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On the ¢-adic valuation of certain Jacobi sums

par VisHAL ARUL

RESUME. Soient £ et f deux nombres premiers distincts. Soient F, un corps
fini tel que ¢ =1 (mod £f), xe, Xs: F; — QX deux caracteres multiplicatifs
d’ordres respectifs £ et f et J(xe, xy) la somme de Jacobi associée. Nous
prouvons une nouvelle congruence pour J(xy, xs). Plus précisément, nous
montrons que J(xe, xf) = —1 (mod (1 — ¢;)*) avec i < £ si et seulement si
certaines unités cyclotomiques de F* sont des puissances ¢-iémes.

ABSTRACT. Fix distinct primes ¢ and f, a finite field F,; such that ¢ = 1

(mod £f), multiplicative characters x¢, xs: F;* — QX of orders ¢ and f, and
let J(x¢, xf) be the associated Jacobi sum. We prove new a ¢-adic congruence
for J(xe, x ). More specifically, we give a necessary and sufficient condition
for J(xe, xf) = —1 (mod (1 —¢;)?) when i < ¢ in terms of certain cyclotomic
units of F being fth powers.

1. Introduction
We first recall the definition of Jacobi sum.

Definition 1.1. Fix a finite field Fy, a field L, and two nontrivial multi-
plicative characters x, 1 : F* — L*. Then the Jacobi sum J(x,) is

Jx.v)= > x(@p(l-z)eL.

z€F,\{0,1}

Jacobi sums have various applications in number theory; see [2] for many
examples. They appear as Frobenius eigenvalues for the Fermat curve in [9].
The Jacobi sums of the type studied in this paper are Frobenius eigenvalues
of the diagonal curve y* = zf 4 1, which are studied in [1, 7, §].

For many applications it is helpful to know congruences for Jacobi sums.
In [3], an application of Stickelberger’s congruence is used to show the
following result.

Theorem 1.2. Fiz a prime power ¢ = p!, where p is a prime. Suppose p
is a prime of Q((y—1) lying over p. Suppose wy is a Teichmiiller character
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on Fy; i.e, for every a € Z[(4—1] we have wy(@) = o mod p. Then for any
integers ki, ko in the range 0 < ki,ko < q — 1 such that k1 and ko are not
both zero, we have
(kl + kg)!
kqlko!
Theorem 1.2 expands a Jacobi sum p-adically where p is the characteristic
of Fy. A variant of this question would be to ask to expand the Jacobi sum
l-adically, where ¢ is a prime such that ¢ = 1 mod ¢. In [4], Evans shows
the following.

Theorem 1.3. Let F, be a finite field, k > 2 be an integer such that
qg = fk+ 1 for some integer f,  be a primitive kth root of unity, and
X o multiplicative character of order k. Given integers a, b, and c with
¢c=—-a—b,kta, kt1b ktc ged(a,b k) = 1, we have the following
equation modulo (1 — ¢*)(1 — ¢)(1 —¢):

J(w*kl,wp*]”) =

b mod p.

2 —gq if k=3,
T X" = q1+i(g—1)/2 if k=4,
x(=1) if k> 4.

In [10], Miki obtains an ¢-adic congruence for generalized Jacobi sums
J(x*, x%,...,x%) where x : F — C* is a character of order m = ("
(in particular, ¢ = 1 mod ¢"). Miki’s congruences generalize Iwasawa’s ([6,
Theorem 1]) and Thara’s congruences ([5, Corollary to Theorem 7]) for
Jacobi sums.

In [11], Uehara establishes an ¢-adic congruence for Jacobi sums of the
form J(x,x%) where x : F; — C* is a character of order f¢ and ¢ =
1 mod f¥¢. Certain cyclotomic units of Q((s¢) appear in Uehara’s expansion.

Our setup will be very similar to that of Uehara’s, and we will also find
a connection with cyclotomic units. The main result of this paper is used
in [1] to classify torsion points on the diagonal curve y™ = x4+ 1.

Let ¢ and f be distinct primes, let ;,(; € Q be primitive ¢th and fth
roots of unity, let L = Q((y,(y), and let m; = (; — 1. Let F be a finite field
such that ¢ = 1 (mod £f), let x¢, xy: F; — L* be multiplicative characters
of orders £ and f, and let J(x, xr) be the associated Jacobi sum. We give a
necessary and sufficient condition for J(xz, xf) = —1 (mod (1 —¢;)*) when
i < £ in terms of certain cyclotomic units of F* being (th powers.

Uehara [11] establishes an f-adic congruence for a specific linear com-
bination of Jacobi sums of the form J(x, x%f) where x : Ff— Q*isa
character of order ¢f, ¢ = 1 (mod £f), and ¢ # 0 (mod /). Certain cy-
clotomic units of Q((, (¢) appear in Uehara’s expansion. Since J(x,v) =
Y(=1)J(x 11, 4) ([2, Theorem 2.1.5]), we see that if ¢f = —1 (mod £),
then J(x,x%) = £J(x 1=, x¢) = £ (x*,x"17%) is a Jacobi sum of
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the type we consider since x¢/ is a character of order ¢ and y '~¢ is a
character of order f. Therefore, our main result yields an ¢-adic congru-
ence for one specific Jacobi sum in Uehara’s linear combination of Jacobi
sums. Our congruence will also be stated in terms of cyclotomic units.

In [1], our congruence is used to determine explicit generators for torsion
fields of the jacobian J of the curve y* = x/ + 1. More specifically, the
automorphism (p : (z,y) — (z,(py) of the curve induces an automorphism
¢ of J,and 1 —¢, € End(J) has degree £/~1. Our Jacobi sum congruences
provide a set of generators for the torsion field L(J[(1—(;)!]) when i < £ in
terms of cyclotomic units. In particular, when i = £ — 1, then J[(1 — ()] =
J], so we gain an explicit understanding of the ¢-torsion of the jacobian.

Abuse notation to define (;, (¢ € F4 to be primitive /th and fth roots of
unity in Fg. Our main theorem will give an /-adic congruence for J(x, xr)
in terms of the following cyclotomic units.

Definition 1.4. For i € {0,1,...,/ —1} and j € {1,2,..., f — 1}, define
1;,; to be the following cyclotomic unit:

-1
()
myi= 1 (1= G¢) eFy,
r=0
where we take the convention that (;) = 0 whenever i ¢ {0,1,...,7}.

Our main result is the following.

Theorem 1.5. For k € {1,2,..., 0 — 1}, the following are equivalent:
(1) J(xe xs) = —1 (mod 77 OL);
(2) mij GFqM forallie{0,1,...,k—2} and j € {1,2,...,f —1};
(3) mij € FX* foralli € {0,1,....,k—2} and j € {1,2,...,[f/2]}.

In particular, J(xe,x¢) = —1 (mod 7,Or) always holds. (Here, the set
{0,1,...,k — 2} is the empty set if k =1.)

Our methods allow us to even reach the case k = ¢, which we analyze in
Section 8.

Theorem 1.6. The following are equivalent:
(1) J(xe,xyp) = =1 (mod mOp);
(2) ¢=1 (mod £2f) and 1—C§C} e Ryt forallie{0,1,...,0—1} and
je{1,2,....f—1};
(3) ¢=1 (mod £2f) and 1—C§C} € F;Z foralli e {0,1,...,4—1} and
je{1,2,....f/2]}.
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2. The index
Definition 2.1. Let g be a generator of F; such that gla= D/t = CeCs-

Definition 2.2. For z € F, define ind(x) € {0,1,...,¢ — 2} such that
T = gind:c.

Lemma 2.3. Forr € {0,1,...,4—1} and j € {1,2,...,f — 1},

Z ind(1 — ¢%) =ind (1 — gggj;) (mod g —1).
ae{1,2,....,q—2}

a=j (mod f)
a=r (mod ¢)
Proof. Take the equality
H 1-—g"xX)y=1-Xa in Fy[X]
k=0

and substitute X = g% to obtain

=1
[T (1 gosiry — 1= )
k=0
=1-¢¢f (since g7 = GiGy)
=1- (¢,
so we are done by taking ind of both sides. O

Definition 2.4. For integers a and b, define the Kronecker delta

5a7b:{1 ifa=0b

0 otherwise.

Lemma 2.5.
(1) Forme {1,2,...,f—1},

nom =1 — C}ne
(2) We have
(2.1) ind(y =0 (mod )
(2.2) ind ¢, = qgfl (mod £).
(3) Forie{0,1,....4—1} and j € {1,2,...,f — 1},

-1

indn,; ; = Z (:) ind (1 - Cg(}) (mod g — 1).

r=0
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(4) Forie{0,1,....,0—1} and j € {1,2,...,f — 1},
—1 —1
indm’f_j = —(52‘,4_1 <1nd(—1) — <q€f>> — 51'73_2 <q€f>

+ (=1)* XZ: (j : li) indny; (mod ¢).

k=0

(5) Suppose that i € {1,2,...,0 —1}, j € {1,2,...,f — 1}, and m €
{1,2,..., f — 1} are such that m¢{ = j (mod f). Then

ind (1 — QC}) = indno,m — Z Z ( ) indne_9_4; (mod¢).

s=f—1—i a=0
(6) Forie{1,2,....,4—1} and j € {1,2,...,f —1},

md(l-g}jg})zind(—1)+z‘<q€f )+1nd(1—(§’ ) (mod 0),

Proof. (1). Take the equality
-1

[[a-¢Xx)=1-X" inF,[X]
r=0

and substitute X = C}” to obtain

/-1
10,m = H(l - ng}n)
r=0
=1-(¢M"

(2). Since (s is an fth root of unity and F, contains a primitive ¢fth root
of unity, ¢y € qu; (2.1) follows.

Taking ind of both sides of Definition 2.1 yields (¢ — 1)/(£f) = ind {; +
ind {y (mod g — 1), so (2.2) follows from Definition 2.1 and (2.1).

(3). Take ind of both sides of Definition 1.4.
(4). Modulo ¢, we have
ind nif —j

_Z<>1nd(1—ggf )

(by Lemma 2.5(3))

—Z()(md —l—rindCB—jindcf_}_ind(l_cgr(}))

(since ind(yz) =indy +indz (mod ¢ — 1))
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o md(iO)G;MEﬂD

< )md 1-¢, TQf)

(by Lemma 2.5(2))

(2.4) :ind(—1><.f1> + (qg_fl) (“‘ U(z‘fl) B (Zf2>>
N Z <T> ind (1 - ¢;7¢])

29 = (o0 (45)) s (1)
+Z ( >md(1—cg’"<f)

since (ﬁ) is divisible by ¢ except when k € {0,/}, in which case it equals
1 (and we assume that ¢ € {0,1,...,¢ — 1}). Change variables in the last
sum to s € {0,1,...,¢ — 1} such that s = —r (mod ¢) (the values (}) and
¢; only depend on 7 (mod /) since i € {0,1,...,¢ —1}). This yields

2 (:) ind (1-¢7¢}) = g) <_ZS> ind (1 - ¢;¢j)
eZl - ( ;) <}Z> ind (1 - ¢;¢})

5=0 k=0

(2.6) = (1" ( _ z];;) inc .

k=0

by Lemma 2.5(3). We finish by combining (2.5) and (2.6).

(5). Modulo ¢, we have

i[RI [ )

by Lemma 2.5(3))

—~
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2 41 }
-3 Z<£_2> ind (1-¢;¢})
3 (ind (1 - gg—Hg}) —ind (1 _ g§—1—5<}))

1—3

={—
(smce <r+s) =0 (mod/¢) whenr+s¢{{—2¢— 1})

ind 1 - gf) ind (1 - gegf)
(telescoplng sum)

ind 79, — ind (1 — g;;gj;)
(by Lemma 2.5(1)).

(6). Taking ind of both sides of 1 — ¢j¢} = —¢i¢) (1 — ¢ jf‘j) gives

ind (1 - g,f}gj;)
=ind(—1) +iind {, + jind (¢ + ind (1 - CgiiC]Jf*J) (mod ¢)

= ind(— )+z<q )+md(1—g“fﬂ) (mod ¢)

tf
by (2.2) and (2.1). O

3. Some rings

Definition 3.1. Without loss of generality and by abuse of notation, let
Ce=xelg) € L, let (f = xs(9) € L, and let 7y = {; — 1. Let M = Q((y).

Definition 3.2. Define Q := Z[t]/(t/ — 1). Define ring homomorphisms
a: Q = Oy and B: Q — Z by a(t) = (5 and S(t) = 1. Define

R = Q/LQ = Z[t]/ (4, t) —1)

R := the subring Z/¢Z of R

w: R — Op/tOy := the ring homomorphism induced by o; w(t) = [(f]
7: R— Z/lZ := the ring homomorphism induced by 3; 7(t) = 1.

Each r € R has a unique representation r = ag + a1t + --- + af_ltf_l for
ao, a1, ...,a5_1 € Z/UZ, so for j € {0,1,..., f — 1}, define

1) = a

to be the jth coefficient of r.
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Lemma 3.3. The product homomorphism
(w,7): R — (Op /O ) x (Z/0Z)
is an isomorphism.
Proof. The ideals Iy, I of R defined by
L= 4241
I:=(t—1)
are pairwise coprime because for
=t 2 4 e,
b= =D+ WP+ +(t—1) €l

the difference i1 — 9 = f is a unit of R, so by the Chinese remainder
theorem, the natural map

R — (R/I) x (R/I)

is an isomorphism. Since w, 7 are each surjective and their kernels are
I, Iy respectively, they induce the isomorphisms R/I; ~ Op;/¢Op; and
R/Iy ~ Z/VZ, so the lemma follows. O

Lemma 3.4. Forr € ker 7, the following are equivalent.

(1) w(r) =0;

(2) r=0;

(3) re R.
Proof. The restriction 7|g : R’ — Z/{Z is an isomorphism, so r € R'Nker 7
if and only if » = 0, giving the equivalence between Lemma 3.4(3) and
Lemma 3.4(2). By Lemma 3.3, »r = 0 if and only if 7(r) = 0 and w(r) = 0,
giving the equivalence between Lemma 3.4(1) and Lemma 3.4(2). O

Definition 3.5. For nonnegative integers u and v, define

S(u,v)= 3 (injx> (ind(lvx)>tindw €R

2€F\{0,1}
T(u,v) == 7(S(u,v)) €Z/Z
W(u,v) :=w(S(u,v)) € Opn /Oy

Lemma 3.6. Foriec {0,1,...,0—1},
1 ifi=0
TO,i)={0  ifie{l,2,...,0—2}
L fi=0-1.
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Proof. We have
T(0,4) = 7(5(0,1))

= r ( Z <1nd(1 - :L‘)) tind:p)
2€F,\{0,1} L
_ Z (ind(li— x))

z€F,\{0,1}

2

(since {indz:z € F,\ {0,1}} ={1,2,...,¢ —2})

() -0

and the rest follows from breaking into cases depending on the value of ;
when i = £ — 1, we use the fact that () = () (mod £). O

Lemma 3.7.
(1) Forie{1,2,...,£— 2}, the following are equivalent:
(a) S(0,i) € R';
(b) W(0,4) = 0.
(2) The following are equivalent:
(a) SO0,6—-1) = GZ (1 +t+ 24+t e R
(b) W(0,¢—1)=0.

Proof. Lemma 3.6 implies that
S(0,7) € ker T

-1

S(0,0—1) — %(1 Ft+ 24+t e ker,

so we are done by applying the equivalence between Lemma 3.4(1) and
Lemma 3.4(3) to r = $(0,4) and to r = (0,6 — 1) = G (1 +t+ 2 4+ +
t/=1). O

4. ¢-adic valuation of Jacobi sums

Lemma 4.1.
(1) For k € {1,2,...,£— 1}, the following are equivalent:

(a) J(xe, xf) =—1 (mod ﬂf(’)L);
(b) S(0,1), S(0,2), ..., S(0,k—1) e R
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(2) The following are equivalent:
(a) J(xe,xs) = —1 (mod mjOL);
(b) S(O 1), S(0,2), ..., S(0,£—2) € R, and also S(0,¢{ — 1) —

f—1 /
el (1+t+ 4t )eR.
Proof. Using J(x,v¢) = J(¥, x),

J(xes xr) = J(xr, xe)

= > xs@)x(l -

z€F,\{0,1}
_ Z C}nd(az) Cénd(lfx)
2EF N\ 0,1}
_ Z Cmd(:r (1 _{_ﬂ_z)ind(l—m)
2€F,\{0,1}
md(l—a:) .
md z) ind(1—2)\ ;
verion) i=0
qg—1 /.
ind(x ind(1 —x i
Sy e ( (i >>ﬂg
2€F,\{0,1} i=0

(since ind(1 —x) <gqg—1)

qg—1 .
_ Zﬂ_z ( Z (md(li— x)) C}nd( ))

=0 \weF,\{0,1}

—1 :
Z - Z d(1 - in
i=0 z€F,\{0,1}

Since {indz : x € Fy\{0,1}} = {1,2,...,¢—2}, the i = 0 term contributes
GG+ (= = ¢)/(G = 1) = —Lsince ¢ = 1 (mod £f), so

(4.1) J(X€7Xf ( 1—‘1-27‘('[( Z (ind(li ))C}nd ))"‘WfOL

z€F,\{0,1}

Since vg(m;) = 71, the term (erFq\{0,1} (md (1-z )C1nd($)) lies in Oy,
and M is unramified at ¢, the ith term in the sum on the right hand side
of (4.1) has ¢-adic valuation ;4 (mod 1). In particular, all the valuations
are distinct, so

J(xe;xf) =—1 (mod WfOL)
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if and only if

Z (md(ll—ﬂ?))C}nd(x) €10y forie {1,2,...,k—1},

€F,\ (0,1} !
which is the same as
w(0,1), W(0,2), ..., W(0,k—1) =0,

so we are done by Lemma 3.7.

5. The connection between S(¢,1) and cyclotomic units
Lemma 5.1. Fori € {0,1,...,4—1} and j € {1,2,..., f — 1},
[t7]S(i,1) = indn;; (mod ).
Proof. By definition of S(i,1),

j . - al . _a
pisan = ¥ (4)man- )
a€{1,2,...,q—2}
a=j (mod f)

-1 a
=Y > () ind(1 — ¢%)
r=0ae{1,2,...,q—2} v
a=j (mod f)
a=r (mod ¢)

/—1
=y <T> Y ind(1—-g% (mod ¢)

7
r=0 ae{l,2,....q—2}

a=j (mod f)
a=r (mod ¢)

/-1
= z:% (:) ind (1= ¢7¢})  (mod ¢)
(by Lemma 2.3)
=indn;; (mod ¢)
(by Lemma 2.5(3)).

Lemma 5.2.
(1) Forie{0,1,...,0— 3}, the following are equivalent:
(a) S(i,1) € R';
(b) indmn;; =0 (mod ¢) forj e {1,2,...,f—1}.
(2) The following are equivalent:
() S(C—2,1)+ % (1+t+---+ /1) € R,

(b) ind(ne—2,/) + 47 =0 (mod £) for j € {1,2,..., f —1}.
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Proof. For any r € R, the condition » € R’ is equivalent to [tj]r =0
(mod ¢) for j € {1,2,..., f—1}. Apply this observation tor =5(0,1), ...,
r=5S—-3,1), and also to r = S({ —2,1) + L Sia (1—|—t+ +tf )and
use Lemma 5.1 to finish. g

6. A recursion for S(u,v)
In this section, we will investigate the product of expressions of the form
S(u,v).
Lemma 6.1. Forie {1,2,...,4—2} and s € {1,2,...,i},
(t—s+1)SGi—s+1,s)—(s+1)S( —s,s+1)

- (Z Si—s—r S)S(r,1)> _ (Z T(1,s — k)S(i — m))
r=0 k=1

— (i —25)S(i—s,s) (mod R).
Proof. By definition of S(u,v),

i—S

ZS(i —s—r)S(r,1)

r=0

- ¥ Z ( ind(y ) (ind(Z)> (ind(l - y)> ind(1 — z)¢ndygind=

yeeF {03 r=0 \" ~ 577 " s

_ Z <1nd(y) + 111d(2:)> (Hld(i_ y)) 1nd(1 N Z)tindy-i-indz

71— S
y,2€F4\{0,1}

_ Z <1nd(yz)> (ind(ls_ y)) ind(l _ Z)tind(yz)

12— S
y,2€F4\{0,1}

_ Z <ind(1 - y)) d (1 B :z) (indx) jinde
weFy\ (0} ’ v

yeF \{0,1,2}
(by setting x := yz)

= > <ind(18— y)> (ind(y — x) — ind(y)) (md x) tinde

TEF )\ {0} s
yeF\{0,1,2}

(since ind(1 —z/y) =ind(y — =) —ind(y) (mod ¢ — 1))
> (md(ls‘ ‘”) (ind(y — ) — ind(y)) (md ) 9% (mod R),

17— S
z€F,\{0,1}
yEFN\{0, 1,2}
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so if we define

A Z <ind(1s_ y)) ind(y — z) (llnii z’) pindz.

z€F,\{0,1}
yeF\{0,1,2}

B .= Z <1nd(1s_ y)) 1nd(y) (;nii i:) tindx7

z€F,\{0,1}
yeF\{0,1,2}

then
(6.1) ZS(i—s—r,s)S(r,l) =A—-B (mod R).
r=0
We have
B Z (md(l — y)) ind(y) (1.nd ac) jinda
2€F,\{0,1} 5 L=s
YEF\{0,1}
B Z (md(l — y)> ind(y) <1‘nd x) jind e
2€F,\{0,1} 5 L=s
y=x
S (IR )
YEF\{0,1} 5 veF {01} \' 7 5
B Z (md(l - :c)) ind(z) <1lnd :U) sinda
2€F,\{0,1} 5 L=s
=T(1,5)S(i —s,0) — Z (md(l a x)) ind(z) (1‘nd 33) tinde
2€F,\{0,1} 5 t—s

(by definition of T'(1,s) and S(i — s,0))
=T(1,5)S(i — s,0)

ind(1—2x)\,. indz \ 4
- Y ( ) )(z—s+1)<i_8+1>td

z€F,\{0,1}
B Z <1nd(1 - x)) (i—s) <1.nd x) jinda
2€F,\{0,1} 5 L
=T7(1,s)S(i—s,0)—(i—s+1)SGE—s+1,s)—(i—5)S(i —s,s)
(by definition of S(i — s+ 1,s) and S(i — s, s)).
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Since s > 1, the summand in A vanishes when y = 0, so we can put it back
in to get

= Z (md(l - y)) ind(y — ) <1.nd :c) Jinda
2€F,\{0,1} 8

11— S
yqu\{l,x}

_ oy <ind((1 - i)u - w))) ind (1 — z)uw) (iydx) sind o
2EF\{0,1}

12— S
weF \{0,1}

(by setting w := (x —y)/(x — 1))

Z Z (lnd(lk_ 1')) (Hlds(l__kw)) ind (1 B 33) <1Hd l’) tindx
k=0 z€F,\{0,1}

i—s
weF \{0,1}
N Z Z (md(l - a:)) (md(l - w)) ind () <1ind :L') sinda
k s—k 1— s
k=0 z€F,\{0,1}
weF \{0,1}
=Y Y k4 (111(2(1 —1m)> <1nd(1 —kw)> (1'nd 1:) sinda
k=0 z€F,\{0,1} + 5 =S
weF \{0,1}
z ind(1 —2)\ (ind(1 —w))\ {indz\ ,ihq=
* Z Z k( k > ( s—k i—s t
k=0 zeF,\{0,1}
weF \{0,1}
: ind(1 —=)\ (ind(1 —w)) . indz\ 4z
+k§;0 Z ( I )( .k ind (w) i e
=0 zeF,\{0,1}
weF \{0,1}

which we rewrite using the definition of S(u,v) and T'(u,v) as
A=>"T(0,5—k)(k+1)S(i— s, k+1)
k=0
+ ) T(0,5 - k)kS(i — s, k)
k=0
+ Y T(1,5—k)S(i — s,k)
k=0

=—(s+1)S(i—s,s+1) —sS(i—s,s)—i—ZT(l,s—k‘)S(i—s,k)
k=0
(by Lemma 3.6)
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=—(s+1)S(i—s,s+1)—sS(i—s,s)+T(1,5)S(i —s,0)
+ Z T(1,s—k)S(i — s, k),

and we finish by substituting these expressions for A and B into (6.1). O

Corollary 6.2. Suppose thati € {1,2,...,£—2}. Assume that S(u,v) € R’
holds whenever uw +v < i and v > 1. Then for all s € {1,2,...,i},

(i—s+1)S(i—s+1,8)=(s+1)S(i—s,s+1) (mod R).

Proof. The assumptions imply that all the terms on the right hand side of
Lemma 6.1 lie in R’, so Lemma 6.1 implies the corollary. O

Corollary 6.3. Suppose thati € {1,2,...,0—2}. Assume that S(u,v) € R’
holds whenever u+v < i and v > 1. Then if one of

S(i,1), S(i—1,2), ..., S(0,i+1)
is in R', then they must all be in R’.
Proof. For s € {1,2,...,i}, Corollary 6.2 implies
(i—s+1)S(i—s+1,8)=(s+1)S(i—s,s+1) (mod R),
so since ¢ — s + 1 and s + 1 are invertible modulo ¢ (they lie in [1,¢ — 1]),
S(i—s+1,s) € R if and only if S(i —s,s+ 1) € R'.
Since this holds for all s € {1,2,...,i}, we are done. O

7. Proof of main theorem

Now we combine all of our results from the previous sections in the
following lemma.

Lemma 7.1. For k € {1,2,...,0 — 1}, the following are equivalent:
(1) S(0,1),5(1,1),...,S(k —2,1) lie in R';
(2) S(u, )lzest’foru>Oandv>1satzsfymgu—i—v<k—1
(3) 5(0,1),5(0,2),...,5(0,k — 1) lie in R';
(4) (X&Xf) = 1 (mod T OL).
Proof. Corollary 6.3 implies that the statements of Lemma 7.1(1), Lem-

ma 7.1(2), Lemma 7.1(3) are equivalent. By Lemma 4.1(1), the statements
of Lemma 7.1(3), Lemma 7.1(4) are equivalent. O

We now prove Theorem 1.5, which we restate in this section as Theo-
rem 7.2.
Theorem 7.2. For k € {1,2,...,0 — 1}, the following are equivalent:

(1) J(xe,xy) = —1 (mod 7§ OL);
(2) mij GFqXZ forallie{0,1,...,k—2} and j € {1,2,...,f —1};
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(3) miy € Fyf foralli€{0,1,....,k—2} and j € {1,2,...,f/2]}.
In particular, J(xe,x¢) = —1 (mod 7,Or) always holds. (Here, the set
{0,1,...,k — 2} is the empty set if k =1.)

Proof. Combine Lemma 5.2 (1) and the equivalence between Lemma 7.1(1)
and Lemma 7.1(4) to obtain that Theorem 7.2 (1) and Theorem 7.2(2) are
equivalent.

By Lemma 2.5(4), for ¢ € {0,1,...,¢ =3} and j € {1,2,...,[f/2]},
indn; y—; is a linear combination of ind 7o j, ..., ind 7; ; modulo ¢, and this
implies that Theorem 7.2(2) and Theorem 7.2(3) are equivalent. O

8. The case k = ¢
Lemma 8.1. The following are equivalent.
(1) J(xesxf) = —1 (mod 750y);
(2) S(0,1), S(1,1), ..., S(£—3,1), S(t —2,1) + qg_fl(l +t+ 1+
+tfYHeR.

Proof. By Lemma 4.1(2),
o J(xe,xs) = —1 (mod 7;01)
is equivalent to
e 5(0,1), 5(0,2), ..., S(0,¢ —2) lie in R', and
e 5(0,0—1)— q[]cl(1+t+---+tf*1) lies in R/,
which by the equivalence between Lemma 7.1(3) and Lemma 7.1(2), is
equivalent to

e for v > 0 and v > 1 satisfying u +v < ¢ — 2, S(u,v) lies in R/, and

o S(O,E—l)—%(1+t+---+tf*1) lies in R/,

which by Corollary 6.2, is equivalent to

e for u >0 and v > 1 satisfying u +v < ¢ — 2, S(u,v) lies in R/,

e S({—2,1)— (—1)“%(1 +t4 -+t lies in R,

which by the equivalence between Lemma 7.1(2) and Lemma 7.1(1), is
equivalent to

e S(0,1), S(1,1), ..., S(¢ — 3,1) lies in R/,

e S({—2,1)— (—1)572%(1 +t+---+ /7 lies in R,
and we are done by observing that (—1)~2 = —1 (mod ). O
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Lemma 8.2. The following are equivalent:

(1) J(Xbe) = —1 (mod WfOL);
(2) All the following are divisible by {:

ind(no,1) ind(no,2) e ind(no, 1)
ind(n1,1) ind(m2) . ind(ny,¢-1)
ind(n¢—3,1) ind(n¢—3,2) e ind(ne—3,7-1)
ind(ne—21) + %7 ind(negp) + 43 ... ind(neg 1) + G
Proof. Combine Lemma 5.2(2) and Lemma 8.1. O

Corollary 8.3. The following are equivalent:
(1) J(xesxf) = —1 (mod ﬂf(’)L); A
(2) % =0 (mod ¥) and ind(1 —C}j(;) =0 (mod /) when i € {0,1,...,
(=1} andje{1,2,....f - 1};
(3) % =0 (mod ¢) and ind(1 —Cj(}) =0 (mod ) when i € {0,1,...,
¢—1} and 5 €{1,2,...,[f/2]}.

Proof. We break the proof into four statements.

(1) That Corollary 8.3(2) implies Corollary 8.3(3).
This is obvious.
(2) That Corollary 8.3(2) implies Corollary 8.3(1).
This follows from Lemma 2.5(3) and that Lemma 8.2(2) implies
Lemma 8.2(1).
(3) That Corollary 8.3(3) implies Corollary 8.3(2).
Suppose that ¢ € {0,1,...,¢—1} and j € [f/2, f — 1]. Then

ind (1 - gg‘gj;)
(8.1) =ind(~1)+1 (q;fl> +ind (1-¢7¢/7)  (mod ¢)

(by Lemma 2.5(6))
(8.2) =ind(-1)

(since qe_fl =0 (mod/{)and f—je€ {1,2,...,Lf/2j}>.

If ¢ =2, then ind(—1) = (¢ —1)/2 = (¢ —1)/¢ = 0 (mod ¢) since
¢ —1=0 (mod £2f) by assumption. If £ is odd, then ind(—1) =
(g—1)/2=0 (mod ¢) since ¢ —1 =0 (mod ¢) and 2 is coprime to
. In any case, ind(—1) =0 (mod ¢) so we are done by (8.2).
(4) That Corollary 8.3 (1) implies Corollary 8.3(2).
Corollary 8.3(1) is Lemma 8.2(1), so Lemma 8.2 implies that
Lemma 8.2 (2) holds. Combining Lemma 8.2 (2) with Lemma 2.5 (4)
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with ¢ = ¢ — 2 (and any value of j) yields

_ (qg_fl) =_ (qg_fl) — (—1)5*2 (qg_fl> (mod ¢),

which implies

qg—fl =0 (mod¥).
Combining this with Lemma 8.2 (2) implies that ind n;, ; =0 (mod ¢)
forallk € {0,1,...,/—2}and j € {1,2,..., f—1}, so Lemma 2.5(5)
gives that ind (1 - ({¢}) = 0 (mod £) for all i € {1,2,...,¢0~ 1}
and j € {1,2,...,f — 1.

O

We now prove Theorem 1.6, which we restate in this section as Theo-

rem 8.4.

Theorem 8.4. The following are equivalent:

(1) J(xe,xy) = =1 (mod mOy);

(2) ¢ =1 (mod £2f) andl—QC} e Fyt forallie{0,1,...,0—1} and
je{l,2,....f—1};

(3) ¢ =1 (mod £2f) andl—C}C} € F;Z forallie{0,1,...,4—1} and
je{1,2,...,|f/2]}.

Proof. This is a restatement of Corollary 8.3. g
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