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Tamagawa number divisibility of central L-values
of twists of the Fermat elliptic curve

par YUKAKO KEZUKA

RissUME. Etant donné un entier N > 1 premier & 3, on désigne par Cy
la courbe elliptique 2% + y3 = N. On étudie d’abord la valuation 3-adique
de la partie algébrique de la valeur en s = 1 de la fonction L de Hasse—Weil
L(Cy, s) de Cy sur Q et on établit une relation entre la partie de 3-torsion de
son groupe de Tate-Shafarevich et le nombre de diviseurs premiers distincts de
N qui sont inertes dans le corps quadratique imaginaire K = Q(v/—3). Dans
la cas ou L(Cy,1) # 0 et N est un produit de nombres premiers décomposés
dans K, on montre que l'ordre du groupe de Tate—Shafarevich, comme prédit
par la conjecture de Birch et Swinnerton-Dyer, est un carré parfait.

ABSTRACT. Given any integer N > 1 prime to 3, we denote by C'y the elliptic
curve 22 +1% = N. We first study the 3-adic valuation of the algebraic part of
the value of the Hasse—~Weil L-function L(Cy,s) of Cy over Q at s = 1, and
we exhibit a relation between the 3-part of its Tate-Shafarevich group and
the number of distinct prime divisors of N which are inert in the imaginary
quadratic field K = Q(y/—3). In the case where L(Cy,1) # 0 and N is a
product of split primes in K, we show that the order of the Tate—Shafarevich
group as predicted by the conjecture of Birch and Swinnerton-Dyer is a perfect
square.

1. Introduction and main results

The study of elliptic curves dates back at least to the 17th century when
Fermat proved that there is no right-angled triangle whose side lengths
are integers and whose area is a perfect square. Much of the arithmetic of
elliptic curves remains mysterious and has been one of the main focuses of
number theory in the past century. This is highlighted by the remarkable
conjecture of Birch and Swinnerton-Dyer, which was developed with the
help of numerical calculations [1]. Given an elliptic curve E defined over
a number field F', the conjecture relates the behaviour of its Hasse—Weil
L-function L(E/F,s) (in the complex variable s, convergent in the half

plane Re(s) > 2) at s = 1 to the order of its Tate-Shafarevich group
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HI(E/F) (not known to be finite in general). The Tate-Shafarevich group
is defined by

HI(E/F) = ker (Hl(F, E(F)) — [[H'(F., E(FU))> ,

where v runs over all valuations of F', thus its order measures the failure of
the local-to-global principle for E/F. Thankfully, in the two cases when:

(1) Endp(E) £ Z, or

(2) E is defined over Q,
we now know that L(E/F,s) has analytic continuation to the whole com-
plex plane and satisfies a functional equation relating its value at s with its
value at 2 — s. In particular, L(E/F, s) is known to be defined at s = 1 in
these cases, and its value is called the central value. Case (1) follows from a
theorem of Deuring, which allows us to identify L(FE/F,s) with a product
of Hecke L-functions with Grossencharacter, whereas case (2) is a conse-
quence of the modularity theorem. If an elliptic curve E/F satisfies (1), we
say that F has complex multiplication. In this case, we have a canonical
injection

K =Q®yzEndp(FE) — F

given by the action of Endp(FE) on the space of holomorphic F-differentials
on F, and we also know that K is an imaginary quadratic field. Suppose in
addition that L(E/F,1) # 0. Iwasawa theory is an extremely powerful tool
in studying, for a prime number p, the p-part of the Birch—-Swinnerton-Dyer
conjecture, which predicts the order of the p-primary subgroup III(E/F)(p)
of III(E/F). If F = K, Rubin used Iwasawa theory to show in [15] that
the p-part of the Birch—Swinnerton-Dyer conjecture holds for E for all p
not dividing the order of the group of roots of unity in K. In a forthcoming
paper with J. Coates, Y. Li and Y. Tian, we shall show, using Iwasawa
theory, the p-part of the Birch—Swinnerton-Dyer conjecture for a family
of elliptic curves F/F where F' is the Hilbert class field of K (in which 2
splits) for any prime p which splits in K. This paper, however, will only
deal with elliptic curves with complex multiplication defined over Q, and
henceforth we will omit F' from the notation.

Iwasawa theory emerged as a study of the growth of arithmetic objects
in towers of field extensions which are unramified outside of p. We will take
an alternative standpoint in this paper, and investigate the “horizontal”
growth of arithmetic objects as the number of ramified primes grows, while
keeping the degree of the field extensions fixed. Let N > 1 be a cube-free
integer prime to 3, and let ¥/N denote the real cube root. We will study
a family of twists of the Fermat elliptic curve X2 + Y3 = Z3 by the cubic
extension Q(+v/N)/Q whose equation in terms of the affine plane is given by

CN:a:3+y3:N.
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They have complex multiplication by the ring of integers O of the imaginary
quadratic field K = Q(y/—3). In the case when N = 2p’ with i € {0,1} and
p = 2,5mod 9, an odd prime number, the 3-part of the Birch-Swinnerton-
Dyer conjecture has recently been established in joint work with Y. Li [9].
This was achieved by expressing Hecke L-functions in terms of Eisenstein
series, studying congruences between L-values to obtain the “explicit mod-
ulo 3 Birch—Swinnerton-Dyer conjecture”, and combining with a result of
Cai-Shu—Tian [3] which uses an explicit Gross—Zagier formula. In [9], we
also related the 2-part of the Tate-Shafarevich group III(Cyyi)[2] of Csyy,
over Q to the 2-part of the ideal class group CI(L)[2] of L = Q(/p), fol-
lowing the descent argument of C. Li [11]. This was used to find examples
of elliptic curves of the form Cy, with rank 1 and non-trivial III(Cy,)[2].
In particular, it became apparent that the 2-part of the Birch—-Swinnerton-
Dyer conjecture is much deeper in nature for these curves, coming from the
fact that II(Cy,:)[2] is not necessarily trivial.

In this paper, we will study the 2-adic and 3-adic valuation of the al-
gebraic part L®8)(Cy,1) € Q of the central L-value when it does not
vanish, in the case when N is divisible by an arbitrary number of distinct
primes, split or inert in K. It is well known that Cn(Q)to is trivial for
any cube-free integer N > 2. Furthermore, we know from the theorem of
Rubin [15] that III(Cy) is finite when L(C, 1) # 0. Thus the p-part of the
Birch—Swinnerton-Dyer conjecture predicts the following:

Conjecture 1.1. Let N > 2 a cube-free integer, and assume L(Cp,1) # 0.
Then for any prime number p, we have

ord, (L8 (C, 1)) = ord, (#(IT(C) (p)) + ord, ( I1 ) ,

g bad

where the product runs over the primes q of bad reduction for Cy, and
cg = [On(Qy) : CX(Q,)] is the Tamagawa factor of Cx at q. Here, C(Q,)
denotes the subgroup of points with non-singular reduction modulo q.

Remark 1.2. We repeat that the above is known for p > 3 from [15], since
the group of roots of unity ux of K = Q(v/—3) has order 6. Thus it remains
to show this for p = 2 and p = 3.

We will study the following three families of curves separately:
Ep:y’*=2"—-2'3°D"
Eop :y? =2 — 33D?
Eup :y? =23 —2233D2,

where D is a cube-free product of n distinct primes with (D,6) = 1. We
see that Fny has C'y as a birationally equivalent form.
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In Section 2 of this paper, we will show the following:

Theorem 1.3. Let N > 1 be a cube-free integer with (N,3) = 1, and let
k(N) be the number of distinct prime factors of N. Then we have

ords (L(alg)(CN, 1)) > kE(N) if the p.mme factors of N split in K
E(N)—1 otherwise.

Remark 1.4. When N is a product of split primes of the form pO = (7)(7)
with 7 congruent to 1 modulo 6, a lower bound of k(N) — 1 has already
been obtained in [12]. This was improved to k(N) + 1 for N a product of
“cubic-special” primes, which occupy density % of primes congruent to 1
modulo 27. See [8] for more details. In this paper, we will follow the methods
in [8], which is an adaptation to cubic twists of Cy: 23 + 3® = 1 of Zhao’s
method [24] for quadratic twists of the curves y? = 23 — z.

Remark 1.5. Given a cube-free integer N with (N,3) = 1, let r(/N) and
s(IN) be the number of distinct prime factors dividing N which are inert
and split in K, respectively. In particular, we have k(N) = r(N)+s(N). A
computation of Tamagawa numbers of Cy (see Lemma A.1) gives

ords (H Cq) = {22x3+1 it N=1,8mod9

dbad otherwise.

Let t(N) = 1if N = £1mod 9, t(N) = 0 if N = £2 or £4 mod 9. To
summarise, Conjecture 1.1 predicts that when L(Cy,1) # 0,

(1) LOI(Cy)[3] is non-trivial when r(N) > 2 4+ ¢t(N).

(2) OI(Cy)[3] is trivial when 7(N) < 1+ ¢(N) and equality holds in

Theorem 1.3.

Furthermore, by a root number computation (see Proposition A.2), we see
that the sign of the global root number €(C/Q) depends on the parity of
r(N) and ¢(N). To be more precise, we have

6(0]\[/@) = —(_1)t(N)(_1)T(N).

We check in Section 3 that the above prediction is indeed consistent with
a bound given by a 3-descent:

Theorem 1.6. Let Ciy : 23 + 9% = N, where N > 1 is a cube-free integer.
Then the 3-part of the Tate—Shafarevich group II(Cn)[3] of Cn over Q
satisfies

ords (# (II(CN)[3])) = r(N) — t(N) — 1 — rank(Cy),
where r(N) is the number of distinct primes dividing N which are inert

in Q(v/=3), t(N) =1 if N = +1mod 9, t(N) = —1 if ord3(N) = 1 and
t(N) =0 otherwise.
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Note that it is possible to have non-trivial III(Cy)[3] when r(N) <1+
t(N). When N = 2-5-1657, for example, we have r(N) =2 = 14+¢(N) and
I(Cy)[3] = (Z/37Z)*. More numerical examples, obtained using Magma [2]
and Sage [20], are listed in Appendix B. This curious relation between
II(Cn)[3] and the number of distinct inert prime divisors of N will be
studied in more detail in a subsequent paper.

We next study the invariant

L(alg)(CN, 1)
[Tgpaacs

This is defined so that if L(Cx,1) # 0, the full Birch-Swinnerton-Dyer
conjecture predicts

Sy =

Sy = #(I(Cw))
for N > 2. Rosu showed in [14] that if N is a cube-free product of split
primes, Sy is a perfect square up to a denominator of an even power of 3,
and gives a formula for its value in terms of theta functions. The Tamagawa
number divisibility in Theorem 1.3 gives the following strengthening of the
main results in [14].

Corollary 1.7. Let N > 2 be a cube-free positive integer with (N,3) = 1.
Then

(1) Sn is a perfect square if N is a product of split primes.

(2) 25y € Z if N = 2,7 mod 9.

(3) Sy € Z otherwise.
Furthermore, we have the trace formula

1 @K(Nw)
SN = = Trgy; (W)
N 3 quad ¢q K(j(Osn))/K Ok (w)
where O (2) = X4 ez 2miz(@* 0% =ab) s the theta function of weight one

associated to K, w = _1%‘/?3 is a cube root of unity and K(j(Osn)) is the

ring class field of the order O3y = Z + 3NQO.

When N is a product of split primes, a more detailed description of Sy
in terms of theta functions of weight 1/2 can be found in [14, Theorem 2].

In Section 4, we study the 2-adic valuation of L(2l¢) (Cn, 1), which readily
yields the following when combined with Theorem 1.3 and the p-part of the
Birch—Swinnerton-Dyer conjecture known for p > 3.

Theorem 1.8. Let N > 2 be a cube-free integer with (N,3) = 1. Then we
have

L@ Oy, 1) e Z.

We note that this is already known from [18, Theorem 1] which uses
class field theory and the methods of [1], and Corollary 1.7 even shows that
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(alg) (Cn,1)

quad Cq
by directly studying the 2-adic valuation, which is expected to be useful in

showing the Tamagawa number divisibility for quadratic or sextic twists of
the curve 32 = 23 — 243, Tt also gives an insight into how L(®®)(Cy, 1) can
be divisible by a large power of 2 in the case of quadratic or sextic twists.

Finally, if the central L-value does not vanish, we expect that Iwasawa
theory can be used to study the 2-part of the Birch—Swinnerton-Dyer con-
jecture for the curves Uy, studied in [9]. This would give us the full Birch-
Swinnerton-Dyer conjecture for Cy;.

€ Z when N # 2,7 mod 9. But we will provide another proof

Acknowledgement. I would like to thank Ashay Burungale for insightful
conversations on the topics of this paper and drawing my attention to the
work of Rosu. I would also like to thank the referee for carefully reading the
manuscript and giving valuable comments and suggestions. Furthermore, I
am grateful to the Max Planck Institute for Mathematics in Bonn for its
support and hospitality.

2. The 3-adic valuation of the algebraic part of central L-values
Given a cube-free integer N > 1 with (IV, 3), we define an elliptic curve
Cy : a3 +y3=N.

Then Cpy has complex multiplication by the ring of integers O of the imag-
inary quadratic field K = Q(v/—3). From now on, we will write N = ¢tD
where t = 1,2 or 4 and 21 D. Suppose D has n distinct prime factors, say
Ply.-.,Pn. Given any a = (aq,...,ay) € {0,1,2}", we define a cube-free
product D, = p{*---p%. If p; is inert in K, then we have p; = 2 mod 3.
If p; splits in K, say p;O = p;p;, then p; = 1 mod 3, and we may choose
a generator m; of p; so that m; = 7; = 1 mod 30. We define E;p, by the
equations

Ep,:y*=ux%—2'33D2
(2.1) Esp,: v =a® - 33D?

Eup,: y* = 2> — 2233 D2.
Note that E;p, is birationally equivalent to Cyp,. Furthermore, we may
consider a = (a1, ..., ay) as an element of (Z/3Z)", since Eyp_, and Eip,

are isomorphic over Q if o’ = o mod 3. Let A be the elliptic curve given by
the classical Weierstrass equation

Ayt =42 -1,

and let €2 = 3.059908074 ... denote the real period associated to the dif-
ferential df on A. We set Oy = %, and let Ly = QO denote the
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corresponding period lattice. In particular, we have €; = 1.766638750. ..
and Q; = %/li We define the algebraic part of L(Cn,1) by
L(Cn,1)

(2.2) L8 (Cy,1) = ;
Qn

which is well known to be a rational number (see, for example, [7]). We
write ¢ for the Grossencharacter of Cy /K, and fix an embedding K — C.
Since Cy is defined over Q, we may identify L(Cy,s) with the Hecke L-
function L(1y, s) where ¢y denotes the complex conjugate of 1 (see, for
example, [6, Theorem 45]). Given an integer m, the radical rad(m) of m is
the product of distinct primes dividing m. Then the conductor of 1, divides
3rad(t)O, and the conductor ¢yp divides f = (f) where f = 3rad(tD)

(see [18]). Let Cip,; = ker(C’tDa Yl C’tDa). Then by [6, Proposition 48],

K(Cip,) coincides with the ray class field K(f) of K modulo §. Writing
M = f/3 =rad(tD) and [ig for the image of the group of roots of unity in
K under reduction modulo f, we have

(O/MO)* ~(0/fO)* /s ~ Gal(K (f)/ K),

where the first isomorphism will be fixed later, and the second isomorphism
is given by the Artin map. Thus, writing A = rad(D) = p;---pn, the
Chinese remainder theorem gives

(0/AO)* ift=1

Gal(K(f)/K) = {(O/2O)>< % (O/AO)X otherwise.

Let S be the set of integral primes in K dividing f. Given any o €
(Z/3Z)", we denote by Lg(tp,,s) the (usually imprimitive) Hecke L-
function obtained by omitting the Euler factors at the primes v in S. We
will first express the Hecke L-functions in terms of a sum of Eisenstein se-
ries following the results of Goldstein and Schappacher [7]. Recall that the
Kronecker—Eisenstein series in complex variables z and s is defined, for any
complex lattice £ and any integer k > 1, by

(Z+ w)*
|2 + w|?s’

Hy(z,s,L) = Z

weL

where the sum is taken over w in £, except —z if z € L. The series converges
in the half plane Re(s) > 1+%, and it has analytic continuation to the whole
complex s-plane (see [7, Theorem 1.1]). The non-holomorphic Eisenstein
series & (z, L) is defined by

£ (2, L) = Hy(z,1,L).
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We also recall that for a € K* and an ideal b of K coprime to 3a, the cubic
residue symbol (), is defined by the equation

War = (5) va

where 7, = (b, K(/a)/K) denotes the Artin symbol of b in Gal(K (¥/a)/K).
Given two elements a,b € K* with b coprime to 3a, we also write

().~ (@),

and we have (%), = (3)3 if in addition a,b = +1 mod 30.

Let B be any set of integral primes of K prime to f such that the Artin
symbol o of b in K (f)/K runs over the Galois group Gal(K (f)/K) precisely
once as b runs over 5. Then by [7, Proposition 5,5], we have

Ls(Ysp,,1) 1 . (QtD )U"
EWiba 1) _ 2 5 (BtDa ) )
Qip, f gg A

follows that for any o € (Z/3Z)", we have

Now, we have p, = and & is homogeneous of degree —1. It

LS(&tD ,1) 1 2 oe=l . (Qt )Ub
S ) SN(D2) T (L
Qt fbeB( ) S t

() (e

Let C be a set of elements of O prime to M such that ¢ mod M runs
over (O/MQ)* precisely once as ¢ runs over C, and such that ¢ € C implies
—c € C. This is possible because ¢ = —c mod M if and only if ¢ = 0 mod D,
which is absurd. We may now set

B={(Bc+eM):ceC},

where the sign € € {1} of M is chosen so that eM = 1 mod 3. In particular,
we have 3¢ + eM =1 mod 30 for all ¢ € C. We define

V:{CEC:G’)) zlforallp]D,WherebEB}.
3
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Now, for all p | D and b = (3¢ + €M) € B, we have

3 M
(p) = (HG) (since both are congruent to +1 mod 30)
3 3

b P
3
= (C) (since p | M)
p/s
=)
p/3
Thus we see that if ¢ € V then —c € V, as (—1)3 = —1 is always cubic

residue. We write r and s for the number of inert and split primes in the
prime factorisation of A = rad(D), respectively. In particular, n =r + s.

Lemma 2.1. The Artin symbols of b = (3c + eM) in Gal(K(f)/K) give a
set of representatives of the Galois group Gal (K(f)/K(¥/p1,---, ¢/Pn)) as
c runs over V. Therefore, 3" T2 H1=n | (V) if 2 | t, and 37257 | (V) if
t=1.

Proof. By the definition of the cubic residue symbol, we see that oy acts
trivially on /D, for all a € (Z/3Z)" if and only if (§), = 1 for all primes
p | D, which happens if and only if ¢ € V where c is such that b = (3c+eM).
Thus the first claim follows. Now,

# (Gal(K()/K)) = # ((0/M0))*)
=3 1] @*-1v [I &-173

p|D inert p/|D split
where e = 1if 2 |t and e = 0 if ¢t = 1. It follows that
ordy (# (Gal(K (1)/K))) = 7+ 25 + .
Thus

ords (# (Gal (K (§)/K (&/p1,- .., /pn)))) > r+25s+e—n,

as required. O
We consider the sum of (usually imprimitive) Hecke L-functions

Ls(y oy 1
Z S(wD )

(I) =
tD Qt

a€(Z/32)™
The subscript S will often be omitted from the notation whenever it is
primitive. We will now study the 3-adic valuation of this sum.

Theorem 2.2. We have
(1) ordz (®yp) >n—1ift=1andn=r.
(2) ords (®yp) > n — % otherwise.
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Proof. Note that ©° : o — (%)3 gives a 1-dimentional character of the

group (Z/37)". Any 1-dimentional character is irreducible, and (Z/37Z)"
an abelian group. Thus considering the inner product of ©° and the trivial
character id, we obtain

b L (0)id(a)
(o, id) = r<Z/3z>>| > et

a€(Z/3Z)"
3 (Da>

" ac (Z/3Z7) b /3

{ if *(a) =1 for all o € (Z/37)"

OJ

0 otherw1se

It follows that

3 ifeeV
> sﬂb(a)z{o .
)

ac(Z73T)n otherwise.
Hence, we have

. z (5 (%)) (Ge)

€(z/32)

Z & < ct)
ceV
Given an integral ideal a of K, we have

w@ = () o

where a is a generator of a satisfying a = 1 mod 3 (see, for example,
(o4
[17, Chapter II, Example 10.6]). Thus using the fact that & ( ,ﬁt) -

Er (%,Et) (see [7]), we obtain

EQt CQt
o= (1) (4 )
ceV 3 M
Since ords(f) = 1, it suffices to show
t ey cQt ) 0 ift=landn=r=1
d —) & —+—.L
ores (; (b)g 1 ( 3 t % otherwise.

Define so(L;) = lims_>8 D weL\ {0} w2 |w|™* and A(L;) = "2 where
5>

b

(u,v) is a basis of £; over Z satisfying Im(v/u) > 0. We write ((z, L) for
the Weierstrass zeta function of £;. Then by [7, Proposition 1.5], we have

ET(Z, Et) = C(Z, ﬁt) — ZSQ(Et) — ZA(ﬁt)il



Tamagawa number divisibility of central L-values of twists of the Fermat curve 955

20 . - 2
Thus writing w = _1%‘/?3, we have A(L;) = 2 (20;2 ) — \/257?1 , and we can

see that s3(L;) = 0 on noting that w stabilises £;, which gives w™2s9(L;) =
s2(L¢). Hence
2rz

Recall also that for z1, zo € C, we have an addition formula:

} @/(317 ﬁt) - @/(227 L"t)
2 p(zl7ﬁt) - KJ(ZQth) .
e CQt

Applying this with 21 = 5, 20 = G, we get

> (6),5 (5 508)
-3 (), (e (T 50 - (5 5) Vi)
-3 (1), (< (5e) <5

e/ (3, L) — /(91 L) (8 | e\ 2
2 o(% L) — p(42 L) (5 )m?)

_Z<>3< (% at)( fzzft,,ct)+<<9t £t>_€3\2f?7>rm>'

ceV

gik(zv‘ct) = C(Z"Ct) -

C(z1 + 22, L¢) = ((21, Le) + (22, Lt) +

Here, we used the key property that ¢ € V then —c € V, (%)S = (%)3 -

(3°), and that ¢ and ¢’ are odd functions, whereas p is an even function.
Recall that ©; and £4 correspond to the equatlon y? = 423 — 33. Thus
by computatlon we get go( ,L£1) = 3 and go( ,L£1) = 9. Now, we can
7, so that p( L) = (V) 2p(fe 3 ,El) = 3V/t2. Furthermore,
we have (z,y) = (p(% 3, L), @ (?,Et)) satisfying the equation for y? =
423 — 233, Tt follows that for t = 2, we have p’(%, L2) = 18. Similarly, for
t =4, Wehavep( ,L4) = 36.
By applying formulae (3.2) and (3.3) of [18, p. 126], we obtain
27

((z4+w,0)=((z,0)+ ﬁw.

write Q; =

27
(2.3) ((24—1,(9):{(2,(9)—1-%,

Letting z = —% in (2.3) gives

((30)<(30)- %
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But we have ¢ (22, L) = QtC (z,0), so

2.4 C(Te) v () = 2

On the other hand, we have

C(QZ,[/t) = QC(Z,,Ct) N((ZZ’ tt))

and by differentiating the equation (¢/(z,£;))* = 493(z, L) — 233, we
get ©"(z, L) = 69%(z, L;). Thus plugging in the values of p (?*,Et) and
o (%,Et), we obtain

20 o’ (%,ﬁt) B 6> (%,Q) a3
29 <(548) % (58) = o g a) " ar () "

Now, solving (2.4) and (2.5) gives

‘ (gt Et) N 3%@ -Vt

26) 3 (é)gsf (CMQt + ?; c )
s0.Can )
- (516, ) ()

%Zcevl_p(:;ifﬂﬁ) —e#(V) ift=1

\[< Ecev( )3 IW(SSQL)> otherwise,

where Q and £ correspond to the equation y? = 423 — 1, so that ©; =
Here, we also used the fact that 3.y (£), = 0 if 2| ¢, since
4V
# (Gal(K 1)/ K(V2, /pr, -, /pw)) ) = (3)
and thus there exists ¢ € V with ({), = (§), # 1. But we know from [9,
Lemma 2.5] or [23, Lemma 3] that

ords (1 —p (?\?,E)) =1/3,

Q
73
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since (M, 3) = 1. The claim now follows on noting that, by Lemma 2.1, we
always have ords(#(V)) > 1 except when t =1 and n =r. O

Given any character x : (Z/3Z)" — C*, we define

(2.7) <I>§X) = Z X () 7115(1;”“’ 1).

aE(Z/3Z)" §
Corollary 2.3. For any character x : (Z/3Z2)" — C*, we have

(1) ords <CI>%)) >n—1ift=1andn=r.
(2) ords <CI>%)) >n— % otherwise.

Proof. For any i € {1,...,n}, let 6; = (0,...,0,1,0,...,0) € (Z/3Z)"
whose ith coordinate is equal to 1. Note that p(:?) : o — x(«@) (DO‘) gives

a 1-dimentional character of (Z/3Z)". Thus considering the inner product
of p(x:%) and the trivial character gives

> X a) =

{W ifce VO
a€(Z/3Z)"

0 otherwise,

where V) = {c e C: (B) = 2 for all i}. Suppose there is an element
¢ € C such that (&), = X(é) for all i. Then V) = ¢V, so that in

particular #(VX)) = #(V). If no such ¢ exists, then #(V®)) = 0. In
either case, we have ord(#(V¥))) > ords(#(V)), and the rest of the proof
is a straightforward adaptation of the proof of Theorem 2.2. O

We are now ready to prove our first main result. Recall that given an
integer m, k(m) denotes the number of distinct prime factors dividing m
in Z.

Theorem 2.4. Let D > 1 be any integer with k(D) = n and (D,6) =
Let e;p =1 ift =1 and D has a prime factor which is inert in K, and let
eitp = 0 otherwise. Then

ords (L(alg)(CtD, 1)) >n—&p.

Proof. We will prove this by induction on n. Suppose first that n = 1,

so that D = p or p>. We have %111) = L)1) = %, %ﬁl) =

L(alg)((jz,” — % and %‘;1) = L(alg)(04, ) = 1. In the case when p is



958 Yukako KEZUKA

inert, we have

Ls(¥1,1) | Lg(¥up, 1) | Ls(@ye,1)
QO + Q:’ + Qf

_ (1 _ wt<<p>>> L(P1,1) | Ly, 1)

+ + L(lztp% ]-)
Q4 Q4 Q4

_ p2+p L(ﬁtvl) + L('@tp’ 1) + L(,(Etp271)
B p? Q Q Q ’

since we have (%)3 = 1 for any coprime integers a and b with (b,3) = 1 (see,
for example, [10, Proposition 7.7]). If p is a split prime, say pO = (7)(7)
with 7 = 1 mod 30, then we have

By, = (W _W(fr)s> (77 ~ (7tr)3> L(%é;tt, 1) n LW(ZH 1) n LW&% 1)‘

m—(L (L
Thus ords (( (7)3) ( <w)3>> > %_1_ % =1.Ift =1, then (%)3 =1, so
ords ((L_l) (i» > 1+ 1=2. Let x be a character on Z/3Z sending 1

™

to w. Then

x) 2 _ LS('LZtal) 2 L("Zt 71)
<I>tl’f —w Py, = (1—w)T+(w—w )Ti.

Then we have ords (@ﬁﬁf) — w2<I>tp) > %(1 — &4p) and ords(1 — w) = 3,
so ords (L(Q%fl)) > 1 — 2&4,. Since L@ (Cy,, 1) € Q by [1] (in fact an

integer by [18] in our case), its 3-adic valuation must be an integer. Thus
combining with Theorem 2.2, we obtain ords (L(alg)(Ctp, 1)) > 1 — ¢y, as

required. The same holds for L(alg)(Ctpz, 1).
Now assume n > 1. Given «, 8 € (Z/3Z)" we write § < « if k(Dg) <
k(D).

_ Ls(¥,1) Ls(¥rp,,1) AR
®;p = +% o +Za: 0

where the last summands are primitive. We know that

() g ()

p|D p p|D
inert pO=(m)(7)
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t
™

and thus ords (%}1)) > n —e;p (note again that ( )3 =1 whent=1).
Next, given 8 < a, we have

Ls(ips, 1) p’+p
i (%)

pl(Da/Dg) P
_ (tDs = _ (tDs —
% H T (7? )3 T (7_7 )3 L(T/}tle)
T T Q4 .
p|(Da/Dg)
pO=(m)(7)

. . . L(d_’tDﬁ»l)
By the induction hypothesis, we have ords —q, ) =rstsgten, —1,
where 73 and sg denote the numbers of inert and split primes dividing Dg,
respectively. It follows that

OI‘d3 <L5(¢th7 1)

1
0 > :(T‘—Tﬂ)-i-5(28—285)+Tg+85—€tpﬁ

:r+s—5tD62n—5tD.

Thus we have shown that ords (Za %’2“”) > n—e;p. We claim that this
lower bound applies to the individual summand, which proves the theorem.
We will prove this claim by applying another layer of induction.

Suppose D = pi' ---pSr. Given a subset I C {1,...,n}, define

L(@tD 71)

Y= —_— -,
aiz::ei Qt
el
We claim that ords (Za;[ei L(d)tg’ial)) > ords(Pip) — % for any I. We will
1€

prove this by induction on #(I). First, consider the case when #(I) = 1.
Without loss of generality, we may assume ¢ = 1 and first suppose e; = 1.
Let x be a character of (Z/3Z)" sending d; to w an J; to 1 for i # 1. Then
we see that

ords ((w —w?) Z IW) > ords (@gg - wQQ)tD) )

ar1=1 Qt

Thus Corollary 2.3 gives ords (Za =1 L(waiDtal)) > ords(®ip)— % Similarly,

a1=2 7L(w§§a’l)) > ords(®:p) — 3-
Suppose now that the claim holds for any I C {1,...,n} with 1 <
#(I) < k. Then we consider the case when #(I) = k + 1, and without

loss of generality, we may assume I = {1,...,k+1}. Given 1 <a <b <

if e; = 2, we can show ords (Z
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k+1,let I, denote {a,...,b}. By the induction hypothesis, ords(¥y, ,) >
ords(®;p) — 1 and ord3(Xp,,,,) > ord3(®p) — $. Now,

L({p,,,1 L(p,,,1
> (Ytpa, 1) > (YtDg5 1)

Q

aizei,ielgyk t a,:ei,ielgyk
a1=e1,0p 4 17€K+1 a17£e1,Qp1=€ek 41

—A- B,

say. Now, A+ B+ ¥ = EIQ,k SO Ord3(A + B+ EI) > Ord3(q)tD) - % On
the other hand, ¥, , +Xp,,,, = A+ B + 2% so ord3(A + B + 2%) >
ords(®;p) — 3. It follows that ords(X;) > ords(®:p) — 3, as required.

Hence applying the claim to I = {1,...,n}, we see that for any a €
(Z/3Z)" with k(D) = n, we have

L(Yp,. .1 1
ord3 <(¢;2DM)> > Ordg(q)tp) — 5
t

Since we know ords (L(alg)(CtD, 1)) is an integer, it follows from Theo-
rem 2.2 that ordz(L*8(Cip,1))) > n — ;p, as required. O
Remark 2.5. If k(D) =1, t € {2,4} and D = 2,4,5,7 mod 9, the proof
can be shortened significantly, since by a root number consideration (see

Corollary A.3), one of the two primitive Hecke L-values vanishes in the sum
®,,,. In particular, there is no need to introduce (2.7).

3. The 3-descent and the integrality of Sy

In this section, we give a 3-descent argument, and then discuss a conse-
quence of Theorem 1.3. Given any cube-free positive integer N (not neces-
sarily prime to 3), we write

En g2z =23 — 2433 N223,
where N/ = % if 32|V and N’ = N otherwise. This is birationally equiva-
lent to Cy : 2% + 1% = N, and over Q it is 3-isogenous to
EYy :y?z = 2%+ 20N23
Theorem 3.1. Let Cy : 23 4+ y> = N, where N > 1 is a cube-free integer.
Then the 3-part of the Tate-Shafarevich group I (Cy)[3] of Cn over Q
satisfies
ords (# (II(CwN)[3])) = r(N) — t(N) — 1 — rank(Cy),

where r(N) is the number of distinct primes dividing N which are inert
in Q(v/—3), t(N) =14 N = £1mod 9, t(N) = —1 if ordg(N) = 1 and
t(N) =0 otherwise.
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Proof. The isogeny ¢ : Ex — EY is explicitly given in [16, Définition 1.1].
The result of Satgé [16, Proposition 2.8] based on the work of Cassels [5]
gives us

dimp, (Sel(Q, Ex[¢])) — dimp, (Sel(Q, Ey[d])) = r(N) — ¢(N),

where $ denotes the dual isogeny, and we regard the Selmer groups of ¢
and ¢ as vector spaces over the finite field F3 with 3 elements. Recall that
we have an exact sequence

0 — En(Q)/¢(En(Q)) — Sel(Q, En[¢]) — TI(En)[¢] — 0.

Now, we know that Ex(Q)tor = 0, Ei\(Q)tor = {(0,1,0), (0, £22N,1)} ~
Z/3Z. Recall also that rank(Ey) = rank(E};) since they are isogeneous.
The result now follows from the exact sequence

-~

0 — HI(Ew)[¢] — MI(Ex)[3] -~ (B[]
which shows that ords (# (ILI(En)[3])) > ords (# (ILI(EN)|[¢])). O
Next, we discuss a corollary of Theorem 1.3. Recall that for N > 2,
B L@ (Cy, 1)
- [Tgbad €4

is defined so that if L(Cx,1) # 0, the Birch-Swinnerton-Dyer conjecture
predicts

Sy = #(IL(Cy)).
The Tamagawa number divisibility in Theorem 1.3, when combined with
[14], immediately gives the following.

Corollary 3.2. Let N > 2 be a cube-free positive integer with (N,3) = 1.
Then

(1) Sy is a perfect square if N is a product of split primes.

(2) 28y € Z if N =2,7mod 9.

(3) Sy € Z otherwise.

Furthermore, we have the trace formula

1 4O K(Nw))
Sy =———Trg( N——
N 3quad ¢q K (j(0sn))/ K (\F O (w)
where Ok (2) = >, pez e2miz(a®+b%=ab) s the theta function of weight one
associated to K, and K(j(Osn)) is the ring class field of the order O3y =
Z+3NO.

Proof. In the case where N is a product of split primes, we have Sy # 0
only if N = 1 mod 9 by Proposition A.2, and it follows from Theorem 1.3

and Lemma A.1 that 3Sy € Z. By [14, Theorem 2], we have Sy = é% for
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k
3¢
it must be an element of Z, and thus (1) follows. Parts (2) and (2) follow
from Theorem 1.3, Lemma A.1 and the fact that L) (Cy, 1) € Z shown
in [18] or in Section 4 of this paper. Note that if (N) = t(N) = 1, we have
Sy = 0 since the global root number ¢(Cn/Q) = —1 by Proposition A.2.
Finally, the trace formula is given in [14, Theorem 3]. O

2
some k,f € Z. If the square of a rational number ( is an element of %Z,

For a more detailed description of k and ¢ € Z satisfying Sy = ;—22,5 in
terms of theta functions of weight 1/2, we refer to [14, Theorem 2.

4. The 2-adic valuation of the algebraic part of central L-values

Let N > 2 be a cube-free integer with (N,3) = 1, and let C : 23 +y3 =
N. The aim of this section is to give another proof of the integrality result

L@8)(Cy, 1) e Z

of Stephens [18] by directly studying the remaining 2-adic valuation of
L) (Cy,1). The approach given here has the advantage that it gives us
an insight into how the L-values can be divisible by a large power of 2
for quadratic or sextic twists of the curve y? = 2% — 2433, Recall that ¢¥n
denotes the Grossencharacter of C over K. We write N = tD, where
t € {1,2,4}, 2t D and k(D) = n. Let Eip be given by (2.1) as before.
We write Q;p for the real period introduced in (2.2), and let L;p = QpO
denote its period lattice. Recall that the conductor of ¢,p divides f = fO,
where f =rad(3tD). Let S be the set of primes of K dividing 3tD.
Then again by [6, Proposition 48], we have

Gal(K (Cip)/K) = Gal(K(f)/K) ~ (O/MO)*,

where M = rad(¢tD). We set C to be a set of elements of O prime to M
such that ¢ mod M runs over (O/MQO)* precisely once as ¢ runs over C,
and such that ¢ € C implies —c € C. Define

B={3c+eM:ceC}ift=1, and
B={6c+eM:ceC}if2]|t,
where the sign € € {£1} of M is again chosen so that eM = 1 mod 3. Sup-
pose first that 2 | t. Then we have (O/MO)* ~ (0/20)* x (O/DO)*, and
we take oy € Gal(K (f)/K) to be an element corresponding to a generator of
(O/20)*. Then the Artin symbol opoy in the extension K (f)/K runs over
the Galois group Gal(K (f)/K) precisely three times as b runs over B and i
runs over {0, 1,2}. Thus, again by [7, Proposition 5.5], for any « € (Z/3Z)"
we have
8Ls(dipa,1) _ 1 i
6D =5

" QtD& )U”Uti
Q. 2 ¢ ( 6D Lt '

beB
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Similarly, if £ = 1, we have

LS(TED ) Z <QD >Ub

7‘1 — o EDQ .

Qp,, e
It follows that in both cases we have
Ls(¢p,.,1 1 Q T
ords M > ordy | = Z & (%7&1)&) .
o, T\

Thus, if we can show ords (% > eeB &L (Qw EtDa)ah) > 0, then it follows
that ord, <L(alg)(C'N, 1)) > (0. We define

V:{CGCZ<€> =1 for all p | D, where b € B}.
3

Recall that
L s 1
o, Z S (¢tDa ) )

a€(Z/32)" $
Theorem 4.1. For any cube-free odd integer D > 1 prime to 3, we have

2 1
OI‘dQ ((I)D) > 0, OI‘dQ (CI)QD) > —g and OI‘dQ (CI)4D) > —g.

Proof. Note first that ords(3®;p) = orda(®P¢p). Following the methods of
the proof of Theorem 2.2, we obtain

ordy (®;p) > ords (;r [%;g (ae(z (1?)&)3) & (?7&)%)

7/37)"
Op
= Ol”dg ( Zgl < Et) ) y
ceV

because 3¢ (z/3z)n (%)3 = 3" if (§), = 1 for each prime factor p of D,
and Zae(z/%)n (%)3 = 0 otherwise. Since f = 3D or 6D according as
t=1ort#1, it suffices to show

0 ift=1

t EQt CQt .
ordy <Z <> & <+,£t>> >q1/3 ift=2
\b/s 3 D

2/3 ift=4.
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Recall that Q; = 5371{7 and that &£ is homogeneous of degree —1. Since
we still have —c¢ € V' whenever ¢ € V', (2.6) gives

1 ¢ o : _
" e, e 2 Zcev 3_p<cszli7£) 6#(V) ift=1

g‘:/ (b):sgf (3 * D’Et) B ?Ecev (€)3D<3(96> ift # 1.

—o(pHL1)

Recall that ©; and £ correspond to the equation y? = 42% — 3% with
a Weierstrass form A : Y2 +Y = X? — 7 with discriminant 3°, so that
in particular it is minimal at the prime 2. We know go(%,ﬁl) = 3 and
p’(%, L1) =9, and thus 3—p (C%, El) = X(Q)—X(P), where Q = (3,4)
is a point on A of order 3 and P is a point of order D. We claim that
ords (X(Q) — X(P))) = 0. Indeed, since A has good reduction at 2 and P
is a torsion point of order prime to 2, we have ordy(X (P)) > 0. Suppose for
a contradiction that ordy(X (Q)—X (P)) > 0. Then we have X(Q) = X (D),
where ~ denotes reduction modulo 2. It follows that either P — Q or P+ @
lies in the reduction modulo 2 map, and thus it must correspond to an
element in the formal group of A at 2. But neither can be a torsion of order
a power of 2, since 3 and D are both prime to 2. Finally, p is an even
function, —1 is a cubic residue, and ¢ € V implies —c € V. Therefore, we

have
t 9e
ordy Z () > 1.
<cev /33— (%ﬁl)
The result now follows on noting that ords (%) = orda(t)/3 — 1. O

Recall that we defined

Ls(¥1p,,1
o= X(Q)S(%Dm)
a€E(Z/3Z)n t
for any character x : (Z/3Z)"™ — C*. Then the arguments for Corollary 2.3
give
Corollary 4.2. For any cube-free odd integer D > 1 prime to 3 and for
any character x : (Z/3Z)" — C*, we have

() () 2 () 1
ordo (CDDX ) >0, ords (<I>2XD> > -3 and ords <<I>4XD> > —3
We are now ready to prove:

Theorem 4.3. For any cube-free integer N > 2 prime to 3, we have

ord, (L) (Cy, 1)) > 0.

In particular, L(alg)(CN, 1) is an integer.
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Proof. We write N = tD where 2 D. We can again prove this by induction
on the number of distinct prime factors k(D) of D. First let k(D) = 1, so
that D = p or p? for a prime p. Let x be a character of Z/37Z taking 1 to
w. Then

B0 2Py, = (1 w)LS(lﬁn 1) bw- wQ)L(@p, 1)

tp S)t Slt '
where
Ls(@n1) (p;rp) L(gi’l) if p is inert in K
A2 R = T— R T— 1 Ty
Qt ( )) ( 5-?)3) LG if pO = (m)(7) splits in K.

Recall that 2L = L@9)(0y,1) = L, 2l — [@9(Cy,1) = § and

L(gif) = L) (Cy, 1) = 1. Note that in the case when t = 2 and p is split,
we have (%)3 =(5), = 5 = 7 mod 2, where in the first equality we used
the fact that 2 and 7 are congruent to =1 mod 30 and the cubic reciprocity
law. It follows that ords(m — (2)3) = ordy(T — (%)3) > 1. Furthermore,

s

ordz(1—w) = 0. Thus, in all cases we have ord, (%ﬁ’l)) > orda(®yp). Since

L®18)(Cy,, 1) € Q, its 2-adic valuation must be an integer. Thus combining
with Theorem 4.1, we see that ords (L(alg)(Ctp, 1)) > 0, as required. The

same holds for L(alg)(Ctpz, 1). The rest of the induction argument follows
easily from the proof of Theorem 2.4. O

Remark 4.4. Once again, in the case when k(D) = 1, t € {2,4} and
D = 2,4,5,7mod 9, the proof can be shortened significantly, since by a
root number consideration (see Corollary A.3), one of the two primitive
Hecke L-values vanishes in the sum ®,.

Remark 4.5. Lemma A.1 shows that the product of Tamagawa numbers

of C'y satisfies
1 if N=2,7mod9
ordy H ¢ | = i & mo
0 otherwise.
gbad

Assume L®18)(Cy,1) # 0. Since we know by Cassels’ theorem [4] that
the order of III(Cy) is a perfect square when it is finite, Conjecture 1.1

predicts that ords (L(alg)(CN, 1)) is odd whenever N = 2,7 mod 9. Note
L(E1g) (Cy,1)

gbad Cq
when N is a product of split primes in K, but in this case we have Sy # 0

only if N =1 mod 9.

that by Corollary 1.7, we know that ords(Sy) = ords ) is even
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Appendix A. Tamagawa number and root number computations

We will compute the Tamagawa numbers and the root number of the
curve

C’N:x3+y3:]\7,

for a cube-free integer N > 1 with (N,3) = 1. We will first compute the
Tamagawa numbers ¢, at the primes ¢ of bad reduction for Cy, so that
q | 3N. The following result is known from [22], but it is repeated here for
the convenience of the reader.

Lemma A.1. Let N > 1 be a cube-free integer prime to 3. The Tamagawa
numbers of Cn are given by co = 1,

1 for Cny when N =4,5mod 9
c3 =12 for Cny when N = 2,7 mod 9
3 for Cn when N =1,8mod9

and for an odd prime p dividing N,

1 fp=2mod3
Crh =
P13 ifp=1modS3.

Proof. We follow Tate’s algorithm [19] and use the usual notation. We will
first work with the model y? = z3 — 2433 N? for Cy.

e Tamagawa factor c,: The type is IV if p? { N, IV* if p* | N. If
p = 2 mod 3, then (_?3) = —1, and the equation 7?2 + 3 has no
roots in F. It follows that ¢, = 1. If p = 1 mod 3, then (_73) =1,

and the equation T2 + 33 has roots in F,, thus ¢, = 3.

e Tamagawa factor c3: We have 33 | ag and P(T) = T3 — 24N? has
triple roots in F3 since P'(T) = 3T? = 0 mod 3. After the change
of variables x = X —6 and y =Y, the triple root is equal to 0. The
new equation is Y2 = X3 — 18X? + 108X — 2333(1 + 2N?). The

; 2 —2333(1+2N2) _ 49 _
equation 7% — ——3——~+ =T“ + 1 mod 3 when N = 4,5 mod 9,
and this has no roots in F3, thus c3 = 1. The equation is congruent
to T2 + 2mod 3 when N = 1,8 mod 9, and has distinct roots in
F3. Hence the type is IV* and c3 = 3. This has a double root when
N = 2,7mod 9, but 108/3% # 0 mod 3, thus the type is III* and
c3 = 2 in this case.

e Tamagawa factor co: If 24 N, then Cy has good reduction at 2, so
clearly co = 1. Now assume N = 2:D where i = 1 or 2 and 2 t D.
We will deal with the cases ¢ = 1 and ¢ = 2 separately.

— Case i = 1: Making the change of variables x = X and y =
Y + 3D, we obtain the equation Y? 4+ 6DY = X3 — 2232D2
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Then a3z = 6D, ag = —2232D? and 23 { bg = (6D)?+4ag, hence
the type is IV. Now, T2 + 3DT + 32D? = T? 4+ T 4 1 has no
roots in [Fo, so ¢y = 1.

— Case ¢ = 2: Making the change of variables x = X and y =
Y + 2, we obtain the equation Y2 +4Y = X3 —22(32D? +1).

Now, the equation 7?2 + %T + % =T%2+T+1mod 2
has no root in Fo. Thus the type is IV* and ¢o = 1. O

Now, we compute the root number of the curve Cp. The global root
number ¢(Cn/Q) of Cy is given by

e(Cn/Q) = [] (Cn/Q) =~ [] e(Cn/Q),
gq<oo q|3N

where €,(Cn/Q) denotes the local root number at a prime ¢, and we always
have €5 (Cn/Q) = —1. We write N =tD with t € {1,2,4} and (2,D) =1,
and let Ep be as given by (2.1).

Proposition A.2. The local root numbers of Cn are given by

6oo(C’N/(@) = _17
62<CN/@)_{—1 if2| N

+1 otherwise,

-1 ¢ N=1,8mod9
+1 otherwise,

e3(Cn/Q) = {
and for any odd prime factor p of N,

(O /@) = (=)

Proof. The local root numbers at 2 and 3 can be obtained from [21, Lem-
ma 4.1]. We have e3(F;p/Q) = —1if 2 |t or t = 1 and D? = 3 mod 4. But
the latter case does not happen. The claim on the local root number at 3
follows on noting that e3(Ep/Q) = —1 if and only if —2*D? = 2 or 4 mod 9,
€3(Eap/Q) = —1 if and only if —D? = 2 or 4 mod 9 and e3(FE;p/Q) = —1 if
and only if —22D? = 2 or 4 mod 9. Since the discriminants of these curves
have p-adic valuation equal to 4 or 8, we know by a result of Rohrlich [13,

Proposition 2| that e,(E;p/Q) = (7?3) O
Corollary A.3. Let D, = p{* -+ - p%m =2,4,5,7 mod 9 be a cube-free prod-
uct of primes p1, . ..pn, where we may consider o = (ay,...ap) € (Z/37)"™.

Then fort € {2,4}, we have

€(Eip,/Q) = —€(Etp,, /Q).

In particular, we have at least one of L(Eip, /Q, s) and L(Ep,,/Q,s) van-
ishing at s = 1.
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Proof. This follows from Proposition A.2 on noting that a® = +1 mod 9 for
a€ {2,4,5,7}. 0

Appendix B. Numerical examples

Given a cube-free positive integer N with (N,3) = 1, k(N) denotes the
number of distinct prime factors of N. We have k(N) = r(N) + s(N),
where r(N) and s(IN) denote the number of distinct inert and split prime
factors of IV, respectively. The following computations were obtained using
Magma [2] and Sage [20], assuming the generalised Riemann hypothesis
whenever k(N) > 3. We give three tables, one for each curve Cy where
N is of the form D, 2D or 4D and (D,2) = 1. The numerical data is
ordered first by k(N) (which affects the 3-adic valuation of L(212)(Cy,1)
by Theorem 2.4), then by r(N) (which affects the order of III(Cx)[3] by
Theorem 3.1) and finally by the order of the prime factors.

N (r(N),s(N)) Nmod9 L& (Cy 1) II(Cn)[3]
197 (0,1) 1 32 trivial
26832 (0,1) 1 32 trivial
5 (1,0) 5 1 trivial
52 (1,0) 7 2 trivial
19% . 372 (0,2) 1 3° trivial
7-53 (1,1) 2 2-3 trivial
17% - 53 (2,0) 1 3° (Z./37,)*
17% . 532 (2,0) 8 3° (Z/32)?
532 . 712 (2,0) 1 33 (Z./37)*
72 .139% - 3797 (0,3) 1 20 . 3¢ trivial
7-139 - 397 (0,3) 1 3t trivial
72 .139% - 3977 (0,3) 1 3t.72 trivial
5%.7%.132 (1,2) 7 2.3? trivial
11%2.29 - 47 (3,0) 7 25 .32 (Z/32)?
7-17-31-53 (2,2) 1 33 trivial
5-11-17-53 (4,0) 1 3? (Z./37)*
17-53-89-179 (4,0) 1 3° (z./37)*
5%2.7%.11%.13% .23 (3,2) 5 3¢ (Z./37)*
52.7%.117.13% . 232 (3,2) 7 27. 3% (7./37)?
5-17-23-29-41 (5,0) 5 34 (z./37)*
52.7%.11%2.13% . 232 . 292 (4,2) 1 3° (7./37)?
2.7 (1,1) 5 3 trivial
2.7%.13? (1,2) 2 2.32 trivial
2.5%.132 (2,1) 8 22 . 32 trivial
2.5-109 (2,1) 1 32 trivial
2.5-163 (2,1) 1 32 trivial
2.5-181 (2,1) 1 32 trivial
2-5-1657 (2,1) 1 3* (Z/37)*
2.5%.112 (3,0) 2 2.3? (Z./37)*
2-5-569 (3,0) 2 2.3? (Z./37)*
2.5-5692 (3,0) 4 2% .32 (Z/37)*
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2-5%. 5692 (3,0) 2 23 . 31 (Z./37)*
2177232 (3,0) 5 24 . 32 (Z./37)*
2-7-139-379 (1,3) 2 2.33 trivial
2.7%.139% . 3797 (1,3) 2 2.33 trivial
2.7-17-23 (3,1) 2 2.3° (Z./37,)*
2-23-29-41 (4,0) 1 22 .33 (Z/37,)*
2-13-19-37-43 (1,4) 2 2.3% trivial
2.52.72.11%.132 (3,2) 2 2. 3° (7./37)?
2.17-23-29-53 (5,0) 2 2.3% (7./37)*
2.5-11-23-29-41 (6,0) 1 3° (z./37)*
2.52.72.11%.13% . 17 . 232 (5,2) 5 38 (z./37)*
22 .72 (1,1) 7 2.3 trivial
2?2 . 52 (2,0) 1 3 trivial
22.7.13 (1,2) 4 32 trivial
22.37-73 (1,2) 4 2% .32 trivial
22.5.31 (2,1) 8 32 trivial
22.5%.112 (3,0) 4 3 VARYAR
22.5.897 (3,0) 2 25 .32 (Z)32)?
22.5%.137? (3,0) 4 36 (7./37)?
2% .47-191 (3,0) 7 2.3? (Z/37)*
2%.7%.19%. 372 (1,3) 7 25 .33 trivial
2%.11-31-43 (2,2) 8 3° trivial
2%.5%2.13%. 172 (3,1) 7 25 .33 (Z/37)*
22.5%.11-23 (4,0) 1 33 (7./37)?
2%2.7.13-19-31 (1,4) 7 2.3 trivial
2%.7.11-17-53 (3,2) 4 3* (Z/37)*
22.5%. 7211172 (4,1) 8 34 (7./37)?
2%2.5.11-17% - 41 (5,0) 2 2.3 (2/37)*
2%.5%.7%.11% . 132 . 23? (4,2) 1 37 (Z/37)*
22.5.11-17-23-41 (6,0) 8 3° (z./37)*
2%.5.17-23-29-41 (6,0) 8 3° (z/37)*
2%.5%.7%.11% . 13% - 172 . 297 (5,2) 7 2. 3% (z/37)*
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