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A graph arising in the Geometry of Numbers

par WoLrFcAaNG M. SCHMIDT et LEONHARD SUMMERER

RESUME. La géometrie paramétrique des nombres a permis de visualiser les
propriétés d’approximation simultanée d’une collection de nombres réels a
travers le graphe combiné des fonctions de certains minimas successifs. Beau-
coup d’inégalités entre les exposants classiques d’approximation simultanée
peuvent étre déduits de ces graphes. En particulier, les graphes dits réguliers
sont parmis les plus importants, notamment pour les cas extrémes de cer-
taines de ces inégalités. Le but de cet article est de définir et de construire la
notion de graphes réguliers dans le contexte d’approximation pondérée.

ABSTRACT. The parametric geometry of numbers has allowed to visualize the
simultaneous approximation properties of a collection of real numbers through
the combined graph of the related successive minima functions. Several in-
equalities among classical exponents of simultaneous approximation can be
guessed by a study of these graphs; in particular the so called regular graph
is of major importance as it provides an extremal case for some of these in-
equalities. The aim of this paper is to define and construct an analogue of the
regular graph in the case of weighted simultaneous approximation.

1. Introduction

We will first explain how certain graphs arise from Diophantine approxi-
mation and the Geometry of Numbers. Yet our construction of such graphs,
beginning in Section 2, will not require specific knowledge of these topics.

Diophantine approximation deals with simultaneous approximation to
linear forms. Given n = [ + m with positive [, m, Dirichlet’s Theorem in
the classical case asserts that for linear forms f;(x) = o1 + -+ + i,

(1 < j <'m) with real coefficients £j; and variables x = (z1,...,2;), there
are non-zero points
(1.1) (T1, T Y15 - Ym) €T
with
il <™ (1<i<),
[fiG0) =yl <e™ (1< j<m).
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The points
(w1, 1(X) = Y1, o5 fn(X) = Um)
with (1.1) form a lattice A C Z" of covolume 1, and the box B(q) of points
n=n,...,nn) with
Imi| < e?™ (1<i<l),
mijl <e ' (1<j<m)

has volume 2", so that by Minkowski’s first theorem on convex bodies, B(q)
contains a non-zero lattice point, i.e. a point of A.

Recently Diophantine approximation with weights has gained increased
attention (see [1, 3, 10]): in this more general setup we are given non-
negative numbers ayq, ..., 81, ..., Bm, not all zero, with

(1.2) ar+-Fog=p1+ -+ Bm.

The box B(gq), more precisely B, 3)(q) now, consisting of the points n
having
ni] <e™? (1<i<l),

gl < e (1< j<m)

again has volume 2", hence contains a non-zero point of every lattice A of
covolume 1. In Minkowski’s terminology, the first minimum with respect to
A and B(q) is < 1.

Let A be given and denote Minkowski’s successive minima with respect
to A and B(q) by A1(q), ..., A\ (q). The parametric Geometry of Numbers
deals with these minima as functions of the parameter ¢ > 0. However it
is easier to work with their logarithms L;(¢) = log Ai(¢q) for 1 < i < mn. A
system of functions L1, ..., L, arising from A and

(1.3) vi=(a1,...,00,—B1,...,—Bm)s

will be called a (A, v)-system and the union of their graphs will be called
a (A, v)-graph. The functions of a (A, v)-system already behave well, but
not very well. For instance, by Minkowski’s second theorem,

—logn! < Li(q) +---+ Ln(q) <0,

but we wished that the sum was identically zero.

We therefore introduce v-systems as n-tuples of functions P (q), ..., Pn(q)
defined for ¢ > 0, which are continuous, satisfy P} < P, < --- < P, and
Pi(0) = --- = P,(0) = 0. Moreover, each P; is piecewise linear, with only
finitely many linear pieces in any interval with positive end points, and
slopes among aj,...,q;, —081,...,—Bm. Moreover in every interval where
each P; is linear, the slopes of P;, P, ..., P, will be the above numbers in
some order. Hence Pi(q) + - -+ P,(q) = 0 by (1.2).
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A v-system will be called proper if for each ¢ > 0 and ¢ with 1 <7 <n
having P;(q) < Pi+1(q), the sum of the slopes of P; ..., P; to the left of ¢
does not exceed the sum of the slopes of Py, ..., P; to the right of q.

The union of the graphs of Pi,..., P, will be called a v-graph. A v-
system and its graph is regular if the graph is invariant under some map
n— ™ with 7 > 1.

D. Roy in important work [6] showed that in the classical case (i.e. when

v =(m,—1,...,—1)), given any (A, v)-system there is a proper v-system
—_———
m
having
(1.4) [Li(q) = Pi(q)], (1 <i<mn)

bounded independently of q. Conversely, given a proper v-system, there
is a lattice A such that (1.4) is bounded. This result allows to have op-
timal transference inequalities between various exponents of Diophantine
approximation. Further progress was made by A. Das, L. Fishman, D. Sim-
mons and M. Urbanski in [2] by showing that the above relations between
(A, v)-systems and proper v-systems hold for the classical case in general.
They used this to provide a variational principle that allows to estimate the
Hausdorff dimension of many types of sets determined by Diophantine ap-
proximation. Finally, Conjecture 2.3 of [8] says that the above relationship
between (A, v)-systems and proper v-systems holds for weighted Diophan-
tine approximation as well. Whenever this holds, many questions of Dio-
phantine approximation, which play in R", can be reduced to questions on
graphs in R%. An application regarding Diophantine approximation spectra
may be found in [7].

In studying v-graphs it will be important to know many examples. In [9]
a regular graph for the classical case had been presented which provides
an example for a system where the optimal bound for the ratio between
ordinary and uniform exponents of Diophantine approximation is attained
as was established in [4, 5]. Our goal here will be to construct regular v-
graphs in the general, i.e. the weighted, case.

Acknowledgments. The authors want to thank the referee for the careful
study of the manuscript and their useful comments.

2. Construction of regular graphs

Set k = lem(l,m). Given p = (p1,...,pr) with each p; > 1, we will
build a regular graph G = G(v, p) depending on the parameters v and
p. Our construction will depend on the ordering within {aq,...,a;} and

{B1,.-,Bm}
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Setog=1,0,=p1...prfor 1 <r < kand7 =0, =p1...p For every
tez,
' =r1log <7loy < - < Tlop = 7L
The points a;,b; € R? with ¢t € Z of [8] will be replaced by k-tuples
(af,al,...,al ;) and (b}, bl,... bl _,), where for 0 <r <k

(2.1) a! =71'0.(1,u,) and bl =7lo.(1,0v,)

-
for some numbers ug,uq,...,ur_1 and vy, v1,...,vp_1. Observe that for
given r, the points a’ will lie on a line £, of slope u, emanating from the
origin, and the points b. on a line M, of slope ..

When sk < r < (s + 1)k for some s € Z, so that r = sk + h with
0 < h<r, set pr = pn, ur = up, v = vy and o, = 7°0},. For instance, when
k < r < 2k, we have o, = 7o) = p1p2...pkP1P2 - - Pr- We again define
al, bl by (2.1) and note that for r = sk + h we obtain

(2.2) a! =r%al, bl =71°b}.

We write o, = o; if 7 =4 (mod l) with 1 <i<land 3. =p;ifr=j
(mod m) with 1 < j < m. Notice that » = ' (mod k) implies r = 7’/
(mod 1) and r =/ (mod m), so that we obtain the same pair i, j for  and
r’. Therefore when k < Im, we only need r in 0 < r < k. Further denote
line segments with end points a, b by [a, b] and set for 0 <r < k

AL =[albly), BL=[blal,,)

7 Cr4+m

Theorem 2.1. Let G be the union of 0 and of all the line segments AL,
B. with 0 < r < k and t € Z. There are unique k-tuples of numbers
(ug,u1,- .. ux_1) and (vo,v1,...,vk_1) such that each AL has slope 11,
each Bt has slope —B,+1 and G = G(v, p) is a regular v-graph.

Before we proceed with the proof of Theorem 2.1 we indicate the principle
of construction of such a graph in the case (I,m) = (3,2) in the interval
[7f, 711 for some t € Z.

Proof. Let us first assume [, m to be relatively prime. Going from a! with
0 <7 <ktobl via AL, and then via B!, to al,, (look at the bold line
segments for 7 = 0 in the picture), denoted by

t Bt
a; A, b),, -4 s
(note that r + [, + n may exceed k — 1) the ordinate will change by
(2.3) arg1 (Tt0r+l - Tto-r) - ﬂr+l+1(7—t0'r+n - TtO'r-I—l)
= Ttgr(ar-i-l(wf« —1) = Bri1 (Y — wi)),

where ¥F = pryipr+2...prys (the superscript indicates the number of
factors).
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b = b}

t+1 _ ot
N & =Tag

FiGURE 1.

On the other hand, the ordinate at a’,, —a’ is

T Oty yn — T Oy = T O (W Uy — ),
so that comparison with (2.3) and division by 7'o, yields
(2.4) Up — XorUpyn = —Uy,
with x, := ¢’ and

(2.5) Ur = arp1 () — 1) = By (97 — ¢)).

These equations hold for 0 < r < k, and yield k£ linear relations for
UGy ooy Up—1-
In a similar way, considering the path

Bt AL

t T t r+m 1 ¢

br ? ar+m ? br+n7
we obtain

(26) Ur = XrUr+4n = _‘/’;"7
with

(2.7) Vi = =Bra(h) — 1) + arpmp1 (W) — ).
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As I, m are relatively prime by assumption, so are n, k. By (2.4) for r,
r+n,r + 2n we have
ur = —Up + XrUr4n
—Ur — XrUr4n + XrXr+nUr+2n
= —U; — XoUrin — XrXr+nUrg2n + XrXr4nXr+2nUr 30

Continuing in this way we obtain after k steps:

(28) up = —Ur — XTUT-HL - (XTXT-HZ s XT+(]C72)TZ)UT+(]€71)’H,
+ (Xr X4 - - - Xr+(k71)n)ur+kn-
But w4k, = ur, and its coefficient in (2.8) is
XrXr+n -+« Xrt(k=T)n = XOX1 -+ Xk—1 =T "

since our subscripts are residue classes modulo k, and since n, k are coprime,

r,r+mn,...,7+ (k—1)n runs through all these classes, and in view of x; =
Phal - -« Phan, €ach p; occurs in n of the numbers xo, ..., xx—1. Therefore
(2.8) is

k-1
(2.9) (7" = Du, = U, + Z(XTXT+7L e X’r—l—(j—l)n)UTJrjn'

j=1

The analogous equation for v,, with Uy, Uy, ...,Ui_1 replaced by Vg, V1,
ooy Vi1 yields

k—1
(2.9") (7" = Dop = Vo + D (XeXrtn -+ - Xr(j—1)n) Vit
j=1
In combination with (2.5) and (2.7) this gives
= ‘ ‘
(210) wr = 7 > (@rsrjn (W™ — 41"
=0
- ﬁr+l+l+jn('¢1("j+1)n - ¢1]n‘n+l)),
= '
(2.10") v = 1 Z(ar+1+m+jn(¢r(=]+1)n
=0

— ") — By (P — W”))

and the wu;, v; are uniquely determined by p and the ordered set of weights.
Note that in every interval [} 7% ., the graph G determined by the

values of u; resp. v;, 0 < i < k, given by (2.10) resp. (2.10") consists of n line
segments having slopes aq, ..., a;, —fB1, ..., —Bm in some order. Thus G will
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be the union of the graphs of n functions P, < P, < --- < P,, where in each

interval [; , 7, ] the slopes will be a1,...,0p and —f1, ..., =B in some

order. Since AL and B!, are joined at b, for 0 < r <k, all the functions
Py, ..., P, are continuous. Finally, G is regular by (2.2), concluding the
proof of Theorem 2.1 in the case (I,m) = 1.

In the next section, we will still assume k,! to be relatively prime and
complete the proof in Section 4 in the case (I,m) > 1.

3. On proper graphs

Our regular graph G(v, p) is proper if v, > u, for 0 < r < k, as it is the
case for the graph depicted in Figure 1. Moreover we have

Proposition 3.1. With
Q:=max{a; + f;}; w:=min{a; +p;} forl1<i<landl<j<m.
Z7] 17]

and assuming that

(3.1) w > 0.
we have: G(v, p) is proper provided
ni] Q
(3.2) MZW for anyr € {0,...,k—1}.

Proof: By (2.5), (2.7) v, > u, for 0 < r < k certainly holds if
(3.3) it (V) =) —tr 1 (Y= 1) 4 Br i (V) =) = B (W) —1) > 0

for each r. Now by definition of w we have
(rtmt1 + Brrip )V + (Qr1 + Brin) 2 w(iy) +1)
and likewise, by definition of €2:
(@rpmt1 + BV + (Qrpr + Brpap )l < QU+ 9l).
Thus (3.3) holds for each r provided
W@ +1) > QL +4™) forr=0,...,k—1.

In view of (3.1) this yields exactly (3.2) as claimed.

Note that from (3.3) it easily follows that for given v = (a, 8), hence
given Q/w, the graph G(v, p) is certainly proper if each p; is sufficiently
large. In the case when m = 1, 1 = | we have ¥]' = 7p,41, V)" = pr41,
Yl =7 and ayymi1 = py2, 0 that (3.3) becomes

ry2(T = Dpry1 — a1 (7 — 1) + U7 = 1)(pry1 — 1) 20,
which is the same as

(ar—l—Z + l)pr—l—l - (ar+1 + l) > 0.
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0
b5

slope vy

S 0
N

BRER ]

4 T _ slope ug

FIGURE 2.

Replacing r by r — 1, a simple sufficient condition for being proper is

S oy +1

forr=1,...,L
S

We conclude this section by showing in Figure 2 the example of our
regular, proper graph G(a, 3, p) obtained for the parameters

e[ =3 m=2
e pj=+/2fori=1,...,6, hence 7 =4,
e a=(1/2,1,3/2), B =(2,1).

We restrict the picture to the part with ¢ in the interval [7°, 71] = [1,4]. Tt
is plain to see that this graph is proper as any b? = 7,.(1,v,) lies above the
corresponding ag = o,(1,u,), so that v, > u,.
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4. The case when [, m are not coprime

We now finally assume k,l to have greatest common factor d > 1, so
that k = Im/d. We set n’ = n/d, k' = k/d = Im/d* and note that n', k' are
coprime. Given a residue class f modulo d, the line segments

(4.1) AL BL withr=f (mod d)

have endpoints af, bl with s = w = f (mod d) and slopes ol ;,—8f;.
The union of 0 and the line segments (4.1) is a graph gl , and G is the union
of G',...,G% With v/ e R” having the components «;, —f; withi = j = f
(mod d), the graph G7 is a vf-graph, i.e. it is like a v-graph, except that the
associated functions Plf Y ,PT]:, will in every interval where each of them
is linear, have the components of v/ as slopes in some order. Thus when ~f
is the sum of these components, we will have Plf(q) + 4 Pg,(q) =7q.

Now let us go back to (2.4). Note that when h runs through the residue
classes modulo &/, then f + dh runs through the residue classes modulo
k that are congruent to f (mod d). Furthermore, u{ = Ufyqp Will Tun
through the slopes u, belonging to Gf. With U}{ = Uftha, X£ = Xf+hd
(2.4) yields

(4.2) f X£U£+n Uh
In analogy to (2.8) we have
f_ f frrf fof f
(4.3) wp, = =Uj = X3Up sy = XnXnpn Upyon —

fof f f
— (XpXheg - - 'Xh+(k’—2)n’)Uh+(k’—1)n’

o f f f
+ (X Xhtn -+ Xnt (b — 1)) Yht ki

with subscripts modulo &’. We have k'n’ = 0 (mod k)’ so that u£+k,n, = ug,
with coefficient X£X£+n’ e X£+(k’—1)n’ = X£X{L+1 .. .X£+(k,_1), since with
n', k' coprime, 0,7/, ..., (k' —1)n' runs through all the residue classes mod-

ulo &’. Each p; is a factor of n’ of the numbers Xg, cee X£/71 so that this
coefficient is 7. Therefore (4.3) gives

k'—1
! f f f
(4.4) (" — )uh =U; + Z XhXh+n ‘Xh+(j—1)n’)Uh+jn"

7j=1

An analogous relation holds for v,]: = Vfydh-
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