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p-adic Dynamics of Hecke Operators on Modular
Curves

par EYAL Z. GOREN et PaAymaN L KASSAEI

RESUME. Cet article se penche sur la dynamique p-adique des opérateurs de
Hecke d’indice premier a p agissant sur les points des courbes modulaires dans
les cas de bonne réduction ordinaire et supersinguliere. Une attention parti-
culiére est accordée a la dynamique des points CM. Dans le cas de réduction
ordinaire, nous exploitons les coordonnées de Serre-Tate, alors que dans le
cas de réduction supersinguliere nous utilisons un parametre sur 1’espace de
déformations de I'unique groupe formel de hauteur 2 sur Fp et le morphisme
de périodes de Gross—Hopkins.

ABSTRACT. In this paper we study the p-adic dynamics of prime-to-p Hecke
operators on the set of points of modular curves in both cases of good ordinary
and supersingular reduction. We pay special attention to the dynamics on the
set of CM points. In the case of ordinary reduction we employ the Serre-Tate
coordinates, while in the case of supersingular reduction we use a parameter
on the deformation space of the unique formal group of height 2 over F,, and
take advantage of the Gross—Hopkins period map.

1. Introduction

In this paper we study the dynamics of Hecke operators on the modular
curves X1 () in the p-adic topology. The motivation for this paper initially
came from a desire to understand the impact of this dynamics on the study
of the canonical subgroup over Shimura varieties, as part of the continuation
of our work [14]. While studying this problem, we realized that even in the
simplest case of Shimura varieties, the modular curves, there are significant
challenges. Our work on this specific setting is the content of this paper; the
techniques introduced here will be useful in studying much more general
situations that we hope to discuss in future work.

There are other motivations to study this problem. Let R be the maximal
order of a finite field extension of Q,. Let x denote the residue field of R.
Let X be a Shimura variety of PEL type with a smooth integral model
over R, over which the action of the prime-to-p Hecke algebra extends. The
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action on the special fibre X, has been studied extensively by Chai and
Oort, as part of Oort’s philosophy of foliations on Shimura varieties of PEL
type [5, 7, 24]. From our perspective, the work of Chai and Oort is a “mod
p shadow” of the p-adic dynamics of Hecke operators.

Secondly, Clozel and Ullmo [8, 9] have studied dynamics of the Hecke
operators over the complex numbers in connection with the André—Oort
conjecture, bringing in tools from measure theory and ergodic theory. Our
work resonates well with theirs as our main interest lies in the action of
Hecke operators on special subvarieties, albeit in the p-adic topology. In
particular, in this paper we pay special attention to the action of Hecke
operators on CM points. More than that, somewhat serendipitously, after
non-trivial reductions, including via the Gross—Hopkins period morphism,
our analysis uses results on random walks on groups and ergodic theory.

When this work was essentially completed, we learned of interesting work
on the same topic by Herrero-Menares—Rivera-Letelier [19]; see also the
forthcoming [18]. The points of view taken in our respective works are
different, and the results fit well together to shed light on complementary
aspects of the theory. While we are interested in the distribution of the set of
points in a Hecke orbit in the p-adic topology, [18] considers the convergence
of a sequence of Hecke orbits to the Gauss point of the affine Berkovich
line. Unlike our work, [19] considers only modular curves of level 1, but it
is believed that their results hold in more general levels. See also the recent
preprint [11].

We now briefly discuss the contents of this paper. Our main interest is
in the action of the prime-to-p Hecke operators on CM points (points on
the modular curve that correspond to CM elliptic curves) regarded as the
special Shimura subvarieties of the modular curve X;(/N). We denote a
point of X;(N)(Cp) by x = (E,, P,), where E, is an elliptic curve and P,
a point of order N of it. We simplify the analysis by looking at the action
of the (iterations of) a single Hecke operator Ty, where ¢ # p is a prime.
A key point of our approach is to use reduction mod p to propel results
from characteristic p to characteristic 0. The analysis breaks naturally into
two cases: (i) ordinary reduction and (ii) supersingular reduction. That
is, we distinguish between the case where the elliptic curve E, has good
ordinary reduction, and the case where it has supersingular reduction. The
case of bad reduction is not important to us as our main interest is in CM
points; these always have (potentially) good reduction. That being said,
the methods in the ordinary case can easily be applied to the case of bad
reduction.

Ordinary reduction. The locus of ordinary reduction in the modular
curve X1(NN) can be partitioned into a union of residue discs which are
shuffled around via the Hecke operator 7T, in a way that can be fully
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understood using the theory of f-isogeny volcanoes. In fact, the centre of
these discs, i.e., the canonical lifts, are moved around exactly according to
the f-isogeny volcano. Consequently, to study the dynamics of Ty acting on
a point z of ordinary reduction, one needs to understand the returns of the
orbit to the residue disc D containing x. It transpires that this question can
be reduced to the dynamics of a single automorphism of the disc, induced
by a particular endomorphism f of F, the reduction of E,. At this point,
we switch gears and, by means of Serre-Tate theory, view the residue disc
as the rigid-analytic generic fiber of the formal scheme that is the univer-
sal deformation space of E. As such, the disc has a natural parameter t,
where the canonical lift corresponds to ¢ = 0. We prove (Theorem 4.1.2),
using [21], that the action of f on the disc is given by

t 1+t -1,

where f and its complex conjugate f are viewed as elements of Z; via their
action on the p-adic Tate module of E. This provides a very clear picture
of the orbits and their closures and allows us to completely determine the
dynamics of Ty on the CM points in D, which turn out to be periodic points
for the action of f; see Section 4, in particular, Propositions 4.2.2, 4.2.3,
4.3.1,4.4.1.

Throughout our discussion in Sections 2—4 of the action of Hecke opera-
tors on elliptic curves FE with ordinary reduction F, we assume that

(%) End’(E) % Q(i),Q(p),

where i = —1, p?> + p+ 1 = 0. This guarantees that for any elliptic curve

E’ isogenous to E, we have Aut(E’) = {41}. This assumption is made for
simplicity only; the methods extend to the general case.

Supersingular reduction. Once more, our analysis begins in character-
istic p, where we introduce a class of directed graphs Ay(IN) that we call
“supersingular graphs”. These graphs are defined in a way that encodes the
action of Ty on the supersingular points in X;(N)(F,). Roughly speaking,
vertices of Ay(N) correspond to supersingular points of Xi(N)(F,), and
edges to isogenies of degree ¢. They are directed graphs of outgoing degree
¢+ 1, and usually of ingoing degree ¢+ 1 as well. They serve as level I'; (N)
analogues of the (graphs defined by the) Brandt matrix B(?).

Again, the finitely many residue discs of supersingular reduction in
X1(N) move under the iterations of Ty according to walks in the graph
Ay(N). However, the returns under 7y to a particular supersingular disc
turns out to be much more complicated than in the ordinary case. Fixing a
supersingular residue disc D C X1(V)(C,) specializing to a supersingular
elliptic curve (E, P) in characteristic p, the branches of the iterations of T}
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that return to D generate a subgroup #y C (End(F)®Z,)* =: Z*, Z be-
ing the maximal order in the unique non-split quaternion algebra over Q.
The nature of the groups S#y is not entirely clear. We prove several results
about these groups and, in particular, show that they have an abundance
of mutually non-commuting elements; enough so that they are dense in
GLg relative to the Zariski topology, under the inclusion 2% — GL2(Q,),
where ¢ = p?, and Q, = W (F,)[p~!].

To study the action of the highly complicated non-abelian group ¢y
on D, we once again interpret D as the rigid-analytic space associated to
a universal deformation space, this time of a 1-dimensional formal group
of height 2. This allows us to use the work of Gross-Hopkins [20] and
Lubin-Tate [22]. Using the equivariant Gross—Hopkins period morphism
® : D — P!, we may study of the action of /¥ on D via the action
of Mobius transformations on P'. We define open discs J ¢ D,U C P!
such that & restricts to an isomorphism J — U. We show that all CM
points of discriminant prime to p lie in J(W (F,)), which is in bijection
with U(W (F,)), the open unit disc in W (F,). The key point now is that
we are able to obtain a very explicit description of the p-adic closure Hy of
v in 2% . We equip Hy with a measure coming from the action of 7. We
translate our questions about the Hecke orbit of a CM point € D under
Ty to questions about stationary measures for the action of Hy. Using the
description of Hy and the work of Benoist—Quint [2], we conclude that there
is a unique stationary probability measure (namely, a measure fixed under
the action of Hy ), independent of x and N, whose support is J(W (F,)).
See Theorems 5.10.4-5.10.7.

2. The £-isogeny graph: the ordinary case

Before defining the various ¢-isogeny graphs of elliptic curves, we recall
some definitions from graph theory.

2.1. Graph theory terminology. Let A be a directed graph. We will
call a directed edge, v — w, an arrow. A walk in A is a sequence of arrows
v; =5 w; for i = 1,...,d, where w; = v;4q for i =1,...,d — 1. This walk is
called a closed walk if v; = wy. We allow the empty walk and consider it a
closed walk. If wy, wo are walks in A such that the end point of w; is the
starting point of wo, we denote wy o wy the walk obtained by traversing w;
followed by ws. If v is a vertex in A, we define (A, v) to be the monoid of
closed walks in A starting and ending at v under o. We often write wow;
for wy o wy.

If w is a closed walk in A starting at v; and traversing, in order, vertices
V1,02, ...,U5 = U1, we can view w as a closed walk in Q(A,v;) for all 1 <
i < d. We will often abuse notation and denote all these walks by the same
notation if the starting point of the walk is understood.
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A path is a walk in which vertices do not repeat (and so a path is neces-
sarily open). In a cycle, vertices do not repeat, except that the last vertex
is equal to the first (and so a cycle is closed).

An undirected graph is called reqular if every vertex has the same degree.
Every loop, i.e., an edge between a vertex and itself, contributes one to the
degree at the vertex. A directed graph is called regular of degree r if the
in-degree and the out-degree of each vertex equal . An arrow of the form
v — v contributes one to both the in-degree and the out-degree. A directed
graph is called connected if given any two vertices x,y, there is a walk
starting from z and ending in y.

Let £ be a positive integer. An infinite connected undirected graph X is
called an f-volcano if there is a surjective function b: ¥V — N (where £V
is the set of vertices) such that

(1) X is (£ + 1)-regular,

(2) b=1(0) with its induced subgraph structure (called the rim) is a
regular graph of degree at most 2,

(3) for i > 0, each vertex in b~!(i) is connected to a unique vertex in
b=1(i — 1) and to ¢ vertices in b=1(i + 1).

2.2. Definition of the ordinary {-isogeny graphs. Let p # £ be
primes. Let N > 1 be an integer such that (N,pf) = 1. In the following
we will study the f-isogeny graph of E = (F, P), consisting of an ordinary
elliptic curve E over F,, with a point P of order N on it (cf. [30] in the case
N =1). Recall our standing assumption:

(%) End’(E) % Q(),Q(p).

For two such objects, E; = (E1, P1) and Ey = (Es, P»), we write

E, ~E,
if there is an isogeny A: E1 — FEs of degree a power of £ such that A(P;) =
P;,. This defines an equivalence relation on the set of isomorphism classes
of all such pairs (to see the symmetry, let «(N) denote the order of ¢ in
(Z/NZ)*. Then deg(\)*MN)=1\V: B, — B, takes P» to Py).

We define a directed graph Ay(E,N) as follows. The set of vertices
A¢(E,N)V is the set of isomorphism classes of all pairs By = (E1, P;)
over Fp that satisfy £, £ E. We define an arrow between two such isomor-
phism classes [(E1, P1)], [(E2, P2)] to be an isogeny A: (E1, P1) — (Esq, P»)
of degree ¢, where we identify two such isogenies up to isomorphism. In
other words, arrows corresponding to isogenies \: (Ey, Py) — (E2, P») and
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N: (EY, P) — (EY, P}) are identified if there is a commutative diagram

(E1, P) —2> (Ey, Py)

fli lb

)\/

where f1, fo are isomorphisms. Note that Ay(E, N) is a connected directed
graph. Also, due to our assumption on Aut(E), when N > 2, once we fix
representatives (E1, Py) and (E2, Py) above, an arrow between the corre-
sponding vertices determines a unique isogeny of degree ¢ from (E1, P;) to
(E2, P;). When N < 2, this isogeny is only defined up to sign. We further
define

A N) = [T AdEN),
E ordinary
where E runs over all representatives £ = (E, P) modulo the equivalence

relation .
Let K = End’(E) be the algebra of rational endomorphisms of E, which
is a quadratic imaginary field of discriminant A = A(E) (A # —3,—4). We

denote the order of conductor ¢ in K by R.. If E £ E, then End(E}) is an
order in K of conductor

f(E1) = {'m,
where (m,pf) = 1, and r > 0. Note that m is an invariant of the equiva-

lence classes under ~. The discriminant 0(E1) of End(E)) satisfies 0(E7) =
f(E1)2A(E7). We can define a level function

byv: Ad(E,N)Y - N
by setting by ([E;]) = .

2.3. The isogeny associated to a walk. Let w be a walk

Eo] B (B3 ... % (B,

in Ay(E,N). Note that if N > 2 we can think of each A; as an isogeny of
degree ¢ from E,; | to E;; if N < 2, these isogenies are only defined up to
sign. We define

W:i=AjO---0X30 N\

which is an ¢%-isogeny from Ey to Ey sending Py to Py, defined only up to
sign if N < 2. In particular, if w € Q(A/(E, N), [E]) then @ is an element
of End(E) of degree ¢? fixing P.
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2.4. Properties of the f-isogeny graphs. When N = 1, the directed
graph Ay(FE,1) has the property that for every arrow [Fi] — [Fs] cor-
responding to an f-isogeny A: E; — FE5, there is a corresponding arrow
[E3] — [E1] given by the dual isogeny \V: Fy — Fj. Identifying these
corresponding arrows, we obtain an undirected graph denoted Agd(E, 1).
Our convention is that if [E1] = [Es], and if \Y # =+, then the result-
ing loop is counted with multiplicity two in Azd(E,l); otherwise, it is
counted with multiplicity 1. The function b; defined above descends to
bi: AY4(E, 1) — N.

For a set S of endomorphisms of E (and in particular for a prime ideal
L of End(E)) we let E[S] = Nses Ker(s). The following proposition about
the structure of the graph AY4(E, 1) is known (cf. [30]).

Proposition 2.4.1. Let E be an ordinary elliptic curve over F, for which
we have End®(E) 2 Q(i),Q(p) and f(E) = {'m.

(1) The graph A}4(E, 1) is an -volcano with respect to the level function
bi. The rim is a reqular graph of degree 1 + (%), the vertices of
which are exactly those vertices of Ay (E,1) that have CM by Ry,.
(Here (%) is the Kronecker symbol.)

(2) Let LIt be a prime ideal of Rp,. Let a = ordyg,,)(L); in particular,
we have L* = (f) for f € Ry,. If £ is inert in R,,, then the rim
consists of a single vertex and has no edges. If £ is ramified in R,,
but L is not principal, then the rim consists of two vertices [E1]
and [Fy/Eq[L]] with exactly one edge between them (the class of
the natural projection Ex — E1/FE1[L]). In all other cases, the rim
consists of a cycle of length a given by

[Er] = [Ev/EA[L]] — -+ = [Ex/Er[L*]] = [EA]
(using the isomorphism Ey/E1[L*]—E induced by f).
(3) The cardinality of by ' (i) equals
b71(1)] = {ordcl(RAsz(L) - z =0, L|¢ a prime ideal of Ry,
(€ — (B e~V ordy g, (L) i> 1.

If [F] A [E"] is an arrow in Ay(F,1), we denote [E”| A [E'] the arrow
obtained via the dual isogeny. Similarly, we define for a walk w from [FE’|
to [E"], a walk w" in the reverse direction.

We define two particular walks in Ay(E, 1) as follows. If £ is inert in R,,,

we define w = w_.  to be the empty walk. If £ = L? is ramified in R,, we
define w;;m = w,,,, to be the unique closed walk in the rim (up to the choice

of starting point; see Remark 2.4.2 below). It is a loop if L is principal and
of length 2 if it is not. If ¢ is split, there are two distinct cycles in Ag(F, 1)
traversing the rim of A?d(E, 1), one in each possible direction. Let us call
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them w;;m and w,; .. We denote f;gm, rim € Ry the isogenies associated
to w;;m and w,;,,, respectively (with the usual sign ambiguity).

Remark 2.4.2. As explained at the beginning of this section, we are using
the same notation, w™  to denote the several walks that start and end
at any vertex along the rim. This shall not cause confusion as it is always
understood what starting point is considered. Regardless of the starting
point of wf . ft will be the same element of R,, under the natural
identifications of the endomorphism rings of the elliptic curves on the rim.

Consider the homotopy equivalence relation defined on the set of walks

in Ay(F, 1) generated by relations
Waw1 ~p wow” wwy,

where wi,ws are two walks such that the endpoint of w; is the starting
point of wy (call it [E1]), and w is a walk starting at [E;]. It is easy to see
that Proposition 2.4.1 implies the following.

Corollary 2.4.3. Every element in Q(A¢(E,1),[E1]) is equivalent under
~p to a closed walk of the form

WY (Wrgn)"w,
where w is a path from [E1] to the rim of the graph, and n is a non-negative
integer.

Consider the map of directed graphs
TN : AZ(E; N) — AZ(E, 1)

which sends a vertex [(E1, P1)] to [E1], and an arrow [(E1, Py)] A [(E2, P)]

to [E1] A [Es]. Note that for any N, and any vertex [E;] € Ay(E,N)Y,
the arrows starting in [E,] are in natural bijection with subgroups of order
¢ of By and so mwy is a covering map of directed graphs. As such, many
properties of Ay(E, N) can be deduced from the corresponding properties
of Ay(E,1). For example, since the action of the operator Ty on a point [E/]
can be described by [E;] — Z[El]_}[Ell][E’l] (sum over arrows in AJ™(N)),
the action of Ty on [E;] = [(E1, P1)] and [E}] are easily related.

3. The Hecke correspondence Ty on ordinary elliptic curves

3.1. T, in characteristic 0. For what follows, the reader may consult [6]
for a general introduction to deformation theory of abelian varieties and
p-divisible groups, and [21] for the case of ordinary abelian varieties. In
addition, the reference [10] provides a good introduction to rigid-analytic
geometry, while the construction of the generic fibre of a formal scheme
appears in [4].
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Recall that p # £ are primes, and N is an integer coprime to pf. Let E be
an ordinary elliptic curve defined over F,,. Assume that Aut(E) = {£1}. Let
D(E) = Spf(W (F,)[[x]]) be the deformation space of E defined over W (F,,);
it pro-represents the functor of deformations of £ to local artinian rings
(R,mp) with a given isomorphism R/mp = F,. Let D(E) = IN?(E)MQ denote
the associated rigid-analytic space; it is 1som0rph1(: to the open unit disc
over W (F,)[1/p]. For an elliptic curve E lifting E, we define D(E) = D(E).

The same construction can be done for a pair £ = (E, P), where E is
as above, and P is a point of order N on E. Let D(E) denote the formal
deformation space of E over W (F,), and let D(E) be the associated rigid-
analytic space. For E lifting E, we set D(E) = D(E).

Since E[N] is an étale group scheme over F,, the forgetful map provides
an isomorphism between the deformation space of £ and FE. Hence, the
rigid-analytic forgetful map

mn: D(E) — D(FE)
is an isomorphism too. o N
When N > 4, the moduli of pairs (F, P) where E is an elliptic curve of
good reduction over an W (F,)[1/p]-algebra is represented by the (noncus-
pidal part) of the rigid-analytic modular curve X; (V). Let X1 (N )Fp be the
corresponding modular curve over F,,. Let sp : X1(N) — X1(N )Fp denote

the specialization map. Then, for any E = (E, P) of reduction E = (E, P),
we have D(E) = D(E) = sp~}([E]), where [E] denotes the isomorphism
class of E viewed as a point on X (N )E)'

When N < 4, there may be points £ = (E, P) with a nontrivial auto-
morphism group and the moduli space is no longer representable. We could

still define coarse moduli spaces X7 (), X1(N )Fp’ and a specialization map
sp: X1(N) — Xl(N)Fp. In this case, we have sp~!([E]) = D(E)/ Aut(E).

We are interested in the p-adic dynamics of Ty on the ordinary good
reduction part of X;(NN), or, to be more precise, on the set of Cp,-points of
Ug D(E), where E runs over the isomorphism classes of ordinary elliptic
curves over F,, equipped with a point of order N. If n > 0 is an integer, the
correspondence T acts on X7 (/N) via the formula

TP ([(E, P))) = > nel(E/C, P mod O],
C

where C' runs over all subgroups of E of order ¢", [(E, P)] denotes the
isomorphism class of (F, P), and uc are positive multiplicities that can be
explicitly calculated.

3.2. Automorphisms of residue discs. Let a(N) be the order of ¢ in
the group (Z/NZ)*. Recall our standing assumption (*).
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Lemma 3.2.1. Let A\: B, = (E1, P1) — (E2, P») = Ey be an {"-isogeny of
elliptic curves over F,, sending Py to Py. There is a unique rigid-analytic
isomorphism,
A" D(E;) — D(E,),

such that for all & = [(E1, P1)] € D(E,), we have \*(z) = [(E,/C, P1 mod
C)], where C is the unique subgroup of E1 lifting Ker(X). The inverse of
X* is given by (deg(\)* N =AY . If B, = Ey and X € Z then \* = id. For
At By — Ey, and Aa: Eq — E5 we have (A2 0 A\1)* = A5 0 A},

Proof. We claim there is a unique family of subgroup schemes C of order
0™ of the universal family of elliptic curves over D(E;) with the following
property: its specialization at every point (E’ 1, f’l) € D(E,) is a subgroup of
E reducing to Ker()\) in E7. The morphism A* is then defined via dividing
the universal family of elliptic curves on D(E;) by the subgroup C. More
precisely, let (€1, P1) be a formal deformation of (Fy, Py) to a local artinian
ring (R, mp) with a given isomorphism R/mp = F,. This data includes an
isomorphism € : & ® R/mgr — Ej sending P; to Py. Since (¢,p) = 1, Ker(\)
is an étale subgroup scheme of F1, and hence it lifts uniquely to a subgroup
C of the deformation &£;. We define

X (&1, P1) = (£1/C, Py mod C),

where the right side is viewed as a formal deformation of (Es, Py) via the
isomorphism
(51/0) () R/mR N El/Ker(/\) — FEs,

where Ej/Ker(\) — FEj is the isomorphism induced by A. This defines
a morphism of the formal deformation spaces \* : D(E,) — D(E,). The
desired map is the rigid-analytic morphism A* associated to M*. The unique-
ness follows from the uniqueness of the lift of Ker(\). The other statements
follow easily from the construction and its uniqueness. O

Let E = (E, P) be an ordinary elliptic curve over F, along with a point
of order N. Let Endy~(E) denote the monoid of ¢-power isogenies of E
fixing P. The above construction gives a monoid homomorphism

@ Endyo (E) — Aut(D(E)).
sending A to \*.
Proposition 3.2.2. The kernel of = is precisely Z N Endye (E).

Proof. Let A € Endy~(E) such that \* = 1. From the construction of \*
that means that for any lift E with its _unique subgroup C lifting C' :
Ker()\), we have E/C = E and so that E has an endomorphism of degree
#C. As most lifts have only Z as endomorphisms, for some lift £ we most
have C' = Ker(¢™) and so A = ££™. The converse proceeds the same way. [
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Using the above construction, we have a homomorphism of monoids (that
we still denote * hoping no confusion will arise)

x: Q(A(E,N), E) — Aut(D(E)),

sending w to w* := @W*, where W is the isogeny associated to w. Note that
even when the isogeny w may only be defined up to sign, w* is uniquely
defined. More generally, if w is a walk in A(E, N) of length d from [E,] to
[E,], then w* can be similarly defined to be an isomorphism

(3.1) w* : D(Ey) — D(E,).

induced by the walk w. For two walks wy, we such that the endpoint of w;
is the starting point of wy, we have (w3 o w1)* = wj o wj.

Proposition 3.2.3. The image of * : Q(A¢(E,N),E) — Aut(D(E)) is a
cyclic group.

Proof. Note that this image is a subgroup of the image of

x: Q(A¢(E, 1), [E]) = Aut(D(E)).
We prove that the image of the latter is cyclic. Note that for a walk w; in
A¢(E, 1), we have (w))* = (wf)~!. Consequently w* depends only on the
class of w under the equivalence relation ~,. Thus, applying Corollary 2.4.3,
it follows that the image of * is generated by an automorphism conjugate
to (w )" O
Finally, we define
f:Q(A(EN 1), [E]) — Z;, w = fu,

where f,, is the image of & under the map End(F) — End(T,E) = Z,.
When N <2, f, is defined only up to sign. We denote by f. the image of
w in Z,, where the bar sign denotes complex conjugation in End(E).

3.3. T, via walks. Let n > 0 be an integer. Let Walk(n, [E]) be the set
of all walks of length n in Ay(E, N) starting at E. For w € Walk(n, [E]),
let [E,] denote its endpoint. The action of T;* on the vertices of Ay(E, N)
is then none other than T7*([E]) = >, cwalk(n,(5)) [Ew]-

Proposition 3.3.1. The correspondence T;* on the residue disc D(E) de-
composes as a sum of rigid-analytic functions. More explicitly,

W= Y, &
weWalk(n,[E])

where ©*: D(E) — D(E,,) is the isomorphism defined in (3.1).
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Proof. Proceeding by induction on n, it suffices to check the case n = 1. In
this case, for any point (E, P) in D(E) we have

T,(E,P)= Y (E/C,P mod C),
CcE

where the summation is over all subgroups C of E of order ¢ (that cor-
respond bijectively under reduction with the subgroups of E of order /).
On the other hand, the last sum is precisely ZwEWalk(l,[E})a)*(E’ ]3), by
Lemma 3.2.1. O

4. Dynamics of Ty on ordinary points

4.1. Proposition 3.3.1 shows that the flow of the disc D(E) under the
iteration of T} is exactly like the flow of E € Ay(E, N)V under the iteration
of Ty. The mass of T;'(E) escapes to infinity. More precisely, we have the
following proposition.

Proposition 4.1.1. For [E] € A((E,N)V and a positive integer n, define
the probability measure

1
t Walk(n, [E]) weWalk(n,[E])
where &g is the Dirac measure on Ay(E, N)V' concentrated at [E,)]. Then,

for any compactly supported function f: Ay(E, N)V — C, we have
/fddn—>0 as n — oo.

Proof. As 7y is a covering map that commutes with Ty, it is enough to prove
the statement for N = 1. In this case, we may further reduce the question to
the ¢-volcano Ay(E, 1), where it follows from standard techniques of random
walks; see, for example, [26, 31]. O

Therefore, the further study of the dynamics of Ty on D(E) is reduced
to the study of the dynamics of branches of T;' that bring the disc back
to itself, or, equivalently, the branches corresponding to the closed walks
of Ay(E,N). Let w be a closed walk starting and ending at [E]. Let @
denote its image in Ag(E,1). It is clear from the definitions that we have a
commutative diagram

D(E) "> D(E)

i -

D(E) D(E)

This shows that the dynamics of w* on D(E) is equivalent to the dynamics
of @* on D(FE). In view of Proposition 3.2.3, understanding the dynamics

14
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of such functions boils down to understanding the dynamics of a single
function on the open unit disc; that of the automorphism of D(E) induced
by w' . In the following, for a closed walk w in A,(E,1), we explicitly
calculate w* on D(F) in terms of a coordinate on it.

Theorem 4.1.2. There is a choice of local parameter t on D(E) such that
for any w € Q(A¢(E,1),[E]), the automorphism w* : D(E) — D(E) is
given by the map i

tes (14 t)/e/fe -1

where f, € Z,; is defined in Section 3.2. Such a map is an isometry of the
disc.

The theorem follows from the following Lemma.

Lemma 4.1.3. Let & be a field of characteristic p, and (A, pz) be a prin-
cipally polarized ordinary abelian scheme of dimension g over k. Fiz an
isomorphism T, A = 7. Let
f:A—= A

be an isogeny of degree n prime to p, and f1 denote the image of f under
the Rosati involution induced by pz. Let M(f™') = (fij)ij € GLg(Zp)
(respectively, M (fT) = (gi;)ij) denote the matriz of the automorphism on
T,A% 733 induced by ft (respectfively, f1). Let f denotf the izutomorphism
of the deformation space D of (A, puz) induced by f : A — A. There is an

isomorphism D = Spf([t;;]];; under which the automorphism f takes the
shape
P = [ Q+tg)irios -1 1<ij<g.
1<r,s<g

Proof. Let C,; denote the category of local Artin rings (R, mp) such that
R/mp = k. By Serre-Tate’s theory of deformation of ordinary abelian
varieties, deformations of A over R are in correspondence with the elements
of Homy, (T,A ®z, Tpgv,@m(R)), where G,, denotes the multiplicative
formal group over R. We briefly recall (following [21]) how a bilinear form
na € Homg, (T)A ®z, Tp;lv, Gm(R)) is associated to a deformation A of A
over R € C,;. By Serre-Tate’s theory of deformation of abelian varieties [21]
(See also [23, Appendix]), to give a deformation A over R is equivalent to
give a deformation A[p>] of A[p>] over R. This, in turn, is equivalent to
giving an extension

0— A— Ap™] = T,A®z, (Qp/Zp) — 0,

where ﬁ, the formal group of A, is isomorphic to the unique toroidal for-
mal group lifting A. Every such extension is the push-out of the canonical
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extension
0— ThA = T,A®z, Q= T,A®z, (Qp/Zy) — 0

by a unique map
¢a:T,A— A(R)

defined as follows. Choose N such that m%“ = 0, and note that A(R)
is killed by p", as p € mp. Let 2 = (x,,) be an element of T,A. Pick
n > N, and let Z,, be an arbitrary lift of x, € A(F,) to A(R). We define
¢a(x) = p™T, which is easily seen to be independent of the choice of n > N.
The definition is independent of the choice of Z,,, as any two choices differ
by an element on A(R) which is killed by pV. Also, ¢a(x) lies in A(R)
since its reduction mod mp is zero by construction. Finally, we use the
Weil pairing to identify A(R) with Hom(Tva, Gy (R)) (this identification
is valid over k, and can be lifted to R since A is of multiplicative type).
This re-interprets ¢4 : T,A — A(R) as a bilinear form

na € Homy, (T,A @7, T,A”,G(R)).

First we claim the following general statement. Let § : A3 — Ay be a
prime-to-p isogeny of principally polarized ordinary abelian schemes over
R e (g, and § : Ay — As be its reduction. Then the following diagram

na,

Tpgl ®Zp Tpg\l/ — @m(R)
lé@(év)—l
— T NAy  ~
TpA2 ®ZP TpA2 — Gm(R)

is commutative. The commutativity follows from the commutativity of the
following diagram (which itself follows from the construction):

2

. da, N
T,Ay —> A1(R) — Homg, (T,AY, G, (R))

Cd e

Ay

TprQ —_— A\Q(R) e Homzp (Tp

=
>
3
=

Going back to the proof, let C' denote the kernel of the isogeny f, and
7 : A — A/C be the canonical projection. There is a unique isomorphism
A: A/C = Asuch that f = Aom. Let (A4, C) be a deformation of (4, C) to
R € Cy, which implies that A/C is a deformation of A/C = A to R. By the
above discussion, to deformations A4, A/C of A, we can associate bilinear
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na € Homy, (T,A @7, TyA", G (R))
najc € Hom(T,(A/C) @z, T,((4/C)"),Gm(R)).

Define 7714/0 =1na/C o A7, where
A Ty(A/C) &z, Ty(A/C)" = T,A @y, Tpgv

is given by A ® (AY)~!. Similarly, define 71 = 7 ® (7V)~!. From the above
discussion, it follows that the following diagram is commutative:

/
TIA/C ~

T,A @y, T,A" Gm(R)

d

na/c ~

Ty(A/C) @z, T,((A/C)Y) —— Gm(R)

|

T,A @z, TyA" —*—> Gyn(R)

Let {v;}; be the standard basis for T,A under our fixed isomorphism
T,A = 73, and let {w; = pz(vi)}i be the corresponding basis for Tpgv. Let
M(f~Y) = (fi;) € GL4(Z,) be the matrix of inverse of the map induced by
f on T,A in this basis. Let f t = ,u; fu 7 denote the image of f under the
Rosati involution associated to pz. Let MY(fY) denote the matrix, with

respect to {w;}, of the map induced map by f" on Tpﬁv. This matrix can
be calculated as follows. We have

Fwi) = pg(ung' £ pg) ) = pa(ff(v),

which shows that MV (fY) = M(fT) = (gi;)~'. There is an isomorphism
D = Spf[[ti;]], where for any deformation A over any R € C, we have
1+t;(A) = na(v; ®wj). To calculate f*(t;;), we use the above diagram to
write

(v @ wy) = na(f~ (vi) @ ¥ (wy))

=TnA (Z f’l”iv'r‘ ® ng]ws> = HUA(UT X ws)frigsj
r s

7,8

which proves the statement of the lemma. O
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4.2. Periodic points: canonical and quasi-canonical lifts. Let E be
an ordinary elliptic curve over F,. Then End(E) is isomorphic to an order
of a prime-to-p conductor f(E) in a quadratic imaginary field K = Q(\/&),
where d is a square-free negative integer. There is a unique (up to iso-
morphism) elliptic curve Eq, over W (F,) lifting E such that the natural
reduction map
End(E.q,) — End(E)

is an isomorphism. This elliptic curve is called the canonical lift of E. A
lift £ of E /T, is called quasi-canonical if the image of the reduction map
End(E) — End(E) is an order in End(E); its conductor is necessarily of the
form p?f(E) for some a > 0. The case a = 0 corresponds to the canonical
lift.

Let E = (E,P) consist of an ordinary elliptic curve E over F, and a
point P of order N on E. We say E = (E, P) is a (quasi-) canonical lift
of Eif E is a (quasi-) canonical lift of E. Since (p, N) = 1, the point
P can be uniquely lifted, and hence there is a unique canonical lift of £
which we denote by E,,,. We write D(E) = Spf (W (F,)[[t]]), where ¢ is the
Serre-Tate coordinate on D(E). We prove the following.

Proposition 4.2.1. Let notation be as above.
(1) We have t(Eoan) = 0.
(2) E is a_quasi-canonical lift of E of conductor p*f(E) if and only if
1+ t(E) is a primitive p®-th root of unity.
In other words, D(E) is isomorphic to the open unit disc around 1, the

canonical lift corresponds to 1, and the other quasi-canonical lifts correspond
to the nontrivial p-power roots of unity.

Proof. We will use the Serre—Tate theory of local moduli of ordinary abelian
varieties. We refer to the proof of Lemma 4.1.3 for a summary of their
construction and for notation. First we recall the following fact (see [21]).
Let Ay and As be abelian varieties over F,, and Ay, Ay, respective lifts
corresponding to pairings 74 ,74,- Let d: Ay — As be a morphism. Then
¢ lifts to a morphism 5: gl — Ag if and only if for all v € T, A, w € TpAg
we have
Ni, (5(’0), w) ="ni, (Uv 5V(w))

We will apply this with A; = As = E. Consider E with its canonical po-
larization and hence a canonical isomorphism 7, F = T,EY. Under this
identification, for any § € End(FE), the dual isogeny §V€ End(EV) is iden-
tified with § € End(E). Let v be a basis element in T,E. This provides us
with the Serre-Tate isomorphism

D(E) = D(E) = Spt(W (F,)[[t]]),
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where for any lift (E) of (E), we have 1+ t(E) = ng(v,v).

In our notation, End’(F) = K = Q(+/d), d square-free. If d = 2,3
(mod 4) let v = V/d, and if d = 1 (mod 4) let v = (1 4+ v/d)/2. Thus,
Ok = Z+~7Z. The lift E is a quasi-canonical lift of E of conductor dividing
p*f(E) in K if and only if @ = p®f(E)y can be lifted from End(F) to
End(E). This is equivalent to having ng(av,v) = ng(v,ow) = ng(av,v),
which is equivalent to

00, 0)* % = (L+H(E)* " = 1.

If d =2,3 (mod 4), we have (1 + t(E))* @ = (1 + t(E))?"FEWVL jf g =1
(mod 4), we have (1 + t(E))* @ = (1 + t(E))P"{E)WVd,

If p # 2, taking into account that p splits in K, we find that 2f(E)v/4d,
respectively f(E)v/d, are p-adic units, and so (1+¢(E))*® = 1 if and only
if (14t(E))P" =1.1If p = 2, then since p splits in K, we must have d = 1
(mod 4) and, again, (1+¢t(E))*® =1 if and only if (1 + t(E))"" =

This proves the second part of the Proposition. For the first part, simply
put a = 0, to obtain 1 + t(Emn) =1. O

Let ord = ord, denote the p-adic valuation on @p, normalized so that
ord(p) = 1.

Proposition 4.2.2. Letw € Q(A¢(E, N), [E]) be such that w* € Aut(D(E))
is nontrivial. Consider the dynamics of {(w*)"}n>1 on D(E). The following
hold:

(1) Ewvery pre-periodic point in D(E) is periodic.

(2) Let m > 0 be an integer. The indexr (O : Z[@™]] < oo unless,
possibly, when K = Q(v/—0). If K = Q(v/—) then & = +(—{)%/?
for some odd positive integer b, and [Of : Z|w™]] = oo if and only
if m is even.

(3) Assume that [Ok : Z[w™]] < oo, then the periodic points in D(E)
of order dividing m are exactly the quasi-canonical points of D(E)
of conductor dividing [Okg : Z[w™]]. In terms of the Serre-Tate
coordinate t, these correspond to points E € D(E) for which (1 +
t(E))P" =1, where a = ord,([End(E) : Z[&@™]]).

(4) If [Ok : Z|w™]] = oo any point is a periodic point of order divid-
ing m.

Proof. First, note that all pre-periodic points are periodic simply because
w* € Aut(D(E)). To prove claim (2) note that w is a non-integer integral
element of K (thus generating K over Q) whose norm is " for some n > 0.
If [Ok : Z[&™]] = oo then @™ = ££™"/2, This implies that the discriminant
of K divides —4¢™ and so the discriminant of K, which is not —3 or —4,
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must be equal to —¢ or —4/ if £ is odd, and —8 if £ = 2. This implies that
K = Q(v/—¥). The rest of (2) is clear.

Let E = (E,P) € D(E). It follows from the construction of w* that
(w*)™(E) = E if and only if @™ € End(E) can be lifted to an endo-
morphism of E. If @™ is not an integer, this is equivalent to E being a
quasi-canonical lift with endomorphism ring containing Z[w™] C End(E),
i.e., E being a quasi-canonical lift of conductor dividing [Ox : Z[@™]]. In
terms of the Serre-Tate coordinate, we have already seen in the proof of
Proposition 4.2.1 that (1+t(E))*" = 1 if and only if E is a quasi-canonical
lift of conductor dividing p*f(F). If @™ is an integer then every point is
m-periodic. The rest follows immediately. O

Corollary 4.2.3. The T;-forward orbit of any CM point E with ordinary
reduction and conductor p“f(E) is a discrete set, intersecting each residue
disc at a finite set contained in the p®-roots of unity (relative to the Serre—
Tate coordinate). The prime-to-€ part of the conductor of the endomorphism
ring in such an orbit is an invariant.

4.3. Closure of orbits and CM.

Proposition 4.3.1. Let E = (E, P) be an elliptic curve of ordinary reduc-
tion over C,. Let K = End’(E).

(1) If K is a CM field, the orbit of E under Ty is a discrete set consist-
ing only of elliptic curves with the same endomorphism algebra K.
Consequently, any point in the closure of the orbit of E has CM by
an order whose conductor differs from that of End(E) only at ¢.

(2) If K = Q, no point in the closure of the orbit of E under T; has
CM.

Proof. Corollary 4.2.3 contains (1), since p-power roots of unity form a
discrete set of the unit disc. Consider then the case K = Q. Suppose that
there is a CM point E, in the closure of the orbit of E. Let F' = End’(F)
and let p® be the p-part of the conductor of End(FEy) in F.

We claim that F = End’(E) where E is the reduction of £ modulo the
maximal ideal of C,. Indeed, since E is in the closure of the orbit of £
there is an f(-isogeny, £ — E;, where E is in the residue disc D(E,), and
so F = End’(Ey) = End’(E;) = End"(E).

Let S be the set of all CM points that are quasi-canonical lifts of E, with
conductor whose p-part is p®. They and £ belong to the same residue disc
D(E). Let

dist(£, S) = {dist(£, s) : s € S},
where we view here the residue disc as a subset of C,, by means of a Serre-
Tate coordinate, I and s are elements of C,,, and the distance is the p-adic
metric. Note that dist(S) is a finite set of positive real numbers.



p-adic Dynamics of Hecke Operators on Modular Curves 405

Now, let f be an f-isogeny E — E’ such that E' € D(E,). The induced
isomorphism of residue discs f*: D(E) — D(E,) is an isometry." Thus,
dist(E, S) = dist(E’, f*(5)). Moreover, by a counting argument, f*(S) con-
sists of all quasi-canonical lifts in D(E) with p part of the conductor being
p®. Thus, E, € f*(S) and we find that dist(E’, E;) is bounded from below
regardless of f. This is a contradiction. O

4.4. Dynamics of t — (1 4+ t)* — 1. As we have seen, the action of the
Hecke operator Ty on points of ordinary reduction reduces, essentially, to
the study of an automorphism of the open disc of radius 1, which is of the
form t — w*(t) = (1 4 t)/«/f» — 1. Therefore, we now direct our attention
to automorphisms of the disc of the form

tesh(t) =1+t =1, NeZ).

Recall that (1+ )} = Y2, (M)t", where () = W

The nature of the orbit {h™(z) : n € Z} is best understood through a
sequence of reductions that while providing a complete picture also convince
the reader that formulating a quantitive answer in the general case is too
messy.

Thus, let F' be a finite extension of @, with a residue field of degree p!
and ramification index e. Let mp be the maximal ideal of F'. Define for
n>1,

Up=1+mp C Of.
We have a decomposition:
O; = ,upf_l X Ul.

We change coordinate so that the centre is 1, and so our map in the new
coordinate (still called t) is simply

t h(t) =t
Let z € O; since = should reduce to 1, we take 2 € U;. The group Uy has
a non-canonical decomposition

Uy = Hpa X Ul?

where U’ is isomorphic as a Z,-module to Z§, 9= [F': Qp]. The action of h
respects this decomposition and we see that at the expense of passing from
A to A" (which will result in decomposing the orbit into a union of finitely
many translated-orbits for AP"),

o We may reduce to the case x € U'.

1 Any automorphism of the open unit disc defined over a discretely valued field extension of
Qp is an isometry.
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Choose an ng > p%l and a sufficiently large n;. The homomorphism

! 1
U — Upy,, x— P,

is a homeomorphism from U’ into an open subgroup of finite index of Uy,
that commutes with h. To stress, it is injective. Thus, we accept the next
reduction:

o We may reduce to the case x € Up,.
Now, the logarithm function, log(t) = Zn21(—1)”_1%, converges on Uj. If
n > %5, then
P
log : U, — m’,
is an isometry whose inverse is given by exp(t) = > on>1 % That explains

our interest in assuming that = € U,,. Thus, by applying the logarithm,
the orbit {2*" : n € Z} is transformed into the orbit

{log(z) - \":n € Z} =log(z) - {\" : n € Z}.
And so we accept the next reduction.

e The essential information about the orbit of h(x) is contained in
the properties of the subset of Z, given by {\" :n € Z}.

This last question is uniform. It doesn’t know about x or F'. Unfortunately,
also here we run into similar book-keeping issues, and so once again we
satisfy ourselves with a reduction that comes from the decomposition Z,; =
pp—1 X (14 pZp).

o We may reduce to the case A € (1 + pZy).
Finally, by applying the logarithm, we find that

o The set {\" : n € Z} in 1+ pZ, is mapped bijectively to the set
log(\)-Z in pZy,, whose closure is a disc in pZy, of radius p~ ord(A-1)
centred at log(\).

Without getting bogged down in the details, we can conclude the

following:

Proposition 4.4.1. Assume that x is not a root of unity.

(1) The closure of the orbit of any point x under w* is equal to a finite
disjoint union of sets, each homeomorphic to Z,.

(2) In contrast to the case of a CM point, where the orbit is countable
and discrete, the closure of the orbit of x under iterations of Ty is
of cardinality 2.

5. The ¢-isogeny graph: the supersingular case

5.1. Some notation. Recall our choice of a fixed prime number p. In
the following, F, F1, and so on, will typically denote supersingular elliptic
curves in characteristic p. We denote Frobg : E — E® the Frobenius
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isogeny; occasionally we denote it ¢ for simplicity of notation. We denote
B = B, » the quaternion algebra over QQ ramified precisely at p and oo
and denote Z its p-adic completion B, o, ®g Qp; R will denote a maximal
order of B, o, and Z its p-adic completion. The order R is not unique but
X is. Let ¢ = p? and F, a field of cardinality ¢ in a fixed algebraic closure
F,. Denote Qg = W (F,)[p~']. When we talk about Q, we have in mind an

algebraic closure containing W (F,) and C, denotes its completion.

5.2. Definition of supersingular graphs. As in the ordinary case, in
addition to the fixed prime p, we now fix a prime ¢, and a positive integer
N, such that p # ¢, (N, pf) = 1. Although some of the results below apply
to the case £ = 2, some of the literature we are using necessitates assuming
¢ is odd and so we assume that from this point on. Recall that a(/N') denotes
the order of ¢ in the group Z/NZ*.

Definition 5.2.1. A pair (IV,p) is called rigid if for every supersingular
elliptic curve E, and P € E[N] of order N, we have Aut(E, P) = {1}. It
is called solid if Aut(E, P) C {£1}. If p is clear from the context, we shall
simply say N is rigid, or solid.

The classification of automorphism groups of elliptic curves (see [28, 111,
Section 10]) implies:

Lemma 5.2.2. If (N, p) is rigid it is solid. Further:
(1) If N =1, then (N, p) is never rigid and is solid iff p=1 (mod 12).
(2) If N =2, then (N, p) is never rigid and is solid iff p =1 (mod 4).
(3) If N = 3, then (N,p) is solid iff p =1 (mod 3). If it is solid then
it is rigid.
(4) If N > 3, then (N,p) is rigid.

To define supersingular graphs in a very concrete way, we make use of
the following.

Lemma 5.2.3. Fvery supersingular elliptic curve has a model E over I
such that Frob%E = p, unique up to F2-isomorphisms.

Proof. 2 Let ¢ = Frobg. This Lemma is well-known for ¢? = —p; cf.
Serre [27, p. 284], [1, Lemma 3.20]. The variant p? = p is obtained for
p > 2 by a quadratic twist. Even for p = 2 we can pass from ¢? = —p to
©? = p, but this time by twisting by the element of Hl(Galﬁp/Fq, Aut(E))
that sends Frobenius to ¢, an automorphism of order 4 of E. O

We fix such elliptic curves as representatives for the Fp—isomorphism
classes of supersingular elliptic curves. Given N, we extend this choice to
a choice of representatives (E, P) for the Fp-isomorphism classes of pairs

2We have learned of this nice fact from a post of Bjorn Poonen on Mathoverflow.
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(E1, P1), where Ej is supersingular and Pj is a point of Ej of order N. There
is no canonical way to choose the points P, and so we make an arbitrary
choice once and for all, and call the set of representatives Rep(N). For a
representative E, the number of representatives (E, P) € Rep(N) is the
number of orbits of Aut(FE) acting on the points of order N in E.

We now define the supersingular graph A¢(N) of level N. The set of
vertices Ag(N)V of Ay(N) is the set Rep(N) we have fixed above. The
construction is such that Ay(N) will be a directed graph, whose arrows are
labeled, and we describe its arrows in two equivalent ways.

(1) For every vertex (F, P), and a cyclic subgroup C of E of order ¢,
draw an arrow from the vertex (F, P) to the unique representative
(E1, P1) of (E/C,PmodC). Let m¢: E — E/C be the canoni-
cal map, and let a: F/C — E; be an isomorphism such that
a(mc(P)) = P;. Note the morphism A = aong: (E, P) — (E1, Py).
It is unique up to composition with elements of Aut(F;, P;). An
arrow is marked with the set of labels

Aut(El, Pl) oA\

Every element of Aut(E1, P;)o A will be called a label of the arrow.

(2) Let (E, P) and (E4, P1) be representatives in Rep(NN), i.e., vertices
of A¢y(N). The set of degree ¢ isogenies \: (E,P) — (Ep,P1), if
non-empty, has a natural action of Aut(FE1, P;), and we associate
to every orbit Aut(FEj, P1) o A of this action an arrow from (E, P)
to (Eq, Pr), together with the set of labels Aut(E7, P1) o .

In our second definition, every arrow corresponds to a unique subgroup
C of E of order ¢, which is the kernel of any isogeny in its set of labels
Aut(Ey, P1) o A\. Note that there is a unique isomorphism a: E/C — Ej
making the diagram below commutative:

E A B,
N
E/C

It follows that the point P, = A(P) is equal to a(mc(P)) and so the two
constructions of the arrows in the graph are the same.

Remark 5.2.4. Note that there is no obvious way to make the graphs
Ay(N) undirected; the natural idea of identifying an isogeny A with its dual
AV fails in general because A and A~! differ by multiplication by ¢, which
acts non-trivially on points of order N (unless £ =1 (mod N)).

Even in the case N = 1 there is a problem as the graphs are typically
non-symmetric. The number of arrows from FE; to Es is Aut(E1)/ Aut(Es)
times the number of arrows from Es to E;. The adjacency matrix of Ay(1)



p-adic Dynamics of Hecke Operators on Modular Curves 409

is the ¢-th Brandt matrix. See [15], in particular Proposition 2.7. Finally, we
remark that in general the graphs may contain loops and multiple arrows.

5.3. Properties of supersingular graphs. The graphs A;(N) need not
be simple in general, however we do have the following proposition.

Proposition 5.3.1. If N > 4/ the graph Ay(N) is simple, i.e., contains
no loops or multiple edges; moreover, every arrow has a unique label in this
case. The girth of the graph A¢(N) is at least log,(N/4).

Proof. The statement about the girth implies the one about the loops.
Suppose that the girth is r. Then, we can find a representative (E, P)
and a v € End(F) such that the deg(vy) = ¢" and v(P) = P. Therefore,
N|fKer(y — 1) = deg(y — 1). Thinking about 7 as a complex number of
modulus £/2 we have deg(y — 1) = |y — 1> < (|7] + 1)? < (2|n])? = 47",
which gives N < 4/¢".

Suppose we have two distinct arrows f,g: (E1, P1) — (E2, P2). Then
g~ 'o f is a rational endomorphism of (Ey, Py), and v :=fg o f =g o f is
an endomorphism of F; of degree £2 such that v(P;) = £P;. Consequently,
N|iKer(y — £) = |y — £]*> < 4¢%. Thus, if N > 4¢2 there are no multiple
edges, and by Lemma 5.2.2 no multiple labels. U

We note that there is a natural map
TN :Ag(N)—)Ag(l), (E,P)HE,

taking an arrow with label \: (Eq, P1) — (FEs, P2) to the arrow A: E1 — FEjs.

The construction of the graphs Ay(N) is motivated by the study of the
Hecke operator Ty; the directed walks of length r in Ay(IN) that begin
at (E, P) describe the image of the point (E, P) € X;(N)(F,) under 7},
including multiplicities. With this in mind, we make a further study of
these graphs. We first prove a technical lemma about translating isogenies
to walks.

Lemma 5.3.2. Let E = (E,P) be a vertex of Ay(N). Let \ : E — E’
be an isogeny of degree ". Let E” € Rep(N), and ¢ : E' — E" be an
isomorphism. Then there is a walk of length r in Ay(N),

A A Ar— Ar
E=Ey 5 E “% - "3 E,_, “»E, =E',

where each \; is a label for the corresponding arrow, and € A, ... AaXi = .

0
Proof. Let C, = Ker()\). Factorize X as (E,P) — (E/C,, P mod C,) &< F’,

and let
0=CyCC1 CCy < -+ CCr =Ker())
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be a filtration by subgroups with cyclic quotients of order £. For each 0 <
i < r, let ¢ be an isomorphism

€5 (E/C’l,P mod Cl) = Eiv
where E; € Rep(N), such that ¢g = id, E, = E”, and ¢, = €d. Let

pi: E/C;—1 — E/C; be the canonical morphism. Since C, is the kernel
of A\, we have A = dp,, ... p1. This yields a factorization

A= (eopr06t)oo(czopoe)olaopog?).

Note that each \; := ¢€;0p, oei__l1 is a label for an arrow in the graph A/(N)
from E,_; to E,. This provides a walk of length r starting at E, ending at
E”, such that e '\, ... A1 = . O

Theorem 5.3.3. The graphs A¢(N) have the following properties.

(1) A¢(N) is a connected, directed graph of fized out-degree ¢ + 1.
(2) The graph A¢(N) is not bipartite.
(3) If N is rigid, every vertex in A¢y(N) has in-degree £ + 1 as well.

Proof. The fact that Ay(N) is a directed graph and every vertex has out-
degree ¢+ 1 follows from the construction and the description of arrows by
means of cyclic subgroups of order /.

Let G be the algebraic group over Q whose Q-points are

B;oo ={zr € By : Nm(z) = 1};

it is a form of SLy and hence G is semi-simple, almost simple, and simply
connected. Fix two pairs (£, P1), (E, P») in Rep(N). We identify B), o with
End’(FE) and that gives us a maximal order R that corresponds to End(FE).
The group G(Q) is then the group of rational endomorphisms of E of norm
1. We choose a symplectic basis for the Tate modules T,(E) for every prime
u # p. The action of G(Z,,) on T;,(F) induces an isomorphism G(Z,) =
SLo(Zy,).

Using strong approximation for G relative to the place ¢, we can find an
element y of G(Q) that is very close, except possibly at £, to the element

1  wutN,

reGAY,  r=(1)u= {m u[N

where the elements z,,u|N, are chosen to be in SLy(Z,) and such that
[Iun 2u (mod N) € SLo(Z/NZ) takes Py to Ps.

The element y is thus integral, except possibly at ¢, and Nm(y) = 1.
Replacing y by £2(N)™y for a suitable positive integer m, we have proven the
existence of an isogeny f: (E, P1) — (E, Py) of degree a power of ¢. Using
Lemma 5.3.2, we can factor f as a composition of cyclic isogenies of degree ¢
and we thus find that (E, Pp) is connected to (E, P») in A¢(N). Combined
with the well-known fact that Ay(1) is connected (namely, between any two
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supersingular elliptic curves over F,, there is some isogeny of degree a power
of ¢ — see below), one concludes that Ay(N) is connected as well. In fact,
we have proven that for all E, and for all P, P, of order N on F, there is
a walk of even length from (E, P;) to (E, P).

We now prove that Ay(IV) is not bipartite. We first consider the case
N = 1. It is enough to prove that there is a closed walk of odd length in
A(1). By Lemma 5.3.2, this is equivalent to proving that there is an elliptic
curve E with an endomorphism of degree ¢", where r is a positive odd
integer. Let E be an arbitrary supersingular elliptic curve, and consider
the quadratic form in 4 variables and discriminant p?,

deg: End(F) =R — Z.

We need to prove that deg represents an integer of the form ¢", for some
r a positive odd integer. We show that it represents every large enough
positive integer prime to p. We will use the fact that the Integral Hasse
Principle for a quadratic form on a rank 4 lattice holds for large enough
integers that are relatively prime to the discriminant of the quadratic form
of the lattice. Since /¢ is prime to p, our desired result follows if we prove
that the quadratic form deg represents every integer locally. The quadratic
form deg is positive definite at infinity. At a finite place v # p, we have
an isomorphism R ®gz Z, = Ms(Z,) via which norm corresponds to the
determinant, and every v-adic integer can be represented as a determinant.
At prime p, we have R ®z Z,, = # which has a model

{(Z ];If) ta,be W(]sz)},

and where the degree map associates to the above matrix its determinant
aa’ — pbb?. By local class field theory, the norm map W (F,2)* — Z; is
surjective. Therefore, all elements of Z,, of even valuation are norms of the
form aa?, and all those with odd valuations are norms of the form —pbb?.
This ends the proof that Ay(1) is not bipartite.

Next we prove the result for general N. We show again that Ay(N)
has a closed walk of odd length. Let (E, P) be a vertex. Let v : F — E
be an isogeny of degree ¢" with r odd as in the previous paragraph. By
Lemma 5.3.2, this isogeny provides us with a walk of odd length from
(E,P) to (E,P'), where (E, P') € Rep(N) is isomorphic to (E,v(P)). In
proving the connectivity of the graph, we have shown that there is a walk
of even length from (E, P’) to (E, P). Composing these walks, we obtain a
closed walk of odd length starting and ending at (£, P). This proves that
Ay(N) is not bipartite.

We now prove part (3). Suppose that (N,p) is rigid. By counting, it
is enough to show that every vertex (F,P) has in-degree at least ¢ + 1.
Let C1,...,Cpy1 be the subgroups of order ¢ of E and m;: E — E/C; the
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canonical morphism. Consider the diagrams

(B, teMN)=1py " (B/C;, 04MN=1P mod C;) — = (E, ¢*N) P) = (B, P).

Then, replacing (E/ C;, 0N =1P mod C;) by the corresponding represen-
tative (E/C;, ¢*M~1P mod C;)" and adjusting m}' by the unique implied
£-isogeny 7r2-V’T, we find £+ 1 arrows leading into (FE, P):

\/,7'

(E/C;, ¢*MN)=1P mod C;)" —— (E, P).

We claim that these are distinct arrows. If for some i,j we get the same
arrow then we have (E/C;, (M ~1P mod C;) = (E/C;,¢*N)=1 P mod C})
and, under this (unique) isomorphism, 7" = 77}/. But then 7; = 7; and so
C; = Cj. O

5.4. From walks to endomorphisms. We now introduce some addi-
tional constructions. In addition to fixing p, ¢, N, fix now an object £ =
(E, P), where E is a supersingular elliptic curve, and P is a point on E of
order N. Let R = Endg (E).

Recall that if h is an arrow from E; = (E1,Pi) to By = (Es, P») in
Ay(N), then h is an orbit under the action of Aut(E,) on the set of degree
{ isogenies from Fy to Fo that take P, to P». Elements in this orbit were
called labels for h. By a labeled walk in the graph Ay(NN) we mean a walk
with a choice of label for each arrow in the walk. For two closed labeled
walks w1 and ws based at E, their composition wsy o wq is the labeled walk
obtained by traversing w; followed by wy. We allow the empty walk and its
set of labels is, per definition, Aut(£). We introduce the following notation:

e Q(Ay(N), E) denotes the monoid of closed labeled walks in Ay(N)
starting at E.

e Given w € Q(A/(N), E), by composing the labels of the arrows
occurring in w, we get an endomorphism @ € R; as @ has norm a
power of £, we have W € #*.

e We denote by % (E) the monoid in %#* obtained as the im-
age of Q(A¢(N),E). By Lemma 5.3.2, S (E) consists of those
endomorphisms f of E of degree a non-negative power of ¢ such
that f(P) = P. Let N (E) be the subgroup of Z* generated by
A4 (E). Note that ¢¢N) € 74 (E).

e We denote by ¥x(£) the subgroup of PGL2(Q,) that is the image
of #n(E) under the composition > — GL2(Q,) — PGL2(Qy).
The map #* — GL2(Qy) is chosen so that the image of # is

(5 27 cavewe).
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where o is the Frobenius automorphism. For w € Q(Ay(N), E), we
denote the image of @ in ¥y (E) by w again.

Lemma 5.4.1. N (E) is the group of rational endomorphisms of E of
the form f = f1/¢" such that fi € End(E),deg(f1) = ¢", r,t € N, and
7(p) = P.

Proof. One inclusion is clear: using that for any isogeny g, we have g~! =

gV / deg(g), it follows that the elements of /%y (E) have the desired property.
For the other, note that for f with the above property, g := (¢! f is an
endomorphism satisfying g(P) = P and thus belongs to ## (E). The result
now follows since (V) is in S} (E). O

From this point on, we fix E = (F,P) in Rep(N) and simplify the
notation by dropping E from the notation: /%y = N (E), Ynv = 9n(E),
QA(N)) = AA(N), E).

It follows easily from the definitions that the following diagram is com-
mutative and its arrows are homomorphisms that have the indicated prop-
erties.

Q(A¢(N)) — AN 9N

R |

QA1) —— A %

If p =1 (mod 12), then the pair (1,p) is solid, in the sense of Defini-
tion 5.2.1. In particular, f — fV defines a one-one correspondence between
Hom(E, E’) and Hom(E', E), for any two supersingular elliptic curves E, E’.
Therefore, we can, just as in the ordinary case, define an undirected graph
A;d(l) by identifying an arrow corresponding to f with the reverse arrow
corresponding to fV. Note that when f is an endomorphism of E of de-
gree /, and f # £V, the corresponding loop in A;‘d(l) is considered with
multiplicity 2.

Let H(4/4) denote the Hurwitz class number of positive definite primitive
quadratic forms of discriminant —4¢, see [15].

Proposition 5.4.2. The following hold:

(1) The group v (resp., 9n) is a finitely-generated finite-index sub-
group of A4 (resp., 4 ).
(2) The groups 9n are highly non-commutative. To be precise:
(a) The groups N and 9y have arbitrarily large subsets of pair-
wise non-commuting elements.
(b) Letp=1 (mod 12). Let y(¢) = $H(4€). Then the fundamental

((=1)-(p=1)

group m1(Ay(1), E) is a free group of rank 1+ @ + o1
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Furthermore, there are elements 61,. .., that are part of
a basis of m1(A¢(1), E) such that

G = m(M(1), B)/(ET,. ... Co),

5
where (%f,...,%3(€)> denotes the minimal normal subgroup
containing €7, . .. ,‘572(6). Consequently, 4 has a quotient that

is a free group of rank 1 — @ + %.
Proof. To show that the groups ¢y are finitely generated, we will produce
a finite set of generators. First, we prove a lemma.

Lemma 5.4.3. Let B, = (E1, P1) and Ey = (Eq, P3) be vertices of Ay(N).
Let \: E{ — E5 be an isogeny of degree £™ for some m > 0. There is an
1s0geny
m: By — By

of degree (@ < ¢m+2a(N)=1) guch that X o Ny s multiplication by a power of
L. In particular, for every labeled walk w from E; to Eo of length m, there
is a labeled walk n,, from Ey to E| of length a < m+2(a(N)—1) such that
won, €Yy is the identity.

Proof. Define ny := f*\V, where x is the smallest non-negative integer for
which we have a(N)|(m + x). We have deg(ny) = £m+2e < grt2(aN)=1),
We also have 1y o A = (¥t and ny(P) = (*(\V(P)) = (Mt P = Py, as
desired. O

We now prove the finite generation of ¥y = #5(E), and deduce the
finite generation of . Let v(IN) denote the number of vertices in Ay(N).
We prove that the finite set

Gen = {0 :w € QAy(N), E) of length < 2a(N)+ 2v(N) — 3}
generates ¥y. Let w € Q(Ay(N), E) be a closed labeled walk comprised
of vertices K1 = E, Fs, ..., E,, Eh41 = F, with labeled arrows h; from E;
to E;11. For each 2 < i < n, let w; denote a labeled walk from F; to E;
of length at most v(N) — 1 (these exist since Ay(NN) is connected). Then,
w = En ... h1 can be written as a product

& = (hynn) (Tesy hr—160n—1) - - - (Moo how) (N 1)

in which each factor is in Gen. This proves that &y is finitely generated. As
the kernel of 5y — ¥y is finitely generated, also S is finitely generated.
(The kernel is generated by £¢0¥) and —¢#(N) where B(N) is the least non-
negative integer such that £#(") = —1 (mod N); if no such B(N) exists,
the kernel is generated by ¢*(2V) alone.)

Denote by #; the subgroup of 4 composed of elements whose action
on the N-torsion points of E is trivial. Then, 4 D %y 2 ¢, and to
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prove # is of finite index in 4, it is enough to show that S} is of finite
index in J4. But, 74/ # 5 — GL2(Z/NZ) and the assertion follows.

Next, we prove that 7% has an arbitrarily large subset of pairwise non-
commuting elements. Let n be a positive integer. Let R = End(FE), and
let dy,...,d, be large enough distinct primes such that ¢ is split and p is
inert in each of the fields K; = Q(v/—d;). By [13, Theorem 1.4] and the
discussion preceding it, each field K; has an optimal embedding K; — B),
relative to R; that is, the image of Ok, is contained in R. The images of
the fields K; do not commute.

As ¢ is split, in each field K;, we have a decomposition into primes ideals
0k, = £;12,2. Let r be an integer divisible by the class numbers of
Ki,...,K, and let sy = § GLo(Z/NZ). Then, £ = (t;), and 7; := ;¥
have the following properties:

(i) neR;
(ii) K; = Q(m;), and hence 7; and 7; do not commute for i # j;
(iii) 7, € AN as t; € 4 and t; acts by an element of GL2(Z/NZ) on
E[N].
This provides us with n pairwise non-commuting elements of . In addi-
tion, since commutators have trace 0 and the kernel of J#y — ¥n consists
of non-zero scalars, the images of the 7; do not commute in ¥y either.

Finally, we assume p = 1 (mod 12), and consider the graph A;ld(l)7
which has (p — 1)/12 vertices. The fundamental group m(A¥4(1), E) can
be described the following way. Let Ag"(1) be the (“enlarged”) graph with
the same vertices as AY4(1), but for every edge e in A}4(1) introduce two
corresponding edges e, e € {4, —} in A§"(1), thereby getting a directed
connected graph. Introduce an equivalence relation on the set Q(A§"(1), )
of closed directed walks as the one generated by basic equivalences

wiwe ~ wie‘e ‘wo.

The corresponding set of equivalence classes forms a group, naturally iso-
morphic to m (A¥4(1), E). Note that we have graph morphisms

ASH(1) — Ag(1) — AP(1).

In fact, the morphism A§"(1) — A,(1) is a bijection on vertices and all
edges except for self-dual edges, namely, edges that correspond to loops
with labels +X such that £\ = £V (i.e., the loops of multiplicity 1 in
A}4(1)). There is a natural map

QA1) E) — 4.

Indeed, each edge e inherits a set of labels +\ from Ay(1), and so for each
walk we can associate the composition of the labels that gives a well defined
element in ¢;. Equivalent elements of Q(AJ"(1), E') have the same image.
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We note that if e corresponds to a self-dual loop in Ay(1) then we get
(e)?=11in %.

To every loop ¢; of multiplicity 1 in Ay(1), we associate an element %; of
m1(AP4(1), E) by taking a path w; from E to the vertex of the loop ¢;, and
letting €; = wiv c;w;i. We get a well-defined homomorphism

m(Ae(1), E)/(E7, ..., Cop) = 4.

It is easy to check using Lemma 5.3.2 that this is a surjective homomor-
phism. The injectivity is equivalent to checking that a composition of /-
isogenies f, o---o f1 is, up to a sign, multiplication by a power of £ if and
only if it is composed of nested pairs of /-isogenies X o \V. To see this last
statement, consider a composition of ¢-isogenies f, o---o f; which is equal
to 0"/2, say

E=E g L. g

Let ¢ + 1 be the minimal integer such that ¢ divides f;+1 0---0 fi. That is,
Ker(fiy1 00 f1) € Z/l'Z x Z/{Z and, under this isomorphism, Ker(f; o
w0 f1) = Z/PZ x {0} for j <. It follows that Ker(fi11 0 f;) = (Z/0Z)?,
which implies that F;11 = F;,_1 and f;41 o f; is equal to the multiplication-
by-¢ map up to an automorphism of F;;;, namely, up to +1 due to our
assumption on p. Therefore, fi11 = +f".

A label of a self-dual loop at a vertex E’ corresponds to an embedding
Z[v/—f] — End(E'). By [15, Section 1], there are H(4¢) such embeddings.
Therefore the number of self-dual loops of A4(1) is v(¢). Hence, the group

m1(A}4(1), E) is a free group of rank 1 + @ + % and so ¢ has a

quotient that is a free group of rank 1 — @ + %. O

5.5. The closure of ,%”]{'f , /v and ¥n. Our purpose is to determine
the p-adic and Zariski closures of the monoid f%”]\'; in £*, and the same
for ¥n. We will use H, G, etc. to denote p-adic closures and H, G, etc. to
denote Zariski closures.

We introduce the following submonoid of ,%”AJ{ :

Ayt ={f €End(E): f=1 (mod N),deg(f) € (¢*™))},
and let 77} be the minimal group containing jfj\lﬁr (it already appeared in
the proof of Proposition 5.4.2). Denote by ]HIJF,]I-]I}\}Jr the p-adic closure of
Ay and %]\1,’+ in 2, respectively. Let £y be the p-adic closure of (£¢(V))
in %*. Note that .Zy is also the p-adic closure of {£ W) . =1,23,...}
Proposition 5.5.1. H}\}Jr ={r e Z* :Nm(z) € Zn}.

Proof. Let A = {x € Z* : Nm(x) € Zn}. Clearly, %”]\1[’+ C A. Since Ais a
compact group, also ]I-]I}\’,Jr C A.
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For the reverse inclusion we will use Theorem 1.2 of [25]. Write R =
End(E) C By and identify R with Z* so that 1 = (1,0,0,0); let Q be the
positive definite quadratic form corresponding to the norm of B, .. Then
X = Zﬁ. Let a = (aq,...,a4) € A. We need to show that for all M > 0,
3 (B1,...,Bs) € Z* such that:

e Q(B1,...,Bs) =N for >0 such that £7*™) = Nm(a) (mod pM),
e (f1,...,84) =(1,0,0,0) (mod N), and
o (B1,...,P1) = (041,---,@4) (mod p™).
Note that there are always arbitrary large r satisfying the congruence in
the first condition. For convenience we take M > 2.

Let m = NpM and let (\1,...,\) € (Z/mZ)* correspond to the above
last two congruence conditions. By the result cited above, to get a so-
lution (for r >,; 0), it suffices to show that for every prime u there is
a (z1,...,24) € Z% such that Q(z1,...,24) = /N and (zy,...,14) =
(A1, .., A1) (mod wfrdu(m)),

For u { m, there is no congruence condition, (Z%,Q) = (Mz(Z,), det),

~

and the matrix (' ,.(v)) is a solution. For u|N, we still have (Z},Q) =
(M3(Z,),det), and the matrix (! ra(v) ) I8 still a solution because it satisfies
the congruence condition (1 gral v) = (1) mod yordu(m),

For v = p we want a solution in Z;l; that is congruent to (au,...,a4)
(mod p™). We have now (Z,Q) = ({($27) : a,b € W(F,)},det). The
element « satisfies the congruence condition, is represented by a matrix

(le Z bg ), and has determinant Nm(a) that is congruent to ¢r(N) modulo

M We want to find a; such that @; = a; (mod p™) and det(a1 pby ) =
gra(N)'
We claim that the norm map
al + pMW(IFq) — Nm(a;) +pMZp

is surjective. As ay is a unit, ay + pMW(F,) = a1 (1 + pMW(F,)) and it is
enough to prove that Nm is a surjection 1 + pM W (F,) — 1+ pMZ,.
Applying the logarithm to both sides, we reduce to showing that the
trace map tr = trym,z,: pPMTIW(F,) — pMTZ, is surjective; this is
easily verified. Finally, since £"*®V) 4 pb1b € Nm(ay) + p™ Zy, there is an
a1 € a1 + pMW(F,) whose norm is £7*N) + pby b9 O

Corollary 5.5.2. Hjl\?L is a group, equal to the p-adic closure of ,%”]\1, De-
note it henceforth by HY,. The quotient group %> /HY is a finite group
isomorphic to Zy | Zn .

We have inclusions H; = Hi O H} D H}, and so H}/HY is a finite
monoid contained in the group Hj /H}V, hence a group itself.
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Corollary 5.5.3. H]J\r, s a group, equal to the p-adic closure of 7. Denote
it henceforth by Hy. We have that Hy /HY; is a cyclic subgroup of the group
fl/gN = Z/Oé(N)Z

Let II: GL2(Qq) — PGL2(Qq,) be the natural projection map. We are
interested in the image of Hy under II. Denote

sat(Hy) = ZXHy = 1" 'TI(Hy) N 2%

The group sat(Hy) is closed, hence II(Hy) is closed in PGL2(Q,) and equal
to Gy.

Proposition 5.5.4. We have

sat(Hy) = Z5 = {(Z Z;b(,) € R*: aa® — phb? € (Z2)? - <€>} :
Thus, sat(Hy) has index at most 2 in Z* if p is odd, and index at most
4 if p = 2; further, sat(Hy) = Z* if and only if p is odd and ¢ is not a
square modulo p.

Proof. We first examine sat(Hy). As 2 /Hy = 25 /%y via the determi-
nant map, we find that #*/sat(H},) is isomorphic to Z;/(Z;)2<€°‘(N)>.
Since the graph Ay(N) is not bipartite (Theorem 5.3.3), there is an element
in % whose degree is an odd power of £. Consequently, %>/ sat(Hy) =
2y /(Zy)?*(f) and, in fact, sat(Hy) is precisely the elements in %> whose
determinant lies in (Z;)2<€>. O

Corollary 5.5.5. We have Gy = II(%]), which is independent of N.

Proposition 5.5.6. Let Hy, Gn be, respectively, the Zariski closures
Of %N; %N m GLQ(Qq), PGLQ(Qq). Then HN = GLQ(Qq) and GN =
PGL2(Qy).

Proof. As Hy O Hy,Gy D Gy, our assertion is quite clear from the de-
scription of algebraic subgroups of GL9o and PGLy over an algebraic closure.
For example, the proof of Proposition 5.4.2 shows that we can find arbi-
trarily large subsets of pairwise non-commuting elements of % lying in
the connected component HY of Hy. Indeed, if h = [Hy : HY], we may re-
place in the proof the elements 7; by 7 that are mutually non-commuting,
semi-simple, and have semi-simple commutators (every element of Z* is
semi-simple). It is also easy to arrange for a commutator to be non-central.
From this it is easy to deduce that HR, = GLs or SLs. On the other hand,
we have elements of determinant ¢*N)™ m e Z. in Hy. It follows that
HN = GL2 and GN = PGLQ(@q). O
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5.6. Dynamics implications - I. At this point we want to explain the
implication of our results thus far for the study of the dynamics of the
Hecke operator T;. Let £ = (E, P) be an elliptic curve over C, with good
supersingular reduction, thought of as a point on X;(N)(C,) for N rigid.
Let D(E) be its residue disc. As we have seen (the arguments proving
Lemma 3.2.1 apply), the correspondence 77| p(g) decomposes into a sum
of rigid-analytic isomorphisms between residue discs. If T}(E) = Y ;[E;]
(with repetitions allowed) then

T} | pp) = Zfi,

where each f;: D(E) — D(E;) is an isometry. Further, the discs D(E;) are
recognized by the mod p reductions E;, which are supersingular curves too.
Thus, as in the ordinary case, the movement of the residue discs follows the
dynamics of the Hecke orbit of E/, which is described by walks in the finite
supersingular graph Ay(N).

Enumerate the vertices of the (¢ 4 1)-regular directed graph A;(N) as
{v1,... s Uy( N)}, and let T denote the normalized adjacency matrix, so that
(¢41)T;; is the number of edges from v; to v;. By Theorem 5.3.3, the matrix
T is bi-stochastic and can be viewed as a time-homogenous irreducible
Markov chain. As Ay(NN) is not bipartite, every eigenvalue of T', besides 1,
has modulus smaller than 1. Thus, any initial probability distribution on
Ay(N)V converges exponentially fast to the unique probability distribution
ﬁ > i 0w, , where 6, is the Dirac distribution supported on v;. (For N = 2
everything goes through the same; for N = 1 most of the considerations
go through, but the limit measure need not be the one we have specified.
For example, if p = 11 and ¢ = 5, then T is & - (3}) and the stationary
7))

With these considerations, to understand further the action of 7' we
may restrict our attention to a single disc. That is, we need to study the

action of the monoid % (E) on the residue disc D(E). This residue disc

distribution is (

may be viewed as the generic rigid-analytic fibre (D(E))yiy of the formal
scheme D(E) that is the formal deformation space of the elliptic curve E;
equivalently, by Serre-Tate and étaleness, of the p-divisible group E[p>];

equivalently, by Tate, of the formal group E. The group A%X, and hence

A, can thus be interpreted as automorphism groups of E. The work of
Gross—Hopkins, which is our next topic, will allow us to consider instead the
action of J#y, that factors through %y, on IP’}@q. The methods we shall use
will rely on the p-adic and Zariski closures of ¥y . As the groups Gy, Gy are
well-understood by Corollary 5.5.5 and Proposition 5.5.6, this will prove to
be a powerful technique.
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We can view the formal deformation space E(E) as representing the
functor .# on complete local Noetherian W (IF,)-algebras R with residue
field &,

(5.1) F: Rw— Z(R)={(&,¢)}/isom.,

where & is a p-divisible group over Spec(R), and p: & @rk — E[p™]®r, k
is an isomorphism. The group Aut(FE[p>]), of which % is a subgroup,
acts on the universal deformation space via its action on the functor: v €
Aut(E[p™>]) acts by
(&,0) = (&,709).

Since the p-divisible group of F is connected, by a result of Tate, the functor
of deformations of the formal group of F is equivalent to the function .Z%.

For N =1 one uses the following diagram. Choose an auxiliary rigid N,
and use the diagram:

D(E) = (D(E))rig
\L jf;; —equizar.l%’
D(f) = (D(E))rig
D(E)/ Aut(E) = (D(E))rig/ Aut(E)

We remark that the action of Aut(E) is non-trivial only when Aut(E) 2

{#£1}, and this only happens at j = 0, 1728, if these are supersingular at all.

5.7. The work of Gross and Hopkins. In this section we review some
of the work of Gross and Hopkins [20], specializing to cases of particular
interest to us.

5.7.1. The ideal disc. Gross and Hopkins study one-dimensional con-
nected p-divisible groups through one dimensional formal groups. In [20,
p. 31] they construct a very particular universal typical formal group F' of

height n over the ring Zy[u1,...,un—1]. The case that would interest us
most is n = 2. Let Fy denote the reduction of F modulo the maximal ideal
of ZpJua, ..., up—1]; it is a formal group of dimension 1 and height n over

F,, and, as in [20], we let Fy be the specialization of F' to a formal group
over Z, obtained by specializing all the u; to 0. We denote F' = F Qp, Fpn.
(Note that our notation differs a little from [20].)

Consider the functor #* on the category of complete local noetherian
W (Fpn)-algebras (R, mp) with p € mp, kr: = R/mg, given by

(5.2) R~ F*(R)
= {G/R a formal group law G @r kg = F ®F,,, kr}/*-isom.
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Here, we say that G/R and G'/R are x-isomorphic if there is an isomor-
phism G = G’ over R, which reduces to the identity modulo mp. This
functor is representable by W (Fyn)[u1,. .., un—1], and F @z, W (Fyn) is a
universal object over it [20, p. 45].

Let A, = W(Fpn); it is an unramified extension of Q, of degree n that
contains all p™ — 1 roots of unity. From the specific definition of F' given
in [20], it follows that Fy ®z, A, has an action of A, such that [(](z) = (=
for ¢ € ppn_1. This induces an action of A4,, on F, making it into a formal

Ap-module of height 1, with an induced embedding jy,: A, — End(F). The

image of j,, along with the Frobenius morphism ¢ generate End(F’). Indeed,
we have

End(F ®,, Fp) = End(F) = A, ® App & -+ @ A" !,

with ¢ = p, and pa = a%p, for a € A,,, where o denotes the Frobenius
automorphism of A,,. The centre of End(F) is Z,. Note that every element
b of End(F), being an endomorphism of a 1-dimensional formal group, is
given by a power series b(z) € Fpn[z].

5.7.2. The action of Aut(F) on Spf A,Jui,...,u,_1]. From the
above discussion it follows that

= Aut(F) = AY @ App @ -+ ® Ang" ™,

and its center is Z, . The action of 27, on Spf Ay ui, ..., u,—1] is already
described in [22] as follows: Given b € ., represented by the power
series b(z) € Fpn[z], let b~1(x) be the inverse of b(z) relative to com-
position (so that b(b=!(z)) = =, etc.) and lift b~!(x) to a power series
h(z) € ApJz] in an arbitrary way. Given the universal formal group law F'
over Apfuy, ..., up—1], there is a unique group law F’ over A, [uq, ..., up—1]
such that
F'(h(z), h(y)) = h(F(z,y)).

Note that F' — F’ over the ring A, [u1,...,u,_1] via the map h, but this
isomorphism is not a *-isomorphism. By the universal property of F, there
exists a unique automorphism 3(b) of A, [ui,...,u,—1] over A, such that

B(b)F ~ F.

(The notation §(b)F means specializing F' by applying the 5(b) to its coef-
ficients.) The automorphism S(b) depends only on b and not on the choice
of h, since for varying h the formal group laws F’ are all x-isomorphic.
Here we have described the global action, but the action on points on the
universal deformation space Ay, [us,...,u,—1], namely on specializations of
F through homomorphisms A, Ju,...,u,—1] = R, is virtually the same.
This describes the action of .47, via the x-isomorphism model. If we con-
sider the equivalent functor classifying (G/R, 1) a formal group law with
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Vv: G QR kg = F ®F, kg, up to isomorphism, we have a natural action
of o, where b € o, acts on (G/R,) by taking it to (G/R,b o v). The

following proposition is an easy exercise.

Proposition 5.7.1. The two actions of <, on the universal deformation
space Apful, ..., un—1] are the same.

We thus get a homomorphism 3, with kernel Z,
By — Autga, (Anfui,. .. up—1]).

It induces an action of 7, on the formal scheme X = Spf(Apfut, ..., up—1])
and on the associated rigid space

X = )?m’g = (Spf(An[[@u, tet u”_l]]>)

rig *
In [20, Proposition 14.13] we find that if R is a complete local noetherian

Ap-algebra, and © € X (R) with corresponding formal group law Fj, then
the orbit of x under &7, is

Orb(z) = {y € X(R): F, = F, over R}
(note that this is, of course, an isomorphism and not a *-isomorphism) and

Stab(z) = Aut(Fy).

5.8. Canonical and quasi-canonical lifts: the supersingular case.
Now, we consider the case n = 2. Our main interest in this section is in
points x € X that have a large endomorphism ring. They are tightly linked
to dynamical aspects of the action of Aut(F) on X, and a fortiori to the
action of % on X, as we shall see. But we initially consider the larger

picture, which is the action of Aut(F'). We consider points x € X such that
End(F,) 2 Z,.

In this case, End(F;) is an order in a quadratic field extension of Q,. Up to
isomorphism there are finitely many such fields; they are in bijection with
the non-identity elements of Q) /(Q)? = Z/2Z x Z /(ZX)?*. Fix models
{K;} ={Ki,...,K,} for these fields, and for K € {K;} denote the ring of
integers by Ok. Let {1,k } be the automorphism group of K/Q,.

5.8.1. We first classify x € X according to the isomorphism class K; of
the field K, := End®(F},).
Fix then K € {K;} and consider points = such that K, = K. We have
then
End(F;) = Ok,s, = Zp + p** Ok,

and we call the non-negative integer s, the level, or conductor, of x. Choose
an isomorphism ¢, : Ok s, — End(Fy). It is unique up to composition with
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vri; when we want to refer to the pair of embeddings we shall write .. The
map t, induces an embedding

Ly OK,SI — End(F) =,
As the order Z consists of all integral elements of &, the embedding i,
extends uniquely to an embedding 7: Ok < End(F). Thus, any embedding
Iy comes from an “optimal embedding”.
Given d € #* \ Z,, it will be convenient to denote O yq) the order
isomorphic to Z,[d], and denote ¢, its embedding into End(F).

5.8.2. Fix an embedding 7: Ox — End(F'). Let QC(Z, K, s) be the set of
points z of X such that K, = K, s, = s and ¢, extends to . These are the
quasi-canonical lifts relative to i of level s. Let qc(K, s) = §QC(z, K, s) (it
is independent of 7). Gross [16] gives the following formula:

if s =0,
(5.3) qce(K,s) =< (p+1)p*~! s> 0, K unramified,
p® s > 0, K ramified.

Caution. Note that what Gross calls a quasi-canonical lift x of level s is
a point of QC(z, K, s) if s is even, and a point of QC(pip~!, K, s) if s is
odd, where p: F — F is Frobenius. Nonetheless, the result about qc(K, s)
quoted from [16] is valid, as pip~! is an embedding Ok — Z as well.

5.8.3. The sets of points we have defined enjoy an action of %> coming
from conjugating the embedding 7. An element v € % induces, for any K
and s, a bijection

QC(i, K, 5) = QC(yiy ™", K, s).

We are interested in the action of Z* = Aut(F'). Consider the surjective
homomorphism v := ordoNm : %> — Z, where Nm is the reduced norm
and ord is p-adic valuation. In the model {(Z’Z’:)}, v = ordodet and
so we see that Z* = Ker(v) and #*/#* = Z. As by Skolem-Noether
P> acts transitively on the set of embeddings 7: K — Z (they are all
optimal), the orbits of Z* on the set of these embeddings are in bijection
with 2% /% - Centgx (((K)) = B> /%™ - [(K™). As v|k = ordo Nmg q,
we find that the Z*-orbits in the set of optimal embeddings O — Z are
in bijection with Z/ord(Nm(K*)). Therefore:

o If K/Q, is ramified, Aut(F) acts transitively on the set of embed-
dings 7: Og — Z. In this action, the centralizer Cent(Z) is (K ™)
and the normalizer satisfies Norm(7)/ Cent(z) = {1, vk}, where the
non-trivial class indeed induces g by its conjugation action. We
remark that this persists also when we take the normalizer and
centralizer in Z*.
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o If K/Q, is unramified, there are two orbits for the action of Z*
on the set of embeddings 7: O — #. Again, we have Norm(7)/
Cent(7) = {1,7k}, but if we take the normalizer and centralizer
in 2%, we have Norm(z) N %>/ Cent(i) N Z* = {1}. To see that,
consider the standard inclusion K — % given by a — (& ), Where
the normalizer is generated over the centralizer by ¢ = ((1) ?) (a non-
integral element). The two Z* orbits are thus distinguished by the
induced action on the tangent space of F. Note, however, that even
in this case, Aut(F) acts transitively on the subrings of % that are
isomorphic to Og.

5.8.4. Consider now b € Z* and the automorphism (b) of X induced
by it. If b € Z) then B(b) is the identity map, and conversely. We are
interested in the periodic points Per(b) of 5(b) (in particular in the fixed
points Fix(b)), and so we may assume b ¢ Z, .
e If b has finite order in 2 /Z), then Per(b) X.
e If b has infinite order in Z* / Z, and x € X is a periodic point of
length 7, say, then z is a fixed point of B(b"). Note that there are
two embeddings associated to b",

+
byt Ok s — B,

where K € {K;} is the unique field isomorphic to Q,(0") = Q,(b)
and s = s(b") is the level. We therefore next direct our attention to
fixed points.

5.8.5. Letd e %#*,d ¢ Z;. As noted le(ﬁ(d)) = {z : d € End(F,)}.
If so, End(F}) is an order of conductor s, < s(d). Furthermore the asso-
)

ciated pair of embeddings (: O, s, — End(F) extend Ld Let K be the
representative isomorphic to @p[ |. Then,

Fix(d) = |J QCGE K, s)
s<s(d)

U{xeX:K %Qp[]sm—sﬁ: éc}
s<s(d)

(5.4)

We return to periodic points for §(b), assuming b is of infinite order in
X | Ly . It's an easy exercise that sup{s(b”) : 7 > 1} = oco. Let K be the
representative isomorphic to Qp[b]. Then,

Per(b) = | Fix(b")
r>1
(55) = U QC(Z(:)ta Ka S)
s>0
={reX K, 2K,it =i}
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(the abuse of notation 7, = fj is justified). Some information about the
location of the periodic points can be found in [16, 20].

5.8.6. We can draw some immediate conclusions concerning the action
of 5y on X. For one, for every element b of J, viewed as a branch of
the Hecke operator T} for some n, the fixed and periodic points of 5(b) are
given by Sections 5.8.4-5.8.5. In addition, in contrast to the ordinary case:

Corollary 5.8.1. The elements of ofo = Z* do not have a common fized
point. In fact there is no finite subset of X that is stable under .

Proof. The first statement follows easily, since we may pick integral el-
ements by, by, generating distinct quadratic extensions inside 4. Then
Fix(b1) N Fix(be) = 0. In fact, as in the proof of Proposition 5.4.2, we
can choose b; € #y such that b;" ¢ Z;, for all n; > 0.

As to the second statement, if S is a finite set stable under %y, then,
for suitable n; > 0, we have S C Fix(b;"),7 = 1,2. But, we still have
Fix(b') N Fix(b5?) = 0. Thus, S = 0. O

5.9. The Gross—Hopkins period map. We specialize the results of
Gross—Hopkins to the case n = 2. Recall our notation from Section 5.1:
q = p*, Qg is the quadratic unramified extension of Q.

In their paper [20] Gross and Hopkins construct a period map

d: X P!

of rigid-analytic spaces over Q, with the following properties ([20, in par-
ticular Lemma 19.3 and Corollary 23.15]):

(1) @ is a morphism of rigid spaces that is étale and surjective.

(2) ® is equivariant for the action of @4, where o = {(Z%b:): a €
W(Fq)*,b € W(F,)} € GL2(Qy), acting through Mébius transfor-
mations on P!,

(3) Furthermore, ® restricts to a rigid-analytic isomorphism

J: ={r e X: ord(z) >1/2} =5 U: = {w: ord(w) > 1/2} C P}

(wo: w1)

In particular, the map ® induces a bijection between the Q2 points
of J and U. Under this map the point 0, corresponding to the formal
group Fy, is mapped to the point w = 0 = (1 : 0) (sic!), where
w = wi /wp. Furthermore, both J and U are wh-invariant.

5.9.1. Reduction to the ideal disc. Above we have discussed the work
of Gross—Hopkins that relates to the deformation of a very particular for-
mal group that we denoted F. To connect it with our main subject, let
E be a supersingular elliptic curve defined over a finite extension k of F,
and P a point of order N on E. Then E has a unique model E; over
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F, whose Frobenius endomorphism ¢ satisfies ¢? = p (Lemma 5.2.3). Us-
ing [17, Proposition 24.2.9], we find that the formal group F; is isomorphic

to F over F,, as the property ©? = p holds for F' as well. Fix such an
isomorphism. Then the universal deformation spaces of E = (E, P) and F
become isomorphic after base change to W (k). We remark that the functor
Z* in (5.2) (in the case n = 2) is naturally equivalent to .% in (5.1) (see [22,
Proposition 3.3] and that allows us to use [20, 22]).

The associated rigid space Xp = D(E) inherits an action of % and an
equivariant period map ®: Xg — P! over W(k)[p~!], as well as a base
point 0 corresponding to the unique As-formal module (none other than

Fp) lifting E.

Lemma 5.9.1. Let K be a quadratic imaginary field in which p is either
inert or ramified. Let E/@p be an elliptic curve with CM by an order of
K of conductor prime to p. Then Qu(j(E)) is a finite extension of Q, of
ramification index at most 2. In fact, if p is inert in K, Qu(j(E)) is at
most a quadratic unramified extension of Qp, while if p is ramified in K,
Qp(j(E)) has degree dividing 4 over Q.

Proof. Assume that E has CM by R;, the order of conductor f € Z>; in
Ok . Let K(f) denote the ring class field of conductor f over K. Let V' denote
the set of all finite places of K, and for v € V', denote by O, (resp., K,) the
completion of O (resp., K) at v. Let m,: O;f — (O, /§fO,)* be the natural
projection. Under the isomorphism of class field theory, K(f) corresponds
to the subgroup K*W C Aj, where W is given by W = IL,cy W,, and W,

is defined as

_ =N (@f5z)*) ol

W, = «
@ Ko uff.

Let p denote the unique prime of K above p, and choose a prime p of
K (f) above p. By class field theory, the local field K (f); corresponds to the
subgroup K*WNK, C K,*. Let us denote by Pic(Ry) the ideal class group
of R;. Let a denote the order of [p] in Pic(R;). Then

A

where @y, is a choice of a uniformizer in Oj. In particular, we find that K (f);
is an unramified extension of degree a over K. By the theory of complex
multiplication we have K(j(E)) = K(f). Hence, it is enough to show that
K (f)p satisfies the conditions stated in the lemma. If p is inert in K, then
Ky, = Qp2 and a = 1. If p is ramified in K, then K, is a quadratic ramified
extension of Q, and a < 2. This proves the lemma. O

Corollary 5.9.2. All CM points of conductor prime to p in the residue
disc D(E) lie in J(Qq).
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5.10. Dynamics implications - II: Ideas from ergodic theory. By
Corollary 5.9.2; all CM points of discriminant prime to p in D(E) lie in the
set J defined above. Clearly, if we wish to understand the action of <% on
J (and in particular on such CM points) we may as well study the action
of @ on U. More precisely, we are interested in the action of % on J and
we may reduce it to the very explicitly described action of ¥y on U (see
Corollary 5.5.5).

This is a fortunate setting, achieved at the price of restricting our at-
tention to “mildly ramified” CM points that lie in a particular small disc
within D(E). The general case is more complex and indeed the map &
is given by a complex formula ([20, (25.6), (25.7)]) that makes it hard to
translate results for P! to results for D(E).

5.10.1. Minimal sets. Let K be a field extension of Q,. We denote by
J(K), U(K), etc., points of J, U, etc., with coordinates in K. Recall that Hy
is the closure of J#y and of | in #* = /. The groups Hy, sat(Hy), Gx
are the same in their action on P!(K), and in fact act by isometries on U (K).

z—v)(aa® —pbb® a pb?
y = ((bx}ga(")(byﬁa"))’ fOI' ry = (b ZU )

An Hy-minimal set of P}(K) is an Hy-invariant non-empty closed set
that is minimal relative to these properties.

This follows from the identity yx — v

Proposition 5.10.1. The Hy-minimal sets S are the sets of the form
Hy - f, for some f € PY(K). Furthermore, Hy - f = C%”]\f - f.

Proof. First note that for any f we have that Hy - f is closed (in fact,
compact) because Hy is compact and the action of GLy(K) on P!(K) is
continuous. If S is minimal, pick any f € S, then Hy - f C S is closed
and Hy-invariant, hence equal to S. Conversely, consider a set Hp - f for
some f € P'(K). As an Hy-minimal subset contained in Hy - f contains an
element of the form ~ f for some v € Hy and so it also contains Hy - vf =
Hy - f.

To prove the rest, one proves that 4 - f = ¢ - f = Hy - f: On the

one hand, %”A}F - f is closed and contains %”AJ,F - f, hence also its closure. On
the other hand, let ~; € %ﬁ(fﬁi — 7, then also ~; - f — ~ - f. This shows

that s - f C A0 - f. O

5.10.2. Measures. Our proof in Proposition 5.4.2 that ¢y is finitely gen-
erated in fact supplied us with a set of t = ¢(N) elements,

I'= {717"'7’%}7

in 4 that generate the image of % in PGLy(Q,) as a monoid. We
include the identity among them. Note that there is no canonical choice of
such elements, though we chose the generators to be the set of all elements
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of %ﬁi{ obtained from closed labeled walks of explicitly bounded length. Let
p = p(N,T') be the atomic measure of GL2(Q,) supported on I'. Namely,

The following lemma is clear.

Lemma 5.10.2. The group Hy is the minimal closed monoid of GL2(Qq)
(in the p-adic topology) containing the support of u. To underline that,
denote it in the sequel Hpy .

We use the work of Benoist and Quint [2]; see also the references [3, 12]
for general background material. In particular, [2] implies the following:

Theorem 5.10.3. The map v — Supp(v) is a bijection

{p-ergodic probability measures on U(K)}
& {Hy,,-minimal subsets of U(K)}.

Corollary 5.10.4. There is a unique Hy ,-ergodic measure v(u) on U(Qy),
hence a unique Hy ,-stationary probability measure. Its support is U(Qy).

Proof. The p-ergodic measures on U(Qg) are in one-one correspondence
with Hpy ,-minimal sets. We claim that % acts transitively on U(Qy):
given z € U(Qy), for any a € W(F,)* the matrix ( * * (;;‘)U) takes (1,0)
to z and has determinant aa? (1 — pxa?) which for an appropriate choice of
a lies in (ZX)?(¢). That is, it belongs to Z7.

As Z7 acts transitively on U(Q,) we can write U(Q,) = %7 /B, where
B is the stabilizer of (1,0) in %7 and it contains Z, . Thus, by Proposi-
tion 5.10.1, the minimal orbits are in bijection with

Hy , \Z5 /B = sat(Hy, )\ %5 /B,

which is a singleton. The ergodic measures are the extremal points of the
convex closed set of probability measures on the compact metric space
U(Qq) and the Krein-Milman theorem (see e.g., [29, Chapter 8|) then pro-
vides the uniqueness of the Hy ,-stationary probability measure. O

By Proposition 5.5.6 the Zariski closure Hy of % is GLa(Q,), and is
in particular reductive. We may therefore apply the results of Benoist and
Quint [2] and conclude the following.

Theorem 5.10.5. For every x € U(K) the measure

(5.6) v, = lim

exists and is a p-stationary measure, depending continuously on x. Thus,
if t € U(Qq), vz = v(p) and is independent of x.
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Note that 7o u** % 0, is nothing but the images of 2 (counted with
multiplicities) under the composition of up to n automorphisms of the form
v, ... 9 L. This theorem is the measure-theoretic manifestation that the
orbit of z is “well-distributed” in the closure of its orbit. Note that while
the measure depends on I', the support of the measure, i.e. Hy , -z, does
not. Thus, whatever “branches” of the Hecke operator Ty we choose, the
orbit is well-distributed in its closure that is independent of N.

While the theorem above can viewed as a non-commutative analogue of
the weak law of large numbers, the next result is the analogue of the strong
law of large numbers.

Theorem 5.10.6. For every x € U(K), for almost all sequences v =
(7%)%021) Yin € {71) s 771‘/}7 the measure

1 n
(5:7) Ve = Jim o ,; Ortenils

exists and is a p-stationary p-ergodic probability measure. Furthermore,

Uy = /1/%7 d~.

Vi = Vg = V(11).

In particular, if x € U(Qy)

Finally, we recall the implications for CM points.

Theorem 5.10.7. Let x = E = (E,P) be a CM point of supersingular
reduction on X1(N), N > 3, such that End(FE) has discriminant prime to
p. Let S0 = %]\?(E) denote the set of branches of the iterations of the
Hecke operator Ty returning to the residue disc D = D(E). Let Hy,, be
its p-adic closure equipped with the probability measure p relative to the
generators {v1,...,v} as defined above.

There is a unique Hy ,-invariant (ergodic) probability measure v(p) on
J(Qq), and we have

v(p) = lim ! Z T
(5.8)

for almost all sequences v = (7i, )51, Vin, € {V1s---sVt}-
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