dg) — O]p — L*OS — 0
1An isolated singularity of S is called a rational double point or du Val singularity if there

exists a resolution of singularities ¥ : S — S such that Kg, = ¢¥*Kg, where Kg denotes the
canonical divisor of S.
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corresponding to the inclusion ¢ : S — P. From Kiinneth’s formula,
H"(P,0p) = (D H'(P',0m)@ H/ (P!, 0p) @ H'(P',Op),
it+j+k=n
so that
1, ifn=0
h*(P,Op) := dim H"(P,Op) = { ’
(P, Op) := dim H™(P, Op) {0, ifn>1.

Analogously,
H™ (P, Op(—d;, —dg, —d3))
= P H' P, 0p(~d)) ® H (P!, Opi(—ds)) ® H*(P', Opi (—d3)).
i+j+k=n
Hence H™(P, Op(—dy,—ds2, —d3)) = 0 for n = 0,1, 2, since at least one of
1,7,k must be zero in each summand of the formula. However,
H*(P, Op(—d, —da, —ds3))
= H'(P',Op1(~d1)) © H' (P!, Op1(—dy)) @ H' (P!, Op1 (—d3)) =
— HO(P!, Opa (dy — 2)) © H(P!, Opa (dy — 2)) @ HO(P!, Opa (d3 — 2)),
where the second equality is obtained by Serre duality. Since each d; is at
least 2, it follows that
h3 (P, Op(—dy, —d2, —d3)) = (di — 1)(da — 1)(d3 — 1).
Finally, we use the cohomology exact sequence to obtain h(S, Og) for i =
0,1,2, and conclude that the arithmetic genus of .S is
Pa(S) = h*(S, 05) — h'(S,0s) + h(S, Os)
=(dy —1)(dg —1)(d3 —1) -0+ 1. O
Definition 2.4. Let S be a projective surface over a field k, and let £ be a

prime different from the characteristic of k. The Euler number e(S) of S is
2

e(S) =Y (1) dimy HE (S, Q).

=0
If S is an elliptic surface, then its Euler number, arithmetic genus, and
second Betti number by are related by the formulas
e(S) =12p4(S) > 0
and
b2(S) = e(S) — 2(1 = bi(X)).
In particular, if X is the projective line, then by(S) = e(S)—2 = 12p,(S)—2.
We conclude this review by making a few remarks about rational and K3

elliptic surfaces. Rational elliptic surfaces are always fibered over the projec-
tive line, and they are characterized by having arithmetic genus p,(S) = 1.
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Definition 2.5. A smooth surface S is called K3 if its canonical bundle is
trivial and h!(S, Og) = 0.

If S is an elliptic surface over the projective line, then it is K3 if and
only if p,(S) = 2. K3 elliptic surfaces are the only kind that can admit two
distinct elliptic fibrations with section which are not of product type.

Example 2.6. Let E, E' be two elliptic curves over a field k. The Kummer
surface S := Km(FE x E’) associated to E x E' is a K3 elliptic surface,
and the projections onto F and E’ are two elliptic fibrations. The Picard
number of S is p(S) := 18 + rank Hom(E, E’). If k = F,, then the Tate
conjecture, known for K3 elliptic surfaces, implies that the Picard number
is even. Since bo(S) = 22, it follows that the possible values for p(S) are
18, 20, or 22.

3. Moduli Spaces of Shtukas of Rank 2 over P!

3.1. The Moduli Stack of Shtukas of Rank 2 over P!. Recall that
we can describe Sht? := Sht%l as a disjoint union

Sht?* = | | Sht>“,
dez

where Sht>? is the substack consisting of shtukas for which the vector
bundle & has degree d. We will describe the semistable locus of Sht*?. Note
that the only semistable vector bundle of rank 2 and degree 0 over P! is
locally on S isomorphic to the trivial one, @ @ O. This substack of Sht??
is isomorphic to the corresponding substack of Sht%? for any even d € Z.

Let Sht®>"™ be the substack of Sht*? whose S-points are shtukas with
disjoint pole and zero and such that &, is trivial on all geometric points = of
S, and let GSht>™ be the stack classifying pairs {(g, ¢g: Oxxs®Oxxs =
E)} where € is a shtuka with € ~ Oxys® Oxxs. Then Sht>™ is the stacky
quotient of GSht>" which we will now show is represented by a scheme,
under the natural action of GLs. N

Let S = Spec(A) be an affine scheme over F,, and let (€ = (£, P,Q,& —
£+ E7),¢z) be an S-point of GSht?'". Note that P and Q are two distinct
points in P! (A). Denote X4 := X xp, Spec(A).

The modification & < &' «> £7 gives a rational morphism f : £ --» £°
with a simple pole at ) and well-defined everywhere else, which induces a
morphism f: & — £7® O(Q). Moreover, since the determinant of a shtuka
£ is a shtuka det & of rank 1 with the same pole and zero, we must have
that div(det f) = P — Q.

Assume that both P and Q lie in the affine patch of P! away from
the point at infinity. Then a basis for H(Ox, (Q)) is given by {1, &= Q} (if

P = oo, then % g gets replaced by ﬁ, and if QQ = oo, by T'—P). Therefore
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the morphism f: Ox, ®Ox, ~ & = Ox,(Q) & O0x,(Q) ~ &7 ® Ox,(Q)

induced by the shtuka £ can be expressed in the given choice of basis by a
matrix of the form

ap + al% bo + bl%
M(T) := T-P T-P
Co + m do + dl m
with ag,aq ..., dp,d; in A and whose determinant is a unit constant multiple
of L=F.
T-Q

We can identify the subset GSht%ﬁé(Spec(A)) of GSht?* (Spec(A)) con-
sisting of pairs in which the shtuka has pole P and zero () with the set of
matrices M4 pq defined as

T-P T—P a;,b;,ci,di € A

a0_|_a1 = bO"‘blf 1y Uy Ly y Uy )
M(T) = e e det M(T) = ug=4,
co+cat=L dy+d =L ' N

0 17—Q 0 Ly re) with u € A*

aiabiuciadi € A)
agdy — bocg = 0,

aod1 + a1dy — bger — bicg € A*,
ardy — biep = 0.

Co +61% do +d1%

ap+arf= bo+ b1§:g]

Hence GSht>' is represented by the subvariety V of ((P! x P1)\ A) x A8
described by the equations

apdp — boco = 0,
apdi + ardy — boer — bicy € A*,
a1d1 — blcl =0.

Definition 3.1. We say that two matrices M, N in Mayx2(A(T)) are o-
conjugate if there exists a matrix Z € GLa(A) such that

N=2°MZ"".

GLs acts on V by o-conjugation, and Sht*' is the stacky quotient of V'
under this action.

3.2. Shtukas with I'(N) Level Structure. Let S = Spec(A) be an
affine scheme over F,, and let N be an effective divisor on PL. Let € be a
rank 2 shtuka over S whose pole P and zero () do not belong to the support
of N x S. Recall that in this situation the data of the shtuka & induces an
isomorphism ¢ : &, o — &7, and that a ['(N) level structure on € is an

isomorphism « : 0%, ¢ — Enys such that a7 = oa.
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From Section 3.1, we know that after fixing a basis, £ is represented by
a matrix in My pg. Equivalently, if we multiply this matrix by 7' — @ to
cancel the pole at ), we get that £ is represented by a matrix of the form

ap + a1 T by + 0T
co+al dy+diT

with det M (T') = n(T — P)(T — Q) for some unit n € A*.

Under the fixed choice of basis, the level structure can be described by a
matrix o € GL2(Onxg) such that a” = M (N)a, where M (N) denotes the
matrix of the restricted isomorphism . In particular, if NV is supported on
points of degree one, we can make this condition very explicit: at each point
R appearing in N with multiplicity mp, we denote by 7 the uniformizer
T — R at R and impose the condition

a% = M(m+ R)agr mod n™F,

M(T) :=

where ap denotes the restriction of « to O(szR)xS ~ (F,[r]/(x™r) @ A)2.
The system of equations thus obtained describes the I'(V) level structure.

Theorem 3.2. Let R be a degree 1 point of P! and consider the divisor
N = (R). Let P,Q be points of P! disjoint from each other and from R.
Then Sht?;té(F(N)) is a rational surface.

Proof. Let R be a degree 1 point of P! and let N = (R). Possibly after a
change of variables, we can assume that N = (0). Let S = Spec(A) be an
affine scheme over F, and choose two distinct nonzero points P, Q € P1(A).
An A-point of Sht?;’fé(l’((()))) is given locally on S by a pair (M(T), @),
where M (T') is a matrix of the form

ap+ a1l by + 0T
co+al do+diT

with determinant det M(T) = n(T — P)(T — Q) for some n € A* « is
in GL2(A), and o = M (0)a. This pair is considered up to the action
of GLa(A), which sends (M(T),a) to (ZM(T)Z~!, Za). In particular, by
choosing Z = !, we see that the element of Sht***(I'((R))) represented by
(M(T), ) has a well-defined representative of the form (M'(T), o’ = Lya),
for which M'(0) = Lyo.

That is, an A-point of Sht?jfé(F((O))) can be represented by a well-
defined matrix of the form

M(T) =

|14+ aT bT
M(T) = cT 1+dT|’

with det M(T) =1+ (a + d)T + (ad — be)T? = n(T — P)(T — Q),n € A*.
This is equivalent to the three conditions

{1=nPQ, a+d=-n(P+Q), ad-—bc=n},
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which are in turn equivalent to

{nzl o=—d-L9 (—d—P+Q)d be 1}

PQ’ PQ PQ ~PQ
Hence Shtf;fé(F((O))) is the surface inside Ab . cut out by the equation
P+Q 1
3.1 d? d+bc+ == =0.
(3.1) +5 0 +be+ 5 0
Denote by Y its projective closure in IP’b c.d,z» described by
P
d* + +de+bc+—z =0.

PQ PQ
Using the Jacobian criterion, we check that Y is nonsingular. Note that
we can use equation (3.1) to solve for b in terms of the two variables {c, d},
so that Sht? tlr( ((0))) is a rational surface. O

3.3. Shtukas with I'y(IN) Level Structure. Let S = Spec(A) be an
affine scheme over Fy, let N be an effective divisor on P!, and let E be a
rank 2 shtuka over S whose pole P and zero @) do not belong to the support
of N x S. € can be represented by a matrix of the form M(T) as in the
previous section.

A T'1(N) level structure on £ is a vector v € 0%, g which generates a
locally free Onxs-module of rank 1 and such that v = M (N)v. Again,
if N is supported on points of degree one, we can verify this condition
locally: at each point R appearing in N with multiplicity mg, we choose
the uniformizer m = T — R at R and require

vhp = M(m+ R)vg mod 7R

Theorem 3.3. Let N be an effective divisor of degree 2 on P' supported
on degree 1 points, and let P and Q be disjoint points of P\ N. Then
Sht?;fé(Fl(N)) is a rational surface.

Proof. Let N be a degree 2 effective divisor on P! that is supported on
degree 1 points. Possibly after a change of variables, we can assume that
N = (0) + (00) or N = 2(0).

Fix a ring A over Fy, S := Spec(A), and two nonzero points P, Q € P1(A),
disjoint from 0 and oo as necessary. An A-point of Sht®*(T';(N)) is given
locally on S by a pair (M(T'),v), where M(T') is a matrix of the form

M(T) i= [aoral ot b ] with determinant det M(T) = n(T = P)(T - Q),

n € A*, and v is a nonzero vector in 0%, ¢ satisfying v” = M (N)v. This
pair is considered up to the action of GL2(A), which sends (M(T"),v) to
(Z°M(T)Z71, Zv).
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Suppose first that N = (0)+(o0). Restrict to the dense open substack Sy
of Sht?;fé(Fl(N)) whose A-points are given locally on S by pairs (M (T'),v)
such that the restrictions of v to 0 and co are linearly independent. Note
that there is a unique Z € GLa(A) which takes v to the vector that is [{]
at 0 and [}] at co. Hence an element of Sy is represented by a unique
matrix M(T) as above that satisfies the equalities M(0)[{] = [9] and
M (<) [§] = [§]. That is, it can be represented by a well-defined matrix of

the form M(T) := |7 ﬂ.ﬂ , with det M(T) = a+ (14 ad—be)T +dT? =

C

n(T — P)(T — Q),n € A*, which is equivalent to
{d=n, a=nPQ, 1+ad—bc=—-n(P+Q)}.

Hence Sht%g(Fl((O) (00))) contains as a dense open substack the surface
inside A b.ca Cut out by

d?’PQ+d(P+Q)+1—bc=0.

Its projective closure is nonsingular by the Jacobian criterion, and we con-
clude as in the proof of Theorem 3.2 that it is a rational surface.

Now let N = 2(0), and let # = T be a uniformizer at 0. Restrict to
the dense open substack Sy of Sht%g(Fl(N )) whose A-points are given
locally on S by pairs (M (T),v = vg + v17) such that vy and vy are linearly
independent. There is a unique Z € GL2(A) sending v € O%, 5 to [T];
therefore, an element of Sy (A) is described by a well-defined matrix M (T')
as above such that M(7)[7] = [T] mod 72. Comparing the coefficients of
1 and 7, this is equivalent to the system

{bo=0,do=1, ap + b1 =1, co +dy = 0},
so after renaming a1, b1, c1,d; as a, b, ¢, d, we have

1—-b+al bT
—d+cT 14+dT|°

M(T) =
Imposing det M(T) = n(T? — (P + Q)T + PQ) yields the equations
{ad —bc=n,a+d=-n(P+Q), 1—b=nPQ},

and after eliminating the variables {a, b}, we obtain that this open substack

of Sht?;’té (T'1(2(0))) is the surface inside A2 ;, cut out by the equation

c,d,n
A +dn(P+Q)+n+c—cnPQ =0.

Again, its projective closure is a nonsingular rational surface. O
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3.4. Shtukas with I'g(IN) Level Structure. Let S = Spec(A) be an
affine scheme over [y, let NV be an effective divisor on P!, and let P and Q
be distinct points in (P!\ N)(A).

An A-point of Sht%ﬁé(Fo(N )) is represented by a pair (M (T'),v), where
M(T) is as in Section 3.2, and v is a projective vector in P*(Opyyxs) satis-
fying v = M (N)v, where M(N) acts on v as a linear fractional transfor-
mation. This pair is considered up to the action of GLa(A), which sends
(M(T),v) to (Z°M(T)Z~', Zv). As in the previous section, if N is sup-
ported on degree one points, the level structure condition can be checked
using a uniformizer at each point in its support.

The next lemma will be used in the proof of Theorem 3.5.

Lemma 3.4. Let A be a ring over F,. Fix a place v of IP’Iqu, let ™ be a
uniformizer at v, and denote Ry, := Fy[x|/(7") for n > 1.

(1) Given any x+ym € PL(A® Ry), 2 € PY(A) such that x — z,y € A*,
there is a matriz Z € GLa(A), unique up to scalar multiples, such
that Z(x + yr) = 7 mod 7% and Zz = co.

(2) Given any x+yr+zr? € PL(A® R3) with y € A*, there is a matriz
7Z € GLa(A), unique up to scalar multiples, such that Z(x + ym +
zm?) = 7 + 72 mod 3.

Proof. (1). Fix & + ym,z as above and let Z := [¢%] € GLa(A). Then
Z(x + ym) = mmod 72 is equivalent to {ax +b = 0,ay = cx + d}, and

Zz = oo is equivalent to cz + d = 0. Therefore both conditions can only
1 —
hold simultaneously when Z :=a { P } , for a € A*.

T—z T—=z2

(2). Given z + ym + zm? as above and Z := [¢ Y] € GLy(A), the equation
Z(x + ym + zr?) = 7 + 72 mod 73 is equivalent to {ax + b = 0, ay =

Yy Yy

for a € A*. g
Theorem 3.5. Let N be an effective divisor on P! supported on degree one
points, and let P,Q € P\ N be disjoint points. Then

(1) If deg N = 3, then Sht?;z(l“o(N)) is a rational surface.

(2) Ifdeg N =4, then Sht?ﬁfé(Fg(N)) is birational to an elliptic surface.
Proof. We start by proving claim (1), so suppose that N is an effective
divisor of degree 3 supported on degree 1 points. Then, after a change of
variables, we may assume that N = (0) + (1) 4+ (c0), N = 2(0) + (1), or
N = 3(0). Throughout the proof, A will denote a ring over F,, S = Spec(A),
and P,Q € P'(A) \ Supp(N) will be two distinct points.

Case 1. Let N = (0)+ (1) 4 (o0). An A-point of Sht?;’fé(Fo(N)) is given by
a pair (M(T),v) as above, up to the action of GLy(A).

1 _
cr+d, az = cy+cx+d}. This means that Z is of the form a |:zy yLIfﬂy ] ,
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Restrict to the dense open substack Sy of Sht?g’fé (T'o(N)) whose A-points
(M(T),v) are such that the restrictions of v to 0, 1 and oo are distinct.
Note that up to multiplication by a scalar matrix, there is only one matrix
Z € GLa(A) sending v to the element of P}(Opyyxs) which is 0 at 0, 1 at 1
and oo at infinity.

Imposing M (0)0 =0, M (1)1 =1 and M (o0)oo = oo yields

{bo =0,¢c0=0,ap4+a1+b :Co—l-do—l-dl},
so the element (M (T),v) can be represented by a matrix

apg + a1 T T

M(T) = Co do + diT

satisfying ag+a1+b; = co+do+d; and det M(T') = n(T—P)(T-Q),n € A*,
and this representative is unique up to scalars. The determinant condition
is equivalent to imposing

{apdp — PQayrd; = 0, apd; + ardy — bico + (P + Q)ardy = 0}.

5

Therefore Sy is the surface inside Pao, ar b .co.do.da

described by the equations

{ao 4+ a1+ by =cy+dy+di, agdy — PQardy =0,
apdy + a1dy — bico + (P + Q)ardy = 0}.
It is not clear from this description that Sy is a rational surface. To
prove this claim, we start by noticing that imposing the condition that the
determinant of M (7') is a unit multiple of (7' — P)(T — @) is equivalent to
requiring that the matrix M (T') has rank 1 exactly at 7= P and T = Q.

That is, there must exist a pair of points (u,v) = ([ug : w1],[vo : v1]) in
P! x P! such that

wnfs] -} s o fs]-[J

ul U1

where the operation is matrix multiplication.
After introducing these new variables, the equations for Sy become

ag + a1 + by = co + do + dy,
(a() + CL1P)U0 4+ b1 Pu; =0,
coup + (do + d1P)uy = 0,
(a0 + a1Q)vo + b1Quy = 0,
covo + (do + d1Q)v1 = 0.

The key fact is that we can solve for the variables ag, a1, b1, co,do,d; in
terms of ug, u1, vg, v1. Collecting coefficients we obtain the matrix



406 Maria Inés DE FRUTOS-FERNANDEZ

apg a1 b1 cg do dp
ug wuP uwiP 0 0 0
0 0 0 ug w1 wmP
vg @ v1Q O 0 0
0 0 0 w v unQ
1 1 1 -1 -1 -1.

Taking minors of this matrix we find out that

ag = PQ(qu — ’u,o?)l)((P — Q)uwl -+ (Q — 1)’(1,07)1 — (P — 1)’(1,1’()0)7
a1 = (ulvOP — uole)((P — Q)ulvl + (Q — 1)U01)1 — (P — 1)U1U0),
b1 = (P — Q)uovo((P — Q)uivr + (Q — Dugvy — (P — Dugwg),

3.2
(3.2) co = (P — Q)uiv1((Q — P)ugvo + P(1 — Q)usvg + Q(P — 1)uguvy),
do = (ulvoP — UOle)((Q — P)UOUO + P(]. — Q)ulvo —+ Q(P — 1)’u,0’l)1),
di = (u1vg — uov1)((Q — P)ugvp + P(1 — Q)urvg + Q(P — 1)ugvy).
This shows that Sy is a rational surface. Note that each of the ag,...,d;

is a (2,2)-form in the variables (u,v).

Case 2. Let N = 2(0) + (o0), and let (M(T'),v) represent an A-point of
Sht%fé(Fg(N)). Let m = T be a uniformizer at 0.

By Lemma 3.4, generically there is a unique matrix Z € GLg(A) up to
scalar multiplication sending v to the element of P!(Oyxg) which is 7 at
2(0) and oo at infinity. Let Sy be the dense open substack of Sht?;,té(Fo(N))
consisting of elements for which such a matrix Z exists. Imposing the condi-
tions M (7)m = 7 mod 72, M (00) = oo and det M (T) = n(T—P)(T—Q) for
some n € A*, we find that Sy is the surface inside ]P’gm ar by .co.do.dy dEScribed
by the equations

{ao + b1 = dy, agdy — PQardy = 0, apdi + ardg — bicg + (P+ Q)a1d1 = 0}.

As in Case 1, we can solve for ag,...,d; in terms of the variables (u,v), so
Sy is again a rational surface.

Case 3. Let N = 3(0), let (M(T'),v) represent an A-point of the shtuka
space Sht?;’té (To(N)), and let 7 = T be a uniformizer at 0.

Lemma 3.4 shows that, generically, there is a unique matrix Z € GLa(A)
up to scalars sending v to the element of P!'(Oxys) which is 7 + 72 at 3(0),
and we let Sy be the dense open substack of Sht?;’fé (T'o(N)) consisting of
elements for which such a matrix Z exists.

Imposing the conditions M () (7 +72) = 7+ 72 mod 73 and det M (T) =

n(T — P)(T — Q) for some n € A*, we find that Sy is the surface inside
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PG

ao,a1,b1,co,c1,do,d1
{ao 4+ by =do, ag+ a1 = ¢+ do + dy, apdy — PQ(aldl — 6101) =0,
apdy + a1dy — bicg + (P 4+ Q)(ardy — byey) = 0}.

described by the equations

We conclude as in the previous cases that Sy is a rational surface.

Now we will prove claim (2). After performing an appropriate change of
variables, there are five cases to consider: N = (0) + (1) + (o0) + (R) for
ReP\{0,1,00}, N = 2(0)+(1)+(50), N = 2(0)+2(00), N = 3(0)+(c0),
and N = 4(0).

Case 1. Let N = (0)+(1)+(c0)+(R). To get the equations for Sy, we start
from those of Sy, with Ny = (0) 4+ (1) + (c0) and add the condition that
M(R)w = w? for some projective vector w. That is, Sy is the hypersurface
of PI x P! x PL given by

Cowq+1 + (d() + le)wq — (ao + alR)w —bR=0,

where the variables ag,...,d; are defined in terms of v and v as in (3.2).
Therefore Sy is a (2,2,q + 1)-surface inside PL x P! x P1. Recall that a
smooth (2, 2)-curve in PL x P} is an elliptic curve; hence the projection onto
the w line shows that Sy is an elliptic surface.

Case 2. Let N = 2(0) + (1) 4+ (c0). We start from the equations for
S(0)+(1)+(cc) and add the condition M (7)wr = wim mod 72, where 7 is a
uniformizer at 0; this shows that Sy is the surface inside IPZ()’ ar b .co.do.dr xPL
described by the equations

{dgwq—agw—61 =0, ag+ a1 + b1 =cog+ dy+ dy,
apdy — PQaidy =0, apdy + ardp — bico + (P + Q)ardy = 0}.

Again, we can write everything in terms of the variables u,v,w to show
that Sy is an elliptic surface.

Case 3. Let N = 2(0) + 2(c0). We impose the conditions M (mg)my =
7o mod 73 and M (7oe + R)(1 + wnee) = 1+ wine, mod 72, where 79 = T
and T = % are uniformizers at 0 and oo, respectively. Then Sy is the

o . 6 1 .
surface inside Py, 4 o c1dp.a; X P described by

{(c1 +d1)w? + (c1 — a1)w + co + do —ap =0, ag + by = dp,
ai + by = c1 +di, apdy — PQ(a1dy — bicy) = 0,
apdy + ardy — bico + (P + Q)(ardy — bye) = 0}.

We rewrite ag, . ..,d; in terms of the variables u,v to show that Sy is an
elliptic surface.
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Case 4. Let N = 3(0) + (00). Then after adding the new condition at oo,
we get that Sy is the elliptic surface inside Pgo’ ar.by.co.crido.dy ¥ PL described
by the equations

{erwt™ + dyw? — ayw — by = 0, ag + by = do,
ag + a1 = co +do + di, agdy — PQ(a1d1 — blcl) =0,
aody + ardp — bico + (P + Q)(ardy — bicr) = 0}.

Case 5. Finally, let N = 4(0). Then to describe Sy we must impose the
condition M (7o) (7o + 73 + wrd) = (7o + 73 + wrd) mod 73. This yields
that Sy is the elliptic surface inside Pgm arb1.co.crdo.dy ¥ PP. described by the
equations

{dowq—aow—a1+260+61+d1 =0, ag + b1 = dp,
ao + a1 = co + do + di, apdp — PQ(a1dy — bier) = 0,
apd1 + a1dy — bico + (P + Q)(a1d1 - b161) = 0} O

4. Sht**"(T'x(N)) for N of Degree Four

In this section we study Sht>*(T(N)) for N an effective divisor on
X = IP)%FQ of degree 4 such that every point in the support of IV has degree 1.

In this case, Sht>™ (T'o(NV)) is an elliptic surface over F := F (P, Q), whose

compactification %Q’tr(Fo(N )) can be described as a hypersurface in P! x
P! x P!, possibly with singularities. Hence Lemma 2.3 gives an upper bound

on the arithmetic genus of mQ’tr(Fo(N ))-

4.1. N = 4(0). Let N be a degree 4 divisor on Plqu supported on a de-
gree 1 point; after a change of variables, we may assume that N = 4(0).
Then the proof of Theorem 3.5 shows that we can find a description of

Sht2’tr(F0(4(0))) as a hypersurface of P! x P! x P! given by a polynomial of
multidegree (2,2, ¢). This surface is singular, with a one dimensional singu-
lar subscheme. By Lemma 2.3, we can conclude that the arithmetic genus

of Sth’tr(Fo(Zl(O))) is less than or equal to ¢. However, experimental data
suggests that this upper limit is never reached.

We used Magma to compute several invariants of %ZH(FO(ZL(O))) for
small values of ¢, which we present in Table 4.1. Here b2 denotes the second
Betti number of the surface, rank(7") denotes the rank of its trivial lattice,
#BF the number of singular fibers, and “Types” the Kodaira types of
the singular fibers, using the notation (K,n) to represent a place of bad
reduction of degree n whose corresponding fiber is of Kodaira type K. The
last two rows collect our conjectured values for these invariants, based on

the presented data.
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q bo rank(T) | #BF Types

2 10 8 2 (I11,1), (Is, 1)

4 22 18 2 (ITT*, 1), (I, 1)

8 34 26 2 (IIT*, 1), (Iis, 1)

16 58 42 2 (IIT*, 1), (Iza, 1)

3 22 17 8 (IF,1), (18, ), (I1,3), (I, 3)

5 30 | 25 | 12 | (50, (e 1), (1,5), (1,5)

7 46 33 16 (It 1), (Ing, 1), (11, 7), (11, 7)

9 58 A1 20 (I#51), (Io, 1), (11, 9), (L1, 9)

11 70 49 24 | (I, 1), (I, 1), (I, 11), (11, 11)
even ¢>2 | 3¢+10| 2¢+10 2 (1I17,1), (Izg4+2,1)

oddg | 6g+4| 49+5 |29+2| (L5 5,1), (2g+2,1), (11,9), (11,9)

TABLE 4.1. Invariants of Sht” tr(1"0(4(0)))

In particular, by checking the Betti numbers we conclude that the moduli

space m2’“(ro(4(0))) is a rational elliptic surface when ¢ = 2 and a K3
elliptic surface when ¢ = 3 or ¢ = 4.

Conjecture 4.1. Let g be a prime power and let Sy := Sht” tlr( I'y(4(0)))
over F:=T,(P,Q).
If q is even, then
(1) pa(Sq) = [%] + 1 and ba(S,) = 12 [4] + 10.
(2) The trivial lattice of Sq has rank 8 when ¢ = 2 and rank 2q+ 10 for
q > 2.
(3) Sy has two singular fibers, one of type Irq12 at 1, and one of type III*
at oo (except when q = 2, for which the fiber at oo is of type III ).

If q is odd, then
(1) pa(Sq) = qT and bQ(S ) = 6q + 4.
(2) The trivial lattice of Sq has rank 4q + 5.
(3) Sq has 2q+2 singular fibers over F: one of type I5,_5 at 0o, one of
type Irq12 at 1, and the rest coming from two bad fibers of type Iy,
of degree q over F'.

4.2. N = 2(0) 4 2(o0). Let N = 2(A) + 2(B) be a degree 4 divisor on
JP’Iqu, where A and B are degree 1 points. Without loss of generality, we
may assume N = 2(0) + 2(oc0). We know that Sht”> (o (2(0) + 2(c0))) s

birational to a hypersurface of P! x P! x P! of multidegree (2,2, ¢). This
surface has a one dimensional singular subscheme, except when ¢ = 2, when
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it is smooth. Hence by Lemma 2.3 its arithmetic genus is at most ¢, and it
is exactly 2 for ¢ = 2. The experimental data collected in Table 4.2 suggests
that the actual arithmetic genus is generally smaller.

qa bo rank(T) | #BF Types

2 22 18 3 (I3, 1), (I, 1), (I, 1)

i | 34 | 2% | 3 (15,1), (10, 1), (ho, 1)

8 58 42 3 (I3,1),(hs, 1), (s, 1)

3 | 22 | 17 | 9 | (b 0),Us)) (s 1), (01,2), (I, 4)

5 34 25 13| (k,1),(he,1), (h2,1), (11, 4), (1,6)

7 46 33 17 | (&,1),(he,1), (516,1), (11,6), (51,8)

9 58 41 21 | (I, 1), (I, 1), (I, 1), ([,8),(,10)

11 70 49 25 | (I, 1), (I, 1), (Ia, 1) (I, 10), (I, 12)
even q | 6g+10 | 4¢+10 3 (I35, 1), (Iag+2,1), (Iag4+2, 1)
oddq | 6g+4 | 4¢+5 |2g+3 (I3, 1), (ng+2,1),(12q+2,1),

(h,q—1),(h,q+1)

TABLE 4.2. Invariants of %2’“@0(2(0) + 2(00)))

Note that Sht” t]r( I'o(2(0) + 2(00)) is a K3 surface when ¢ =2 or ¢ = 3.

Conjecture 4.2. Let q be a prime power and let S, be Sht” tr( I'o(2(0) +
2(00))) over F :=TFy(P, Q).
If q is even, then
(1) pa(Sy) = L2 and ba(S,) = 6¢ + 10.
(2) The trivial lattice of Sq has rank 4q + 10.
(3) Sq has two singular fibers of type Irg+2 at 0 and 1, and one of type I3
at oo.
If q is odd, then
(1) pa(Sq) = qT and ba(Sy) = 6q + 4.
(2) The trivial lattice of Sq has rank 4q + 5.
(3) Sy has 2q+ 3 singular fibers over F': two of type Iyt at 0 and —1,
one of type Ir at 0o, and the rest corresponding to two bad fibers of
type I, over F, of degrees ¢ — 1 and q + 1, respectively.

4.3. N = 3(0) + (o0). Let N = 3(A)+ (B) be a divisor on IP’]qu, where A
and B are degree 1 points; we may assume N = 3(0)+(o0). Up to birational

equivalence, we can describe %Q’tr(ro (3(0) + (o0))) as a hypersurface cut
out by a polynomial of multi-degree (2,2, ¢+ 1) inside P! x P! x P!, whose
singular subscheme has dimension zero. Therefore the arithmetic genus of
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Sht2’tr(F0(3(0) + (00))) is at most ¢ + 1, and based on the experimental
data, we expect it to equal q.

We need to make a remark about the way we collected our data. When an
elliptic surface is defined over a function field k(X) where k is not perfect
and has characteristic 2 or 3, Szydlo showed that new types of Kodaira
fibers can appear [18]; these new fibers are not supported on Magma, which
uses the classical Tate algorithm. Therefore when we try to compute local
information of the generic fiber of %Q’tr(Fo (N)), we may get an error due
to the fact that we are working over the imperfect residue field F,(P, @),

if Sth’tr(I‘o (N)) has a singular fiber which is not in Kodaira’s original list.
Another reason why it might not be possible to work over F,(P,Q)(T) is
that some of the computations are too slow.

While these issues did not affect our computations in Sections 4.1 and 4.2,
they do now; we are only able to compute data about the generic fiber
when we work in characteristic greater than 3. In characteristics 2 and 3,
we instead choose concrete values for the pole and zero of the shtuka and
compute the local information associated to the corresponding closed fiber
of %Q’tr(I’o@(O) + (00))). This is the same strategy that we will follow in
Sections 4.4 and 4.5, for all characteristics.

The data we collected on mQ’tr(Fo(B(O) + (00))) is split between Ta-
bles 4.3 and 4.4. Table 4.4 is formatted as Table 4.1, but on Table 4.3 there
are two differences. First, we introduce two new columns P and @ for the
specific values of pole and zero that were used in the computations; there
o, denotes a generator of F;. Note that while bs stays the same if the values
of P and () are modified, this needs not be true for the other invariants.
Secondly, in the “Types” column the notation Kxn represents n fibers of
Kodaira type K over the algebraic closure, and we omit n when it equals
one. The tables in the next two sections will be formatted as Table 4.3.

q P|Q b, rank(T) | #BF Types

2 1| ay 22 16 4 I x 2 Is, I

4 1| oy 46 32 6 1T x 4, Ly, Irs

8 1] as 94 64 10 IT x 8, Iig, Lig

3 1 34 24 14 I, Lig, I; x 12

9 1 106 72 38 Izo, Is2, 1 x 36
even ¢ 12q — 2 8¢q q+2 | II X q, g2, Ilsg—2
odd ¢ 12¢ — 2 8¢ 4q + 2 | byto,log—2, 1 x 4q

72,tr(

TABLE 4.3. Invariants of Sht™ (I'o(3(0) 4 (c0))), part 1
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q bs rank(T) | #BF Types

5| 58 40 22 | (2, 1), (s, 1), (1, 10), (I, 10)
7| 82 56 30 (L, 1), (Lo, 1), (I, 14), (I, 14)
11| 130 88 46 (Ia, 1), (Ies, 1)(I, 22), (I, 22)

q |12 —2 8¢ 4q+2 | (Igt2,1), (Isg—2,1)(11,2q), (11, 2q)

TABLE 4.4. Invariants of Sht” tr(

Lo(3(0) + (00))), part 2

In particular m2’tr(1“0(3(0) + (00))) is a K3 surface when ¢ = 2.

Conjecture 4.3. Let q be a prime power and let Sy := Sht” tr( To(3(0) +
(00))) over F:=F,(P,Q). Then

(1) pa(Sy) = q and ba(Sy) = 12¢ — 2.

(2) The trwml lattice of Sy has rank 8q.

(3) Ifq is even, then S, has q+2 singular fibers over F': one of type Irgio
at 1, one of type Iﬁq o at 0, and q of type II.

(4) Ifq is odd, then Sy has 4q+2 singular fibers over F': one of type byt2
at —1, one of type Igq—2 at 0, and 4q of type I;.

4.4. N = 2(0) + (1) + (00).

Proposition 4.4. Let g be a prime power and let Sy := Sht> tr( I'o(2(0) +
(1) + (00))) over F :=TFy(P,Q). Then pa(Sq) = q and ba(Sy) = 12¢ — 2.

Proof. The proof of Theorem 3.5 shows that S; is birational to a hypersur-
face of the product P} x PL x Pl described by a polynomial of

ug,u1 V0,1 wo,w1

multidegree (2,2, q). This surface has exactly eight rational double points:

{(07 1707 1)0, 1)a (P7 17Pa 1a 17 1)’ (Qa 1aQ7 1a 1a 1)7
(P,17Q71,171)a(071)0a17170)3(PalanlalaO)v
(QipaQi 17071a0a1)7(0717P7Q’P7 1’07 1)}7

and no other singularities. Hence Lemma 2.3 implies that p,(S;) = ¢ and
by(S,) = 12¢ — 2. 0

We record in Table 4.5 experimental data which allows us to predict the
structure of the singular fibers of 5.
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q Pl Q bo rank(T) | #BF Types

2 as | of 22 15 5 II x 2,15 x 2,14

4 |oage | adg| 46 31 7 II x 4,L1g x 2, I12

8 as | of 94 63 11 II x 8, L1y x 2, Ig

3 2 | ag 34 23 15 Iy x 2, Ig, [ x 12

5 2 | 3 58 39 23 Lis x 2, Iig, I} x 20

7 2 | 3 82 55 31 Lig % 2, Iy, I x 28

9 2 | ag | 106 71 39 Lo x 2,139, I) % 36

11 2 | 3 130 87 47 Ly x 2,119, I x 44
even ¢ 12 -2 8¢ —1 | q+3 | II xq,Ipg12 X 2,144
odd ¢ 12 -2 | 8¢ —1 |4q+3 | Iogr2 X 2, 14g—4, 11 X 4q

=—2,tr

TABLE 4.5. Invariants of Sht™" (T'0(2(0) + (1) + (0)))

Notice that %2’“@‘0(2(0) + (1) + (00))) is a K3 surface when ¢ = 2.

Conjecture 4.5. Let q be a prime power and let Sq := Sth’tr(Fo(Z(O) +
(1) + (0))) over F:=TFy(P,Q). Then

(1) The trivial lattice of Sy has rank 8q — 1.

(2) Ifq is even, then S, has q+3 singular fibers over F': two of type yt2
at 0 and 1, one of type I1g—s at 0o, and q of type II.

(3) Ifq is odd, then Sy has 4q+3 singular fibers over F': two of type Irqt2
at 0 and 1, one of type Iyq—4 at 0o, and 4q of type 1.

4.5. Multiplicity one. In this section we treat the remaining case, in
which N is a divisor on P! consisting of four distinct degree 1 points ap-
pearing with multiplicity one. If ¢ is odd we take N = (0)4(1)+(—1)+(0c0),
and if ¢ > 2 is even we take N = (0) 4 (1) + (ag) + (00), where a4 generates
;. We found a birational model for She™ " (To(N)) which is a hypersurface
of P! x P! x P! cut down by a polynomial of multi-degree (2,2, ¢+ 1); the

only singularities on this model are rational double points. We present the

invariants of m2’tr(F0(N )) for small values of ¢ in Table 4.6.
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a P | Q bo rank(T) | #BF Types
4 | agg | adg 58 38 9 II x5, I1p x 4
8 at | o} 106 70 14 | HI, I x 8,15, 1, [13 x 3
3 ag | af 46 30 20 Iy x 4,1 x 16
5 Qs 70 46 28 Lo x 4,1 x 24
7 4 94 62 36 Lig x 4,1 x 32
9 | ay | ad 118 78 44 Do x 4, x 40
11 2 | 4 142 94 52 Ly x 4,11 x 48
even 12¢4+10| 8q+6
q>2
odd ¢ 12¢+10 | 8¢+6 |4q+8| hgro x4, x (4g+4)
S 2,tr

TABLE 4.6. Invariants of Sht™" (I'g(IV)), for N a squarefree divisor

Note that %Q’tr(ro(N)) is never a rational or K3 surface in this case.

Proposition 4.6. Let q be a prime power and let S, = Sht27tr(Fo(N))
over the field F' :=Fy(P,Q), where N = (0) + (1) + (—1) 4 (c0) if q is odd
and N = (0) + (1) + (aq) + (00) if ¢ > 2 is even. Then pa(Sq) = ¢+ 1 and
ba(S,) = 12¢ + 10.

Proof. From the proof of Theorem 3.5, we have that S, is birational to a
hypersurface of P! x P! x P! cut down by a polynomial of multi-degree
(2,2, +1). If ¢ is odd, the only singularities of S, are

{(0717071707 1)’(07170717_171)7(1’071707170)7(17071707_1’1)7
(0,1,P-Q,P-1,0,1),(Q — P,Q —1,0,1,0, 1),
(P_PQap_Q7170>1>0)’(1707Q_vaQ_PvlaO)}

and for even ¢ > 4 the singularities are

{(0,1,0,1,0,1),(1,1,1,1,1,1),(P,@,1,1,1,1),(1,1,Q, P, 1, 1),
(Q, g, Q, g, 1, ), (P ag, Q, g, 1, ), (P g, Pyag, 1, ),
(0,1,P+Q,P+ag,0,1), (P+Q,Q + g,0,1,0,1),(1,0,1,0,1,0),

(gP + PQ,aqP + 04Q,1,0,1,0), (1,0, gQ + QP, oy P + 4Q,1,0)}

Since all of them are rational double points, Lemma 2.3 allows us to
conclude that p,(S;) = ¢ + 1 and b2(S,) = 12¢ + 10. O
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Conjecture 4.7. Let g be a prime power and let Sy := %Z’tr(Fo(N)) over
the field F':=Fq(P,Q), where N = (0) + (1) + (—1) + (00) if ¢ is odd and
N =(0)+ (1) + (ag) + (00) if ¢ > 2 is even. Then

(1) The trivial lattice of Sy has rank 8q + 6.
(2) If q is odd, then Sy has 4q + 8 singular fibers over F': four fibers of
type Igio at 0,1, —1 and oo, and 4q + 4 fibers of type I.

Finally, we conjecture that the generic fiber of S, has Mordell-Weil rank
4, independently of g. This would be a consequence of the Tate conjecture,
which predicts a relation between the second Betti number and the Picard
number of a surface S over F,. Fix a prime ¢ # p, and let H be the
subgroup of NS(S) generated by divisor classes defined over F,. Then the
Tate conjecture predicts that the rank of H equals the multiplicity of ¢ as an
eigenvalue of the map induced by Frob, on H 2(S,Qy). A consequence is that
p(S), the geometric Picard number of S, equals the number of eigenvalues
of Frob; on H 2(S,Qy) of the form ¢ times a root of unity. Recall that,
by the Weil conjectures, the characteristic polynomial of Frobj acting on

H?(S,Qy) has integer coefficients and factors over C as H?il(l — oyT),
with || = ¢; hence ¢?/q; is an eigenvalue whenever «; is, and these two
values are different except when a; = £q. Combining this fact with the
Tate conjecture, it would follow that the difference by(S) — p(S) is always
even. If S is an elliptic surface then bs is even, so this would imply that
p(S) is even as well. In particular, note that the Tate conjecture is known
to hold true for K3 elliptic surfaces with a section [1], so if S is such a

surface, then p(5) is known to be even.

If S = Sht”"(To(IN)), then Drinfeld’s work implies that H2(S, Q) de-
composes as a direct sum of a subspace coming from cusp forms, of dimen-
sion 4 times the number of cusp forms of level I'g(N), and an Eisenstein
subspace on which Frobj acts with eigenvalues of the form ¢ times a root
of unity. Combining this fact with the Tate conjecture, we conclude that,
conjecturally,

b2(S) = p(S) + 4#{cusp forms of level To(N)}.

If moreover S is an elliptic surface with generic fiber E and trivial lattice
T, this would mean

b2(S) = rank(T) + rankyw (E) + 4#{cusp forms of level I'g(N)},

where F denotes the base change of the generic fiber F of S, to the algebraic
closure. On the other hand, it follows from [3, Proposition 7.1] that there
are ¢ cusp forms for GLy over Fy(T") with level I'g(N). Hence, using our
formula for by(S,) and our conjectured formula for rank(7’), we can solve
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for the Mordell-Weil rank of the generic fiber of S,, obtaining

rankyw (F) = (129 + 10) — (8¢ + 6) — 4q = 4.

5. Future Work

When the curve X is the projective line, experimental data strongly
suggests that the spaces Sht>(T'(N)), Sht®®(T';(N)), and Sht>*(To(N))
are relative surfaces of general type whenever the degree of N is at least 2, 3,
and 5, respectively. It should be possible to prove this by finding models
for these spaces that have at most rational double points as singularities.

We would like to find explicit equations for Sht>;" (T(N)), Sht21" (1 (N)),

and Sht;,’lt "(To(N)) in the cases where the support of N contains a point of
degree higher than one, and to study how some invariants of these relative
surfaces, like the arithmetic genus, behave under finite extensions of the
constant field IF,.

Another goal is to provide proofs for the conjectures made in Section 4.

Lemma 2.3 would confirm the values of the arithmetic genus and the Betti
number by, provided that we could find models for mQ’tr(FO(N )) having at
most du Val singularities. Alternatively, we could study how other singu-
larities affect the arithmetic genus. The claims about the other invariants
seem harder to prove, since computing them requires to know the generic
fiber of the elliptic fibration of %ztr(FO(N)).

We would also like to study the Tate conjecture for the moduli surfaces
%2’“@0(]\7)) in Section 4. For example, if N = (0) + (1) + (—=1) + (o0)
and ¢ is odd, we would prove the conjecture if we were able to find 4
generators of the free part of the Mordell-Weil group of the generic fiber
of %Q’tr(Fo(N )); since the expected rank does not depend on ¢, these
generators might be independent of ¢ as well. To approach the conjecture
in the remaining cases we would first need a formula for the number of
cusp forms for GLy over F, of level I'g(/V), and then we would proceed
analogously.

Another future direction is to compute Sht%, as well as the stacks with
level structures, in cases where the base curve X is an elliptic curve over IF,.
A difficulty is that the theory of rank 2 vector bundles over an elliptic curve,
studied in [2], is much more involved than in the P! case (in particular,
rank 2 vector bundles over an elliptic curve can be indecomposable, even
when the curve is defined over an algebraically closed field). There are two
possible ways to approach this problem: one is to study the spaces of global
sections of vector bundles over an elliptic curve; another is to exploit the fact
that if £ is a vector bundle over an elliptic curve, then its projectivization
P(€) is an elliptic ruled surface, so one can use elementary transformations
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of P(€) to study the corresponding elementary modifications of £ (see [11,
Section V.2] and [9, Chapters 2 and 5]).

One motivation to study moduli spaces of shtukas of rank 2 is that they
play a role in the following modularity conjecture for elliptic curves defined
over function fields:

Conjecture 5.1 (Modularity Conjecture). Let X be a smooth, projective,
geometrically irreducible curve with function field K. Let E be an elliptic
curve over K with conductor N and whose associated Galois representation
1s irreducible. Then there exists a special kind of correspondence between

E x E and the compactified moduli space of shtukas mQ(FO(N)).

This conjecture is derived from Drinfeld’s study of the cohomology of
moduli spaces of shtukas, the Kiinneth formula, and the Tate conjecture,
which is open in the relevant setting. See [10, Conjecture 6.1.1] for the
precise statement.

Wheng=2, X = IP’]1F2 and F is an elliptic curve over Fo(X), the conjec-
ture has been verified in two cases by explicitly constructing the predicted
correspondence: the case N = 2(0) + (1) + (o0) is due to Elkies and We-
instein [8], and the case N = 3(0) + (c0) is joint work of the author with
Elkies and Weinstein [10, Section 6.2]. We would like to find more evidence
to support this modularity conjecture, possibly by constructing explicit
correspondences in other cases.

We would also like to verify Conjecture 5.1 for examples in which the base
curve X is an elliptic curve, once we have developed explicit equations for
the corresponding moduli space of shtukas. Unlike in the P! case, there may
exist nonconstant elliptic curves over X having good reduction everywhere
and irreducible associated Galois representation. While these curves cannot
admit a surjection from the Drinfeld modular curve Xo(N), Conjecture 5.1
has no hypothesis about the reduction type of E at any place of K, so we
expect that these curves will be modular in this new sense. We would be
specially interested in verifying the conjecture for examples of this kind.
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