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Petersson norms of Eisenstein series and

Kohnen—Zagier’s formula

par YOSHINORI MIZUNO

Dedicated to Professor Hisashi Kojima on the occasion of his 70th birthday

RESUME. Les normes de Petersson régularisées des séries d’Eisenstein de poids
entier et demi-entier sont calculées. Nous utilisons ces résultats pour établir
la formule de Kohnen—Zagier pour les séries d’Eisenstein.

ABSTRACT. The regularized Petersson norms of Eisenstein series of integral
and half-integral weight are computed. We use these results to establish
Kohnen—Zagier’s formula for Eisenstein series.

1. Introduction

In this paper, we formulate Kohnen—Zagier’s formula including Eisenstein
series by means of the regularized Petersson norms. As observed in [19,
p. 218] by Koblitz, a Kohnen—Zagier type relation holds true for Eisenstein
series, except for a certain proportional constant consisting of Petersson
norms and elementary factors. It is mentioned there that one may think
of this fact as a “prototype” of the Waldspurger—Kohnen—Zagier formula,
but this Eisenstein series case is not included in that formula, because one
cannot define their Petersson norms. The present paper is motivated by
this comment due to Koblitz.

In [39], Zagier defined the regularized Petersson norm of Eisenstein se-
ries of integral weight, and he computed it exactly. In his computation via
a generalization of Rankin’s formula, an explicit form of the Rankin con-
volution of the Eisenstein series in terms of the Riemann zeta function is
required in order to determine its residue. This is the same in the compu-
tations done by Pasol and Popa [30]. It seems that such a suitable explicit
form of the Rankin convolution is not available in the case of half-integral
weight Eisenstein series. However, adapting an idea from the theory of har-
monic Maass forms, one can compute the regularized Petersson norms of
Eisenstein series. Accordingly, this exact evaluation makes us possible to
formulate the Kohnen—Zagier formula for Eisenstein series.
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Mathematics Subject Classification. 11F37, 11F11.

Mots-clefs. Petersson norms, Eisenstein series, Kohnen—Zagier’s formula.

The author is supported by JSPS Grant-in-Aid for Scientific Research (C) JP17K05175.



666 Yoshinori MIZUNO

The method used to compute the norms is well developed and now stan-
dard in the theory of harmonic Maass forms. We refer to the book [4] and
the papers [1, 3, 5, 6, 7, 10, 11, 18], etc. But this is the first time that
the method is applied to Kohnen—Zagier’s formula for Eisenstein series.
When we were finishing this computation, the paper [34] by Tsuyumine
has became available, in which the regularized Petersson norms of Eisen-
stein series are computed by a quite different way. In our computation
of the norms, analytic continuations of the relevant Eisenstein series are
not required. In addition, our treatment is simpler than Tsuyumine’s more
general treatment, since our computations are worked out inside the plus
space of half-integral weight modular forms. In a forthcoming paper [14],
we generalize Tsuyumine’s approach to Jacobi forms, and establish Gross—
Kohnen—Zagier’s formula (cf. [13]) for Eisenstein series by means of regu-
larized Petersson norms.

Notation. Let H := {7 = u 4+ iw € C;v > 0} be the upper half-plane.
The action of GL] (R) := {g € GLy(R);det(g) > 0} on H is denoted by
(ab8)7 = Z:IS The branch of 2% := e*!°8% for » € C\ {0} is taken so
that log z := log |z| + iarg z with —w < argz < 7. Put To(N) := {(2}) €
SLy(Z);c =0 (mod N)} for N € N. Put e(x) := 2™ for z € C, q = e(7),
q" = e(nt) for 7 € H, n € Z, and denote by |«| the integer such that
la] <a < |a]+1for a € R For s € Cand D € Z, the Cohen function is
defined in [8, 38] by

(25 — 1), if D=0,
L(s, k) Sufy pa)xsc (@) _2u(f /a),

if D#0,D=0,1 (mod 4),
0, if D=2,3 (mod 4).

Lp(s) =

Here the natural number f is defined by D = df f? with the discriminant
di of K := Q(vVD), xx := (%) is the Kronecker symbol,! j is the Mdbius
function, ((s) is the Riemann zeta function, L(s,x) is the Dirichlet L-
function and o5(n) := 34, d°. We denote by By, the k-th Bernoulli number,
and by I'(s) the gamma function.

2. Statement of the main result
2.1. Harmonic Maass forms and the extended Petersson paring.

Definition 2.1 (Modular forms). Let k € 1Z. Let N = 1 or 4 according

as k € Zor k € (3Z) \ Z. A weight k modular form on I' = To(NN) is any
holomorphic function f : H — C satisfying the following properties:

1If D is a square of a natural number, we take dg = 1, and x is understood as the principal
character, that is, the trivial character modulo 1.
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(i) For all y = (2%) €T and all 7 € H, we have

Fy) (er + d)kf(1), if k € Z,

T) =

7 e (8) (et +d)F f(r), ifke(3Z)\Z

Here ¢ = 1 or i according as d = 1 or 3 (mod 4) and (§) is

Shimura’s quadratic residue symbol defined in [19, p. 147], [31].
(ii) f is holomorphic at every cusps of T'.

We let M}, denote the C-vector space of all weight & modular forms on I'.
We let S, C M denote the subspace of all cusp forms, namely, any f € Si
takes zeroes at every cusps of I'. For f,g € M}, where at least one of f or
g is a cusp form, the Petersson paring is defined by

(90N = /D o TS =

Here D(N) :=T \ H is a fundamental domain with respect to I' = T'o(N).
Usually, we assume that either f € Sy or g € Sj, to guaranty the convergence
of the integral.

dudv

V2

Definition 2.2 (Harmonic Maass forms (cf. [4, Definition 4.2, p. 62])). Let
k€ 1% Let N =1or4 according as k € Z or k € (3Z) \ Z. A weight k
harmonic Maass form on I' = I'g(N) is any smooth function f : H — C
satisfying (i) in Definition 2.1 together with the following properties:

(ii) We have that Ag(f) =0, where

0? 0? 0 0
20 o7 oo (9 .9 _ :
A= v <8u2 * 81}2> ik (8u +Z3v) (r=utiv).

(iii) There exists ps(7) € Clg~!] such that f(7) — ps(7) = O(e™®) as
v — oo for some € > 0. Analogous conditions are required at all
cusps of I".2

We let Hy(I') denote the C-vector space of all weight k& harmonic Maass
forms on I'. If we replace (iii) by f(7) = O(e®’) as v — oo for some € > 0
together with analogous conditions at all cusps of I', we get the space
denoted by Hj(T).

An important tool in the theory of harmonic Maass forms is the differ-
ential operator £, introduced by Bruinier and Funke ([4, (5.11), p. 74], [6]).
For each k € R, it is defined by

5 e inﬁg 2 — l (8 + Z'a)
S or’ or " 2\ou v/’

2In this paper, we are concerned with forms on I' = SL2(Z), or forms on I = I'g(4) satisfying
the “plus condition”. Hence, we need to take care of the cusp ico only.
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We need the incomplete Gamma function I'(a,z) := [>°t%le~tdt (a €
R, z > 0) to describe the Fourier expansions of elements of Hy(I') and
H{(T) ([4, Lemma 4.3, p. 64]). The function I'(a, x) is a special case of the
W-Whittaker function in the sense that W,,_y /5, (y) = Y/ 2yl 21T (2, y)
([29, 13.18, p. 338)).

Definition 2.3 (The regularized Petersson paring (cf. [5, 10, 39])). Let
k € 3Z. Let N = 1 or 4 according as k € Z or k € (3Z) \ Z, and put
' =Ty(N). When k € (%Z) \ Z, let M;" C My, be the plus space consisting
of modular forms whose d-th Fourier coefficients vanish unless (—1)¢~1/2d =
0,1 (mod 4) (cf. [21]). For any f, g € My with k € Z (resp. f, g € M;"
with k € (3Z) \ Z) having the constant term az(0), ag(0) in the Fourier
expansion at the cusp ioco, the regularized Petersson paring is defined by

(f,g)N° == lim (/ f(r)g(T)v* 2 dudv — ¢, - a5(0)ay(0) Yk_1> .
Y—oo \ JD(N)y k—1
Here ¢ = 1 (vesp. ¢ = 1+ 2721 and D(N)y is the truncated funda-
mental domain with respect to I' as described in the paper [39] (resp. [10]).
We refer to Section 3 (resp. Section 4.4) for more detailed description of
D(N)y. When at least one of f or g is a cusp form, it gives the usual
Petersson paring on My, (resp. M,').

2.2. Kohnen—Zagier formula including Eisenstein series. Let k > 2
be an integer. Let D be a fundamental discriminant (including 1) such that
(—=1)*D > 0. For any g € Ml;:-l with the Fourier expansion

2

g(r) = > cq(d)e(dr),
d>0
(=1)kd=0,1 (mod 4)

the Shimura correspondence is defined by

> (L) e, (njfl)) o(o).

dln

s =001y (

n>1

Here (Q) is the Kronecker symbol. In [21, 23], Kohnen and Zagier estab-

lished the following.
(i) We have S} (g) € Ma.
(ii) For any prime p, let Th(p) (resp. T;+%(p2)) be the Hecke operator
acting on the space Moy (resp. M]::_%) Then, for all primes p, it
holds that

Tor(p)(SH(9) = SH(T,, 1 (0)(9)).
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(iii) For any normalized Hecke eigenform f € Myg, we can take g €
M,L% satisfying Sp(9) = ¢g(|D])f and T,L%(pg)(g) = ag(p)g for

+

all primes p. In addition, if f € S is a cusp form, then g € Sk+l =
2

+

Sk-&-% N MkJr%'

(iv) There is a linear combination alSZSI + a2552 + -+ O‘TSZ)FT (r e

N,o; € C,1 < j <r) giving
M]L% = Moy, S,j% >~ So.

We refer to [21, Theorem 1, p. 250], [21, Lemma, p. 256] and [23, p. 182]
for these facts.

For any normalized Hecke eigenform f € Sy and a cusp form g € Sl;: 1

as stated in (iii) above, the Kohnen—Zagier formula established in [23, The-
orem 1, p. 177] claims that

(DDP _ (=1t 3 L. D.E)
$g.9)4 mh (f. i
Here L(f,D,s) := > 72, (%) ar(n)n=® (R(s) > 0) is the L-function of f

twisted by the Kronecker symbol (Q), and the value at s = k is evaluated

after analytic continuation.
Let G, 1€ MT | be the Eisenstein series discovered by Cohen [8]

k+3
(cf. [19, Proposition 6, p. 193]). It has the Fourier expansion®
Gy = 2 s deldr).
(=1)kd>0
d=0,1 (mod 4)

As explained in [21, p. 259, l. —5] and [23, p. 185, paragraph at 1. 8], the
function G, 1 corresponds to the normalized Eisenstein series Gap € Moy
2
defined by
By 1 1
Go(T) == ——~ "5 Z T ok
ik 2 ¢,d€Z, (c,d)=1 (CT + d)

through the map SZS. Indeed,
S?)_(G]H-%) = hk+%(]D|)G2k, T];:%(Z)Q)(Gk-i-%) = U2kz—1(p)Gk+%

for all primes p.
By means of the regularization of the Petersson norms, the Kohnen—
Zagier formula for Eisenstein series can be formulated as follows.

3Here hk+%(|D|) = Lp(1l —k) with Lp(s) defined in Section 1.
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Theorem 2.4. Let k > 2 be an integer and D a fundamental discriminant
such that (—1)*D > 0. Then

Y(T2)) S

= _D 2
%<Gk+ ., G >reg ’ﬂ'k | ’

L(Gag, D, k)
(Gaok, Gop)1®

Both regularizations of the norms for Eisenstein series are indeed ex-
tensions of the usual Petersson norms for cusp forms. Recalling My, =
CGa, ® Soi, and M]:; CGk+1 @ Sk+1 (cf. [21, p. 259, 1. —7]), we have

a suitable formulation of the Kohnen— Zagler formula including the Eisen-
stein series. Notice that h,_ 1 (|D|) € Q and thus hy 1 (|D])? = |hy, 1 (|D])?
2 2 2

holds.*

2.3. Some remarks.

(1). Let £ > 2 be an integer. One has w&zkwg%/(Mng,ngﬁeg) € Qas
shown in [40, p. 455, 1. 3], where the periods Wy wg% attached to Goy
are given as follows. For any f € My, and s € C with R(s) > 0, we put

L(f,s) = /Ooo(f(iv) —ag(0))o* " dv = (2m)"°T(s)L(f, 5),

L(f,s) = Y _ap(n)n™",

n=1

which can be continued meromorphically to the whole complex s-plane.
According to [40, p. 452], we define

ap(0)  sor— 1y ~ 1-n * 2k—2-n
rp(X) =g (X Z L*(f,n+1)X :
For f = Gy, [40, Proposition, p. 453] tells us that rg,, (X) = wg, pop(X)+
wg%p;k(X). Here pJ; (X) := X%~2—1, and p,, (X) is given explicitly there
(P2 (X)X € Q[X], deg(p,,(X)X) = 2k), the periods attached to Gy are
given by

_ (2k—-2)! L C(2k—-1)

wé% - 9 » WGy T (QWi)Qk—le%'
In the proof of Theorem 2.4, we see that (Gax, Gor)1, (Gk+1 Gy, )reg
are non-zero real numbers and that (Gog, Gor)™ = <Gk+1,G )ffg,

4Instead the absolute value symbol in the left-hand side of the Kohnen—Zagier formula can
be removed, if we normalize g € Sk++ , suitably in the sense that Sg (8 € C*) has real algebraic
2

Fourier coefficients as noted before [23, Theorem 1, p. 177].
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where a := 2F1(—1 )kﬂ J/6 € Q. Hence, we obtain an Eisenstein ana-
logue of [23, Corollary 3, p. 180], that is,

(2). Let f be any natural number, k£ > 2 an integer and D a fundamental
discriminant such that (—1)¥D > 0. For s € C with R(s) > 0, let us define

L(Gar, Df?,s) := Y epp2(m)oap—1(m)m™*

according to [23, pp. 180-181]. Here €p2(m) are the Dirichlet coefficients
of Lps(s) = Ymm=1€pp2(m)m=°. Analogous to [23, Corollary 4, p. 181],
Theorem 2.4 holds true for general discriminants D f? with (—1)*Df? > 0.
In fact, the proof in [23, p. 188-189] works for the Hecke eigenform Gay.

(3). We can discuss an analogy of [23, Corollary 5, p. 181] by the method
in [27] (cf. [28]), although this weight identical case is excluded from [27].

(4). Let & > 2 be an integer. For any g € Soy, there exists a harmonic Maass
form P, € Hy_9,(SL2(Z)) such that {s_ox(Py) = g by [4, Theorem 5.10,
p. 74]. According to [4, Lemma 4.3, p. 64], it has the Fourier expansion of
the form

Py(r) = Z e(nt) + Z CP ['(2k — 1, —4mnv)e(nT).
n>>—00 n<0

By the same computation used in Section 3, we have the formula (cf. [5,
Section 4.1])

(fon=(f91%= > a)ch (-n) (f g€ Su)

1<n<+o00

(5). Let k > 2 be an integer. We denote by Hy . C Hgfk(ljo(él)) the
2

subspace consisting of harmonic Maass forms whose d-th Fourier coefficients
(with respect to e(du)) vanish unless (—1)'~*d = 0,1 (mod 4) (cf. [10]).
By the same computation given in [10], a formula similar to the above
remark (4) holds true for (f, g)4 on SZ+1. The required surjectivity of {3
2 2
from H :"_ .

Theorem 4.4, p. 2580], for 2 < k+ 3 € (3Z)\ Z and any integer m < 0 with
(=1)'"*m = 0,1 (mod 4), it is not difficult to see

€2 W(FFy , (r(k+1/2)/2))

onto S]L , can be seen as follows. In terms of the notation in [17,
2

’2

—(47r]m|)k_’( —1/2)F* k+1/2)/2) ES;;%

it 14l
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Note that {3 _, is antilinear and that any g € S;;rl is a finite linear com-
2 2

bination of holomorphic Poincaré series ij i 1 (7, (k+1/2)/2) (m <0,
b 2 b

(=1)*=1m = 0,1 (mod 4)) (cf. [22] and the proof of [24, Proposition 7,
p. 172]).

(6). It seems possible to pursue a similar computation for general levels.
Indeed, certain basis of the space of holomorphic Eisenstein series, or their
preimages under {-operator are partly available in [15] for integral weight
case, and in [36, Chapter 7| for half-integral weight case.

2.4. Outline of this paper. In Section 3, we recall a computation of
(Gak, Gor)1®, which has been done in the theory of harmonic Maass forms.
In Section 4, we compute <Gk+% : GH%)fg along the lines of the paper [10].
The non-holomorphic Cohen—Eisenstein series F(k,o,7) plays an impor-
tant role to work out an analogy of Section 3. Theorem 2.4 is proved in
Section 5. In Section 6, we confirm that our result and Tsuyumine’s result

are consistent.

3. Integral weight case

Let k > 4 be even. For any g = (24) € SLy(R) and any function f on
H, the slash operator is defined by

(fleg)(r) = flgr)(eT +d)7*.
The Eisenstein series on SLa(Z) is

1 1
FE = 1 S - e M.
k(7) E % 5 E (er 1 d)F € My
v€T 0o \SL2(Z) ¢,d€7Z, (c,d)=1

Here I'o, := {£({#);n € Z}. Following [4, p. 104] and [18, (1.3.2), p. 18],
put

PEk (’7‘) = Z vk_l‘Q—k’Y
7€l o0 \SL2(Z)
"2 = k—1 2—k 2 .
2 e,d€Z, (c,d)=1 (cr + d)(cT + d)

We refer the reader to [4, Theorem 6.15, p. 104] for basic properties of Pg, .
By a computation using the intertwining relation between &;_jp and the
action of SLy(R) (cf. [4, Lemma 5.2, p. 68]),> or directly from the Fourier
expansions (Remark 3.2 below), we know as in [18, Theorem 1.3.6, p. 18]
and [4, Corollary 6.16, p. 106] that

&o-k(Pg,) = (k— 1)Ey,

5[4, Lemma 5.2, p. 68] treats the case SL2(Z), but this holds for SL2(R).
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or in other words,

2i 3
Ep(r)of2 = =P

Here, it is easy to confirm that one can differentiate the definition (and the
Fourier series) of Pp, term by term.

The truncated fundamental domain D(1)y with respect to SLa(Z) in-
troduced in Definition 2.3 is given for Y > 1 by D(1)y = {r = u+iv €
H;—1 <u < 1,|7| > 1,0 < Y}. Following the papers [5, 7], in particular [5,
Section 4.1] and 7, Theorem 4.1, p. 682], we compute

/ E(1)Ep(m)0* 2 dudv = — 20 Ep(1)=— 0 Pg, (1) dudv
D(1)y k-1 or *

D)y
1
= - Ey(1)Pg,(1)d
k a(D(1)y) g
fHY P
—1/ +'LY Ek( )d

where 9(D(1)y) denotes a positively oriented boundary of D( )y, the path
of the last integral is the horizontal line from —3 + 1Y to 2 + Y. At the
second equal sign, we used the Stokes formula and the holomorphy of Fj on
H. Then, at the third equal sign, we used the fact that EjPg, is of weight
2, therefore the remaining part of the integral cancels out.

In order to compute the last integral, we use the Fourier expansions
(cf. [18, Theorem 1.3.6, p. 18], [4, Theorem 6.15, p. 104], or Remark 3.2
given below)

Pg, (1) = a*(0) +a (0)v*!
+ Z at(n)e(nt) + Z a” (n)T'(k — 1,4mnv)e(—nT).

n>0 n>0

It follows that

1ty
/_ Ey(7)Pg, (7)dr

$HY
2
= c(0){a™(0) + a ()Y '} + " c(n)a” (n)I'(k — 1,47nY).
n>0
In view of I'(a,7) ~ e ®2% ! as 0 < x — oo (cf. [4, (4.6), p. 64], [20,
Lemma 6, p. 196]) together with ¢(0) = a~(0) = 1 and the polynomial
growth estimate of the Fourier coefficients c(n), a*(n) with respect to |n|
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(cf. Remark 3.2), we see that the term 2-Y*~1 gives the reason that the
integral [p ), Ey(1)Ep(1)v* 2 dudv diverges as Y — oc.
Hence the value (Ej, Ex);"® (cf. Definition 2.3) is finite and we get

(Er, Br)y™® = c(0)a™(0).

1
k—1
The explicit Fourier expansions of Fj, and Pg, tell us that

2.k ((k—

c(0) =1, a+(0) = 37,6 : W’
and finally we obtain
1 2.k ((k—1

By, E.)%® = . . .
< k> k)l k—1 Bk’ (47r)k—1

Remark 3.1. As in Section 2.2, put

By,
=——F
Gy 57, Lk

for any even integer k > 4. By ((k) = —(2mi)*By/(2 - k!), we get

(G- E R

This coincides with the formula in [39, p. 435] (cf. [40, (13), p. 454]), which
has been obtained from the explicit formula of the Rankin convolution
of Gk.6

Remark 3.2. Suppose that k € Z is even, 7 € H and R(s) +k/2 > 1. In
general,

s

Ey(1,s) := % Z Y

k 2
¢,d€Z, (c,d)=1 (CT + d) |CT + d‘ °
has the Fourier expansion E(7,s) = Y ,,cz ¢n(v, s)e(nu) with

4{2272571971_11(25 +k—1)C(2s+k — 1)1}173%
I(s+k)(s) ((2s+k) ’

co(v,s) =v° +1
and

Cn(va S)
Z'fkﬂ.s+k/2|n|fsfk/20,2 +k—1(n) L
= s —k/2 4
T( T (sgn(n) T DF/2)C(2s £ )" Wgn(n)k/2,5+k/2—1/2(47|n|v)
for n € Z \ {0}. Here the function W, g(v) is the W-Whittaker function.

This Fourier expansion can be drawn from [25, Theorem 7.2.9, p. 284] or |2,
Proposition 2.5, §2.3]. One has Ej(7) = Ey(7,0), Pg, (7) = Ea_i(7,k —1)

6There is a misprint in [39]. The number 23*~3 in the denominator should be 23%—2

mentioned in [40, p. 455], [26, p. 111].

as
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for any even k£ > 4, and we can adopt W, 1/2,(y) = e~ Y/ 2ynt1/2,
Wi—1/2,,(y) = ey/2y1/2_“F(2u,y) ([29, 13.18, p. 338]) to determine ¢(n),
a*(n). Notice that 4(n) = [n|*c_s(n), and that if R(s) > 1, then |o_4(n)| <
CR(s)) ([41, p. 260]).

4. Half-integral weight case

4.1. Setting. The following setting owes to [19, Chapter IV, §1].
Let G be the set of all pairs (a, ¢(7)), where a = (2%) € GL3 (Q) and

¢(7) is a holomorphic function on H such that ¢(7)? = t(det Oé)_%(CT +d)
for some ¢ € {£1}. The set G is a group with the identity ((§9),1) by
defining the product of elements (o, (7)) and (3,1(7)) of G as

(a, ¢(7))(B,9(7)) = (af, p(Br)(T)) € G.
The inverse of an element of G is given by
(2, ¢(r) ' = (a " p(a 7)) €G.

Let k£ be an odd integer. For any g = (o, ¢(7)) € G and any function f on
H, the slash operator is defined by

F0llgls = Flar)or) ™.
We have the relation
(f’[gﬂg)ugﬂg = f|[9192]§a 91,92 € G.
Consider the subgroup defined by

Lo(4) == {7 :=(v,j(r,7));v € To(4)} CG,

Jjlvy,7) = 69((7:)) = egl (;) (CT—Fd)%, 0(r) = T%:Ze(n%),

where v = (2%), and we refer to Definition 2.1 for € and (§). For v € T(4),
putting

pi=((07).V2r) €@ = ()7 (§5) 7 eTo(@),
).

we have 71 = pyp~! (cf. [19, Problem 2, p. 184]). Hence, if f satisfies

FII3ls =  for any v € To(4), it holds that (£[[o]s )[[7]s = fI[pls for any
v €To(4) (cf. [19, Problem 6, p. 184]).
Put

)
L:=—-2iw?—, 7=u+iweHl
(37’

Then the differential operator introduced in Section 2.1 is given by
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For any C'*°-function f on H, and any g € G, it is not difficult to see that

L(fllgls) = L()llg]x -
See [4, Lemma 5.2, p. 68].”

4.2. Non-holomorphic Cohen—Eisenstein series. In this section, we
summarize facts about the non-holomorphic Cohen—Eisenstein series, for
which we use [16, §2] as a main reference. Also, we refer to [8, 9, 12, 19, 37]
for related works.

Let k& be an odd integer. For 7 = u + 4w € H and ¢ € C such that
—k + 2R(0) —4 > 0, the Eisenstein series is defined by

F(k,o,7):= E(k,0,7)

+ 28279 (e(k /8) + e(—k/8)) E(k, 0, —1/(47))(—2iT)k/?,
E(ko,m)= > v?|{_

’YGFOO\FO( )

Z Z ( > Fder + d)*2|der + d|7°.

d=1l,o0dd c=—o©
We note that E(k,o,7)|[p]_x (—i)*/? = E(k, 0, —1/(47))(—2i7)*/? and that
2
f € {E,E|[p|_k, F} satisfies f|[J]_r = f for any v € I'y(4), where £ =
2 2
E(k,o,7), F = F(k,0,7). The function F(k, o, ) has the Fourier expansion

MES

[e.o]

-k o
F(k _ ,0/2 /2 d.o. kEel(d ( g—K >
(kyo,7) =0v7"" 4+ v dzz_:ooc( o, k)e(du)ty (v, 55 )
where 74(v, a, 8) is defined by 74(v,a, B) = [ e(—du)TF Pdu (with
deR, r=u+iweH, q €C, Ra+ ) >1) and ¢(d, o, k) is given by

k+1
(oo k) 1= 2H3/220 ) 2(igy Loyt en2alo = 757

(20 —k—1)
with Lp(s) as in Section 1. Accordingly, ¢(d, o, k) can be continued to a
meromorphic function on the whole complex o-plane, and F'(k, o, 7) satisfies
the “plus condition” saying that

e(d,o,k) =0 for d € Z with (—1)**V/24 =23 (mod 4).

Let k be an odd integer. Let K C C\ {(k+3)/2} be any compact subset
of the complex o-plane. Then there exist two positive constants M > 0,
§ > 0 depending only on K such that |((20 — k — 1)e(d, 0, k)| < M|d|° if
d e Z\ {0}, o0 € K (cf. [28, 32]).

74, Lemma 5.2, p. 68] treats the case I'g(4). A direct computation shows that this relation
holds for G.
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The function 74(v, @, 5) has been well studied in [25, 32, 33]. It can be
written using the Whittaker function W, ,(v) (cf. [20, Lemma 5, p. 196]).
The function W, ,(v) (v > 0) satisfies a differential equation with respect
to v, is holomorphic for all (a, ) € C? and is of rapid decay as v —
oo, uniformly in (o, ) € K’', where K’ C C? is any compact subset. For
convenience, we record here the relation between W, ,(v), the w-function
in [25, §7.2] and the V-function in [33, Appendix A3] in the form

Wa,u(v) = v 2w0(0;1/2 + o+ 151/2 — o+ )
=vV(;1/24+ a+w1/2 —a+p).

A summary about these facts on W, ,(v) are written, for example, in [20,
§3], [28, §3.1] based on the works [25, 32, 33]. See [38, §4] and [28, §2.5]
for the facts on Lp(s). In this paper, it is sufficient to consider the case
—k 4+ 2R(c) — 4 > 0, that is, the relevant series F(k,o,T) are absolutely
convergent.

4.3. Specializations of F'(k,o, 7). Let k be an odd integer such that
k > 5. Let us define®

Hg(T) = F(—k,0,7), Py, (1):=F(k—-4k—2,7).

[SE

The series defining Hx, Py, are absolutely convergent, and we have that
2 2
Hy|[]x = Hr and Py, |[7],_r = Pp, for any v € I'g(4). It is not difficult

2 2 2 2 2 2

to see that Hx € M, ([8], [19, §4.2]), and that Py, € H; x (Do(4)) satisfies
2 Pl 3 2
the “plus condition” (cf. [4, Theorem 6.15, p. 104]).

Using the intertwining relation between the differential operator L and
the action of G mentioned at the end of Section 4.1 combined with the fact
that {, & is antilinear, we see that (cf. [4, Theorem 6.15, p. 104])

2

€ k(P ) = (k/2 1) Hy.

[SE

Indeed, it is easy to confirm that one can differentiate the definition of F(k—
4,k—2,7) term by term, and consequently we have &, »(E(k—4,k—2,7)) =
2

(g - 1) E(=k,0,7), & & (G(k—4,k=2,7)) = — (g - 1) G(—Fk,0,7), where
G(k,o,7):= E(k,0, T)H,O]_%(—i)k/Q.

8Note that the Eisenstein series H defined in [19, §4.2] is ((2—k)F(—k, 0, 7), which coincides
2
with G'i in Section 2.2 of this paper.
2
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, g,O) = 0 for any integer d < 0 (cf. [20, Lemma 5, p. 196]),
the function H; has the Fourier expansion
2

Since 74 (v

Hi(r) =143 o(d,0, ~k)e(du)ry <v, g 0) ,

d=1

and the function Py, has the Fourier expansion
2

k
PHg()_vz sl Z (dk—2,k—4)e (du)Td(v,l,Q—l).

d=—00

Suppose that D € Z\ {0} and D = 0,1 (mod 4). By [28, Proposition 1,
p. 144], we have |Lp(s)| < ¢(1 4+ n)%¢(1 + 2n) for s = 1 +n +it (n > 0,
t € R). Thus, for a given odd integer k > 5, there exists a constant M > 0
such that |c¢(d,0,—k)| < M, |c(d,k — 2,k —4)] < M for all d € Z \ {0}.

Remark 4.1. The preimage of H k under the operator §, k is also con-

structed in Wagner [35] by a dlfferent way for another purpose (cf. [4, the
first Remark, p. 110]). Our construction should be consistent with Wagner’s
by means of the functional equation of F(k, o, 7).

4.4. Computation of the inner product. Put gg := (g _5/2), g1/ i=

(39), and define three lines in H by Cw : S(7) =Y, CO:‘T—L =&,

C’1/2 : ’7’— (% + ﬁ)‘ = W? where Y > 2. Then g - ico = 0, gi/2 * 100 =
1/2, and go maps Cx to Cp, while g;/5 maps Coo to Cpjo. Let D(4)y
be the truncated fundamental domain with respect to I'g(4) as described
in the paper [10] by Duke-Imamoglu-Téth. It is obtained by cutting off
neighborhoods of each cusps ico, 0, 1/2 by the lines Cw, Cp, Cy/5 from
the specific fundamental domain for I'g(4) used in [10]. By [10, Lemma 3.2]
and the facts summarized in Sections 4.2 and 4.3 of the present paper, for
Y > 2, one deduces

/ Hy (T)HE(T)’Ug_Q dudv
D( 2

2

4)y
1 14y
kg /;HY
where the path of the last integral is the horizontal line from —% +1Y to
3 +iY, and for

(1) + 5 HE ()Pl (7) + 5 HY (7 )Py ()] dr

H
Hy 2 Hy 2

(7)Pr

Ve

= Z b(d,v)e(du

deZ
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satisfying the “plus condition”, we put

rom= ¥ b(ad)e(d]).

d=0 (mod 2)
oy v d U
fo(r) = ) > b(d,4>e(8>e<d4>,
d=1 (mod 2)

according to [10].
Inserting the Fourier expansions of Hx, Py, given in Section 4.3, the
2 2

integral of Hy Py, is expressed as
2 3

L4iY
/ Hy(r) Py, () dr
—i+iy 2 3

=V 4 VEle(0,k — 2,k — 4)7 (Y, 1, g - 1)
- > c(d, 0, —k)e(—d, k — 2,k — 4)Ty(Y, k),
d>1

(—=1)+=1)/24=0,1 (mod 4)

where Ty(Y, k) := Yg_le (Y, %, O) T_d (Y, 1, % — 1). Analogous formulas
hold for the integrals of Hy Py and H} P~ as
2 2 2 2

—14iy 5
k k
Yy\z~! yy\z~! Yk
- <4> + (4) C(O,k—Q,k—4)TO (4,172—1>
Y
+ > o(d, 0, —k)e(—d, k — 2,k — 4)Ty ( k) ,
d>1 4

(=1)*F=1/24=0 (mod 4)

LY
/ 2 ()P, (r)dr
—Iyiy 2

Y
_ > o(d, 0, —k)e(—d, k — 2,k — 4T} (4, l<:> .
d>1
(—1)*=1/24d=1 (mod 4)
Applying the estimation of ¢(d, 0, —k), ¢(d, k—2, k —4) indicated at the end
of Section 4.3 and the formula 7¢ (Y, 1, % 1) =i 202 5. ylos together
with an asymptotic nature of 74 (v, , 5) as v — oo (cf. [20, Lemmas 5 and
6, p. 196]), we find that the term 1‘227]6}/5_1 gives the reason that the

1—
5—1

[SE
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integral [p 4 ( )Hk( )05_2 dudv diverges as Y — oo. Note here that

the quantlty 14277y 5 -1 arises as a part of the contributions other than

the infinite sums over d > 1 in the above integral formulas.
Hence, we see that the value <H k, H k )i 8 (cf. Definition 2.3) is finite and

is given by

<Hﬁ,Hﬁ>ieg:L(0k 92,k —4) 2202 5,
S ATCR)

The explicit Fourier expansion of F(k,o,7) in Section 4.2 tells us that”

(0, k — 2,k — 4) = 22 k(=D 2(wi/) C(k—2)

(k1)
and we obtain
3

1 23 (1=F) 7 (k=3)/2 C(k—2)

CUHe HoV® — 22 Ts-2,(-1) (mi/4) 33 =)

g Ha Held kg C(k—1)

Notice that Gk+% introduced in Section 2.2 can be written as Gk+% =

C(1—2k)Hk+% for any integer k> 2. So, we have computed <GkJr , %)

5. Proof of Theorem 2.4

Let k > 2 be an integer. Let D be a fundamental discriminant such that

(=1)¥D > 0. The Eisenstein series G, 11 € Mk+l in Section 2.2 has the

Fourier expansion
Gk+%(7) =((1- Qk)Hk-s-%(T)
= > Li_1yeq(1 = k)e(dr).
d>0
(=1)*d=0,1 (mod 4)

The well-known fact is that the L-function of Goi € My is given by

> /D

L(Gay, D, s) = Z (n> ook—1(n)n~° = Lp(s)Lp(s+ 1 — 2k).
n=1

By the functional equation of Lp(s), we have

(1 k2+5D)
L(Gox, D, k) = Lp(k)Lp(1 = k) = hy 1 (ID])? - 7 wEpETh =

()

9 Also see [16, Proposition 2.3, p. 279], and use \/ie(’w(k_g)ﬂ(”/‘l) =1+44i% for odd k.
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where 0p = 0if D > 0, and ép = 1 if D < 0. Thus ép = 0 if k is even, and
0p = 1 if k is odd. Recall the values

re _ k k— k k—
a1

1 reg o 273t 3 (—1)k=1(ri/a) C(2k — 1)
6\ Crryr Gragla™ = (A =20)7 it ze C(2k)

k+19
given in Sections 3 and 4.4. It follows from ((2k)['(2k)/¢(1 — 2k) =
(—1)k7r2k22k=1 and iF=3 (DM (mi/) —(—1)L%J that

(Gans Go ™ _ g1 _p sl 542)
6(Grys: Graa)i® '

We complete the proof of Theorem 2.4 by using
1-k+6
P (=)
k+9
(55

k-1

()

[\

—

6. Comparison with Tsuyumine’s regularized pairing
Let kK > 2 be an integer In [34, p. 5] Tsuyumine defined the regularized
Petersson pairing ((f, g))ry) on M, 1. It agrees with our Definition 2.3;
({(fs9))rg(a) = (f,9)s " for f,g € M 1 Here we chose T = 7(1/2) =y
7O = 4Y in the first displayed formula in the proof of [34, Lemma 2.2,
p. 14]. Notice that the constant terms of H. pel in the Fourier expansions at

each cusps, which are required to describe ((f,g))ry4), can be determined
by Kohnen’s method [21] (cf. [10, §3], [27, Proposition 5, p. 10]).
By [34, (25), p. 16] (resp the first sentence of [34, p. 19]) Tsuyumine’s

Ek+1/2,x’i4(7-’ 0) (resp. Ek+1/2(7' 0)) coincides with our E(—2k — 1,0,7)
(resp. 77F"1/2E(—2k — 1,0, —1/(47))) defined in Section 4.2 of this paper.
Thus, by definition, we have

Hyy1(1) = Eppy o (1,0) +27 2h-1/2 (1,0)iD"/2,

k+1/2
In [34, p. 35-36], one finds the values
Ic(k+1)
<<Ek+1/2,x’j (T, O)7Ek+1/2,x’j4(7—7 0)>>F0(4) =—(-1) Bk,
k k(k+1)
(B o(r,0), By om0y = —(—1) 5 2251,

(—1)k k ket _
7’( 2 /2<<E1§+i/2(770)5Ek+1/2,xﬁ4(770)>>f‘0(4) :_(_1)L 2 J23/2(22k 1_1)16197

10We denote Tsuyumine’s paring by {(f, g ))To(4) instead of his notation (f, g)r,(4) in [34].
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where we put
R 2r¢(2k — 1)
(22k —1)(2k — 1)C(2k)"

Br =
Using the obvious relations

((f,9))roa) = ({9, [))ro(a)
({arfr + a2f279>>r0(4) = a1({(f1 ) @) +a2((f2,9))roa) (a1,0 € C),

k(k+1)

together with (—1)" 2 = (—1)Li

I we obtain

ki1,3- 273k 2002k — 1
(Hyy1o Hp gy = (=12 (2k—f)gc((2k) |

This is consistent with our result for (H, 1, H, 1)}*®.
2 2

Remark 6.1. It is common in both methods that the values arise from
the constant terms of non-holomorphic Eisenstein series. Because of the
vanishing of the relevant part, these values are invisible when we look at
only holomorphic Eisenstein series.
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