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Semistable abelian varieties and maximal torsion

1-crystalline submodules

par Copy GUNTON

RESUME. Soient p un nombre premier, K une extension de Q, de valuation
discrete, et Ax une K-variété abélienne a réduction semistable. En étendant
les travaux de Kim et Marshall portant sur le cas p > 2 et K/Q, non rami-
fié, nous prouvons un complément pour [ = p a la formule cohomologique de
Grothendieck pour la partie [-primaire du groupe des composantes connexes
du modele de Néron de Ag. Notre démonstration consiste & construire, pour
chaque m € Z>¢, un schéma en groupes plat et fini sur Ok dont la fibre géné-
rique est isomorphe au sous-module 1-cristallin maximal de Ag[p™]. Comme
corollaire, on obtient une nouvelle preuve du critére monodromique de bonne
réduction de Coleman—Iovita.

ABSTRACT. Let p be a prime, let K be a discretely valued extension of Q,,, and
let Ax be an abelian K-variety with semistable reduction. Extending work
by Kim and Marshall from the case where p > 2 and K/Q, is unramified, we
prove an [ = p complement of a Galois cohomological formula of Grothendieck
for the l-primary part of the Néron component group of Ax. Our proof in-
volves constructing, for each m € Zx, a finite flat Ok-group scheme with
generic fiber equal to the maximal 1-crystalline submodule of Ax[p™]. As a
corollary, we have a new proof of the Coleman—Iovita monodromy criterion
for good reduction of abelian K-varieties.

1. Introduction

Let p be any rational prime, let K/Q, be a discretely valued extension
of Qp, let Ax be an abelian K-variety, and write A for the Néron model of
Ag. Let ® 4, be the finite abelian group of connected components of the
special fiber of A. Fix an embedding K C K into an algebraic closure and
let ' = Gal(K/K). Assume that A has semistable reduction. We prove a
formula for the p-primary part ® 4, [p™°] of ®4, . The formula has a much
older [ # p analogue due to Grothendieck. He established the following
result without any restriction on the ramification of K/Q,.
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40 Cody GUNTON

Proposition 1.1 (Corollary of [15, 11.3.8]). Let [ be a prime distinct from
p. Writing T}Ag for the l-adic Tate module of Ag, and I C ' for the
inertia subgroup, there is a canonical isomorphism of unramified 7, k|-
modules

q)AK [loo] = (H(}ont(IKvﬂAK))tOTSa
where the cohomology group HY . (Ir, TiAf) is formed using continuous

cochains, and where (- )iors gives the mazimal torsion subgroup.

Loosely speaking, the formula breaks down when [ = p because maximal
unramified submodules tend to be too small in that case. The following idea
is pursued in the work [20] of Kim and Marshall: to “repair” Grothendieck’s
formula in the case [ = p, one should replace the condition of unramifiedness
by another condition from p-adic Hodge theory. Specifically, for r € Z>o,
a torsion Zp[I'g]-module is “r-crystalline” if it arises as a quotient of a
I'g-stable Zy-lattice in some crystalline Q,[I'x]-module with Hodge-Tate
weights in the interval [0, r]. For any Z,[I'x]-module M of finite-type over
Zyp and any r € Zxq, the notion of a maximal r-crystalline submodule
Crys, (M) is well defined, and gives rise to left exact functor Crys,.(-).
Now, O-crystallinity is simply unramifiedness, and the derived functors of
Crysgy compute cohomology of Ix. From this perspective, it is natural to
consider using a derived functor of Crys;(-) as a replacement for inertial
cohomology in the [ = p setting. We will prove the following result.

Theorem 1.2 (Theorem 5.10; [20, Section 2] for p > 2 and K unramified).
Suppose Ak has semistable reduction. Let R' Crys,(T,Ax) denote the con-
tinuous derived functor of Crys, described in Section 3.2. Then there is a
canonical isomorphism of unramified Zy(I i]-modules

<I>AK [poo] = (Rl Crysl (TpAK))tors'

When Ag has semistable reduction, p > 2, and K/Q, is unramified,
Kim and Marshall use Fontaine—Laffaille theory to choose a finite flat Ok -
group @,m with generic fiber isomorphic to Crys; (Ax[p™]). They then use
Raynaud’s results on prolongations to produce an embedding of the identity
component );m into the Néron model A, and to deduce that this embedding
gives an isomorphism of @, with the finite flat &x-subgroup. Following a
strategy in [15], they construct isomorphisms

m) ~ Crys,(TpAx @ Z/p™Z)
Crys,(TpAr) ® Z/p™Z

To remove the assumptions on p and K, we take a different approach
to constructing this isomorphism. Rather than choosing (), by an exis-
tence result and demonstrating that it has a certain relationship to A, we

construct a finite flat Ox-group * 2L [p™] directly from the Néron model A
of Ay . For this, we will use a semiabelian K-variety, the generic fiber of

(1.3) Daglp (m = 1).
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the Raynaud extension A attached to Ag. Using the monodromy pairing,
we first construct a finite flat Ox-group with monodromy, and then define
* 9L [p™] as a subobject of this. Our main technical result, Theorem 5.2, is
the construction of canonical isomorphisms

(1.4) Crysy (Ax[p™]) =" 25"k (m21).

We prove this using a recent result of torsion p-adic Hodge Theory, the
Torsion Full Faithfulness Theorem of Ozeki, which improves on an older
result of Breuil (see Proposition 3.9). Taking the limit over m, one obtains
an isomorphism

(1.5) Crys, (T,Ar) ~ T, Ax.

With our descriptions of the “numerator” and “denominator” in (1.3), the
isomorphism given in (1.3) is constructed using results on the monodromy
pairing. From here, we may reuse the homological algebra arguments of [20]
to prove Theorem 1.2.

Having described the strategy, we further motivate our approach and
describe its relationship to existing work.

One knows that a finite flat group scheme with generic fiber isomorphic
to Crys, (Ag[p™]), like our * 2L [p™], exists by the following result, which
postdates the work of Kim and Marshall.

Theorem 1.6 (Tate; Raynaud; Kisin; W.Kim; see Remark 3.6). Let M be
a finite, torsion Zy[I'k|-module. Then M is the generic fiber of a finite flat
Ok -group if and only if M is 1-crystalline.

With Theorem 1.6, the proof of Kim and Marshall extends immediately
to the case where the ramification index e of K/Q), satisfies e < p — 1 (in
particular, it must be that p > 2). However, this ramification restriction
is essential to their approach, which relies on Raynaud’s work on prolon-
gations. Conditions weaker than fullness of the generic fiber functor which
are valid without any condition on e have been proved by Bondarko [5]
and Liu [26]. These results take the following form: there exists a constant
¢ € Z>( depending only on e such that, for any two finite flat &x-groups
H', H and any morphism fx : Hj, — Hp, there exist a morphism H' — H
inducing p° fx on generic fibers. In the cases where ¢ > 0, we were unable
to use these results to generalize the work of Kim and Marshall.

Kisin’s proof that torsion 1-crystallinity is the same as finite flatness
loses contact with the representation 7T}, A . In particular, the proof uses a

functor M(-) : Rept¥> (T'g) — Modé’fr, which is not exact. While one can

free
make! a variant of 9(-) amenable to the study of lattices in 1-semistable

1See [27]; [22] does consider categories of G-modules with monodromy, but the monodromy
maps are only defined after inverting p.
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representations by enriching Modgfr with monodromy operators, the non-
exactness of M( - ) obstructs some naive approaches to proving Theorem 5.2.
Kisin has shown in [22] that there exists a p-divisible group G, [p*>°] over
Ok such that G,[p™]k is isomorphic to Crys; (Ax[p™]). However, there is
no immediately useful relationship between the G, [p™] for different values
of m.

Finite flat group schemes with monodromy were defined by Kato, and
are essentially the same as log finite flat group schemes; see the introduction
to Section 4 for more on this point. We prefer to work with monodromy
structures, rather than with log structure, because we feel it clarifies the
role of the Torsion Full Faithfulness Theorem.

An isomorphism as in (1.5) is also given by Coleman and Iovita ([11,
4.6]), where it is a key ingredient in the proof of their well known criterion
for good reduction of abelian K-varieties. Our isomorphisms (1.4) give a
torsion refinement that seems to be inaccessible via the p-adic integration
approach of [11]. Using our isomorphism in place of theirs, we obtain a
proof of the Coleman-Iovita criterion (Corollary 5.5).

On the issue of removing the semistability assumption in Theorem 1.2,
we make no progress. In the work of Kim and Marshall, this assumption
is needed to relate ®4, [p™] to the finite parts of quasi-finite flat group
schemes (see (5.6)), and in our work it is needed for the construction of a
1-motive. We have not, however, ruled out the possibility that Theorem 1.2
holds in general. To make progress on this question, one would have to
understand more about 1-crystalline lifts of residual representations in sit-
uations of unipotent reduction. In the case of elliptic curves, the paper [12]
seems to be a useful point of departure.

Grothendieck showed that Proposition 1.1 actually holds in greater gen-
erality, in particular, for discretely valued K of characteristic p > 0, and it
is natural to ask if an [ = p analogue holds over such a field. Our work is
restricted to K of characteristic zero at least by its use of Ozeki’s Torsion
Full Faithfulness Theorem. This theorem is proved using (¢, @)—modules,
which are objects of the mixed characteristic world. As a replacement for
such objects, one might consider the rigid cohomology of Lazda and P&l,
which has already allowed for the proof of a p-adic Néron—-Ogg—Shafarevich
criterion, [25, Theorem 5.74].

We hope we have made our debt to Kim and Marshall apparent. The
idea of studying derived functors of Crys; originates in their work [20],
as does their definition of these derived functors in the spirit of Jannsen’s
definition of continuous étale cohomology. Marshall’s thesis [28] was an
invaluable resource to us in our study of these derived functors and the
general categories of (e.g., non-finite type torsion) r-crystalline I' -modules
that arise in their construction.
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1.1. Notation. Let p be any prime and let K/Q), be a discretely valued
field extension. Write my C Ok be the maximal ideal, let x be the residue
field of Ok, and let vk be the valuation of O satisfying v (K*) = Z.
Fix an embedding K C K into an algebraic closure, let 'k := Gal(K/K),
and let C' be the completion of K under the absolute value extending the
absolute value of K.

Fix a uniformizer w € 0. Let ﬁg := limgszr Oc, let w” = (wb’(i))izo €
02, be an element with () = @, and let € = (¢());59 € 62 be an element
with €© =1 #* ¢, Then @ is a system of p-power roots of w and € is a
nontrivial system of p-power roots of 1. Let I, C I' be the (non-normal)
subgroup consisting of those automorphisms that fix each of the w”(®.

1.2. Example: Tate curves. We describe our results in the special case
of a Tate curve. While this very simple example could be treated in a more
streamlined and direct way, we give a presentation that aims to motivate our
more general constructions. To that end, we use notation and terminology
that will not be properly defined until later.

Let ¢ be an element of K* satisfying vk (q) > 0, and let E, x be the
associated Tate curve. It is well known that the homomorphism ¢ k : Zx —
G,k of K-group schemes sending 1 to ¢ fits into a short exact sequence
of K-rigid spaces
(1.7) 0 — z32 S g U5 Een 0,

)

where ¢k is given by explicit series over K. Let n > 2 be a power of p. The
short exact sequence (1.7) gives rise to the short exact sequence of finite
K-group schemes

(1.8) 0 — pin i 25 By x[n] — Zx /nZi — 0.

Since the p-adic cyclotomic character is 1-crystalline, Crys, (Ey x[n]), the
maximal 1-crystalline subobject of E, g [n], is at least as large as Z/nZ(1).
The map ¢4, can be regarded a log 1-motive over K

(1.9) Tor = L 5 G ],
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which is, in particular, a complex of K-groups concentrated in degrees
—1 and 0. The integer n gives a morphism of complexes [n] : 7, x —
Ty Defining 7, k[n] := H '(cone([n])), 1k induces an isomorphism
(cf. (2.12))
Tq.x[n] =~ Eqk[n].

As a torsion I'g-module, Ey k[n] is 1-semistable. To describe the maximal 1-
crystalline subobject Crys, (£, k[n]), we will use Raynaud’s decomposition
of 7, k (see Proposition 2.17). Use the uniformizer w € Ok to write ¢ =
uw’ with u € O and v € Z>;. This allows us to define two log 1-motives

1

Tikw = Zx 5 G L rw(1) =

¢, Ko - [ K — m’K:I’ Lq,K,w( ) =u
2

‘%]?K,w = [ZK wa Gm K] Lg,K,w(l) =w".

1 X 2
q,Kw wa

T 1Kw extends to an Ox-1-motive yq}w. Defining torsion in 1-motives as

Then ¢y x = using the group law in G, i. It is clear that
we did above, we have a finite flat Ox-group scheme ﬂq}w [n] with generic
fiber ,71 |1, so that the I' x-module ,71Kw[n] is 1-crystalline.

Under the isomorphism ¢(.y ,, : K* /(K*)® — H* (T, Z/nZ(1)) of Kum-
mer Theory, the class n( 7, x,n ) (resp., n( T} K, )5 T€Sp-, n(T2 K. 1)) Of

o a,

Ty i (resp., 9 K. T€SP., T Kw) in ExtMOdZ e (Z/nZ,Z/nZ(1)) arises
from ¢ (resp., u, resp., @w"). The equation ¢g, = ¢y pn + Cov pn gives a Baer
sum decomposition

(1.10) (T 151) = 1Ty i o) + 1T o0 )-

By construction of the Baer sum, .7 i[n] is a subquotient of %1Kw[n] ®
quKw[n] Since finite direct sums and subquotients of 1-crystalline I'g-
modules are again 1-crystalline, taking a difference in (1.10) allows us to
conclude that Eg i [n] is 1-crystalline if and only if 7% _[n] is 1-crystalline.
Since %Kw[ n] corresponds to the l-cocycle cov, = vewn @ 'k —
Z/nZ(1), we see that %?K@[n] is split, i.e., 9(12 o) ~ Z/nZ(1) & Z/nZ
as a I'g-module, if n | v. In particular, in this case fq Kw[ ] is 1-crystalline.
Conversely, by the Torsion Full Faithfulness Theorem of Ozeki, Breuil and
others (see Proposition 3.9), if ‘%?K,w[”} is 1-crystalline and V is another
1-crystalline I'g-module, then any isomorphism

r 2 T
Resp™ (9 Kwln]) =~ Resrgb Vv

induces an isomorphism ﬂq Kw[ ] ~ V. But ¢p (') = 0, so any choice
of an adapted basis for 9 K =" induces an isomorphism

Resp.X 7(1 ’i [N ResEKb (Z/nZ(l) ® Z/nZ).
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We conclude that E, i [n] is 1-crystalline if and only if v,(n) < vy(vk(q)).

We push this argument to describe Crys, (E, x[n]) in general. Suppose
vp(n) > vp(vi(q)). With reference to (1.8), form a basis of E, g[n] by
choosing an element x; that spans the image of i and letting zo € E, k[n]
be a lift of 1 € Z/nZ. Then Crys,(E, k[n]) is generated by x; and p“xo
for some integer w satisfying 0 < w < vp(n). In particular, p“ E, k[n| is
contained in Crys;(Eq, g [n]). Since 1-crystallinity is inherited by submod-
ules, we see that F, g [p"»(™) "] is 1-crystalline. Our above work shows that
vp(n) —w < vp(vk(g)), and the maximality property of Crys; (Eq x[n]) im-
plies that w = vp(n) — vp(vK(q)). Therefore, for v,(n) > vi(q), we have
Crys, (B, x[n]) = Z/nZxy + pUrM =0k 7, /0T,

The subspace im g ~ Z/nZ(1) is distinguished by the fact that it arises
from a 1-crystalline submodule of T, F, . A direct calculation with the
period ring Berys show that T),E, i is not crystalline. Being that T),E, i
is of rank 2 over Z,, we see that Crys,(1,E, k) is equal to the copy Zy(1)
obtained in the limit from the maps ¥ g for varying n. It is well known
that the Néron component group ®g, attached to Fy i is cyclic of order
vk (q), hence that the p-Sylow subgroup ® g, [p™] is cyclic of order pvr(vK (@)
Altogether, we have the following result.

Proposition 1.11. Let ¢ € K* satisfy vk (q) > 0, let m € Z>1, and let

v = vp(#PE,[p™]). Then

Eqx[p™] if m <,

LZ]p™Z(1) + p" " Ey k[p™]  if m > .

We will see later that there is an isomorphism of finite abelian groups

Crysy (Ty By ©z, /0"Z) _
Crysl (Tqu,K) ®Zp Z/me o

We end this example by noting that the cases in (1.12) can be described

uniformly. Let Njm be the endomorphism of the finite flat &x-group scheme

Z/p™Z given by multiplication by v (q). Let *.Z71[p™] denote the pullback

of the class of Z1[p™] in Ext(Z/p™Z,Z/p™Z(1)) by the inclusion ker Nym C
Z/p™Z. Then, for all m € Z>1, there is an isomorphism

“T2p" Kk ~ Crys, (Eqx[pP™)).

(1.12) Crys,(Ey x[p™]) = {

®p,[p

2. Finite flat group schemes with monodromy and log 1-motives

Throughout this section we adopt the notation of Section 1.1.

We recall some known results about semistable degenerations of abelian
varieties; nothing is original beyond our presentation. Our main goals are
to show that the torsion in a semistable abelian K-variety is the torsion in a
certain log 1-motive; to describe Raynaud decomposition of log 1-motives;
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and to record the relationship between the monodromy pairing and the
Néron component group.

2.1. Degenerations of abelian varieties. Let Ax denote a semistable
abelian K -variety. The Néron model A of Ax is a smooth Ox-group. Its
special fiber A, need not be connected. We are concerned with A,/A?,
which ([29, 1.1.33]) is a finite étale k-group. We define two Ox-groups.

Definition 2.1. Define A° to be the open subgroup scheme A° C A with
generic fiber Axg and with special fiber equal to the identity component
of A,..

Define the Néron component group of Ax to be the unique étale Ok-
group ® 4, with special fiber @4, . = A./A;.

Since k is perfect, the identity component A{ lies in a canonical short
exact sequence ([29, 8.27 and 16.15])

(2.2) 0 — T, x,U;,— A, — B, — 0

where By, U, and T} are algebraic x-group which are, respectively, abelian,
unipotent, and a torus. We say that Ax has semistable reduction (or simply
that Ak is semistable) if Uy is trivial. By [15, 2.2.1], Ax has semistable
reduction if and only if, for all n € Z>;, the multiplication-by-n map on A°
is quasi-finite, flat, and surjective. When these conditions are satisfied, the
natural injection

Ag[n]/AgIn] — @y k0]

is surjective, opening up the possibility of studying the Néron component
group (a finite abelian group with unramified I' x-action) via the quasi-finite
flat Ox-group A[n]. Rather than to work directly with A, we will work with
A°, the Mumford degeneration data formed from this, and Grothendieck’s
monodromy pairing.

The theory of degenerations developed by Mumford and Faltings—Chai
is exposed in great detail in Lan’s book [24]. We give only a summary of
background we will need, omitting many technical issues relating to, for
example, independence of certain choices that are made in order to define
the functors F' and M below. We note, as Lan does, that most of the results
we cite can be found in the older works [32], [30], [13] and [6].

The Raynaud extension attached to Ak is obtained by successively lift-
ing (2.2) (in the case U, = 0) to the rings Ok /mi! or all i > 0, and
applying Grothendieck’s theorem that the resulting semiabelian formal -
group scheme is algebraizable (see [24, 3.3.3.6 and 3.3.3.9]) to a group A, the
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Raynaud extension®. As just described, this fits into a short exact sequence
(2.3) 0—T—A—B—0

with B an abelian @x-scheme and T an Ok-torus. Let Y2 be the character
group of T'. Replacing Ak by its dual in the above discussion gives the dual
Raynaud extension AP, which is an extension of the dual B” of B by a
torus TP. Let Y be the character group of TP, a twisted constant group
which becomes free of finite rank after finite étale base change on &k . From
the rigid analytic perspective, Ax can be recovered as the cokernel of the
analytification of a homomorphism of K-group schemes Y — Ax := (A)k.
An important, concrete consequence (known in a different guise since [15],
at the latest) is that Ag[n] gives a class in Ext(Yx/nYx, Ax[n]). It was
shown in [30] (in the case B, = 0) and [13] (in the general case) that a
construction of Ax from Yx — A x and of a resulting extension structure
on Ag[n] can be given in algebraic terms which are valid for degenerations
over rings more general than 0. For this, we introduce a category of
degeneration data. N N

By [24, 3.1.5.1], the T-torsor (resp., TP-torsor) A (resp., AP) is the same
information as a homomorphism ¢” : Y — B (resp., ¢ : yP — BD). The
pullback of the Poincaré sheaf 9;1 on B xXg, BP to Y X 6y YP under
cP x ¢ need not admit a trivialization, but its restriction to the generic
fiber must.

Definition 2.4 ([24, 4.4.1 and 4.4.10]). Let DEG(Ok,mg) denote the
category of Ox-schemes whose objects are the semiabelian Ok -schemes G
such that G is an abelian variety.

Let DD(Ok, mg) denote the category of triples (B,Y,Y? ¢, cP, 1), such
that

(1) B is a semiabelian Ox-scheme;

(2) Y and YP are twisted constant &-groups which are isomorphic
to the constant group Z! after a finite étale base change on O, for
some t € Z>0;

(3) ¢?:Y — Band c:Y? — BP are homomorphisms; and

(4) 7 is a trivialization of the G,, r-biextension (c” x c)*@é}K;

where 7 satisfies the following positivity condition:

(%) there exists an injection with finite cokernel ¢ : Y — Y such that,
for all y € Y, the section 7(y, #(y)) € (cP(y) x c(qb(y)))*c@g%l
extends to a section of (¢ (y) x c(é(y)))* P25, and for y # 0, the

2Letting G = A°, Lan uses the notation GY. This is what Grothendieck would call GE°,
reserving G for an associated G°-torsor over the component group ® 4. To avoid confusion,
since we will study the component group, we use t/h\e/ notation of Faltings—Chai, though we adopt
the abuse of writing A for what should be called A°.
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morphism (c? (y) x c(d)(y)))*ﬂg — OSpec 0y induced by 7(y, x)
factors through mg.
By [24, 4.2.1.7], such a 7 determines and is determined by a period
homomorphism, i.e., a homomorphism v : Y — A K lifting P Yy — By
under the surjection A — B of (2.3).

Let 7 be as in Definition 2.4. Indexing the components of Yx X g Y[?
by K-points (y, x), the datum of 7 is equivalent to a collection of sections
7(y,x) € (cP(y) x c(x))* Pz over the components of Y x Y;2. The
image of ’

7(Y,x)
(P (y) x c())* P C (P (y) x (X)) PBx — Ospeci

is the same information as an &'x-submodule
(2.5) I,,CK

Writing 1, = m’;((y’X) defines a canonical map p : Y(K) x YP(K) — Z
which is I'g-equivariant. Since 7 is a trivialization of 9]51[( as a Gy, k-
biextension, one obtains a bilinear morphism

(2.6) M:YX@KX—>Z(5K.

Using enrichments of the categories DEG(0x, mg) and DD(Ok, mg), it
can be shown ([24, 4.5.5.5]) that there are inverse equivalences of categories

F(ﬁK,mK) : DEG(ﬁK,mK) —>DD(ﬁK,mK)
and
M(ﬁK,mK) : DD(ﬁK,mK) — DEG(ﬁK,mK).
In order to apply results of [34] and [3], we will view F (O, mg)(A°) as
a log 1-motive. We introduce this notion now.

Definition 2.7. Let S be a scheme. An S-I1-motive is a complex # =
[t:Y — C] of commutative S-group schemes in degrees —1,0 such that
(i) Y is a twisted constant group which is étale-locally modeled on a
free abelian group of finite rank;
(ii) C is an extension of an abelian S-scheme by an S-torus;

(iii) ¢ is an homomorphism of S-groups.

Suppose now S = SpecOk. A log 1-motive 2 over Ok is a triple
(Y,C,tx) where Y and C are commutative group schemes over S satis-
fying (i) and (ii) above and ¢ is a homomorphism tx : Y — Ck. In this
case Zk := 1x : Yk — Ck] is a K-1-motive.

Remark 2.8. The sort of semiabelian S-schemes that can give a term in a
1-motive over S have constant toric rank. In particular, if A is the Néron
model of an abelian K-variety Ax with bad reduction, then A° is not a
term in any l-motive over Ok.
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Remark 2.9. Let S°8 be the log scheme obtained by equipping Spec Ok
with its canonical (divisorial) log structure. The definition of a log 1-motive
does not involve any log schemes. However, from a log 1-motive it is possible
to build a complex of logarithmic group schemes defined over S'°¢ by taking
a “logarithmic enhancement” of the semiabelian scheme C. For more on
this, see [18, 1.4].

Ezample 2.10. A fundamental example of a log 1-motive is given in (1.9).

We are interested in the “torsion” in the K-1-motives underlying log
1-motives, which is defined in the following proposition.

Proposition 2.11 ([1, §1.3]). Let S be a scheme. Let # =[.:Y — C| be
a 1-motive over S. Each positive integer n gives a morphism of complezes
of S-groups [n| : M — M which is multiplication by n on each term. Let
c(A,n) be the cone of this morphism, and let .#[n] := H ' (c(,n)).
Then A [n] is a finite locally free S-group scheme, and (A [p™])m>1 forms
a p-divisible group A [p™].

Continuing the notation of the proposition, in local sections we have

{(g,y) €eCxY : ng=—u(y)}

{(—)ny): yeY}
By divisibility of semiabelian schemes ([7, p. 180]), the natural homomor-
phism .#[n] — Y/nY is surjective. This fits into a canonical short exact
sequence

(2.13) n(A#,n): 0— Cln] — A[n] — Y/nY — 0.

(2.12) Mn) =

Proposition 2.14. Continue notation, so that Ax is an abelian K-variety
with semistable reduction, and A is its Néron model. Let

Dy = Y B Ag]

be the log 1-motive attached to A via the functor F(Ok,mg). There is
a canonical isomorphism 2k [n] = Ag|n]. Therefore, the short ezact se-
quence N(Z2x,n) gives rise to canonical short exact sequence

H(AK,TI) : O—)/IK[TL} —>AK[n] —>YK/nYK—>O.
Proof. In this case, (2.12) reads
{(9,y) € Ak x Y : ng = —1k(y)}
{(=ex(y),ny) : y € Yk}

Comparing this with coker(:3")[n], it is clear that rigid analytic uniformiza-
tion gives a canonical isomorphism Zx[n] ~ Ag(n]. O

2k([n] =

Lemma 2.15. With notation as in Proposition 2.14, ker tir = 0.
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Proof. We treat the case where Y is split. The general case follows by étale
descent. Let y € Y (Ok). Using |-| to represent total spaces of invertible
sheaves, for each xy € YP(0x), define a line bundle by pullback as in

[0\ (cP(y))] 124 |75

J o |

SpecﬁK BX@K SpeCﬁKI%)BXﬁK BD.

(cP(y),id)

Then ﬁg = GBX O as an Op-algebra by [24, 4.5.2.3]. By the proof of [24,
3.1.4.4], the identity section of A is characterized by the condition that,
for each x, it restricts to the generic fiber of the morphism e} x : Oy —
€0y ~ Uspec 0y » Where the isomorphism is the rigidification arising from
the natural rigidification of &5 along the map B — B x4, BP. Each
7(y,x) € Oy(cP(y))®~! is a morphism O, (c”(y)) = Ospec k- Using the
natural maps O, — O, (cP(y)) of the above diagram, the map 1 (y) is
defined to be the composition

> Twx)
@ ﬁX — @ ﬁX (CD (y)) — ﬁSpecK-
X X

Therefore, if y € ker 1, then for all y we have a commuting diagram

7(y:x)

ﬁx,SpecK — €>gﬁx,SpecK — ﬁSpecK

| I I

ﬁX e*BﬁX ﬁspec Ok -

Since the diagram commutes, the &x-module I, , defined in (2.5) satisfies
I, = Ok. In particular, 7(y, x) does not factor through the ideal sheaf
mg. Taking ¢ as in Definition 2.4 and setting x = ¢(y), the positivity
condition of the definition implies that y = 0. O

Ezample 2.16. In the case where Ax = F, i is the g-Tate curve over K,
the log 1-motive 2k = 9, i is defined in (1.9) and 7(Eq k,n) coincides
with the short exact sequence (1.8).

2.2. Raynaud decomposition and monodromy. As we shall see, the
exact sequence 7(Ag,n) exhibits Ax[n] as an extension of a O-crystalline
representation by a 1-crystalline representation, hence as an extension of
generic fibers of finite flat &g -group schemes. If Ax has bad reduction, then
Coleman—Iovita’s monodromy criterion for good reduction (Corollary 5.5)
coupled with work of Liu (Theorem 3.7) shows that, for n > 0 a power of p,
Ag[n] is not the generic fiber of a finite flat Ox-group. This is related to the
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fact that, though the individual terms in 2k do extend to group schemes
over Ok, the morphism ¢x does not, in general, extend to a morphism of
Ok-group schemes. As noted in [34, 2.4.1], the failure of tx to extend over
Ok is due to nontriviality of the pullback (cD x ¢)*Pp as a Gy,-torsor
on the Ok-scheme Y x4, YP. This nontriviality is, in turn, captured by
the nontriviality of the monodromy pairing p. Raynaud’s decomposition
theorem trivializes the monodromy pairing to get an Ox-1-motive, and
records the lost information in a K-1-motive.

Proposition 2.17 ([34, 4.5.1]; see also [3, Theorem 9 and Lemma 12]). Let
9y = F(Ok,mg)(A°) = Y =5 Ag] be as in Proposition 2.14. Let w be
a uniformizer of Ok . Then there are homomorphisms L}(@,, L%v’w Y —

Ay such that, using addition in the common target AK, we have
LK = L}(,w + L%(,w'

These homomorphisms satisfy

1 ~
ley

(i) L}(7w is the generic fiber of an Ok -1-motive 2L =Y —= A]; and
(ii) tf o factors through the inclusion Tr — Ag.
Let Q}{@, and Q%w be the K -1-motives attached to L}Qw and L%(7w, respec-
tively. Then we have an equality in Ext(Yi /nYk, Ax[n))

(2.18) 1(2x,n) = (L ) +1( L 0 ).
Ezample 2.19. In the case of a Tate curve, this is the decomposition of (1.10).

Since n(o@}(,w,n) is the generic fiber of a sequence of finite flat Ok-
group schemes 1( 2%, n), roughly speaking, (2.18) describes how to isolate
the non-1-crystallinity of Ax[n] in the term n(o@%(’w,n). In the next sec-
tion, we will develop some of Kato’s theory of finite flat group scheme with
monodromy, which develops this perspective. We now recall the relation-
ship between the monodromy pairing and the component group (valid only
under the semistability assumption) first articulated in [15].

Definition 2.20. Let R be a field or a Henselian discrete valuation ring.
Let fin}, denote the category of commutative Spec R-group schemes of p-
power order that are finite and flat over Spec R, and where morphisms are
homomorphisms of R-group schemes.

Definition 2.21 (Tate twisting). Let H be an object of fin}, and suppose
that n is a power of p such that nH = 0. Write (-)* for Cartier duality, and
write (-)”" for Pontryagin duality on the full subcategory of étale objects
on fink,. For H étale, define H(1) := (H")*. For H multiplicative, define
H(-1):= (H*)".
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We will soon make use of the canonical isomorphism H(1) ~ H ® p,.
Recall the morphism
M:YX@KYD—>ZﬁK
displayed in (2.6). Let YV := Hom(Y?, Zs,. ). This is a twisted constant
O'r-group. We define a homomorphism
(2.22) py Y — YDV

on local sections by u(z) : x — u(z,x). Twisting gives a homomorphism of
finite Ok -groups of multiplicative type

(2.23) Y/nY (1) — Y2V /ny PV (1).

Recall that Y is defined so that the torus T in A has the form T =
Hom(Y?,G,,). Using the isomorphisms of abelian sheaves

T =Hom(Y",2)®G,, =YV @ G,,
and writing T[n] = ker(Y?V ® G,,, = YPV @ G,,), we see that
(2.24)  YPV/Y V() =Y PV /Y PV @ pp ~ YOV @ iy = Tl

Composing (2.23) and the identification (2.24) with the canonical closed
immersion 7'[n] — A[n| gives a homomorphism.

(2.25) Un : Y/nY (1) — Aln.

Ezample 2.26. In the case of a Tate curve, where Y/nY = Zg, /nZg, and

A = Gy 0y, the morphism v, is the Cartier dual of the morphism N
defined at the end of Section 1.2.

The following result is needed for the proof of Theorem 5.2.

Proposition 2.27. There is a canonical isomorphism
ker vp(—1) >~ @4, [n].

Proof. By [13, Chapter III, Corollary 8.2] (see also [15, 11.5]), there is an
isomorphism ® 4, ~ coker uy, where py Y — Y PV is the morphism

of (2.22). The groups Yk (K), Y[]{D’V(T() are free of rank rk 7' = rk 7. Let

¢ = #®4,(K). Then py gives a homomorphism cuy : (1/¢)Yx(K) —
Y PV which also has cokernel ® AK(I? ). The map cpy induces a morphism
py.c(—1) fitting in the following commutative diagram of I' gx-modules hav-
ing exact rows:

Yi(K) —— LY (K) —— LYk (K)/Yk(K)

J#y quy J{/’LY,C (-1)

VEV(K) —= V2V(K) —— Y2V (K) /Y2 (K).
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Since the homomorphism py : Yg(K) — YKD V(K) has finite cokernel

4, (K), it is injective. Since (1/c)Yx(K) is free, cuy is also injective.
The Snake Lemma gives an exact sequence

0 — 0 — ker pyo(—1) — @4, (K) - ®4,,(K) — coker iy o(—1).

Since ¢ is the order of ®4, (K), we have ker py.(—1) = &4, (K). The
proposition follows upon passing to the n-torsion subgroups. Specifically,
restricting py(—1) to %YK(I?)/YK([?), we obtain a morphism whose im-
age is killed by n. This induces a morphism (1/n)Yg /Y — Y[?’v/nYI?’V.
Making the identification (1/n)Yx/Yrx = Yk /nYk, we see that this is ex-
actly the morphism v, (—1). O

3. Maximal 1-crystalline submodules

In this section we develop results from integral p-adic Hodge theory,
and we define the functor Crys, of maximal r-crystalline submodules and
its continuous derived functors. Beyond some innovations in presentation,
including our use of the result Theorem 3.7, which was not available to
Kim and Marshall when they wrote [20], we have added little to the re-
sults of [20], which we recommend (along with Marshall’s more expansive
thesis [28]) as a reference.

Throughout the section, we adopt the notation of Section 1.1.

3.1. Categories of representations and full faithfulness theorems.
To define the continuous derived functors R’ Crys, of the functor of maxi-
mal r-crystalline sub-representations, following [20] and [28], we first define
various categories of I' x-modules that can be constructed from Z,-lattices
in crystalline Q,-representations. We do this now, but we do not review
Fontaine’s theory of period rings, which are described in many sources (for
example, [10]). We normalize Hodge—Tate weights so that the p-adic cyclo-
tomic character has 1 as its only Hodge-Tate weight.

Definition 3.1. Let r € Z>¢. Let x € {dR, st, crys}.

(i) Let Modz, r, denote the category of topological Z,[I'k]-modules,
i.e., the category of topological spaces M equipped with a contin-
uous morphism Zp[I'x] x M — M giving M the structure of a
Zyp|I' ]-module.

(ii) Let Repy, (I'r) denote the full subcategory of Modgz, r, consisting
of the objects that are finite and free over Z, and that are equipped
with the p-adic topology.

(iii) Let ModtZC;iSFK denote the full subcategory of Modz, r, consisting
of torsion objects with the discrete topology.



54 Cody GUNTON

(iv) Let RepaZ(FK) denote the full subcategory of the B,-admissible
representation of I'k on finite-dimensional Q,-vector spaces having
all Hodge-Tate weights in the interval [0, r].

(v) Let Repgi. (k) denote the full subcategory of Repy, (I'x) consist-
ing of those objects L such that L[1/p] := L ®z, Q, is an object of
Repg (U ).

(vi) Let Repgios(T'x) denote the full subcategory of ModtZ‘;r}K consisting
of those objects V' such that there exists an object L of Rep;,’ (')
and a surjective morphism L — V' in the category Modz, ..

(vii) Let Reprg;pe(I‘ &) denote the full subcategory of Modz, r, consist-
ing of those M such that M is finite type over Z, and M is isomor-
phic to the inverse limit of a system of objects of Repyans (k).

Ezample 3.2. Any unramified representation is crystalline with 0 as its
only Hodge—Tate weight. In particular, the trivial character 'y — {id} C
GL1(Q)) is crystalline. Conversely, any de Rham representation with 0 as
its only Hodge-Tate weight is unramified (see [10, 8.3.5]).

Ezample 3.3. The p-adic cyclotomic character Z,(1) is 1-crystalline, hence
each of its torsion quotients, Z/p™Z(1) is l-crystalline. In general, any
crystalline Q,-character of I' is the tensor product of an unramified Q,-
character with an integer power of y. In particular, a character of I'x is
crystalline if and only if it is de Rham.

Ezample 3.4. Let Ax be an abelian variety over K. Then
V;OAK = TpAK ®Zp @p

is a de Rham representation of dimension 2dim(Ag) having Hodge-Tate
weights in [0, 1]. When Ag has semistable reduction, V,Ax is semistable.
This fact, which is well known, follows from Proposition 4.34 and Re-
mark 4.24. When Ag has good reduction, V,Af is crystalline; see Corol-
lary 5.5.

The following classification result summarizes work of many people com-
pleted over the course of fifty years.

Theorem 3.5 (Tate; Raynaud; Kisin; Kim; see Remark 3.6). One has
the following relationships between 1-crystalline I' g -modules and finite flat

Ok -groups. Let pdivg, denote the category of p-divisible groups over Of.
(i) The Tate module of any object of pdiv ,, is an object ofRepgg’;’l(FK).
(ii) The generic fiber of any object of ﬁn%K is an object of Repf?rlss’l(FK).

Efgf’l(FK) is the Tate module an object of pdivg, .

(iv) Every object of Repgé}r'ss’l(FK) is the generic fiber of an object of

P
ﬁnﬁk.

)
(iii) Every object of Rep
)
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Remark 3.6. Part (i) was proved by Tate in different terms in [36, Section 4,
Corollary 2|. Part (ii) is attributed to Oort in [10], but it also follows from
Raynaud’s stronger result that every object of ﬁn%K is the kernel of an
isogeny of abelian Ox-schemes (see [4, 3.1.1]). Parts (iii) and (iv) were
proven by Kisin in [22] for p > 2 and for p = 2 in some cases (see also [23]),
and was proved unconditionally by Wansu Kim in the case for p = 2. See [21,
2.3] for an explanation of Kisin’s work, and [21, 4.1] for the extension to
the case p = 2.

We are primarily concerned with objects of the categories Rep;‘r’ge(l“;()
and Repos(T'k). A key relationship between these was conjectured by
Breuil and proved by Liu.

Theorem 3.7 ([26, 7.2 and 7.3]). Let r € Z>1. Let x+ € {st,crys}. Let
L be an object of Repy (T'r). Then L is an object of Repgy" (T'k) (resp.,

free

Repi"(T'k)) if and only if, for each m > 1, L/p™L is an object of

free

Repior " (Txc) (resp. Repio(Tx)).

Let L € Repi’rté:;(FK) and assume L is not crystalline. By Theorem 3.7,
we know that L/p™L is not an object of Repis’ (Ix) for all m sufficiently
large. However, it can happen that L/p™L is r-crystalline for small values
of m, as we see in Proposition 1.11.

Recall from Section 1.1 the subgroup I' _, of I'. Let Repgee (v ) (resp.,
Repiors(I'r)) denote the category of finite-type free (resp., torsion) Z-
modules equipped with an action of I'_,. The following result is essential

in the study of crystalline Q,-representations.

Proposition 3.8 ([22], [2]; [9, 3.4.3 in the case r = 1]). For any r €
Z>q, the restriction functor Resll:Kb : Reppoy (Tk) — Repgee(Tp) is fully
faithful. ”

In general, the analogous statement for torsion I'x-modules fails for rea-
sons which are related to the bound in Raynaud’s work on prolongations.

Proposition 3.9 ([31, 1.2]; others in special cases, e.g. 7 = 1, p > 2 case
by [9, 3.4.3]. See the introduction to [31] for a detailed history of this result).
Let r € Z>q and let e be the ramification index of K/Q,. Suppose e(r —1) <
p — 1. Then the restriction functor Resll:Kb : Repiors” (Tk) — Repyors(Fv)

tors
1s fully faithful.

The utility of this result was illustrated in Section 1.2.

In Proposition 3.10 and Lemma 3.11 we record some basic closure proper-
ties of the categories defined in Definition 3.1. We omit the straightforward
proofs, most of which have already appeared in detail in [28, Section 2.2.2].
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Proposition 3.10. Let € be any of the categories defined in Definition 3.1.
By definition, € is a full subcategory of Modz, r. -
(a) Any Modgz, r -subobject of an object of ¢ is also an object of € .
(b) Suppose € is one of the categories containing a nontrivial torsion
object. If M is a Modg,, r -quotient of an object of €, then M is
an object of €.
(c) If M is a Modz, 1 -direct sum of finitely-many objects of €, then
M is an object of €.

Lemma 3.11. Let % € {st,crys}. Let M be an object of Rep}‘t’;pe(l“[() and
let M' be a Modgz, . -subobject of M.
(i) If M is free, then M’ is an object of Repg. (k).
(ii) If M’ is torsion, then M' is an object of Repios(L'k)-
(iii) Write M = Mfree ® Miors for the decomposition of M as a direct sum

of a free Zy-module and its maximal torsion Zp-submodule. Then
Moo (Te5p., Myors) is an object of Repy! (T (resp., Repios(Tkc) ).

free

Our proof of the key result Proposition 4.53 relies on Proposition 3.12
below. We make one preliminary remark. Recall that the set Ext(B, A)
of isomorphism classes of Yoneda extensions in an Abelian category &
becomes a group under the Baer sum. Given objects F; and FEs of &
realizing two objects of Ext(B, A), we remark that the sum object can be
explicitly constructed by taking a subquotient of Ey x Ey (see [35, Tag 010]]
and [35, Tag 05PJ]).

Proposition 3.12. Let * € {dR,st, crys}. Suppose we have two short exact
sequences

(Vi) : 0—V My Bhyr g =12

of objects of ModtZ‘;r}K. Let V. be the middle term in the Baer sum n(Vy)+
n(Va). The following statements hold.
(i) If Vi and Va are objects of Reprons(Lk), then so is V.

crys,r

(i) If any two of Vi, Va and Vi is an object of Repiors ('), then every
one of these is an object of Repiors (U'kc).

Proof. By Proposition 3.10, Repi (') is stable under finite direct sums
and passage to subquotients. Therefore, since Uy and Uy are visibly I'g-
stable inside of V; @ V4, they are both objects of Repyi(I'x), so V4 is in
Rep:(’):s (T'k).

Taking a Baer difference, (ii) follows from (i). O

3.2. Maximal crystalline subobjects and continuous derived func-
tors. Following Marshall’s thesis [28], we define functors Crys, and con-
struct their derived functors. As we shall see, the derived functors are con-
structed using inverse systems of torsion I'g-modules. As was noted in [28],
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this technique for defining derived functors has its origin in Jannsen’s
work [17]. We first define maximal r-crystalline subobjects and a category
where such things lie. Section 3.2 contains nothing original.

Definition 3.13. For M in Modz, r, and for r € Zx¢, define Crys, (M)
to be the sum in M of all C' C M such that C' is an object Repg " (I'x).
Let Modgp}?; denote the full subcategory of Modgz, r, consisting of

those M such that M is isomorphic to a filtered colimit of objects of

Repggpe ().

Proposition 3.14. Let M be an object of Modyz, 1, . Let r € Z>g.
(i) The object Crys,.(M) of Modgz, 1, is an object of Modczrﬁl;.
(ii) If M is finite and is given the discrete topology, then Crys, (M) is
an object of Repiore’ (I'k).
(iii) If M is an object of Repy (I'x), then Crys.(M) is an object of
RepS¥s™ (T )
CPfree ( K-
(iv) If M is an object of Repg (I'x), then Crys.(M) is an object of
crys,r v

Proof. Statement (i) is verified by noting that internal sums are filtered
colimits. When M is finite type, the Z,-submodule Crys, (M) C M is finite
type and torsion with the discrete topology with Z,-rank bounded by that
of M. It is therefore equal to one of the summands defining Crys, (M)
as a sum of finite type submodules of M. If M is torsion (resp., free),
then Crys, (M) is torsion (resp., free). Therefore, (ii) and (iii) follow from
Lemma 3.11, and (iv) follows from (iii). O

Example 3.15. For a Tate curve Ej g, Crys;(Eqi[n]) was described in
Proposition 1.11.

Proposition 3.16. Let r € Z>q. There exists a functor
Crys, : Modz, r, — Modz}?;

that sends an object M of Modgz, r, to Crys.(M) as defined in Defini-
crys,r

tion 3.13. This functor is right adjoint to the forgetful functor MOde,FK —
Modz, ry, and hence it is left exact and commutes with limits.

Proof. We have shown in Proposition 3.14 that Crys, is well-defined on
objects. For any morphism f : M — M’ of objects of Mody, r,, define
Crys,.(f) := flcrys, (m)- It is immediate from the definition of Crys, (M)
that florys () factors through Crys, (M'). O

Remark 3.17. Let L € Repy, (I'x). Then Crys,(L[1/p]) N L is a Z,-lattice
in Crys,(L[1/p]) and Crys,(L)[1/p] = Crys,(L[1/p]).
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We wish to study the derived functors of Crys,, but to define these
using the usual formalism of Grothendieck we must restrict Crys, to some
category with enough injectives. Since injective objects must be p-divisible,
to compute the derived functors of Crys, on L € Repz, (I'r), we are lead
to instead consider L ® Qy,/Z,,.

Proposition 3.18. Let L € Repr(FK). Then L ® Q,/Zy is an object of
Modtz‘;r’spK. The natural morphism

colimy,>1 Crys,.(L/p™L) — Crys,.(L ® Qp/Zy),

where the colimit is with respect to maps L/p™L — L/p™'L given by
multiplication by p, is an isomorphism.

Proof. By definition of Crys,, we have Crys,.(L ® Q,/Z,) = colim M; with
M; € Repy;o (Tk). Since L&Qy/Zy is torsion and each M; is of finite type
and r-crystalline, we see that for each ¢ € I there is some k(i) € Z>; such
that M; — Crys,(L®Q,/Z,) factors through Crys, (L/p*® L). This induces

an inverse to the map colim,,>1 Crys,(L/p™L) — Crys,.(L ® Q,/Z,). O

Following Kim—Marshall and Jannsen, we work with inverse systems of
torsion I'g-modules, since the category of such inverse systems has enough
injectives.

tors

Proposition 3.19. The categories Modz, r,., Mode’FK, and the category

of Inv Modtz(;r}K of inverse systems of objects ofModtZ‘;r}K each have enough

injectives.

Proof. The claim for Modz, r, follows from [35, Tag 04JE]. Let M be an
object of Mod%(;r}K. Let M — I be an injection of M into an injective object
of Modz, r . Since M is torsion, this injection factors through Itos, so we

need only show that I is an injective object in the category Modtl(;r} K

Suppose we have morphisms f : T — Iios and g : T — T" in ModtZ(;r}K.

Then f and g are also morphisms in the category Modz, r,, so we get a

morphism f': T’ — I such that f = fog:T — I. But T” is torsion, so f’

factors through Iiors. This shows that Iios is injective, finishing the proof

of the claim for Mod¥"%. . The claim for Inv Mod™S. _ is immediate from
prt K Pt K

what we have. 0

Definition 3.20. Let M be an object of ModtZ‘;r}K. Define objects of
Inv Modtzopr} . as follows.
(i) T(M) = (Tin)m>1 with T,,, = M[p™] and transition maps T, —
T, , for m’ < m, given by multiplication by p™ ™.
(ii) V(M) := (Vin)m>1 with V,;, = M and transition maps V,,, — Vv,
for m’ < m, given by multiplication by pmm
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(iii) M = (Mp)m>1 the constant system with M,, = M and each
transition morphism is the identity.

Lemma 3.21. Let L € Repy (I'x), j > 0, 7 > 0. Then R Crys, (L[1/p])
has no p-torsion.

Proof. Every element of V(L®Q,/Z,) is sequence of the form (a;/p™"7);>0,
where m € Z>1, a; € L for all j € Z>q, and a1 = a; modulo p™*7. From
this we see that the morphism p : V(L ® Q,/Z,) — V(L ® Q,/Z,) is an
isomorphism. Taking the long exact sequence associated to this isomor-
phism using the usual derived functor cohomology, we find that p is an
isomorphism on R'Crys,(V(L ® Q,/Z,)) for each j > 0. In particular,
R Crys,.(L[1/p]) has no p-torsion. O

Theorem 3.22 ([28, Proposition 3.2]). Let L be an object of Repy, (I'x)
and let r € Z>g. Then there are canonical isomorphisms

lim Crys,(T(L ® Qp/Z,)) ~ Crys, (L)
lim Crys, (V(L © Qp/Zp)) ~ Crys,(L[1/p])
lim Crys, (L ® Qy/Zy) ~ Crys, (L ® Qy/Z,).
Fori > 1, define
R Crys, (L) i= Ri(lim Crys, ((T(L © Q,/Z,))
R Crys, (L[1/p]) i= Ri(lim Crys,)(V(L © Q)/Z,))
R’ Crys, (L ® Qp/Z,) = Ri(lim Crys,) (L © Qy/7,)
The morphisms
T = 1d@p™ : L ® Qp/Zy — LR Qy/Zy
defined for m € Z>1 give rise to a short exact sequence of objects of
Inv Mod%;r} «
(323) 0—=T(L®Qy/Zy) — V(L®Qp/Zp) — L®Qp/Zy — O,

. Ccrvs
hence also a long exact sequence in Modzzy?;
K

0 — Crys, (L) — Crys,(L[1/p]) — Crys,(L ® Q,/Z,) — R' Crys,.(L)
— R' Crys,(L[1/p]) — R Crys, (L ® Q,/Z,) — R*Crys, (L) — ---

Proof. The first three claimed equalities are immediately verified, where
for the second we use the fact from Proposition 3.16 that Crys, preserves
limits.
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We now show that the morphisms m, give rise to a short exact se-
quence (3.23). Let i = (im)m>1 @ T(L ® Qp/Zpy) — V(L ® Qp/Zy) be
the morphism of inverse systems obtained by taking i, : p™™L/L =
(L ® Qp/Zp)[p™] — L ® Qp/Z, to be the inclusion. Then the cokernel
of iy, is isomorphic L ® Q,/Z,, so we have a short exact sequence

1 [p™]0im .
0—>p—mL/L —"L®Qy/Zy ™™ L& Qy/Zy — 0

The transition maps in the systems T'(L ® Q,/Zp) and V(L ® Q,/Z,) are
both multiplication by p, so they commute with the maps [p™]oi,,. A direct
verification shows that 7,1 = p o m,. Therefore, we have the short exact
sequence (3.23). As we saw in Proposition 3.19, the category Inv Modtz‘;r} «
has enough injectives. With this, the existence of the long exact sequence

is standard. O

4. Finite flat group schemes, monodromy, and 1-semistable
modules

In this section, we develop the theory of finite flat group schemes with
monodromy structures, which was initiated by initiated by Kato (see, e.g.,
[19]). For the relationship between this perspective and the perspective of
log finite flat group schemes, the interested reader should refer to the in-
troduction Section 1 and Remarks 2.9, 4.9 and 4.13. After discussing some
standard results and describing some important examples, we introduce a
category Extgn% that provides a useful, flexible generalization of the cate-

gory ﬁn’;}g introduced by Kato. We then develop results on Kato’s generic
fiber functor. This part of the work amounts to making explicit calculations
with Baer sums and certain pushouts. We then describe the relationship
to the theory of degenerations of abelian varieties and 1-motives developed
in Section 2. In the final part of the section, we describe a monodromy
criterion for 1-crystallinity. This result uses the Torsion Full Faithfulness
Theorem, which can also be viewed as an explicit calculation involving
certain Kummer 1-cocycles of I'g
Throughout this section, we adopt the notation of Section 1.1.

4.1. Finite flat group schemes with monodromy. Until Construc-
tion 4.11, let R be a field or a Henselian discrete valuation ring. It is well
known that fin}, (Definition 2.20) inherits the structure of an exact cate-
gory by embedding it in Shay(Schp fppf). With this structure, a short exact
sequence of objects of fin%, is a sequence

0—>77*1—i>770i>771—>0

in Shap(Schp fppf), where i is given by a closed immersion of R-schemes
and 7 is given by a faithfully flat morphism of R-schemes.
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The full subcategory of finf, consisting of the étale objects is equiva-
lent to the category of continuous representations of the étale fundamental
group of Spec R on discrete torsion Zj,-modules. In particular, since K has

characteristic 0, Mod™. _ is equivalent to fin},. However, it is known (for
) Zp,FK K ?

instance, by Theorem 3.7) that not every object of fink- is the generic fiber
of an object of finj, . The objects of fin} that do prolong over O have
traditionally been called “finite flat”. As we saw in Theorem 3.5, the con-
dition of being finite flat in this sense is the same the condition of being
1-crystalline.

Ezample 4.1. Suppose G is a semiabelian R-scheme that sits in a short
exact sequence

(4.2) 0—T7T —G—B—0

where T is an Ok-torus and B is an abelian Ok-scheme. It can be shown
([16, Example III 6.4]) that, for any n € Z>2 a power of p, there is a short
exact sequence in ﬁn%K

(4.3) 0 — T'[n] — G[n] — B[n] — 0.

Note that, for a general semiabelian R-scheme, the torsion G[n] need not
be an object of fin},. For G as in (4.2), however, the finite flat groups G[n]
fit into a p-divisible group G[p>].

In the case where G is the Raynaud extension G = A attached to a
K -variety with semistable reduction, we have the Tate module Tj A . This
will play an important role in Section 5.

Ezample 4.4. For .# an R-1-motive and n € Zx>y a power of p, we have the
short exact sequence n(.#,n) in fin}, as shown in (2.13).

In addition to the short exact sequences of the form (2.13), we will also
work with the connected-étale sequences.

Definition 4.5 (connected-étale sequences). For H an object of fin,
denote by cé(H) the functorial connected-étale sequence

c6(H): 0— H° — H — H®* — 0.
Remark 4.6. In Example 4.4, though Y/nY is étale, the exact sequence
n(.# ,n) need not be the connected-étale sequence of .#[n|. We can say
more. Taking étale parts is an exact functor. Applying this functor to (4.3)
and noting that T'[n] is connected, we find that G[n]® = B[n]*. Since

Y/nY is étale, taking étale parts in 7(.#,n) gives a canonical short exact
sequence

(4.7) 0 — B[n]* — #[n]* — Y/nY — 0.

It follows that n(.#,n) is the connected-étale sequence of .Z[n] if and only
if B[n] is trivial.
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We now enrich our finite flat group schemes with monodromy structure.

Definition 4.8. Let R be as in Definition 2.20. Let Extg » denote the
R
category of pairs (n°®,v) such that
(i) n* = [n~' = n® = n'] is a short exact sequence of objects of fink
regarded as a cochain complex concentrated in degrees —1, 0 and 1;
(ii) the term 7! is an étale R-group;
(if) v € Homgy (1(1),77).
A morphism f : (n7,v1) — (n3,v2) of objects of Exty » is a morphism
R
f:m? — n3 such that the following diagram?

ni(1) ——

(1
lfl(l) lf‘l
v

n(1) —=2— nyt

commutes. Recalling our notation for connected-étale sequences in Def-

inition 4.5, define ﬁn%’N to be the category of pairs (H,N) such that

(cé(H),N) is an object of Ext{ ,, and where a morphism (H;, N1) —
R

(Ha, N2) of objects of ﬁn’}%N is the same as a morphism (cé(Hiy), N1) —

(Cé(HQ),NQ).

Remark 4.9. It is shown in [19] that a choice of uniformizer of Ok identifies
ﬁn%j with a category of log finite flat &k -group schemes. This category

consists of certain representable sheaves on the big Kummer log flat site of
the fs log scheme S'°¢ defined in Remark 2.9.

Remark 4.10. The categories Exty » and ﬁn%N each inherit the structure
R

of an exact category from that of finf,. There is a fully faithful functor

fin¥, — ﬁn%N given on objects by H — (H, 0). In the context of Remark 4.9,
this functor amounts to equipping H with the induced log structure.

For the rest of Section 4.1, we specialize to the case were R is K or Ok.
Construction 4.11. Let (n®*,v) € Ext{ » , so that n* gives a class in
5

Extp,n» (Mhesnic ). We will construct another class in Extg,p (M i)

Let n be the order of n*, so that n' is a Z/nZg, -module. Recall that for
any Tate curve Ey i, the finite K-group of n-torsion points E4 i [n] lies in
a short exact sequence

(927[{ 00— ppnx — Eyxn] — Z/nZg — 0.

3Note that f~1 is f* with ¢ = —1, not the inverse of f.
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Consider the special case where q is a uniformizer w. Tensor the sequence
05 i of free Z/nZ-modules with 7)}< and push out by v to obtain

Pw(n.’ V)K = V*(Q;LD,K ® 77[_{1) € EXtﬁn’}'( (77}() 77[_(1)'

By definition, P (n®,v)Kk is the bottom row in the pushout diagram

0 — n(1) —> 7k ® Boseln] — 7l —— 0
0 e Po(n®,v)% i 0,
and
e o _ [0k ® Eexln]) @
W PRl G o) - 0w ¢ v e (D)

Remark 4.13. Let n € Z>2 be a power of p and let S'°¢ be as in Remark 4.9.
Kato has constructed a log finite flat S'°8-group that has generic fiber iso-
morphic to E i [n]. Using this, one can mimic Construction 4.11 integrally,
i.e., in a certain category of fs log schemes over S'°¢. With this in mind, we
sometimes carry a subscript of K in our notation even in situations where
we do not define an Ox-model.

We will use the following lemma, which holds in much greater generality,
in our definition of the generic fiber functor on Ext{ » .
R

Lemma 4.14. For i = 1,2,3, let V;* be acyclic cochain complexes of ob-
jects of fink. concentrated in degrees —1, 0 and 1. Suppose we have two
morphisms

(4.15) ve By iy

giving short exact sequences in degrees 1 and —1.
(i) Then fY is injective and f{ is surjective.
(ii) If ker f0 C im f9, then in fact ker f = im f9. Therefore, by (i),
(4.15) gives a short exact sequence in degree 0.

Proof. The morphisms of (4.15) fit into the following commutative diagram
with exact rows and where the outer two columns are short exact:

0 vyt vy vy 0
lf;l Jfé’ jf%

0 v vy vy 0
lffl Jf? jf%

0 vt A Vi 0.
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Applying the Snake Lemma to the top two rows and using the hypotheses,
we obtain an exact sequence

0 — ker f§ — 0 — V' — coker f§ — Vi,

This shows that ker f§ = 0. Similarly, applying the Snake Lemma to the
bottom two rows gives an exact sequence

(4.16) Vot — ker f{ — Vi’ — 0 — coker f{ — 0,

which shows that coker f{ = 0. This has proven (i).
We prove (ii). Note that the morphism dy : ker f; ' — ker fY is injective
by assumption, so (4.16) gives a short exact sequence

0— V3t —ker f) — Vi — 0.
We therefore have equations relating orders of finite abelian groups
Fker fil = (#V5) (#V5 1) = #V5.

By (i), f3 is injective, so # im f§ = #VZ. We see that ker f and im f3 are
both of order #V3). Therefore, if ker f{ C im f9, then ker f{ =im f9. O

Proposition 4.17. The association (n®,v) — Po(n®,v)k gives rise to an
exact functor

(4.18) EXtEH%K — Extgyr

Proof. The universal property of the pushout defining Py (n®,v)% gives the
desired functor (4.18). We now show this functor is exact. Let

. f3 . f3 °
(419) 0— (77171/1) —2> (172,1/2) —3> (7737V3) —0

be a short exact sequence of objects of Exty » , which means simply
Or
that (4.19) is a short exact sequence of acyclic cochain complexes

(4.20) 0 — 08 s 2 03 5 mgc — 0

that is compatible with the monodromy maps. We must show that the
sequence

. Pe f3 . Po f3 .
(4.21) Pw(771,1<a V1)K — Pw(ﬁz,KaW)K R Pw(n3,K>V3)K
is short exact in each degree @ € {—1,0,1}. For degrees € {—1,1}, (4.21)
agrees with (4.20), which is exact by the assumption. Therefore, (4.21) is

short exact in degrees —1 and 1. By Lemma 4.14, to prove short exactness
in degree 0, it is enough to show that ker P ng CimPg fé)’K. We do this
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now. Let n be the maximum of the orders of 7! and ni. Recall from (4.12)
that, for ¢ € {1,2,3}, we have
(1 ® Beoyic[n]) @ i ¢
{(4,0) = (0,4(y)) : y €} (1)}
We will represent the class of a pair (a,b) € (7711 kx ® Ex k[n]) &n; & using

brackets as in [a,b]. Let [ag, ba] € Pw(n3,12)%. Then [az,by] € ker Py ff
if and only if

(422)  ((fs @id)(az), f3 " (b2)) = (y3, —v5(ys)) for some y3 € 1 (1)

Suppose (4.22) holds. We wish to show that [ag, bs] € im P ng, ie., we
wish to show that there exists a pair (a1,b1) € (n%K ® B k[n]) ®n; j and

PW(T];’ VZ)?( =

some ¥z € n%}K(l) such that

(4.23) (a2,b2) = ((fax ®id)(a1), f5 (1)) + (y2, —v2(y2))-

Choose a lift y2 of y3 under the surjection f§7K(1) : 77%71((1) — 77:%,1((1)-
Then, by (4.22), we have

((f3x ®id) X f5 ) ((az, b2) — (y2, —v2(y2)))
= (0,0) € (13, @ Eg x[n]) ® 773_}<
By exactness of (4.20) in degrees —1 and 1 and exactness of tensoring
against the free Z/nZ-module Eg f[n], there exists (a1,b1) € (nf x ®
Ex k[n]) & ny I such that we have equalities

(a0 @id)(a1) = az — y2
Fa1c(b1) = by + va(yg).

This has shown that we have an equation of the form (4.23). Since [ag, b2] is
arbitrary, we have shown that ker P, f:,?, x CimPg f20’ k- Using Lemma 4.14,
we conclude that the functor (4.18) is exact. O

Remark 4.24. If (n*,v) € Extgn% , then P (n® v)% is an object of
K

Repfg’rls(F k). Indeed, 1}, is O-crystalline since it prolongs to an étale Ok-

group scheme, and Fg x[n] can be shown by a direct calculation with
the period ring Bg; to be 1-semistable, so 77}{ ® Eg k[n] is 1-semistable.
Since 77;{1 is 1-crystalline, being the generic fiber of !, the direct sum
N ® By 1c[n] © 0yt is 1-semistable, and therefore its quotient P (n®, v)%
is 1-semistable.

We define the generic fiber functor on Exty » and show that it is exact.
Ok
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Proposition 4.25. There exists an exact functor
(4.26) ()r: Extlén%K — Extge
which is given on objects by

(% v)k ==k + P=(n®,V)k.

Proof. Let us first address a consequence for notation. Given (n®,v) €
Ext{ » , the generic fiber (n°,v)x is another complex concentrated in
o

degrees —1, 0 and 1. We suppress the index recording these degrees; for
instance, the nonzero terms in (7°,v)x are (n°,v) %", (n°,v)% and (n°,v)%,
while the expression (7%, ) is undefined.
Let f3: (n},v1) — (13, v2) be a morphism of objects of Ethnpﬁ . We seek
K

to define a morphism (1}, 1) — (13, v2) k. For @ € {1, —1}, define f,;* :=
f3 k- We lighten the notation by setting, for i = 1,2, A} x = Pw(ni‘,;/@-)K.
By the construction of the Baer sum, the term (n?,7;)% = ((nf,v;)k)? in
degree zero of the complex (1, v;) i is

0 0
Mi i Xnl Ao K
4.27 )= — oK T
where A;" = (dye  (2), —dye  (2)) and where the morphisms d.) are the
differential in each of the two complexes. By functoriality of the Baer sum,
the morphism

x,0 ,__ 0 0y . .0 0 0 0
2,K ‘= (fz,K X Py f3): M,k Xqt AN K — MoK Xk A2 K

induces a morphism f2Jr }? : (3, 11)% — (3, v2)% that lies in a morphism of
complexes

(n?, 1)K 0 —— 771—}( - (nI,yl)(}( U%,K 0
(4.28) l I l = J e J 7
(13, v2) K 0—— ni}{  — (7’]5,V2)9( n}( 0.
We now show that the functor (-)g is exact. Let
(4.29) 0 — (8. 11) 25 (03, 1) 25 (08, v3) — 0

be a short exact sequence of objects of Exty » . Recall that this means
Ok

that (4.29) is a short exact sequence of cochain complexes

(4.30) 0 — 0t s 25 n3 e 25 mg i — 0



Semistable abelian varieties and Crys, 67

that is compatible with the monodromy homomorphisms. We wish to show
that

. fJﬁ. ° ery. °
(4.31) (%, 1) =5 (3, v9) ik =5 (03, v3) K¢

is short exact in each degree. The sequence (4.31) is short exact in degrees
—1 and 1 by the assumption that (4.29) is short exact. By Lemma 4 14, to
show (4.31) is short exact, it suffices to show that ker f3 0 Cim f

Expand the notation established above for ¢ = 1,2 to the case i = 3.
We will represent the class of a pair (a,b) € 77? K Xl 2 'k in the quotient

(n?,v;)% by [a, b]. Recall that the morphisms f e for i € {2,3}, are defined
using the morphisms

X,0,_ (0 0y .,0
fike = (fixk X P fi)) i1k X1

0 0 0
K N1k~ ik Xml,K ik
Let [ag,ba] € (03, 12)%. By the description of (n$,v2)% given in (4.27),

we have [ag, ba] € ker f;r }g if and only if there exists x3 € 75 }( such that

Sielaz, ba) = (f9 x(a2), P f9 (b)) = A (x3).

By assumption, (4.30) is short exact in every degree, so there exists zo €
775%{ such that f§}<($2) = 3. Since the diagram

£5 135
0 0 2 K 0 3, K 0
K Xt )‘IK*>772K><1 )\2K—”73K /\3,K
A;T 1 A;T 1 A3
1 fox 1 f3k -1
.,k 2, K 3K

commutes, we have

.ﬁﬁ«wﬁﬁ—Az()) gﬁ«@mw>(ﬁ£<—uﬁ>
( ) (f3 K(372))
A3 (z3) — A3 (23) = 0,

This has shown that (a2 —dys (22),b2 +dys  (22)) € ker f;}?, which is to
say that we have

as — d972,K (x2) € ker f??’K
by + duy oy i (22) € ker P f5.

By exactness of (4.30), there exists a; € 17?’ i such that

fax(ar) = az — dys  (22).



68 Cody GUNTON

By Proposition 4.17, there exists b; € A%K such that
P forc(b1) = ba + dxg . (2)-

We claim that (aq,b1) gives a pair in the fiber product 77?,1{ Xl )‘(1),1(7

which is to say that the images of a1 and by in ni i are equal. The diagram

fx,o
0 0 2,K 0 0
_—
M X Al K Mok X Aok

d e Xdye d e Xdye
M MK K 2K

1 P 1
4>
Mk XM K M2,k X M2 K

commutes because f7 - and P f] i are morphisms of complexes. The im-
age of (aj,b;) in the bottom right corner of this diagram has the form
(c,c) € 77%7[( X 77%71( by the assumption that (ag, by) defines a pair in the rel-
evant fiber product. By the assumption that (4.29) is short exact, le, K isin-
jective. Since the diagram commutes, we see that images of a; and b; in ni K
are equal. This has shown that (aj, by) satisfies (a1,b1) € 77?,1{ Xl e )\(1)71(.
Taking 2 as above, we have

£Xid((a1,b1)) = (a2, bo) + A7 (2),
so that

2 ic([a1, b1]) = [az, bo].

Since [ag, b2] was an arbitrary element of ker f; }? C (n3,12)%, we conclude

that ker f; }? C im f; }g. By Lemma 4.14, which we noted before applies
in the current situation (i.e., to the complex (4.31)), we conclude that the
functor (-)x of (4.26) is exact. O

Remark 4.32. We see from (4.12) that P (n®, )% = nk @ ng' if v = 0. It
follows that (n°,0)% = n%.

Remark 4.33. Let (n®,v) € Ext; » . By Remark 4.24 and Proposition 3.12,
oK
(n°,v)% is in Repitk (T'g).

tors
4.2. Torsion in abelian K-varieties with semistable reduction. The
following result is proved by applying a more general result of Bertapelle,
Candilera and Cristante to the specific context of Proposition 2.14.
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Proposition 4.34 ([3, Theorem 19]). Let Ax be a semistable abelian K-
variety, let n > 2 be a power of p. Let 2k be the log 1-motive of Propo-
sition 2.14, let 2L be the Ok -1-motive of Proposition 2.17, and let v, be
the monodromy homomorphism (2.25). There ezists an isomorphism

(n(gilrmn)a VTL)K = U(QKvn)
of objects of Extﬁn%(YK/nYK,ﬁK[n]). In particular, the degree-zero term
in the generic fiber (n(2L,n),v,) K is isomorphic to Ag[n).
Let (n®,v) € Ext;» andlet H = nY. Since n' is étale, there is a
Ok

canonical morphism of complexes cé(H) — n®. In fact, as we shall see, v
induces a monodromy structure on cé(H). While it is not strictly necessary
for us to work in ﬁn%{v, it is desirable to do so because it allows us to frame
our later results in terms of connected-étale sequences of objects, which are
commonly used, and which are the context of Kato’s work on log finite flat
group schemes.

Definition 4.35. We call the functor (-)g of Proposition 4.25 the generic
fiber functor on Extgn% . This defines an exact functor on ﬁn%{v by sending

(H,N) € il to
The following result lets us compare generic fibers of objects of Ext{ »
o

to generic fibers of objects of ﬁn%;N.
K

Proposition 4.36. Let (n3,v2) € Ext{ » and let n} be an acyclic cochain
Ok

complez of objects of ﬁn%K concentrated in degrees —1, 0 and 1, with 771_1 C
T]Q_l, n{ =19, and with ni étale. Then there exists a morphism v1 making
(n},v1) an object of Extgn%K, and the natural morphism f® :n} — n3 is in
fact a morphism (n},v1) — (n3,v2) inducing an isomorphism

70 . ~
IJg : (77;71/1)9{ — (7753”2)(})('

Proof. We first define v;. Recall that v is a map vy : n3(1) — 15 L. Since
na(1) is of multiplicative type and of p-power order, o factors through
the identity component (15 ')° = (n7')°. Pre-composing v» with f1(1) :
nt(1) — ni(1), we obtain a morphism

(4.37) V1 17%(1) — nfl.

By construction of 71, we obtain a morphism f®: (n},v1) — (93, v2).
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We now show that fK’O is an isomorphism. We reuse our conventions
and notation from the proof of Proposition 4.25, while also letting E, :=
E4 k[n]. We have a commutative diagram

0 — m k(1 —>?71K®E IS 0

% 13,k ( 13,5 @ En n
(4.38) ‘
M, K K
Pso f
. \ "N

2K 0
0 772,}{ )\2, 77%7;( 0.

0

The homomorphism P % is induced by 77% kQFE, — 17% Kk, — )\8 x and
n K — 1y, K — )\ 9. Vvia the universal property of )\ 1K asa cofiber product.
We note also that it need not be the case that P fp is an isomorphism,
as can be seen in the example where 77%7 x = 0.

We now show that f;’o is an isomorphism of finite K-groups. For each
i€ {1,2}, n) g and (n?,v:)% both are objects of Extg,» (771‘1,[(’771'_7[1{)7 hence

17? and (1!, Vz-)?( each have the same order. Since f° is the identity map, we

see that (n},11)% and (n3,12)% have the same order. Therefore, to show
that f K’O is an isomorphism, it suffices to show that it is an injection. Note
that this does not follow from exactness of (- ) since it may be that f1 is
not injective.

Recall that any element of (1}, v1)% can be represented as [a, [m, n]] with

(a,(m,n)) 67711{ x ny (771K®E ><771k)

Then £ ([a, [m,n))) = [f%(a), g(fm,n))] = [a,[fk ® id(m),n]]. Now let
[a, [m,n]] € ker f;’o. Then there exist ¢ € 7727% and y € 77%,K such that

(4.39) (a, (f[l( ®id(m),n))
= (¢, (y, —¢ —12(y))) € Wi X, o1 (M3, ® En X 133)-

Since n and v2(y) both are in nf}( and c = —n — Z/Q(y), we see that ¢ is in
un K Then a = ¢ mapb to 0 in ni k- Now, (a,[m,n]) defines a point in a
fiber product over 7717K, so we see that the surjection A%K — niK maps to
[m, n] to 0, and from (4.38) we see that m € niK(l).

Since m € niK(l), we have f} ®id(m) € g,k (1). By (4.39) we have f ®
id(m) = y, so we see that from (4.38) that vs(y) = ve(fk ®id(m)) = vi(m).
Using the relationships derived above, we have shown that there exists
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ceE 7717}< such that, with A] defined as in the proof of Proposition 4.25, the
equation

[a, [m, n]] = [¢, [m, —c — v2(y)]] = Ay (¢)
holds. This has shown that [a, [m,n]] = 0. O

Corollary 4.40. There exists a canonical, essentially surjective functor
Extgn%K — ﬁn%j that sends an object (n®,v) to (n°, v]goer(ry). The natural

map (n®,v)% — (n°, V‘no,ét(l))(l){ is an isomorphism.
Proof. This is the special case of Proposition 4.36 where n? = cé(n3). O

Corollary 4.41. Let Ag be a semistable abelian K -variety, let n > 2 be
a power of p. Let 2y be the log 1-motive of Proposition 2.14, let 2L be
the Ok -1-motive of Proposition 2.17. Attached to our uniformizer w of Ok
there is an object (2L [n], N,,) of ﬁn%{V with a canonical isomorphism

(2L, No)k =~ Agln).

4.3. Monodromy criterion for torsion 1l-crystallinity. Let (Q,N)
be an object of ﬁn%(v, and let V = (Q,N)g € Repis(I'k). Informed by

tors
Fontaine’s theory of filtered (¢, N)-modules, it is natural to seek a mon-
odromy criterion for 1-crystallinity of subobjects of V. One might hope to
prove such a criterion by first developing an analogous theory of monodromy
structures on integral objects, and then showing that (Q, N), comes from
such an object. While [22] does develop a theory of Kisin modules with mon-
odromy, the monodromy operators there are only defined after inverting p.
In an unpublished preprint [27], Madapusi Pera has developed a theory of
height-1 Kisin modules with integral monodromy and has shown that every
object of Rep%’;t (T'k) is the Tate module of some log p-divisible group. It
seems possible that one could then prove a strengthening of Raynaud’s em-
bedding theorem [33, 2.3.1] for log finite flat Ox-group schemes, and then
to apply results from Fontaine’s theory to prove a monodromy criterion.

We take a different approach by working directly with objects of Extgn%
K

and applying the Torsion Full Faithfulness Theorem Proposition 3.9.
Fix (n®,v) € Extgn% until Section 5.
K

Proposition 4.42. The ' -module (n°,v)% is 1-crystalline if and only if
P (n®,v)% is I-crystalline.

Proof. This is an application of Proposition 3.12. O
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Let U® = (n°,v)k and let .U = P ((n°,v))%. Recall that 1, U fits into
a commuting diagram

0 —— UY1) —— Epk[n]@U! Ut 0
(4.43) |+ |- H
0 —— U! v.U Ut 0

where the leftmost square is cocartesian, where n is the order of ', and
where the top row is obtained by tensoring U! against the short exact
sequence

K 00—tk — Es kln| — Z/nZkg — 0.

Choose an ordered basis {z1,x2} of E k[n| as in Section 1.2 (where now
we have specified that ¢ = w). In particular, x1 spans the I'g-stable line in
Ex k[n]. If n = p™, the action of I'k on x5 is determined by a Z/nZ-valued
cocycle ¢ 5, defined by the relation

(4.44) o (@ M) = (elm))emn(o) 5o (m),

for all 0 € I', where w” and € are as in Section 1.1. We record the following
basic lemma.

Lemma 4.45. There ezists 0 € I'x such that ¢ p(0) € (Z/nZ)*.

Proof. Suppose p | ¢z pn(0) for all 0. Recall that n = p™ with m > 1. Raising
the relation defining ¢y, to the p™~1-th power, we see that (wb’(m))pmi1

is fixed by all of I'x, which is to say that K contains a p-th root of w.
Since w is a uniformizer of O, this is impossible, so we conclude that
cwn(o) € (Z/nZ)* for some o. O

With our choice of basis of E i[n], we may write elements of the tensor
product Ey k[n] ® U uniquely in the form

1 @Y1 + T2 QY2 (y1,y2 € UY).

Using this basis for Eg k[n], the two morphisms in the top row of (4.43)
are simply the inclusion

U'(1) = Z/nZ(1) @ U' — Eg k[n] @ U?
1 QY1 — L1 QY1
and the morphism
Enpxn)oU! — U!
T1 QY1+ T2 @ Y2 — Ya.
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As in (4.27), v, U satisfies
(Ezxn]@UY)yeU?
{(z1®y1,0) = (0,v(z1 @y1)) : y1 €U}

Given (71 @ y1 + 22 ® Y2, 2) € (Bw k[n] @ UY) @ UL, we denote its class in
v.U by [x1 ® y1 + 22 ® y2, z]. Using the relation in (4.46)), we have

(4.46) v U =

U ={[r2@ys,2]: yaeU', 2 €U '}
There is a homomorphism of finite abelian groups
{Ul — U

(4.47) u— [x2 @ u, 0]

which is a section of the quotient map v,U — U'. The morphism s need
not be I'i-equivariant, but we have the following result.

Lemma 4.48. The homomorphism s is I' _,-equivariant.

Proof. Restrict (4.43) to I' _,. From the relation (4.44) defining ¢ 5, we see
that con|r , = 0, so that our choice of basis {x1, 22} induces an isomor-
phism

RQSEZb (Ex.kn]) ~ Reslzzb (Z/nZ(1) & Z/nZ).

We see that the homomorphism ys — 22 ® yo gives a I' ,-equivariant
splitting of the top row of (4.43). Composing with v, we obtain the map s,
which we see is a I' _,-equivariant splitting of

0— Resll:Kb Ut — Resll:Kb v, U — Res.ll:Kb Ul —o. O

Proposition 4.49. The I'i-module v, U is 1-crystalline if and only if the
I _»-equivariant section s defined in (4.47) is I' i -equivariant.

Proof. Recall that a torsion I'g-module is 1-crystalline if and only if it
is the generic fiber of a finite flat @x-group. Therefore U~ = M,k and
Ul = n—1,x are l-crystalline. Suppose first that s is I'x-equivariant. Then
v U ~ U teU! as Z,[I' k]-modules. Since finite direct sums of 1-crystalline
I'k-modules are 1-crystalline, we conclude that v, U is 1-crystalline.

Now suppose v,U is 1-crystalline. Since U! is 1-crystalline, Proposi-
tion 3.9 implies that the I' _,-equivariant morphism s is I" x-equivariant. [

Remark 4.50. In Proposition 4.49 we made non-canonical choices. On the
one hand, @’ gives the subgroup I' » C ' that was used when applying
Proposition 3.9. On the other hand, @ = @) was used when we formed
E4 k[n| and performed Raynaud decomposition. We could have chosen a
different uniformizer, say uw where u € 0}, to perform Raynaud decom-
position. In that case, Eyw i[n] need not be split as a Z,[I' _,]-module.
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Returning to the situation of the above Proposition 4.49, we now relate
the splitness of v, U as an extension of U! by U~! to the monodromy
morphism. Recall that v gives a morphism v(—1) : U' — U~1(-1) of
I' x-modules.

Proposition 4.51. The homomorphism s is I g -equivariant if and only if
v(—1) =0.
Proof. Suppose v(—1) = 0. In the basis {z1,22} for Ey k[n] ® U!, this
means that v(z; ® u) = 0 for all u € U'. Let 0 € I'r. We have
os(u) — s(ou) = o[z @ u,0] — [z2 @ ou, 0]
= [con(0)z1 ® ou, 0]
=[0,v(x1 ® cwn(o)ou)] = [0,0].
This shows that s is I'x-equivariant.

Conversely, suppose s is I g-equivariant and let v € U'. For any o € I'g,
we see from the above calculation that we have an equality of elements
of v,U

[0,0] = os(u) — s(ou) = [0, V(21 ® coplo)ou)],
which is to say that, for some y; € U' depending on u, we have the equality
of elements of (Ep g[n] @ UY) & U1
(0,v(71 ® cmp(o)ou)) = (v1 @ y1, —v(T1 @ Y1)).
We see that we must have y; = 0, hence v(x1 ® y1) = 0, hence
(4.52) v(x1 ® cop(o)ou) =0.
By Lemma 4.45, we may choose o such that cg (o) € (Z/nZ)*. Let x be
the p-adic cyclotomic character on I'g. It follows from (4.52) that
0=v(r; ®ou) = x(c Hov(z, @ u),
whence v(z; ® u) = 0. We conclude that v(—1) = 0. O

Proposition 4.53. The I'-module (n®,v)% is 1-crystalline if and only if
v=0.

Proof. This is proved by combining Proposition 4.51, Proposition 4.49, and
Proposition 4.42. O

Let (Q,N) € ﬁn%{v. We now prolong Crys; ((Q,N)k) in Q.

Proposition 4.54. Let (Q,N) be an object of ﬁn%{v and let V* =
(cé(Q), N)k. Let U c V¥ = (Q,N)k be a T'k-submodule containing
V=l = Q%. Let n' be the unique étale prolongation of U°/V ™Y let it :
nt — Q% be the unique prolongation of the inclusion U/ vt c vl and
let n® := (i')* cé(Q). Then n° is the scheme theoretic closure of UY in Q,
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and there is a natural morphism i® : n° — cé(Q) with the property that i°
is an open immersion. Moreover, (n°®, N|,1(1)) is a subobject of (cé(Q), N)
via i®, and the morphism i% identifies (n®, N’nl(l))(l)( with UY ¢ VO,

Proof. Since cé(Q)! = Q% is étale, V! = Q% is unramified, so existence
and uniqueness of i' are standard. By definition, n° = Q X ger n', and i° is
simply the projection onto the first factor. Since i' is an open immersion,
its base change i is an open immersion. It is clear that 7°, the union
of the components of () containing the points of the finite étale K-group
UY, is the scheme theoretic closure of UY in Q. Being that 7° a union of
components of @, restricting N to n'(1) (cf. the construction of (4.37))

gives a subobject (n°, N|y1(1)) of (cé(Q), N). By exactness of the generic
fiber functor on ﬁn%{v (Proposition 4.25), i¥ injects (n’,N|n1(1))% into a
I'k-submodule of (cé(Q),N)% = (Q,N)x = V. By construction, im i}
and U° each consist of the same cosets of V™1 = Q% in V°. O

Proposition 4.55. Let (Q, N) be an object of ﬁn%{v. Let *cé(Q), be the

pullback of c6(Q) under the inclusion ker N(—1) C Q%, so that * c6(Q) is a
class in Extgyp (ker N(—1),Q'). Then the natural map * cé(Q) — cé(Q)
K

gives rise to an isomorphism of T c-modules (* cé(Q))% =~ Crys; ((Q, N) k).

Proof. By Remark 4.32, (*cé(Q), N|¢+cs@y)x = (Tcé(Q))k. As the
(*cé(Q))° is finite flat, exactness of the generic fiber functor implies that
the submodule (* cé(Q))x of (Q, N)k is contained in Crys; ((Q, N)x). We
show the reverse inclusion. Since Q° is a finite flat Ox-group, we have Q% C
Crys; ((Q, N) k). Apply Proposition 4.54 to obtain a subobject (7°®, N|,1(1))
of (cé(Q), N). By Proposition 4.53, n(1) C ker N, so n® is a subobject of
*cé(Q). Taking generic fibers, we have Crys; ((Q, N)k) = n% C *cé(Q)k-
This completes the proof. O

5. Results on semistable abelian varieties

For this section, we adopt the notation of Section 1.1. In particular, p is
any rational prime and K/Q, a discretely valued extension. Let Ax be an
abelian K-variety with semistable reduction, let A be the Néron model of
Ak and let A be the Raynaud extension.

5.1. Realizing torsion 1-crystallinity, and the Coleman—lIovita cri-
terion. Let 2§ be the log 1-motive attached to Ax using the functor
F(Ok,mg, ), as in Proposition 2.14. Let n > 2 be a power of p, and let

(2L[n],N,) € Extgn%K and (2L [n], N,) € ﬁn%{v be as in Proposition 4.34
and Corollary 4.41, respectively. As we did in Proposition 4.55, we define
* 91 [n] := 2L [n] X g1 e (ker Ny )(—1).
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Since Y/nY is étale, passing to connected parts in n(2%[n], n) (an object of
the group Extg» (Y/nY, A[n])) shows that the morphism A[n] — 2L [n] is
K

an isomorphism on identity components, so that *.2L [n] fits into a diagram

0 Aln]° *9L[n] —— (ker N,,)(—=1) —— 0
5.0 | | I
0 Aln]° 2] —— 2L —— 0

where the rows are connected-étale sequences and the vertical morphisms
are inclusions of open Ox-subgroups.

Theorem 5.2. The canonical morphism (*2L[n],0) — (2L[n], N,)
coming from (5.1) induces an isomorphism of T -modules * 2L [n]x ~
Crys (Ak|[n]).

Proof. This follows directly from Proposition 4.55. O

Theorem 5.2 gives rise to a description of Crys;(7,Ax). We note that
this result about T,Ag follows from [11, Corollary 4.6], which is a key
ingredient in their proof of their monodromy criterion for good reduction.

Theorem 5.3. The isomorphisms * 2L [p™]x ~ Crys,(Ag[p™]) for varying
m € Z>1 are compatible in m, and give rise to an isomorphism

TpﬁK ~ CI’ySl (TpAK> .

Proof. Recall that, for m € Zs>j, the morphism Nym : 2L[p™]*(1) —
2L [p™]° is obtained by pre-composing the morphism vm of (2.25) with
the canonical morphism 2L [p™|¢(1) — (Y/p™Y)(1). It is clear that
(ker Npm)m>1 is an inverse system of objects of ﬁn%K. The isomorphisms of
Theorem 5.2 are compatible for varying p™; each such isomorphism is the
composition of the projection pry ;- on Pk [p"] X g1 [pm]it ker Npm g (—1)
with the isomorphism 2k [p™| ~ Ag[p™] of Proposition 2.14, and the iso-
morphisms of Proposition 2.14 can be seen from the proof to be compatible.
By Proposition 3.16,

Crysy (TpAx) = lim Crys, (T, A /p™ T, Arc) = lim Crys, (Ax[p™)),
so by Theorem 5.2 we have isomorphisms

(5.4) Crys, (TpAKk) ~ linrln*o@;[pm];(.

Since TpA[p‘”] is l-crystalline and is a submodule of T,Ax (via the se-
quences 1(Ag,n) of Proposition 2.14), it is contained in Crys,(T,Ak).
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The quotient Crys,(T,Ak)/p™ Crys;(T,Ak) is torsion l-crystalline, as is
A[p™|k, so we find that

Alp™]i C Crysy (TyAx)/p"™ Crys; (TpAx) C Crys; (Alp"]x) = * 250"k
The upper row in Equation (5.1) is evidently the connected-étale sequence
of *2[n]. It follows from (4.7) that *2[p™]* = ker Nym(—1) fits into the
short exact sequence

0 — Alp™® — * 2L [p™)* I ker vym (—1) — 0.
By Proposition 2.27 (since ®4, is finite), Tp((ker vpm(—1))m>1) = 0. It
follows that lim,, * 2L [p™]x = lim,, Ax[p™] = T,Ak. By (5.4), we have
T,Ak ~ Crys, (TpAk). This completes the proof. O

Corollary 5.5 ([11, 4.7]; also [8, 5.3.4 when p > 2 (see also Breuil’s Remar-
que 5.3.5 for earlier special cases)]). An abelian K-variety Ax has good re-
duction over O if and only if its p-adic Tate module T, Ak is 1-crystalline.

Proof. Our proof essentially follows the proof of Theorem 4.7 of [11]. The
primary difference is that we will invoke Theorem 5.3 where they invoke
their Corollary 4.6, which they prove in quite different terms.

Suppose that Ax has good reduction. Then T),Ax is the generic fiber of
the p-divisible group A[p°] over Ok, which is 1-crystalline by Theorem 3.5.

For the converse, suppose that T,Ax is l-crystalline. In the proof of
Theorem 4.7 in [11], it is shown using the results 7.3.3 and 7.5.1 of [14] that
we may assume without loss of generality that Ax has semistable reduction.
Make this assumption. By Proposition 2.11 and Proposition 2.14, there is
a short exact sequence

0 — T,Ax — TyAx — Yi ® Q,/Z, — 0,

where Yy has Z,-rank equal to the dimension of the torus in Ag. By Theo-
rem 5.3, the first morphism in this short exact sequence is an isomorphism.
Therefore Y = 0, s0 T = 0 and A = B. Since Ax = Ak, we see that B,
which is an abelian Ok-scheme, has generic fiber Ax. By [7, 1.2/8], B is
the Néron model of Ag. Thus we see that Ax has good reduction if T, Ax
is 1-crystalline. O

5.2. Results on Néron component groups. Recall that ®4, is the
Néron component group of Ag, an étale O-group (Definition 2.1). It is
shown in [15] that, using (-)! for the finite part of a quasi-finite flat &-
group, one has isomorphisms
(AL ke
(Ao[lm]f)K (l 7& b, m 2 1)

Kim and Marshall ([20, p. 611]) noted that this formula holds also when
[ = p, provided one assumes semistable reduction. In the case where p > 2

(5.6) Oy, (1" ~
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and K is unramified, they use this to prove (5.8) below. We give a different
proof* of (5.8) using Theorem 5.2 and Theorem 5.3. Let n > 2 be a power
of p.

Lemma 5.7. There is a canonical isomorphism of unramified finite 'k -
modules

_ Crys (T,Akx ® Z/nZ)

= Crys) (T,Ak) @ Z/nZ

Proof. Recall that *2L [n] is defined by pullback as in

(5.8) Dagn]

0 —— A[n]° —— *2L[n] —— (ker Np)(=1) —— 0

| | |

0 —— A[n]° —— 2 [n] —— 2L —— 0.

By the universal property of *2L [n] as a fiber product, we obtain a homo-
morphism A[n] — *2L [n]. We claim that the generic fiber of the morphism
A[n] — *21 [n] has cokernel isomorphic to ® 4, [n]. Recall the short exact
sequence

0 — A[n)* — 2L )% ™% v/nY — 0
of (4.7), and recall that N,,, defined as in Proposition 4.36, factors as

No: 2L () ™Y vy (1) 22 Tin) < 2L [n)°,
By restricting 7, (1) and untwisting, we obtain a short exact sequence
0 — A[n]* — (ker N,,)(—1) — ker v, (—1) — 0,

where the morphism A[n]* — (ker N,)(—1) is the one obtained by de-

scending the canonical homomorphism A[n] — *2L[n] to étale parts. We

see that

*9L [n ker N,,)(— —(kerZ\fn)(—l)
L] — her N 1) — ST

induces an isomorphism
“QLIn] _ (ker N,)(~1)

o Al ~ A

= kerv,(—1).

Via the isomorphism (2L [n], N,)% ~ Ag[n] of Corollary 4.41, we obtain
isomorphisms

* 9L [n] ~ Crys,(Ag[n]) and T,Ax ~ Crys;(T,Ax)

4To compare with (5.6), one uses the fact ([24], 3.4.2.1) that Av[pm] ~ Ap™]E.
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as in Theorem 5.2 and Theorem 5.3, respectively. Using these, we obtain
from (5.9) and the canonical isomorphism ker v,(—1) >~ ® 4, [n] of Propo-

sition 2.27 an isomorphism
Crys; (T,Ax ® Z/nZ
(I)AK[TL]ZCYI( pAiK / )
rys(TpAx) ® Z/nZ
This completes the proof O

Theorem 5.10. Let @4, [p™°] denote the p-Sylow subgroup of ® 4, . Then
the isomorphisms of Lemma 5.7 give rise to an isomorphism

(5.11) D 4, [p™] = (R' Crys, (TpAk) )tors-
Proof. By Proposition 3.18,

colimy,>1 Crys (Tp,Ax @ Z/p™7Z) = Crys|(TpAx @ Qp/Zy).
Hence, taking colimits, (5.8) gives

0o Crys) (TpAx ® Qp/Zy)
(5.12) Pay[p™] = Crysy (TpAx) @ Qp/Zy’

On the other hand, consider the long exact sequence

0 — Crys; (TpAx) — Crys (TpAk) @ Q) — Crys(TpAx @ Qp/Zy)
— R'Crys, (T,Ax) — R' Crys,(V,Ag) — ---
attached to T, Ax using Theorem 3.22. The kernel of
f: R Crys,(TyAx) — R' Crys, (V,Ak)
is exactly the right-hand side of (5.12), which is torsion, so we have
D4, [p™] C (R Crys; (TpAK))tors-

On the other hand, R! Crys,(V,Af) is torsion-free (Lemma 3.21), so the
kernel of f contains R! Crys;(Tp Ak )tors- This completes the proof. Il
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