OURNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

Some explicit formulas for partial sums of Mobius functions
Tome 33, n°2 (2021), p. 273-315.

<http://jtnb.centre-mersenne.org/item?id=JTNB_2021__33_2_273_0>

© Société Arithmétique de Bordeaux, 2021, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des Nom-
bres de Bordeaux » (http://jtnb.centre-mersenne.org/), implique
I’accord avec les conditions générales d’utilisation (http://jtnb.
centre-mersenne.org/legal /). Toute reproduction en tout ou partie
de cet article sous quelque forme que ce soit pour tout usage autre
que D'utilisation a fin strictement personnelle du copiste est con-
stitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.centre-mersenne.org/


http://jtnb.centre-mersenne.org/item?id=JTNB_2021__33_2_273_0
http://jtnb.centre-mersenne.org/
http://jtnb.centre-mersenne.org/legal/
http://jtnb.centre-mersenne.org/legal/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org/

Journal de Théorie des Nombres
de Bordeaux 33 (2021), 273-315

Some explicit formulas for partial sums of
Mobius functions

par SHOTA INOUE

RESUME. Le but de cet article est de donner quelques formules explicites fai-
sant intervenir des fonctions de Mobius. De telles formules explicites peuvent
étre prouvées sous ’hypotheése de Riemann généralisée, mais dans cet article,
nous donnons des preuves inconditionnelles. Concrétement, nous prouvons des
formules explicites pour des sommes partielles de la fonction de M&bius dans
les progressions arithmétiques et pour des sommes partielles des fonctions de
Mbobius des corps de nombres abéliens. De plus, pour obtenir ces formules ex-
plicites, nous étudions un produit eulérien fini provenant d’une relation entre
les caracteéres primitifs et non primitifs.

ABSTRACT. The purpose of this paper is to give some explicit formulas in-
volving Mébius functions. Such explicit formulas may be known under the
generalized Riemann Hypothesis, but unconditional in this paper. Concretely,
we prove explicit formulas of partial sums of the M6bius function in arithmetic
progressions and partial sums of the Mébius functions on an Abelian number
field. In addition, to obtain these explicit formulas, we study a certain finite
Euler product appearing from a relation between primitive characters and
imprimitive characters.

1. Introduction

The classical explicit formula

(27r/ac)2”
o > o Z (2n+1)

(1.1) M*(z) = lim >

[vI<Ty
was shown by Titchmarsh [18] under the assumption of the Riemann Hy-
pothesis and the simplicity of zeros of the Riemann zeta-function ((s). Here,

the function M*(z) is defined by

=3 u(n),

n<x
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p(n) is the Mobius function, > indicates that if z is an integer, then the last
term is to be counted with weight 1/2, and {7, }52, is a certain sequence
satisfying T, € [v,v + 1]. In addition, Bartz [1] unconditionally proved the
explicit formula

. | 1 dmle m(p) &
(12) M) = Jim, D, oy =y g ((s_p) " )

|v|<Ty

n 1(27.[./33)271
_2+Z 2n )n¢(2n+1) "’

where {7}, }22; is a certain sequence satisfying T,, € [v, 2v]. We in this paper
give a generalization of this explicit formula to

M*(ziqa)= > puln),

n<x
n=a mod ¢

which is the summatory function of the Moébius function in arithmetic pro-
gressions with (a,q) = 1. To state our main theorem, we define the function

L_1(s;q,a) by
(1.3) L_i(s;q,a): (q) Xngdqx )L

Here, the sum runs over all Dirichlet characters modulo ¢, and ¢(n) is the
Euler totient function. The following theorem is a generalization of Bartz’s
formula and a consequence of the main theorem in this paper.

Theorem 1. Leta,q € Z~o with (a,q) = 1. Then, there exist some numbers
T, € [T,2T], T, € [T,,, T, + 1] such that

(1.4) M*(z;q,a)

| grnlo)-1 -
= i i _ (o) . el
TETOO{ 2 ) =D A G ((s P La(sig,a) s)
[vI<Ty
:I:S
+|W§T§§%(L 1(s;5q,a) )}+ZRes< sq,)8>.

Here, the first sum runs over non-trivial zeros p = 8 + iy of all Dirichlet
L-functions modulo q, m(p) indicates the multiplicity of p, and the second
sum runs over zeros in of all imprimitive Dirichlet L-functions modulo g
on the imaginary axis.

The proof of this theorem requires some estimates of Dirichlet L-function
in certain domains. Hence, we give a new estimate for Dirichlet L-functions.
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The estimate is a generalization of the result due to Ramachandra and
Sankaranarayanan [16, Theorem 2].

Unfortunately, it is at present difficult to apply these explicit formulas
to some problems because there are some inconvenient points. For exam-
ple, the main terms of formulas (1.2) and (1.4) are more complicated for
higher multiplicity zeros, and it is difficult to understand the behavior of
multiplicity of nontrivial zeros. We do not know even the boundedness of
multiplicity at present. Even if we assume the simplicity of zeros, there is
another problem, that is the behavior of {/(p). This is also difficult because
this problem is related to the detailed information on the gaps between ze-
ros of the Riemann zeta-function. For this problem, Gonek [5] and Hejhal [7]
independently proposed the following conjecture.

Conjecture (The Gonek—Hejhal Conjecture). Assume the simple zero con-
jecture for the Riemann zeta-function. For A > —%,

S ()P = T(log T)AMY?,
0<y<T

Applying this conjecture and the Riemann Hypothesis to a certain trun-
cated form of (1.1), Ng [15] proved the following sharp estimate

M*(z) < z/?(log z)°/4.

This estimate is stronger than the result
M*(z) < /% exp ((log )% (log log x)M) ,

which Soundararajan [17] showed under the Riemann Hypothesis alone.
From the above background, it can be seen that the truncated explicit
formulas are important to obtain the exact upper bound for the summatory
functions of Mébius functions.

1.1. Outline of this paper. The rest of this paper is organized as follows:
In Section 2 we state our main theorem and its application. In Section 3 we
describe some auxiliary results needed in the proof of our main theorem.
In Section 4 we prove some estimates of Dirichlet L-functions associated
with primitive characters in the critical strip. In Section 5 we show some
properties of the finite Euler product appearing in the expression of Dirich-
let L-functions attached to imprimitive characters. In Section 6 we give a
proof of some explicit formulas involving the main theorem. In Section 7 we
evaluate the contribution from zeros of Dirichlet L-functions on the imagi-
nary axis and trivial zeros. In Section 8 we prove an approximate formula
for a sum of 1/L'(p, x). In Section 9 we describe results for certain number
fields, and prove those in Section 10.
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2. Statement of the main theorem and its application

The present paper gives some truncated explicit formulas, which gener-
alize the truncated form of (1.2). Our main result is an explicit formula
for M*(x;q,a), which is a truncated one of Theorem 1. Define (x) by the
distance from x to the nearest square-free integers coprime to ¢, other than
z itself. Then we show the following truncated formula for M*(z; g, a).

Theorem 2. Let z > 0, T > max{Ty, exp(q'/?), 2/} with Ty a sufficiently
large absolute constant, a,q € Z~o with (a,q) = 1. Then, there exist some
numbers T, € [T,2T], T* € [T,,T, + 1] such that

(2.1) M*(z;q,a)

1 dmip)—1 "
- I _ O (s )
M%:T (m(p) — 1)! s9p dsm(p)—1 ((8 p) 1(s50,0)
+ Z }EG,S (L_1(s;qaa)z> + Z Resl (L_l(s;q, a)xs) +R.
[n|<T = =1 5=~

Here, the first sum runs over non-trivial zeros p = 8 + iy of all Dirichlet
L-functions modulo q, m(p) indicates the multiplicity of p, and the second
sum runs over zeros in of all imprimitive Dirichlet L-functions modulo g
on the imaginary axis. The error term R satisfies

(2.2) R« % (log(:r +3)+ exp(C(log log T)2>> + min{l, T?x)}’

where this tmplicit constant is absolute, and C' is an absolute positive con-
stant.

We evaluate the contribution from the residues of trivial zeros and of
zeros on the imaginary axis in Section 7.

Now we consider the upper bound of M*(x;¢,a) under some assump-
tions. One of those assumptions is a generalization of the Gonek—Hejhal
Conjecture, which is the following assertion.

Conjecture 1 (The Generalized Gonek-Hejhal Conjecture for Dirichlet
L-functions). Assume that the all zeros of all Dirichlet L-functions are
simple except for the zero at s = % For any number T' > 3,

(2.3) D)= 3 L (p, X)) =g Tlog T)MD?
0<|yI<T

hold for A > —%, where q is the modulus of x.
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Remark 1. This conjecture is just a generalization of the case of the
Riemann zeta-function, and the author does not know any further evidence.

Now we obtain the following corollary under the generalized Riemann
Hypothesis and Conjecture 1.

Theorem 3. Let a,q € Z~o with (a,q) = 1. Assume that the generalized
Riemann Hypothesis for all Dirichlet L-functions modulo q is true, the all
zeros of all Dirichlet L-functions are simple except for the zero at s = %,

and that J_y o, (T) <4 T(log T)'/*. Then, we have
(2.4) M*(2;g,0) <4 /2 ((log z)"/* + (log )" @1} |

where m(q) is the mazimum in multiplicities of the zero of Dirichlet L-

. _1
Junctions modulo q at s = 3.

Presently, the best upper bound of M*(z; ¢, a) assuming only the gener-
alized Riemann Hypothesis is the following estimate

(25)  M*(2ig,0) <. 2/ exp((log(x/d))"/*(loglog(x/d))*+) ,

which was shown by Ye [19]. Here the number d indicates gcd(a, q). Esti-
mate (2.4) is a result under the assumption of the generalized Gonek—Hejhal
Conjecture in addition to the generalized Riemann Hypothesis. However,
thanks to explicit formula (2.1) and estimate (2.4), we can grasp the more
accurate behavior of M*(z;q,a).

3. Auxiliary results and their applications

The function M*(z;q,a) can be expressed by

3 X(a@) Y x(n)u(n)

x mod g n<lz

1
(3.1) M*(z;q,0) = —
©(q)
from the orthogonality of characters. Here the first sum runs over all Dirich-

let characters modulo ¢, and ¢ is the Euler totient function. Therefore, as
the first step, we show the explicit formulas for the summatory function

Mz, x) = 3 x(n)u(n).

n<zx

3.1. Explicit formulas for M*(x,x). We give two explicit formulas for
M*(x,x) separately in the cases of primitive and imprimitive characters.
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Theorem 4. Let x > 0, ¢ > 2, T > max{Tp,exp(q"/?),2/x} with Ty
a sufficiently large absolute constant. Then, uniformly for any primitive

Dirichlet character x modulo d with d < q, there exists a number T, €
[T, 2T such that

m(p)—1 — p)ym(p) ps
Mirx)= Y o lm (“ ) x)

o tm(p) = DEsme dsm T \ " L) s

z® > x®
Res | ——— R —_— R,
TS (L(s,x)8> 2 Res (L(s,x)s) i
where R is the error term satisfying the estimate (2.2). The first sum on
the right hand side runs over nontrivial zeros p =  + iy of L(s, x).

This explicit formula is the case of primitive characters. On the other
hand, for our purpose, we need an analogue of Theorem 4 for imprimi-
tive characters. Here we can associate an imprimitive character xy with a
primitive character x* inducing x by the formula

L(s,x) = L(s,x") H (1 - X*(p)> .

S
plg P

Here we put

(3.2) For-(s) =] (1 - X*(p)> .

S
plg p

In the following, we consider the case Fy ,+ # 1. Then this function Fj ,+
has zeros only on the imaginary axis. In addition, from the uniqueness of
the prime factorization, we can see that all zeros of I ,+ are simple except
the zero at s = 0. Now, by studying Fj \«, we obtain an explicit formula
for imprimitive characters as the following theorem.

Theorem 5. Let > 0,q > 2,7 > max{Tp,exp(q"/?),2/x} with Ty a
sufficiently large absolute constant, x be an imprimitive Dirichlet char-
acter modulo q. Then, uniformly for any imprimitive Dirichlet character
X modulo q with Fy,~ # 1, there exist some numbers T, € [T,2T] and
T, € [T,,T, + 1] such that

M*(:EaX) = Z

[vI<Ty

dm(p)fl <(s —_ p)m(p) ZL’S>

li —
(m(p) == dsm@ T\ L(s.x) s

s

+ Z Res (L(Z;)S>+§:Res <L(x

| )in
In|<T. s=in s=—1 S, X)S

=1

where the second sum on the right hand side runs over zeros of L(s,x) on
the imaginary axis, and R is the error term satisfying estimate (2.2).



Some explicit formulas for partial sums of Médbius functions 279

From the above two theorems and equation (3.1), we can obtain Theo-
rem 2.

3.2. Uniform upper bounds on certain horizontal lines. To prove
the above theorems, we need some upper bound of 1/L(s,x) in certain
domains, which is embodied in the following two propositions.

Proposition 1. Let a > 13,7 > Ty(a) > 0, and 1 < Q < (logT)*/*,
where Ty(a) is a sufficiently large constant depending only on «. Then, we
have

i Lio+it, )| < log log(QT))?
Py | g, 1Mo it | < ew(Caloglog(@D))7).

X€S(Q)

where C' is a positive absolute constant, and S(Q) is the set of all primitive
Dirichlet characters modulo g with ¢ < Q.

This proposition holds for primitive Dirichlet characters. On the other
hand, we need a similar result for imprimitive Dirichlet characters to prove
Theorem 5. Then we need the upper bound of 1/F, ,~, which is given by the
following proposition. Define w(n) by the number of distinct prime factors
of n, and rad(n) = Lo p-

Proposition 2. Let ¢ > 2 be an integer, |T| > w(q), S1(q) be a nonempty
subset of the set of all imprimitive Dirichlet characters modulo q with
Fy v # 1, and d be the smallest modulus of a primitive character x* in-
ducing x with x € S1(q). Then we have

min max |F, (o +it)] 7!
telT,T+1) | |o|<h [ Foxe (o + )]
X€S51(q)

< exp (Cw(c// d')log (#51(61)w(f// d) + 2)

log(q'/d")/w(d'/d’)
. (1 - \/ log(#51 (q)w('/d') + 2)))’

where C' is a sufficiently large positive absolute constant, ¢ = rad(q),d =
rad(d), and h < \/ w(q'/d")/log(q'/d")

log(#51(q)w(q’'/d")+2) "

We are going to prove some properties of F, ,+ including this proposition
in Section 5.

Now, we remark that Proposition 1 is an extension to Dirichlet L-funct-
ions of the result in the case of the Riemann zeta-function by Ramachandra
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and Sankaranarayanan [16, Theorem 1.2]. This result is useful when we
prove some explicit formulas including the above formulas. For example,
Kiihn, Robles and Roy showed an explicit formula involving the Mobius
function and a primitive Dirichlet character under the Riemann Hypothesis
and the simple zero conjecture for Dirichlet L-functions [9, Theorem 1.1 (ii)].
The author expects that it is possible to prove their explicit formula without
the Riemann Hypothesis for Dirichlet L-functions. In fact, they use the
Riemann Hypothesis for Dirichlet L-functions only in the proof of their
Lemma 2.2, and in this paper, we are going to prove Proposition 1, which
is an unconditional alternative of their Lemma 2.2.

One more useful point of Proposition 1 is the uniformity for Dirichlet
characters modulo ¢ with ¢ < Q. From this uniformity, there are some
applications. For example, one of the applications is that we can take T},
not depending on the characters modulo ¢ in Corollary 2. Thanks to this
fact, we can apply Proposition 1 to Abelian number fields. We describe this
application to number fields in Chapter 9.

3.3. An application to a sum over zeros of L(s, x). As another appli-
cation of Proposition 1, we can prove the following theorem for the sum in-
volving derivative functions. The theorem is a generalization of the result in
the case of the Riemann zeta-function by Garaev and Sankaranarayanan [4].

Theorem 6. Let x be a primitive Dirichlet character modulo q, and assume
the simplicity of all complex zeros of L(s,x). Then, for T > exp(q1/3>,
there exist some T, € [T, 2T] satisfying

Z L,(l _ L +0 (exp(C(loglogT)2) + C’(X)) ,
ocaor, Vix) 2w
where the sum on the left hand side runs over non-trivial zeros p = 3 + iy
of L(s,x), and C(x) is a sufficiently large constant depending only on x.
Moreover, for any T > Ty(q) > 0 with a sufficiently large constant Ty(q)
depending only on q, we have

(3.3) > _ s

o2y I (P X))

In particular, we also have

1 1
(3.4) — > Y m»f

SO(Q) x mod q 0<~<T

Here we mention an application of estimate (3.4). This result is useful
when we consider the exact behavior of some partial sum of some Mobius
functions under the Linear Independence Conjecture. Here the Linear In-
dependence Conjecture is the following conjecture.
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Conjecture (Linear Independence Conjecture for Dirichlet L-functions
(cf. [3])). The positive imaginary parts of the zeros of all Dirichlet L-
functions are linearly independent over Q.

Now by estimate (3.4), as an extension of Ingham’s theorem [8], we can
obtain that, for (a,q) =1,
— M*(z;q,a)

lim
oo /2

= +00

under the Linear Independence Conjecture for Dirichlet L-functions. These
proofs are similar to the proof of Corollary 15.7 in [12].

Remark 2. We can generalize Theorem 6 to the statement which is anal-
ogous to the Landau—Gonek formula (cf. [2, Proposition 2] and [6, Theo-
rem 1]), i.e. for some T, € [T, 2T],

(3.5) > _

/
ocaer, L'(p:x)

are estimated by a little modified asymptotic formula with the original
Landau-Gonek formula under the simple zero conjecture for the corre-
sponding function. Moreover, if the Riemann Hypothesis for Dirichlet L-
functions and |L'(p, x)| ™" < |p|'~? for some fixed constant § > 0 are also
true, then we have an analogue of the Landau-Gonek formula for (3.5) for
any sufficiently large 7" > 0. We only mention this fact here because the
author cannot find some useful applications of these consequences.

Here the author raises the following conjecture suggested by the above
results.

Conjecture 2. Let x be a primitive Dirichlet character, and K be an
Abelian number field. Then

Z #Nz (T — o0).

We can prove this conjecture in the case of the Riemann zeta-function
under some known conjectures that are the Riemann Hypothesis, the simple
zero conjecture and the conjectural estimate |¢'(p)|~! < [p|'/3%. In fact,
we can obtain the following asymptotic formula

1 T
== 30 T1/3+5
OQZ;T '(p)  2m 3 )

under these conjectures. The present paper does not give the proof of this
estimate because it is almost similar to the proof of Theorem 15.6 in [12].
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4. On estimates of Dirichlet L-functions in certain domains

In this section, we are going to show some estimates of Dirichlet L-
functions including Proposition 1. Firstly, we refer to an important result
on the zero density theorem for Dirichlet L-functions by Montgomery.

Lemma 1 ([10, Theorem 1]). Let S(Q) denote the set of all primitive
Dirichlet characters modulo q with ¢ < Q. For Q > 1,T > 2, and % <og<
1, we have
3(1—0)
> Ny(o,T) < (QT) 2 (log(QT))",
XES(Q)

where Ny (o,T) is the number of zeros p of L(s,x) with Re(p) > o and
Tm(p)| < T

By using this lemma, we show the following proposition.

Proposition 3. Let a > 13,T > Ty(a) > 0 with To(«) a sufficiently large
number depending only on a, and 1 < @Q < (log T)O‘/4. Then there exists a
closed interval Jy of length (log(QT))*/3 contained in [T, 2T] such that

log L it log 1 T
0_211/%33%4ar| 0og (J +1 7X)| < alog Og(Q )7

t€Jo,x€S(Q)
where r = (loglog(QT))?(log(Q*T))~!.

Proof. Let D = & and I; = [T 4 2(j — 1)(log(QT))”, T + 2j(log(QT))").
By Lemma 1, if o > 3 + a(loglog(QT))(log(Q>T)) ", then
)

(4.1) Y Ny(0,2T) = Y Ny(0,T) < CQ*T(log(QT)) ™.
X€S(Q) xe5(Q)

Here C is a sufficiently large absolute constant. Now we consider the disjoint

rectangles

(0:1) € Ry = [ + alloglog(@T) (os(@T) 2] x I

which we may regard as subsets in the complex plane. The number of these
rectangles is NV = {%T(log(QT))_D}. By inequality (4.1), if Q < (log T)/*,
then the number of zeros of Dirichlet L-functions attached to primitive
characters modulo ¢ with ¢ < @ in the rectangle R = |_]§-V:1 R; is less than
CT(log(QT))~*/2. Therefore, if T > Ty(a) for a sufficiently large number
To(a) depending only on ¢, then the number of rectangles R; not having ze-
ros of the Dirichlet L-functions is greater than N—CT (log(QT))~*/2(>N/2).

Let J be the set of all j such that R; does not include zeros of those
Dirichlet L-functions. From the above observation, we see that % <#J L
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N. By using the Euler product for L(s, x) and the Taylor expansion for log,
for o > 1, we find that

log L(s,x) = ZX p)p 4 = Zx 2728-%—22

ns
Pn3np

(42) = P1(57X)+§P2(57X)+\p(57x>7

and that P5(s, x) is regular on o > 1/2, and ¥(s, x) is regular on o > 1/3
and bounded on ¢ > 1/2. In addition, log L(s, x) is regular on R;(j € J)
since L(s, x) does not have a zero on the same domain. Hence P (s, x) is
analytically continued to R;(j € J).

Let k be a positive integer. We define ay, , by

k i a n
<P1(s,x) + ;PQ(S,X)) 3 %aln)

s
n=1 n

We can estimate |ay , (n)| by the following way. If aj,,(n) # 0, then n can
be written in the form n = plt .. ~p2’“ (I € {1,2}). The number of ways

which one can express n by ordering plf, e pﬁf in different ways is at most
k!. This means that we have the inequality

|ag, (n)] < k! < K"
Hence, by the boundedness of aj,(n) with respect to n,

n=1

is an entire function for any X > 0. Here, as our first step, we show that if
X = (Q?T) Y4 and k = [alog log(QT)], then we have

(4.3) <P1(s,x) + %Pg(s, X))k = i ak,;;s(n) exp (—;) +0(1)

n=1
for any j € J and (o,t) € R}, where
1 -
R, = {2 + 14k (log log(QT) ) (log(Q>T)) 1,2} %I
with

I} = [T+2(j-1)(108(QT))” +(108(QT))?, T+2j (1og(QT))” — (1og(QT))?].
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The proof is as follows. Using a formula for Abelian weight (cf. [12,
(5.25)]), we have

oo

5o

n=1

1 2+io0 1 k

= — / (Pl(s +w,x) + =Pa(s+ w,x)) Iw)XYdw.
271 Jo—ico 2

Moreover, we see that |Pi(s + w, x) + 3P2(s + w,x)| < log((2) < 1, and

that |T'(2 + iu)| < |u|% exp (—%|ul) for [u| > 1 from the Stirling formula.
These estimates yield that if K = (log(QT))?,

o0

agx(n) n
nz::I 725 exp <—X>
1 [2+iK 1 k
:7/ (P1(8+w7X)+P2(5+w7X)> F(w)dew
211 Jo—ik 2
+0 ((log(QT))36_”(1°g(QT))2/2X2> .

Here we consider the estimate of the integral on the right-hand side. By
the Borel-Carathéodory lemma, we can find that the inequality

2ls — —
s —al max Re(logL(s,X))+R+|S il

log L < - b bl
llog L{s, x)| < R—|s—al |s—a|=R R—|s—al

llog L(a, x)|

holds for [s—a| < Rwith R = 2,a = 3+k(loglog(QT))(log(Q*T)) ~*+it,t €
I;’. Hence we have

llog L(s, x)| < (log(QT))*(log log(QT))~*

for o > 1 + 2ak(loglog(QT))(log(Q*T))~,t € I} since L(s,x) < Q||
holds for o > 1/2.
By this estimate and the boundedness of ¥ (s, x) for 0 > 1/2, we have

k

1
Pi(s,x) + §P2(s, X)| = log L(s,x) — ¥(s, x)|"

(4.4) < C*(log(QT))**(loglog(QT)) ~**
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for o > % + 2ak(loglog(QT))(log(Q*T))~',t € I;. In addition, by the
residue theorem, if 3 = 12k (loglog(QT))(log(Q>T))~!, then

1 2+iK

1 k
o <P1(8+U],X) + P2(8+waX)> F(w)dew
27 Jo_iK 2

24K BriK B—iK
% </6+ZK /B iK / )
1 k
(P1<s Fw,X) + 5 Pals + w,x>) I (w) X duw
1 k
+ (Pilso0 + 5Pas,0)

holds for o > 1 +14k(loglog(QT))(log(Q*T)) "1, t € I}. By inequality (4.4)
and the Stirling formula, we have

1 2+iK 1 k
— <P1(S+U),X)+ P2(5+w,X)> F(w)dew
2mt J_p+iK 2

< C*(log(QT))? 3 (log log(QT) )2 e~ 5 (8(QT))* x2.
and

1 B+iK 1 k
— / (P1(s +w, x) + =Pa(s + w, X)) ['(w)X"dw
2mi J_p_ik 2

< BIXPC* (log(QT))** (loglog(QT)) 2

From the above estimates, if X = (Q2T)'/*, and k = [aloglog(QT)], then
we obtain the formula (4.3).
Next we consider the function

Fy(T, x) =) max [log L(s, x)|*".
ey sER’

By (4.2) and (4.3), we have

1
log L(s, 0 < 2% (P50 + 5 Palsy 0P+ 95,0 )

i ak,;l(in) exp (—;) +0(1)

n=1

n=1

2

=2% + 20 (s, )

2

< 4% + C*.
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Therefore, if r = (log 1og(QT))2(log(Q2T))71, and s; is an element of R’
satisfying

max [log L(s, x)|** = [log L(s;, x)|**,
seRj

then we have

log L(sj, x)|** < 4% + 2

>N g (n) n\ [
Sk x\Y) _
> ) op((- )

n=1

//Is sj]<r ( — 7);8( )eXp<_)n(>>2dadt
//I e | > )eXp<_n)|2dadt+C%

ns
by the mean value theorem on analytic functions. By the disjointness of the
domains |s — s;| < r for each j and the estimate

42k

2

n=1

5, e (-5)

n>X?2

1 n
k — —_———
<k Z /2 exp( X>
o0

1 n e m m
Y mee(y) # X xen(2)
m=

m=092m X2 <n§2m+1x2

<KX [exp(—=X)+ > (21/26—X)m> < kFX exp(—X),
m=1

we have

42k
For (T —
2k( 7X) < r2 //E’

2
ak,x(n) (_ ”)
Z s exp X dodt

n<X?2

+ (O 4 r72(4k) X exp(—2X) ) N,

where FE is the domain with % <o <2,T<t<2T. We used the inequality
#J < N in the above estimation. Recall that N = [%T(log(QT))_D] As
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for the remaining integral, we have
2

ak,x(n) n _ agx(m)ag (n) m+n
> ns P ( X> = 2 moFitpo—it P\ T T
n<X? m,n<X?

. ak,y(m)ag,y(n) m+n
= X + X motitno—it P\ T Ty

mn<X? mn<X?

m#n m=n
01 () g () ( m+ n) o = 1
+at —1t 2
m,ng)@ motitpno—1 X nSXQ n2o
m#n

and

[l 5 a2}
-5 o) () (7 () )

mn<X?
m#n

+0 (k%T log X)

2
ds

-1
1
<E* 1og<”) 4 E*Tlog X < K X* + kT log X.
i m (mn)1/2
m#n

Hence we find that

] 2o 3)

by X = (Q*T) /4 Thus we have

2
ds < k**Q*T'log X

n<X?2

For(T, x) < 172(4k)*Q*T log X + (O + r2(4k)? X% exp(~2X) ) N,
and there exists a jg € J satisfying

max [log L(s, X)IPF < 72 (4k)**Q? (log X) (log(QT))*/?
s€ ;-0

+ O 4 r72(4k)* X2 exp(—2X)

oy . . N
by the definition of F' and the inequality #J > 5.
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From the above discussion, the inequality
max llog L(s, x)| < k < aloglog(QT)
s€ ;'0

holds uniformly for x € S(Q), which completes the proof. O
The following corollary is an immediate consequence of Proposition 3.
Corollary 1. We have

(4.5) max  |L(s, x)|*" < exp (Caloglog(QT)) = (log(QT))“,
o>1/2414ar
teJo,x€S(Q)

where C' is a positive absolute constant, and the meaning of the other letters
appearing in the formula is the same as in Proposition 3.

Lemma 2. Let x be a primitive Dirichlet character modulo q. If [t| > 1
and o < %, then

(@6) 10l = (2 ) (alsh 2 exp (e tan (£ 7)) 1L(1 = 5.0

qls| 2l
If |t| < 1,0 = —(m + 1/2) with m a positive integer, then

2me\? _
(47) L0l = (25) (o) 20 - 5,501
Proof. By the functional equation for Dirichlet L-functions and the Stirling
formula, we obtain this lemma. Il

Lemma 3. Let J1 = [y1,y2] be the closed interval that is obtained by re-
moving intervals of length log(QT') from both ends of Jy. Then we have

< 2
L max |L(s )] < exp(Calloglog(QT))?),

teJ1,x€S(Q)

where C' is a positive absolute constant, and the meaning of the letters
appearing in the formula is the same as in Proposition 3.

Proof. For o > 1/2 + 14ar,t € Jy, we have
llog L(s,%)| > log| L(s, X)| = log|(at)/*~"L(1 ~ s, )|
1
> log |L(L ~ 50| = (o~ 3 ) log(at
since |L(s, x)| =< (qt)"/*>7?|L(1 — s,%)| by Lemma 2. In addition, if x is
a primitive character, then X is also a primitive character. Therefore, for
t € Jo, we have
1 1
L (2 — 26ar + 1t X) ‘ < arlog(QT) + |log <L <2 + 26ar + it,x)) ‘

< a(loglog(QT))?

log
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by Proposition 3. Hence, if t € Jy, then
(4.8) L (; — %ar + it, X) < exp(Ca(loglog(QT))2).
Next we consider the function
gi(w) = L(s; + w,x)ew2 (1=1,2),

where s; = %+iyl. By a basic upper bound L(s, x) < ¢(|t|+1) for o > 1/4,
we have

g (z £ilog(QT)) < = ~18@D) | L(s, 4 z £ ilog(QT), x)|
< @~ 10s@D)* O « 1

for —26ar < x < 26ar, T > Ty(a). Moreover, by estimates (4.5) and (4.8),
we also have

g1 (£26ar + iy) = L (s + 26ar + iy, x) e(2E260r+iv)®
< exp(Ca(loglog(QT))?)

for —log(QT) <y <log(QT). Hence, by the maximum modulus principle,
we obtain

iz + iy) < exp(Ca(loglog(QT))?)
for —26ar < x < 26ar and —log(QT) < y < log(QT). In particular, if
y = 0, then
L(si+z,x) = gl(ac)ex2 < exp(Ca(loglog(QT))? + z?)
< exp(Ca(loglog(QT))?)

holds for —26ar < x < 26ar. Again by using the maximum modulus
principle, we can find that

L(s, x) < exp(Ca(loglog(QT))?)

in the compact set % —26ar <o < % + 26ar,t € Jy. O
Lemma 4. If f is a regular function and

JO) | v g > 1)

f(s0)

in |s — so| <r, then for any constant 0 < € < 3,
7 1 M
lo—sol<37
in|s—sp| < (% —6) r, where p is a zero of f.

Proof. This is Lemma 3 in [16]. O
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Proposition 4. Let Jo be the closed interval that is obtained by removing
intervals of length 40ar from both ends of Ji. If sg = %+14ar+it0, to € Jo,
then we have

(4.9) Lsx) _ > ip + O (log(QT))

|p—s0|<20ar

for |s — so| < 1bar, where the meaning of the letters appearing in the
following formula is the same as the above situations.

Proof. By Corollary 1, we have

|L(s,x)| = exp (~=Caloglog(QT))

for o > % + ldar,t € Jy. By this inequality and Lemma 3, we find that

‘ L(s; x)

Fo | < exp (Caloglog(QT)))

for [s — so| < 40ar. Hence, by Lemma 4 with € = £, we obtain

L'(s,x) _ y o ((40ar) "' Ca(loglog(QT))?)

S J—
|p—s0|<20ar P

- ¥ ip+0<log<cm>

|p—so0|<20ar
for |s — so| < 15aur. O

Lemma 5. Let tg € Jo. If sg = % + ldar + itg, then

log L(o +ito,x) = Y, (log(o + itg — p) — log (so — p))
|p—s0|<20ar

+0 (a(log log(QT))Q)

for % —ar <o < % + 29ar. In particular, by taking the real parts on the
both sides, we find that

(4.10) log|L(o + ito, x)|

= Z log

|p—o0|<20ar

O'—i-it()—p
S0 —p

’ +0 (a(log log(QT))z) .
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Proof. Let tog € Jo. Then by formula (4.9) for 3 < o < 1 + 3ar, we find
that

/" (m—l—zto, )
%+14ar (-TU + Zth )
o dx
= ———— 4+ 0 (a(loglog(QT))?),
lp— s§<: Oar/§+14°”’x+1t0_p ( (loglos(@ )))

and that
log L(o + itg, x) — log L (s0, X)
= Y (log(o + ity — p) — log(so — p)) + O (a(log log(QT))2> .

|p—s0|<20ar

Hence, by Proposition 3, we obtain

log L(o +ito,x) = Y (log(o +ito — p) —log(so — p))
|p—s0|<20ar
+0 (a(log 10g(QT))2> .
This completes the proof of Lemma 5. U

Now, let us start the proof of Proposition 1.

Proof of Proposition 1. If % + l4ar < o < 2, then Proposition 1 is implied
by Proposition 3. Hence we consider the case % <o< % + 14ar. We find

that
Z log > Z log
[to—|<20ar

|p—s0|<20ar

to—7
20ar

to—7
20ar

a—l—ito—p‘
—_— 2> log
p— 2

|p—s0|<20ar

hold uniformly for % <o < % + 14ar. Here, the above sums runs over

nontrivial zeros p of L(s, x). In addition, if [t1,¢; + 1] C J1, then for T >
To(), we see that

t1+1 b
/ Y log 50 T at
h [t—v]|<20ar ar
min{t1+1,7+20ar} +_
N 2 / log |- dt
#1—20ar<~y<t1+1+20ar Y Max{t1,y—20ar} 20ar
~y+20ar t—
= / log ‘dt
t1—20ar <y<t;+1+20ar /772007 20ar

t1— 20ar<7<t1+1+20ar -
> —Carlog(QT) > —Ca(log log(QT))Q,
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uniformly for x € S(Q). Remark that the above second inequality is ob-
tained by the negativity of the integrand, and the last inequality is ob-
tained by the estimate of the number of nontrivial zeros > ;. <1420ar 1 <
log(Qt), which is a consequence the Riemann-von Mangoldt formula for
L(s,x) (see [12, Corollary 14.7]). Hence, there exists a to € [t1,11 + 1]
satisfying

-1

TP < a(loglog(QT))

%+ar+it2—p

Z log

|p—s0|<20ar

uniformly for % <o <2and y € S(Q). Thus this estimate implies Propo-

sition 1 by formula (4.10). O

5. The finite Euler product appearing in the expression of
Dirichlet L-functions attached to imprimitive characters

In this section, we are going to show some estimates on the function

e (s) =] (1 B X*(p))

S
plg p

including Proposition 2. In the following, we consider the case F,,~ # 1.
In other words, we assume that x* is a primitive character modulo d such
that there exists a prime factor p of ¢ with p{d.

Lemma 6. Let ¢ > 2. Then Fy ,~ is an entire function of order 1.
Proof. By the definition of F, ,«, if ¢ < 0, then we have

P <M 1) (S04 )

p plg plg

‘Fq,x* (s)] = H

plg

< exp (—%Zlogp) < exp (2(log q)|s]) -

plg

On the other hand, if ¢ > 0, then we have

X" (p)

1- X0
P

|Fq,x* (s)| = H

plg

‘ < 2@ <, 1.

Therefore, the order of Fy ,+ is less than or equal to 1. In addition, order
of F, ,~ is greater than or equal to 1 since we can get the following lower
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bound
Fe @ =TI - S22 1 (5 - )zexp< 5> 1og<—1)>
plg p? pla plg, ptd
ptd
1 1
> exp (—0 > 10gp) > exp((log 2)IUI)
2 2
plg, ptd

for 0 < —2. Hence we obtain Lemma 6. O

The next lemma is an immediate consequence of this lemma.

Lemma 7. Let ¢ > 2 be an integer, d be a proper divisor of q, and x* be
a primitive Dirichlet character modulo d. Then we have

S .

5.1 F, (s) = s"eatbs (1_) s/t
(5.1) gx+(s) =s"e 1;[ in €
where the above infinite product runs over all the zeros of F,\~ removing
zero at s = 0, and r is the multiplicity of zero of Fy,~ at s = 0. In par-
ticular, r equals the number of prime factors of q satisfying x*(p) = 1.
Moreover, by taking the logam’thmic derivative of both sides, we find that

F/ .. 1
(5.2) IXT (5) = — + b+ Z < )

Fy e

3—277 m

Lemma 8. If b is the number appearing in (5.1), then

1 , Im(x*(p))
(5.3) b=—-log(q/d)+i —— log p,
2 pla, pid 2— QRG(X (p)>
x*(p)#1

where ¢ = rad(q),d = rad(d).
Proof. By formula (5.2), b can be expressed by

F .
lim [ =2 (o) — ) =o
al0 FQ:X* o

On the other hand, by taking logarithmic derivatives in (3.2), we have

Fé,x* ZX p)logp Z log p; X" (p) logp
Fq,x p*=x*(p) Zpi-1 P —x*(p)’
X" (p)#1
where p; are prime factors of ¢ with x*(p) = 1. By the Taylor expansion of
exp, we also see that

I logp; 1 . 1 1 1 |
m - — = 111m _ — = —— 10 .
oo \pf —1 o ol \ o + §o2logp; + O(c3) o g V8P

plg
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Therefore, we obtain

F! . 10gp
lim | 22X (o) — — | = -2 logp; + X
i () 1) = s 3 XL

plg
X" (p)#1
Moreover, if x*(p) # 0,1, then we can find that the identity
X'p) _ 1, Im(x*(p))
I—x*(p) 2 2-2Re(x*(p)
holds by easy calculations. Thus we obtain Lemma 8. 0

Lemma 9. Let h > 0, and Ny ~(t,h) be the number of zeros in of Fy«
witht <n <t+h. For anyt € R, we have

2h?
Ny (t,h) < 2w (q'/d") + hlog (¢'/d) + e
where ¢ =rad(q) and d' = rad(d).
Proof. By formula (5.2), we have
F! 1 1
4y Teegg ( ) .
(54) Fq,x*( +it) = h+ t+ +Z h+2t—zn+in

On the other hand, by taking logarithmic derivatives in (3.2), we find that

Fy x*(p) logp log p 1
a.x* N
(5.5) |F*(h+lt) = Zm Szph—l > h
X plq plg plg
pid pld

=h"'w(d/d).

Now, we take the real parts of the both sides of (5.4). Then, by
Re Zn(in)_l =0 and (5.3), we have

h w(g/d) 1 1o h
. < Z1 &)+ ——r.
(56) %:h2+(t—n)2_ no talesd/d)+

Hence, we have

U h h
(q/ ). 1og(q/d) h2+t2"”2§m

h 1 1
> Y > S =Nyt h)
2 _ 2 q,X ) )

a2 + (¢ =) e hpi<nsa 2 2R

which completes the proof of Lemma 9. O
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Proposition 5. Let h > 0. If |o| < h, then we have

/

[F:}LX*(S):T_F Z 1—|—O<h w(q/d/)—FlOg(Q/d/)

S p—
a:X* —nl<n ® 1

W)
[t|+h)"

Proof. By (5.2) and (5.5), we find that

!

* F, *
X (5 i) — X5 (B 4 it)

Fox Fox
1 1
o+it h+it o \o it —an h+ it —in
and that q A (h + zt)‘ < h7lw (¢ /d'). Therefore, we have

F! 1
qu* t
Fe 0T = ( 2 T2 )(G—Ht—m h—H’t—in)

[t—n|<h  [t—n]|>h

+O(|t|+h+h w(q/d’)>

In addition, we can obtain that

Z ( 1 B 1 )
o+t —in h4it—1in

[t—n|>h
h—o h h
= ; ; ; — < <
|t—%|:>h (o + it —in)(h+ it —in) |t_%|:>h R zn: W21 (t— )
1 h
< —1 !/ g - 7 o
< Wt (g ) + 5108 (/) + 17
by (5.6), and that
Z % < Z Bt < hlw (q//d/) + log (q//d’) + %T
[t—n|<h et t—n|<h +1
by Lemma 9. Hence we obtain Proposition 5. O

Proposition 6. Let h > 0. For |o| < h, [t| > h, we have

, 1 o2+ (t—n)?
(57) log anx* (O' + Zt) = 5 Z 10g<hQ—i—t—

[t—n|<h

+ 0 (hlw (¢'/d") + hlog (¢'/d) + |itl|7“> :
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Proof. By Lemma 9 and Proposition 5, we can find that

/!

F,
log Fyy\+ (0 +it) = / Fq “(a + it)da + log Fy\+(h+it)
h

a,x*
1 o2+ (t—n)? .
=3,2 10g<h2+(t—77)2 108 Faoe (10
t—n|<h

+ 0 <w(q//d/)+hlog( "1d') + |ZL| )

In addition, we see that

(p) 1
log Py () =[S 3 1 (SN <33 Loy L
plg n= 1" plg n=1 plg
ptd ptd pld
-1 / !
Zhlog < hw(qd/d)
plg
ptd

by the definition of F ,+ and the Taylor expansion of the logarithmic func-
tion. Hence we obtain Proposition 6. O

Now, let us start the proof of Proposition 2.

Proof of Proposition 2. Let T > w(q), and d be the smallest modulus of
X € Si(g). Then, by Lemma 9, the number of zeros in of the all F ,+ with
X € Si(q) with n € [T,T 4 1] is less than C#5S1(q)log(¢'/d’), where C
is an absolute positive constant. Therefore, there exists a tg € [T,T + 1]
such that [ty — n| > QC#SI(‘I)llog(q/ ) holds for all zeros in. Now we apply

Proposition 6 with h =< \/ 10;%4:’%55%{?22). By taking real parts on the

both sides of equation (5.7), we obtain

log|Fq,x*<o+z'to)|z—§ > log (8C?h*#81(q)*(log (¢ /d'))?)

[to—n|<h
= (hY (d'/d) + hog(d /)
> —Cw (¢'/d)log (#51(q)w (¢'/d) +2)

><<1+\/ log (¢'/d") Jw (¢'/d") )

log (#51(q)w (¢'/d') +2)
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uniformly for x € Si(q) and |o| < h with C’,C” > 0 sufficiently large
positive absolute constants. Hence, we have

|Fy (0 + ito)| 7! < exp <C’"w(q’/d’) log(#S1(q)w (¢'/d') +2)

log (¢'/d') Jw(¢'/d')
8 (1 " \/log (#S1(qw (¢'/d') + 2)))’

which completes the proof of Proposition 2. O

6. Proofs of Theorems 2, 4, and 5

It suffices to prove Theorems 4, 5 since Theorem 2 is an immediate
consequence of these by equation (1.3).

Proof of Theorem 4. Let x > 0, T > max{Tp,exp(q'/?),2/x}, and ¢ =
1+ 1/log(x + 3). First, using Perron’s formula (cf. [12, Theorem 5.2 and
Corollary 5.3]), we have

1 UO+7;TV I'S

1) M* _—
(6.1) (@ x) = i oo—iT), L(s,x)sds

0 o).

(6.2) |L(o + Ty, x)| ™ < exp (C(loglog T)?)

where T, satisfies the inequality

for any 1 < o <2 and x € S(g) with T, € [T,2T]. Note that we can take
the above T, by Proposition 1. Here, we remark that 7" > exp(ql/g) > q.

Let M = m + % with a positive integer m satisfying m > T. By the
residue theorem, we have

1 0'O+iTu xs
L e,
270 Jog—iT, L(S,X)s

1 00+iTu —M+iT, —M—iT, xS
STt o Pt
2w \J-m+it,  J-M—iT, oo—iT, L(s,x)s

+ Z*ljzeg <M)+ 2 Res (L(jx)s)

0<i<M

= Ji+ o+ s+ > ReS(L( )) 2 Re—s <(SX)>

Iy|<T 0<i<M
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Here, by the basic formula for residues, we find that
¥ 1 dm) x®
R _ I _ m(p)) .
s (20 5) = g =1 2 vt (© = 9" e

Now we estimate the integrals Ji, Jo and J3. By Lemma 2, J5 is evaluated
by

— M +it
J :/ . _qt
1 | et LM T it ) (<M £ )

M —M
<z M <2Mm> M324t « (;) M—M=3/2p,
[t|I<T, e

Therefore, we have
lim Jo, =0.
M—o0

Next we estimate J;. We put

1 oo+iT), 1/244T,, 1+:T,
=g ([ [ [ ) S s =
2mi \J1j24im,  J-14im, MA+iT, )5
By Lemma 2 and estimate (6.2), we find that
zexp (C(loglog T)?)
T )
exp (C(loglog T)?) /1/2 22 exp (C(loglog T)?)

T,)°d ,
T3/2 |, @) o< Tlog(zT)

o0
BARSS // T exp (C’(loglogT)2> do <
1/2

| <

and that
1 -1 (xT)~!
n (e
B < gz [T e < o T

Hence we have

zexp (C(loglog T)?)

J1 K T

Similarly, we have

zexp (C(loglog T)?)

J3 K T
since L(8,x) = L(s,Xx) and X is also a primitive character. From the above
estimates, we obtain Theorem 4. Il

Proof of Theorem 5. First, we find that

1 footily g5 xlog(x + 3) x
M* ———ds _— inq 1, ——
(z,x) = 3 /UO i L8 +O< T —i—mln{ T }),
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similarly to (6.1), where we use the same notation as in the proof of The-
orem 4. Here, by the proof of Proposition 1, T,, € J; C Jy holds, where Jy
and Ji are intervals appearing in Corollary 1 and Lemma 3, respectively.
We also consider a uniform estimate of Fj, ,+(s) for x € S*(q). Here S*(q)
denotes the set of all imprimitive characters modulo q. If h := < o <2,
then we have

63) ]

plg

10

1 1
< 1
p"—1> _H< +h10gp)

plg

1—X*(p)’ §H<1+
plq

pS

1
< exp (Z hlogp) < exp(Cw(q)logq).
plg

Therefore, by this estimate, (6.2) and Lemma 2, we obtain

X" (p)

-1
(6.4) |L(o +iT,,x)| " =|L (o +iT,,x")| " ] |1 -
plg

< exp (C’ ((log log T)2 + w(q) log q)) < exp (C’(log log T)2>

P’

for h <o <2.

Here, let M = m + %, with a positive integer m satisfying m > T.
By Proposition 2 and w(q) < ngﬁg%’
[T, T, + 1] C Jy such that

SeI(- X8

plg

we can also take some T, €

1 2
loglog(q + 5)
holds for |o| < h, uniformly x € S*(q). Then, by using the residue theorem,
we have

1 oo+iT, xs
L,
271 Jog—iT, L(s,x)s

1 oo+iTy 1/4+iT,, 1/4+iT. — M+4T.,
- 2mi 1/4+iT,  J1/4+iT —M+iT. —M—iT,

—M—iT, 1/4—iT, 1/4+iT, e
- + + / ————ds
o L(

(6.5) |Fq,x*(‘7 +iT%)|

1/4—iTx 1/4—iTu 0+iTy 8, X)$
+ Res < )—1— Res ( )—i— Res ()
z<;“ L(s, x)s ||Z:T s=m \ L(s, x)s 0<12<:M ~\L(s,x)

Now, we can obtain the residues for non-positive integer in a similar manner
as in Theorem 4 since the all trivial zeros of L(s, x*) are simple.
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We estimate the integrals. As for the first integral, by inequality (6.4),

we find that
oo+iTy fL'S
[,
1

x
rein, L0505 < —exp(C(loglogT)2) .

T

Next we consider the fourth integral. Now, Fj ,+(s) is estimated by

. “(p — w
66 Faxe(o+it) = 1|1 = S| > [T 1) = (/1052
plg P plg
pfb pib

for o < —h. Here b is the modulus of x*. Therefore, by Lemma 2 and (6.6),
the fourth integral is estimated by

— M+t M
T 2me
: —dt <, M () M32q¢
/ItST* L(—M +it, x) (=M + it) ! ltl<r. \ M

M
< (x) M—M=3/2p,
2me

The last term tends to zero as M — +oo. That is,
o M+it

lim - —dt =0
M—o0 J|t|<T, L(—M +it,x)(—M + lt)

Next we consider the second integral. Now, we can see [T}, Ti] C Jy since
T, € Ji, and so we can apply Corollary 1 to the second integral. Hence, by
Corollary 1, (4.6) and (6.3), we have

T ds < o (¢*D10g T)C <« T exp(C(loglog T)?).
fa+ir. L(s,x)s s < (@ oe T)" < eXp( (log log )>
Next we consider the third integral. We put

1/4+iTe g8 1/4+iT, —1+iT. z5
/ ——ds = / + / ———ds.
—m+i. L(s,x)s —1+4iT ~M+ir. ) L(s,x)s
Here, we can also apply Corollary 1 to this case by Ty € Jy. By Corollary 1,
(4.6), (6.3), (6.5) and (6.6), we can find that

/1/4+iT,, s 2174 p1/4
1

ds <«
—1tir. L(s,x)s T3/2 -1

z'/* exp (C(loglog T)?)
T5/*log(zT) ’

' (log 9)*
/1/4+1T* 5 exp (C (W + log log T)) /1/4(35T)0'd0-

<

and that

—1+iT, s 1 —1 - 1
ds <« / T.)°do € —————.
[ v 105 < 7 [ 0T € s
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From the above discussion, the first four integrals are estimated by
zexp (C(loglog T)?
< Texp (Clloglog T)%)
T
The remaining integrals also have the same upper bound since L(S, x) =

L(s,%) holds, and estimate (6.7) is uniform for x € S*(¢). Thus, we obtain
estimate (2.2) for Theorem 5. O

(6.7)

7. Estimates of residues and proof of Theorem 3

Lemma 10. Let x > 2. Let x be a primitive character modulo d > 1. Then,
we have

(71) Res( ® ) < 1 @f X(_l) =—1oryis principal,
s=0 \ L(s, x)s logx otherwise.
Moreover, we have

> x® b i x(—=1) = ~1
7.2 Res < ’
(7:2) ;S_efl <L(s,x)s) {x_Q if x(=1) =1.
The above implicit constants are absolute.

Proof. We have the formula by the functional equation
L(s,x) = e(\)L(1 — 5,%)2°7°2dY27°T(1 — s) sin(?(s + m)),

where k = 1 if x(—1) = —1 and x = 0 otherwise. Here ¢(x) is a number
with |e(x)| = 1. When d = 1, estimate (7.1) is clear. When d > 2, we
obtain, using this functional equation, that

‘/L,S
Is{:eg (L(s, X)s)

. 5(X)L(1 Y)dl/Q if x(—1) = —1,
0L (1 ) (log (£) + LE2 + (1) ifx(-1) =1.

Hence, by Slegels theorem L(1,x) >. ¢~° and the standard estimate
L’(l,x) < (log ¢)?, we have (7.1).
We see that if x(—1) = —1,

2 (1)

(—1)k2(dx/2m)~ (k1)
= ¢ e(x)dY2L(2k,%)(2k — 1)(2k — 1)!
0 if [ is even,

if [ is odd with [ =2k — 1,
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and that if xy(—1) = 1,

(=D*(dz/2m) "2

xS
Res () = €(OdV2L(2k + 1, X)k(2k)!
s=—1 \ L(s,x)s 0 if I is odd.

if [ is even with [ = 2k,

Hence, we also obtain (7.2) O

Lemma 11. Let q¢ > 2, x be an imprimitive Dirichlet character modulo q,
and x* be the primitive character modulo b inducing x. Let T > 3 + logq.
Put ¢ = rad(q), b = rad(b). Let x be the same number as in the proof
of Lemma 10. If x > ¢°exp (c(log T)%(log log T)%) holds for a sufficiently
large constant c, then we have

x5 (log LI;)T+1_H -
7.3 Res ( ) _ + Ou((logay =
( ) TET s=in L(S, X)S [(r+1-k) (0’ X) q(( ) )

+0 ((log x)w(q’/b’) exp (C\/w (¢'/V)log (¢’ /V') loglog a:)) ,

where C' is a positive absolute constant, and r indicates the number of the
prime factors p of q with x*(p) = 1.

Proof. We separate the sum in three parts such that

S Re () <8 (gs) * 2 B (ann)

In| <T 0<[n<To(q)
fL‘S
+ 2. Re ()
To(@)<|n|<T. =" L(s,x)s

By estimates (6.3), (6.5), and (6.6), we can find a constant Ty(g), depending
only on ¢, with Ty(q) € [w(q) + 5,w(q) + 6] and

| ) C(logq)?
Foe (o +iTo(a)] ™ < exp | om0 =
[Fox+ (0 +iTo(q))| " < exp <log log(q +5)

for |o| < 2. By the Leibniz rule, the first sum is estimated by

‘,ES
Res [ —2
83 (20 7)
1 r+l—-k r4+1— IQ) ) dj 87"+27n
=—— lim . 2% (log ) H1—r"7 —
> (ML) e o)

(r+1—k)!s>0 = dsi \ L(s,x)s

_ (IOg "E)r—kl_"‘C r—gK
= LeHI(0.) + Oy ((logz)" ") .
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On the second sum, by the simplicity of zeros of Fj ,~, we have

x® 2
0<|n|<To(q) B:el% <L(S’X)S> - 0<77|§To(q) W = O4(1)-
As for the third sum, we use the result that
(7.4 L < log(glt)
L(s, x)
for
e ; and [t > 5,

= logg + (log([#]))?/3 (log log(Jt])) /3

where ¢ is a positive absolute constant. On the region (7.5), we refer
to [11, Section 9.5]. The author cannot find the above upper bound (7.4)
in this region in references, but we can obtain it by the standard

method (cf. [12, Section 11.1]). Here, we put e(x) = loém with z >

q© exp (C’(log T)%/3(loglog T)1/3). Then, by the residue theorem, the third

sum can be written as

:L,S
e (o)
To(q)<n<T. " L(s,x)s
1 e(z)+iT% —e(x)+iT% —e(x)+iTo(q) e(z)+iTo(q) s
=— / + / + / + / = ds
2mi \ Je(@piTo(q) Je(@)+iTu —e(z)+iTs —e(@)+iTo(g) ) L(8,X)s
From the definitions of Ty(¢) and T, we find that
—e(z)+iT% e(x)+iTo(q) s
/ + / T 4s=0,(1).
e(a)-+iT, —e(@)+iTo(q) ) L(s,X)s
On the other hand, by using Lemma 9 and Proposition 6 with A’
w(q’ /b
=\ Tt ooz e have
| Fgx+ (0 +it)]
> exp(~Cuylo (¢ W) los (¢ V) loglog) [T o+ it —n)

[t—n|<h

1 )w(Q’/b’)

log

> exp (—Cz \/ w (q'/')log (¢'/V') loglog w) (
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on the lines |o| = (logz)~!, |t| > 2. Now b denotes the modulus of y*.

Therefore, for |o| = (logz)~!, |t| > bglé(;% + 5, we have

1
L(o +it, x)

< exp <C’2 \/w (¢’ /') log (¢’ /V) log log x)

(log )@(d'/Y)
bt||L(1 + o +it, x*)|
v Log (0]t])

blt|

< exp <C’2 \/w (¢'/V) log (¢’ /V') loglog x) (log )7/
by Lemma 2. Hence we have

+e(z)+iTx s
/ ds
+e(z)+iTo(q) L(S, X)S

T log(bt)

<<6Xp<02\/w q/b’ log q/b') loglogaz) (logm)w(q//b/)/ 5 dt
To(q) bt

<<exp<02\/w ¢ /¥) log (q /b’)logloggg) (log 2)*@/¥),

Thus we have

.1,3
&5 (L(S, X)S)
< exp <C\/w (¢'/b')1og (¢’ /V) log log :c> (log x)w(Q’/b’)’

where C is a positive absolute constant. Similarly, we have

> R ()

—T«<n<-To (Q)

To(q)<n<T.

< exp <C\/w (¢'/V)log (¢'/V') loglog x) (log )~ /Y).
From the above estimates, we obtain (7.3). O

Proof of Theorem 3. Let z > 3. If 2 < exp(¢q'/?), estimate (2.4) holds since
the implicit constant may depend on ¢. Suppose that x is half integer with
x > exp(q'/3). By Lemmas 10, 11, we have

Z Res( 1(s;q,a )+ZRGS( 1(s;q,a )f)

[n|<T

<4 (log 2)*@ exp (C\/w(q) log(q) log log ZL‘> .
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This estimate, Theorem 2 with T' = z, and our assumptions of the gener-
alized Riemann Hypothesis and multiplicities of zeros yield that

M*(z;q,a) = zt/? Z r lim (s — p)L_1(s;q,a)
0<|y|<Ty

+ Res (L_l(s; q, a)i) + O, (2f)
5=3

for some T), € [z, 2x].
Let m(q) be the maximum in the multiplicities of the zeros of Dirichlet
L-functions modulo ¢ at s = % We then find that
xS
Res (Ll(s; q, a)) <4 22 (log z)™ @1,
s=3 S

By the definition of L_1(s;q,a), we can write

Z el lim ( VI ( ) 1 Z (@ Z 0
——an(s —p)L_1{8¢,a) = ——~ x(a ;
0<|v|<Ty posmp () x mod g 0<|y|<T, L'(p, x)p
1 1

<<ﬁz >

VL' (p, x)|

Plq x mod q 0<|y|<2z
Using estimate (2.3) with A = —% and partial summation, we find that
1 J_ 2x 2¢ J_
Z , _ 1/2,x< ) +/ 1/27;(5) de <4 (log:r)5/4.

Here, 1 indicates the imaginary part of the nearest zero from the real axis.
Thus, we obtain Theorem 3. Il

8. Proof of Theorem 6

Proof of Theorem 6. Let x be a primitive Dirichlet character modulo gq.
Assume the simple zero conjecture for L(s, x). Now, there exists the domain
—3/4 <0 <20 <t<2(x) with 6(x) < 5 such that this domain does
not have zeros of L(s, x) since L(s, x) is entire function. In addition, by the
compactness of the line segment —3/4 < o < 2,¢ = ¢, and the continuity
of L(s,x), we have

1
(0] = W

on the same domain, where C(x) is a sufficiently large constant depending
only on Y.
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Let T > exp(q'/?). Here, by Proposition 1 and Lemma 2, there exist
some T, € [T,2T)] satisfying

(8.1) |L(o +iT,, x)| ™" < exp(C(loglog T)?)

for -1 <o <2.
Now, by the residue theorem, we have

Z 1

/
oor, LX)

1 2+4T, —3/4+iT, —3/4+i8(x) 245 (x) ds
(L )
2mi \Jatis(x) JowiT, _3/444T, —3/4+is(x) ) L(s,X)
From the way of taking d(x) and 7T,, the integrals on the horizontal line
parts are estimated by

2+4+1T, dS
/—3/4+z‘Ty L(s,x)

/2+i5(X) ds
—3/4+i5(x) L(s, %)

3/4+4T,
/ 3/a+is(x) L(s x)
since |L(—3/4 4 it, x)|~! < (|t| + 1)~%/* by Lemma 2. On the first integral
term, by the Dirichlet series expression, we have

1 2+ T, & u(n
27i /2+z<5(x) L(s “or / Z nz‘Ht
T, pn)x(n) [T
L 1 7/ n=itdt + O(1)
2 27 nz::z n? 5(x)

T, © 1\ T
_27T+O<nz_:2n2logn> _27T+O( )

< exp(C(loglog T)?),

and

In addition, we have

<1

Hence we have

1 T,
ZT Do)~ 20+ O (exp(Clloglos7)%) +C(0).
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In particular, for T' > Ty(q) with sufficiently large constant Ty (gq) depending
only on ¢, we obtain

1 1 1
T 2 T 2 | >T,
OES:QT I (p, X)| Oggﬂ L' (p, X)| 0<;Tu L'(p,x)
which completes the proof of Theorem 6. O

9. Results for number fields

In this section, we describe the results for number fields. It is well known,
by the Kronecker-Weber theorem, that if K/Q is an abelian extension of
number field, then there exists a positive integer ¢ and a subset X (K) of
Dirichlet characters modulo ¢ such that

(9-1) ()= I L(s,x"),

XEX(K)

where x* is the primitive Dirichlet character inducing y. This formula is
written in for example [14, Theorem 8.2].

The following corollary is an immediate consequence of Proposition 1
and equation (9.1).

Corollary 2. Let a > 13 and T > Ty(a) > 0 with To(a) a sufficiently large
constant depending only on «. If K is an Abelian number field, and K,, is
the smallest cyclotomic field satisfying K C K,,, we have

i <§rggr<<2 Cre (o + it)!‘1> < exp(Ca(#X (K))(loglog(mT))?)

for m < (log T)O‘/4, where C' is a positive absolute constant.

Remark 3. Corollary 2 holds for an Abelian number field. On the other
hand, it is difficult to extend Corollary 2 to any number field. The reason is
that a zero density theorem for Dirichlet L-functions in the region close to
critical line plays an important role in the proof of Proposition 1, but it is
difficult to obtain the zero density theorem of the same type for Dedekind
zeta-functions.

By Corollary 2, we can obtain the explicit formula for the summatory
function of the Mdbius function ux on an Abelian number field K. This
Mobius function pg is defined by

1 if a = Ok,
px(a) =< (=1)F if ais the product of k distinct prime ideals,
0 otherwise.
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Here, we define the summatory function Mj;(x) by

Mi(a)= 3 wxa),
N(a)<z

where the sum on the right hand side runs over integral ideals a of the
ring Ok, and N(a) is the absolute norm of a, and Y’ indicates that if
is an integer, then ZQV(a)<z = X N(a)<ax —l—% >_N(a)—z- Let ng denote one of
the nearest positive integer from x other than z itself such that there exist
ideals a C Ox with N(a) = n, and px(a) # 0. If there exist several such
integers, then we understand that n, is the one for which a,, is biggest.
Here, a,, means the number of ideals such that N(a) = n. Then we obtain
the following theorem.

Theorem 7. Let K be an Abelian number field, K,, be the smallest cy-
clotomic field satisfying K C Ky, © > 0, T > max {Tg,exp (m1/3) ,2/3:}

with Ty a sufficiently large absolute constant. Then, there exists some T, €
[T, 2T such that

, (N Ak m(p) T
(9.2) Mj(z) = z (m(p) — 1)! ;gr; dsm(p)—1 ((S -p) (p)CK(S)S)

[vI<Ty
oo e
+ ) Res < ) +R.
Z(:) s=—1 \Cr(s)s

Here, R’ satisfies the estimate
(9.3)

R < ,_imin{e"maog@ +2))", kg log( +2) + Po(K) }

(log(z+2))"14+1/ngk

z 9 : _r
+ T XP (CTLK(#X(K))(IOgIOgT) ) T G, TN {1’ T|x — ng| } ’

where ng is the degree of K, ki is the residue of (i at s =1, and ®o(K)
s a constant depending only on K.

Remark 4. The constant ®(K) comes from the inequality

Z 1 — ko

N(a)<z

(9.4) < Bg(K)zt

We do not consider refined upper bounds of ®¢(K) in this paper, but it
was studied by Murty and Order in [13].

Remark 5. We can remove the condition “Abelian” in this theorem by
assuming the zero density estimate for Dedekind zeta-functions.
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Similarly to Theorem 3, we can apply a generalization of the Gonek-
Hejhal Conjecture to Theorem 7.

Conjecture 3 (The Generalized Gonek—Hejhal Conjecture for Dedekind
zeta-functions). Assume that the all nontrivial zeros of Dedekind zeta-
functions are simple except for the zero at s = % For sufficiently large
number T > 0,

2
k(D)= 3 [C(p)** =xx T(log T)P)
o<|y|<T

holds for A > —%.
Using this, we can obtain the following theorem.

Theorem 8. Let K/Q be a number field. Assume that the Riemann Hy-
pothesis for (i (s) is true, the all nontrivial zeros of (x(s) are simple, and
that J 12k (T) == Xocpyi<r ¢ (0)| 7 <5 T(log T)'/*. Then, we have

(9.5) M (z) <x z/? ((log 24§ (log x)m(K)—l) ’

where m(K) is the multiplicity of the zero of the Dedekind zeta-function
Ck(s) at s = 3.

We can also obtain a theorem for (x(s) with an Abelian number field
K, similar to Theorem 6. It is the following result.

Theorem 9. Let K be an Abelian number field, K,, be the smallest cyclo-
tomic field satisfying K C Ky,, and assume the simplicity of all complex
zeros of (i (s). Then, for T > exp (m1/3), there exist some T, € [T,2T]
satisfying

1

TI/
oy Gl 2O (exp(C(#X (K))(l0glog T)?) + C(K))

where X (K) is the same as in equation (9.1), the sum on the left hand side
runs over non-trivial zeros p = 8+ iy of (k(s), and C(K) is a sufficiently
large constant depending only on K. In particular, for any T > To(K) > 0
with a sufficiently large constant To(K) depending only on K, we have

(9.6) > 1 o7

022 1)

We omit the proof of Theorem 9 because the proof is almost the same
as the proof of Theorem 6 by using Corollary 2 instead of Proposition 1.

Similarly to the case of Dirichlet L-functions, estimate (9.6) is use-
ful when we consider the exact behavior of some partial sum of some
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Moébius functions under the Linear Independence Conjecture. Actually, ap-
plying (9.6), we can show that

(9.7) T ME@) _

T—+00 .%'1/2
for any Abelian number field K under the following conjecture.

Conjecture (Linear Independence Conjecture for Dedekind zeta-functions
(cf. [3])). The positive imaginary parts of the zeros of any Dedekind zeta-
function are linearly independent over Q.

The proof of (9.7) is also similar to the proof of Corollary 15.7 in [12].

10. Proofs of Theorems 7, 8
Firstly, we prepare some lemmas.

Lemma 12. Let K be any number field, nx be the degree of K, and ki be
the residue of (i (s) at s = 1. Then, for o > 1, we have

(10.1) [k o+ it)] < minf C()", T + %} = dk(0),

where ©o(K) is the constant coming from inequality (9.4).
Proof. By the Euler product for Dedekind zeta-functions, we find that

ICk (o +it)] < 1;[ (1 _ N(L)g) HH( deg >_1

P oplp
< 1;[ (1 — p{,)w = (o)™,

On the other hand, using the partial summation and inequality (9.4), we

have
[e'e) [e's) 171/71}(
|CK(U+it)|§J/ fjgdxéa/ krx + ®o(K)x do
1 1

o+l
o o®y(K)
= KK s
o—1 o—1+1/ng
where A(z) = 3 n(q)<, 1. Hence we obtain Lemma 12. O

Lemma 13. Let K be a number field. Let di be the discriminant of K. If
t|>1and o < i, then

s> o () (e

Cne \Jdk||s|m<
1 (1—-0
x exp ( nx|t| tan ICk (1 — s)|.
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If |t| < 1,0 = —(r + 1/2) with r a positive integer, then

1 ( (2me)nK

Cne \ldg||s|™<

The above C s an absolute constant.

(Cx(s)] > ) Uiclol™ )2 i1 = 1.

Proof. By the functional equation for (x(s) which is
Cre(s) = 2 (2m) D |dg V275D (1 = )"

r1+r2 )
X (sin 7;) <COS 7;8> Cr(1—3),

and the Stirling formula, we obtain this lemma. O

Proof of Theorem 7. Let x > 0, T > max{9,exp (m1/3) ,2/:):} and o9 =
1+ 1/log(z + 3). First, using Perron’s formula, we have

e, L qootil gs x ) x
(10.2) Mg (z) = 27Ti/00—iTl, CK(s)st+O<T(I)K(UO)+mm{1’T(:c)})’

where T, satisfies the inequality
(10.3) ICx (o +iT,)| ™ < exp (CnK(#X(K))(log log T)Q)

for any —1 < o <2 with T, € [T, 2T] by Corollary 2 and Lemma 13. Here
we remark that T > exp <m1/3) > m.

Let R=1r+ % with positive integer r satisfying r > T'. By the residue
theorem, we have

1 oo+iTy s
7/ ds
210 Joo—it, Cr(s)s
1 UOJ’_iTI/ —R+iT), —R—iT, $S
=5 / +/ +/ ——ds
2w \J_RyiT —R—iT,, oo—iT, Cr(s)s
s x5
+ Res <) + Res < )
72<:T* s=p \ (K (5)s 0<Zl<:RS=l Cr(s)s

s £ () X e ()

Iy|<T, 0<I<R®~

Here, by the basic formula for residues, we find that
x® 1 dmp)-1 x®
R _ I o) ) .
=p <CK(5)5) (m(p) —1)! s3p dsmlp)—1 ((s P)

Hence, we have (9.2)
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Next, we show (9.3). By Lemma 13, J5 is evaluated by

—R+it
= dt
T2l = ‘/t<Tl, Ck(—R+it)(—R+it)

n R
<z~ RBonx / ((2;2{ K) Rk /271y
tI<T,

-R
< O"K ( T ) R-(B+1/2)ng—1p
(2me)nx

Therefore, we have
lim Jo = 0.
R—o0
Next, we estimate J;. Now, we put
1 oo+iTy —1+42T, s q , "
J= b / + / s=:J+J].
" omi \ Vi, emsin ) Cre(s)s L
By Lemma 12, Lemma 13 and estimate (10.3), we find that
oo
BA <</ a1, exp(C’nK(#X(K))(log log T)Q) do
-1

o TOXD (Cnk (#X(K))(loglog T)?)
T ,

and that
nK

C (xT) 1

1
T,)°d —_—
/ (@Ty)7do < T3/2log(xT)

C
|JV| < T

Hence we have

zexp (Cnk (#X(K))(loglog T)?)
T .

Similarly, by the Schwarz reflection principle, we have

zexp (Cng (#X(K))(loglog T)?)
T )
Thus we obtain estimate (9.3), and complete the proof of Theorem 7. [

J1 <

J3 <

Next, we show Theorem 8. To do it, we evaluate the contribution from
residues of trivial zeros. Let r; = r1(K) be the number of real embeddings
of K, and let 2ry = 2r9(K) be the number of imaginary embeddings of K.

Lemma 14. Let K be a number field. We have
oo 25 ori+ra e (]Og m)”l +re—1
(CK(3)3> - ||V 2k

as r — +0o0.
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Proof. We put r = r; + ry — 1. Then, by the Leibniz rule, we find that

es ( all ) = l lim i il z°
s=0 \ (x(s)s " pl s50ds” Cr(s)s
s

— 1 r1: " (1_50,7’) —~ (T r— &/ s
B ﬁ(bg 7) lig Ck(s) A 2 <J) (log 2™ B a5 ds/ (CK(3>>

Jj=1

_(2m)"x (log )" (2/m)" 1 Hr2
2NK ’dK‘l/QliK

On the other hand, for [ > 1, we have

2 <<K$<s> > N % /|s+l|:1 C;Ess)sds

+ Ok (1= o) log ™).

log(z+3)
0
~ 2rlog(z +3) Jo Cro( =1+ —&° e
K log(z+3) log(z+3)

L /27r do
llog(fﬂ +3) ’CK( [+ 1og€;ird))‘

by the Cauchy formula. Now, by the functional equation and the Stirling
formula, we can find that if [ is even, then

oif
CK <_Z + log(z + 3))

and that if [ is odd, then

eiﬂ
0K <_l + log(z + 3))

Hence, for [ > 1, we obtain

Bes (e

—1
2 nkl
o (FE) T e g + 3

—1
< "k (277-6

nil
z ) 1752 (log(x + 3))™

C"K =l /9 ngl
W% (;m) (log(x + 3))rt72—1 if [ is even,
< n ngl
C"Kgx=" (2me\"K 1 e
(1= do 7"2)W e (log(z + 3))" if { is odd.
From the above estimates, we obtain this lemma. 0

Proof of Theorem 8. Note that we can prove Theorem 7 for (x (s) under the
Riemann Hypothesis for (x(s). Hence, assuming the Riemann Hypothesis
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and simplicity for nontrivial zeros and using Theorem 7 with T' = x and
Lemma 14, we have

iy s
ME(z) = z1/? x+ReS<$>+O o(x
i) =20 2, @ R G TR

for any £ > 0 and for some T, € [z,2z]. Evaluating the contribution from
nontrivial zeros and the residue at s = % similarly to the proof of Theorem 3,
we can obtain Theorem 8. O
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