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The proof of the Nirenberg-Treves conjecture

Nils Dencker

Abstract

We prove the Nirenberg-Treves conjecture: that for principal type pseudo-
differential operators local solvability is equivalent to condition (¥). This
condition rules out certain sign changes of the imaginary part of the principal
symbol along the bicharacteristics of the real part. We obtain local solvability
by proving a localizable estimate for the adjoint operator with a loss of two
derivatives (compared with the elliptic case).

The proof involves a new metric in the Weyl (or Beals-Fefferman) calculus.
This makes it possible to reduce to the case when the gradient of the imaginary
part is non-vanishing, and then the zeroes form a smooth submanifold. The
estimate uses a new type of weight, which measures the change of the distance
to the zeroes of the imaginary part along the bicharacteristics of the real
part between the minima of the curvature of this submanifold. By using
condition (¥) and this weight, we can construct a multiplier which gives the
estimate.

1. Introduction

We shall study the question of local solvability of a classical pseudo-differential
operator P € U7 (M) on a C* manifold M. Thus, we assume that the symbol of P
is an asymptotic sum of homogeneous terms, and that p = o(P) is the homogeneous
principal symbol of P. We shall also assume that P is of principal type, which means
that the Hamilton vector field H), and the radial vector field are linearly independent
when p = 0.

Local solvability of P at a compact set K C M means that the equation

Pu=wv (1.1)

has a local solution w € D'(M) in a neighborhood of K for any v € C*°(M) in a set
of finite codimension. We can also define microlocal solvability at any compactly
based cone K C T*M, see Definition 26.4.3 in [10].

MSC 2000 : 35505 (primary) 35A07, 58J40, 47G30 (secondary).
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It was conjectured by Nirenberg and Treves [19] that condition (¥) was equiva-
lent to local solvability of pseudo-differential operators of principal type. Condition
(¥) means that

Im(ap) does not change sign from — to +

along the oriented bicharacteristics of Re(ap) (1.2)

for any 0 # a € C*°(T*M); actually it suffices to check this for some a € C*(T*M)
such that Hge(qp)y # 0 by Theorem 26.4.12 in [10]. By oriented bicharacteristics of
Re(ap) we mean the positive flow-out of the Hamilton vector field Hge(qpy 7 0 on
Re(ap) = 0, these are also called semi-bicharacteristics. Condition (1.2) is invariant
under conjugation with elliptic Fourier integral operators and multiplication with
elliptic pseudo-differential operators, see Lemma 26.4.10 in [10].

For differential operators, condition (V) is equivalent to condition (P), which
rules out any sign changes of Im(ap) along the bicharacteristics of Re(ap) for 0 #
a € C®°(T*M). The sufficiency of (P) for local solvability of principal type pseudo-
differential operators was proved by Nirenberg and Treves [19] in the case when the
principal symbol is real analytic, and by Beals and Fefferman [1] in the general case.

The necessity of (¥) for local solvability of principal type pseudo-differential
operators was proved by Moyer in two dimensions and by Hormander in general, see
Corollary 26.4.8 in [10]. In the analytic category, the sufficiency of condition (V) for
solvability of principal type microdifferential operators acting on microfunctions was
proved by Trépreau [20] (see also |11, Chapter VII]). The sufficiency of condition (¥)
for local solvability of principal type pseudo-differential operators in two dimensions
was proved by Lerner [13], leaving the higher dimensional case open.

Lerner [14] constructed counterexamples to the sufficiency of (V) for local opti-
mal (L?) solvability of first order principal type pseudo-differential operators, rais-
ing doubts on whether the condition really was sufficient for solvability. But it was
proved by the author [1] that Lerner’s counterexamples are locally solvable with loss
of at most two derivatives (compared with the elliptic case). Observe that optimal
solvability of first order principal type pseudo-differential operators means a loss of
one derivative. There are several results giving local solvability under conditions
stronger than (W), see [5], [12], [15] and [17].

In this paper we shall prove local solvability of principal type pseudo-differential
operators P € W (M) satisfying condition (¥), this resolves the Nirenberg-Treves
conjecture. To get local solvability we shall assume a strong form of the non-trapping
condition at zo: that all semi-characteristics are transversal to the fiber Ty R", i.e.,

p(x0,€) =0 = Oep(x0,&) # 0.

Theorem 1.1. If P € V(M) is of principal type satisfying condition (V) near
zo € M and 0cp(xo, &) # 0 when p(xo, &) = 0, then P is locally solvable at x.

It follows from the proof that we lose at most two derivatives in the estimate of
the adjoint, which is one more compared with the condition (P) case. Thus the
result has the consequence that hypoelliptic operators of principal type can lose at
most two derivatives. In fact, if the operator is hypoelliptic of principal type, then
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the adjoint is solvable of principal type, thus satisfying condition (V) and we obtain
an estimate of the operator.

Theorem 1.1 is going to be proved by the construction of a pseudo-sign which
will be used in a multiplier estimate. The symbol of the pseudo-sign is, modulo
elliptic factors, essentially a perturbation of the signed homogeneous distance to the
sign changes of the imaginary part of the principal symbol.

Observe that Theorem 1.1 can be microlocalized: if condition (V) holds mi-
crolocally near (zg,&y) € S*(M) then P is microlocally solvable near (xg,&), see
Corollary 2.4. Since we lose two derivatives in the estimate this is not trivial, it
is a consequence of the special type of estimate (see Remark 2.3). This paper is a
shortened version of [7], we have excluded some of the longer and more technical
proofs.

We would like to thank Lars Hormander and Nicolas Lerner for valuable com-
ments leading to corrections and improvements of the proof.

2. Reduction to the multiplier estimate

In this section we shall reduce the proof of Theorem 1.1 to an estimate for a microlo-
cal normal form of the adjoint for the operator. By using Darboux’ theorem and the
Malgrange Preparation Theorem, we may obtain the adjoint P* on the following
microlocal normal form

Py=D;+iF(t,x,D,) (2.1)

where F' € C(R, V), (T*R™)) has real principal symbol o(F) = f. Observe that we
do not assume that ¢ — f(¢,z,) is differentiable. Since P satisfies condition (V)
we find that P, satisfies condition (V):

t — f(t,z,€) does not change sign from + to — with increasing ¢ for any (z,§).
(2.2)
We shall use the Weyl quantization of symbols a(z,§) € C*(T*R") S (T*R"):

(o, Da)u(r) = 20) " [ [ exp(ile — . )a(=42.€) uly) dyds e CFRY).

For Weyl calculus notations and results, see [10, Section 18.5]. Observe that Rea® =
(Rea)” is the symmetric part and iIma” = (ilma)” the antisymmetric part
of the operator a”. Also, if a € S{(T*R") then a(z, D,) = a"(x, D,) modulo
U H(T*R™). In the following, we shall denote S75(T*R™) by S7%, 0 <6 < o < 1.

Definition 2.1. We say that the symbol b(z,€) is in S1)a,1/2 of first order, if b
satisfies the estimates in S?}Q 1/2 for derivatives of order > 1.

1
This means that the homogeneous gradient (0,0, |£|0¢b) € S?};f Jo» and implies

?};ﬁﬁl/ ?. Observe that
this condition is preserved when multiplying with symbols in S?,o-

We are going to prove an estimate for operators Py which satisfy condition (2.2).
Let |lul|(s) be the usual Sobolev norm, let |jul| = ||ul|() be the L? norm, and (u,v)

the corresponding inner product.

that the commutators of b with operators in U}, are in ¥
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Proposition 2.2. Assume that P = Dy + iF"(t,x, D,), with F € C(R, SY) having
real principal symbol f satisfying condition (2.2). Then there exists Ty > 0 such that
if 0 <T <T, then we can choose a real valued symbol by(t, z, &) € L>(R, 511;2271/2)
uniformly, with the property that by € 5(1)/271/2 of first order uniformly, and

ullfy e < T Im{Pou, biu) (2.3)
oru(t,r) € C(R x R™) having support where |t| < T < Tj.
0

Note that we have to change the multiplier by when we change 7', but that
the multipliers are uniformly bounded in the symbol class. By the calculus, the
conditions on by are preserved when composing b7 with symmetric operators in

L*(R, 1Y ).

Remark 2.3. The estimate (2.3) can be perturbed with terms in L=(R, S?,) in the
symbol of Py for small enough T'. Thus it can be microlocalized: if ¢p(x,&) € S?,o 15
real valued then we have

n( Py, 56" ) < T Py, 6656 ) + Cllull? (2.4)
where ¢bYO" satisfies the same conditions as bY.

In fact, assume that Py = Dy +if*(t,z, Dy) +7"(t, 2, D) with r € L®(R, 57 ).
By conjugation with E“(t,z, D,) where

B(t,2,€) — exp (— / (s, 2,€) ds) e L™(R, ).

we can reduce to the case when Imr € L¥(R, S7j). We find that bY is replaced
with BY = EYbYE"™, which is real and satisfies the same conditions as 0% since E
is real. Clearly, the estimate (2.3) can be perturbed with terms in L>*(R, Sié) in
the symbol expansion of Py, and if a(t,z,&) € L>®(R, Sgo) is real valued, then

w w 1 wW w
t(a®u, be) = o (B, @ u) < Cllullt (25)

since by € 59/271/2 of first order, Vt. We also find that [Py, ¢*] = { f, ¢} modulo
L®(R, V) where { f,¢} € L™ (R, S},) is real valued. By using (2.5) with a =
{f, ¢}, we obtain that the estimate (2.3) is localizable.

Proof of Theorem 1.1. By using Darboux’ theorem and the Malgrange Preparation
Theorem, we may assume that the adjoint P* is equal to Py microlocally, where Py
satisfies the conditions in Proposition 2.2 (see [10, Th. 21.3.6]). By using (2.3),
a partition of unity, and the Cauchy-Schwarz inequality, we obtain R € S?’O, such
that o ¢ singsupp R and

lull(—1/4) < Cl|P ul[(7/a—m) + [[ R ul|(~1/2) (2.6)

for u(z) € C§°(R™) having support where |z| < Tj is small enough. Now conjugation
with (D,)* does not change the principal symbol of P. Thus, for any s € R we may
replace —1/4 by s and 7/4 by s+ 2 in (2.6) after changing Ty and R. This gives the
local solvability of P with a loss of at most two derivatives, and finishes the proof
of Theorem 1.1. O
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Corollary 2.4. If P € V(M) is of principal type near (xo,&) € T*M, satisfying
condition (V) microlocally near (xo,&o), then P is microlocally solvable at (zo,&).

In order to prove Proposition 2.2 we shall need to make a “second microlocal-
ization” using the specialized symbol classes of the Weyl calculus (see [10, Section
18.5]). Assume that g,¢(dz,df) is a o temperate metric on 7*R", and let m be
a o, g temperate. Let S(m,g) be the class of symbols a € C*°(T*R"™) with the
seminorms

@ (x, €T, T.

aV(x, &1, . ..,
al(2,€) = sup 1L & T
r0  J[1 9ug(TH)Y

We shall use metrics which are conformal, they shall be on the form g, ¢(dx, d§) =
H(x,&)g*(dx,df) where 0 < H(x,&) < 1 and ¢* is a constant symplectic metric:
(g%)° = g*. In the following, we say that m > 0 is a weight for a metric g if m is o,
g temperate.

) < Cym(z,§) Y (x,&) for j > 0.

Definition 2.5. Let m be a weight for the o temperate metric g. We say that
a € S*(m,g) if [alf < Cjm for j > 1.

For example, b € S*(1, gi/21/2), With gijo1/2 = (§)|dxf* + |d€]?/(€) at (x,€), if
and only if b € SV /9.1/2 of first order. After microlocalizing where (£) = h™! > 1 is
constant, and doing a microlocal change of coordinates, we find that Sfo corresponds
to S(h™* hg*) and Sf/2,1/2 corresponds to S(h~*, g*) microlocally. Thus we may
reduce to the case in the following result (see the proof of Proposition 2.2 in [7]).

Proposition 2.6. Assume that Py = Dy+if"(t, x, D,), with real valued f(t,x,§) €
C(R,S(h™t, hg?)) satisfying condition (2.2), here 0 < h < 1 and ¢* = (¢*)° are
constant. Then there exists Ty > 0, such that if 0 < T < Ty there exist a weight h <
Hr <1 for ¢* and a real valued symbol by (t,z,&) € L=(R, S(H;I/Q,gﬁ) NS*T(1,9%)

uniformly, so that
mﬂ/mwwﬁgqm/mgmwm@ﬁ (2.7)

for u(t,z) € Cg°(R x R™) having support where [t| <T <Tj.

The conditions on by means in g* orthonormal coordinates that |bp| < CH, 12
and lﬁjﬁgbﬂ < Cup when |a| + || > 1. As before, the estimate (2.7) can be
perturbed with terms in L>®(R, S(1, hg*)) in the symbol of Py for small T (with
changed br), and it can be localized with respect to the metric hg*. Next, we shall
state and prove the multiplier estimate that we are going to use for the proof of
Proposition 2.6.

Let B = B(L?*(R™)) be the set of bounded operators L*(R") — L*(R"™). We say
that A(t) € C(R,B) if A(t) € Bforallt € R and ¢t — A(t)u € C(R, L*(R")) for
any u € L*(R™). We shall consider the operator

P =D, +iF(t) (2.8)
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where F(t) € C(R, B). In the applications, we will have F((t) € C(R,Op S(h™!, hg*))
where h is constant. But we shall also use multipliers which are not continuous in
t. In the following, we let |lul|(¢) be the L? norm of wu(t,z) in R™ for fixed t,
and (u,v)(t) the corresponding inner product.

Definition 2.7. We say that A(t) is in L2 (R, B) if A(t) € B for any ¢, and

t — At)u is in L2 (R, L*(R"™)) for any u € L*(R"), ie., t — (A(t)u,v) is in

loc
L2 (R) for any u, v € L*(R™).

If A(t) € Lge.
derivative (4 A(-)u,u) € D'(R) for any u € S(R") given by

(R, B), then we find that ¢t — (A(t)u,u) € L2 (R) has weak

loc

(LAY, ) () = — / Auu)d () dt, olt) € CF(R).

It is also easy to see that if u(t), v(t) € C(R, L*(R")) and A(t) € L,
t = (A)u(t), v(t)) € L. (R).
We shall use the following multiplier estimate (see also [13] and  [15] for

similar estimates).

(R, B), then

Proposition 2.8. Let P = D, + iF(t) with F(t) € C(R,B). Assume that B(t) =
B*(t) € LS. (R, B) satisfies

loc

Re(LB(t)u,u) + 2Re(B(t)u, F(t)u) > Re(m(t)u,u) in D'(I) VueCP(RY)
(2.9)
where m(t) € LS. (R,B) and I C R is an open interval. Then we have

loc

/ Re(m(t)u(t), u(t)) dt <2 / T (Pu(t), B(t)u(t) dt (2.10)

for any u € C5(I,C5°(R™)).

Proof. Since B(t) € B is weakly measurable and locally bounded, we may for u €
C3°(R"™) define the regularization

(Be(t)u,u) =& /(B(s)u, u)p((t — s)/e) ds = (Bu, u)(Pet) >0

where ¢.,.(s) = e 1o((r — s)/e) with 0 < ¢ € C5°(R) satisfying [ ¢(¢)dt = 1.
Then ¢ — (B.(t)u,u) is in C*(R) with derivative at ¢ = r equal to (£ B, (r)u,u) =
4 (Bu,u)(¢.,). Let Iy be an open interval such that I € I. Then for small enough
e > 0 we find from condition (2.9) that

Re(%Bg(t)u, u) + 2Re(Bu, Fu)(¢p.1) > Re(mu, u)(¢er) tely ueC(R").
(2.11)
In fact, ¢.; > 0 and supp ¢.; € C5°(I) for small enough € when t € .
Now we define for u € Cj(Iy, C°(R™)) and small enough £ > 0

M. .(t) = Re(Bou, u)(t) = &~} / (B(s)u(t), u(t))o((t — 5) /<) ds. (2.12)
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By differentiating under the integral sign we obtain that M. ,(t) € C;(Iy), with

derivative M., = Re((4£B:)u,u) + 2Re(B.u, dyu) since B(t) € (R, B). By

integrating with respect to ¢, we obtain the vanishing average

0= /Mau(t) dt = /Re((%Bg)u,u) dt+/2Re<Bgu,8tu) dt (2.13)

when u € C} (I, Cg°(R™)). Since dyu = iPu+ Fu we obtain from (2.11) and (2.13)
that

0> // (Re(m(s)u(t), u(t)) + 2Re(B(s)u(t), iPu(t))
+ Re(B(s)u(t), (F(t) — F(s))u(t)))d.(s) dsdt.
By letting ¢ — 0 we obtain by dominated convergence that
0> /Re(m(t)u(t),u(t)} + 2Re(B(t)u(t),iPu(t)) dt

since F(t) € C(R,B), u € C}(Iy,C*(R™)), m(t) and B(t) are uniformly bounded
in B when t € suppu. Now 2 Re(Bu, iPu) = —2Im(Pu, Bu), thus we obtain (2.10)
for u € C}(Io, Cg°(R™)). Since Iy is an arbitrary open subinterval with compact
closure in I, this completes the proof of the proposition. O

loc

Now we can reduce the proof of Proposition 2.6 to the construction of a pseudo-
sign B = b" in a fixed interval.

Proposition 2.9. Assume that f € C(R,S(h™1, hg")) is a real valued symbol sat-
isfying condition (W) given by (2.2), here 0 < h < 1 and ¢* = (¢*)7 are constant.
Then there exist a positive constant cy, a weight h < Hy < 1 for ¢*, real valued
symbols b(t, z,€) € LR, S(H; %, ¢")+ 5% (1, %) and u(t,z,€) € L®(R, S(1, "))
such that for any u(x) € C"X’(R") we have

{@wﬂwwz@ﬂwmquﬁmw

n D'(R) when [t| < 1.
Re(b" fYu,u) > — (" u,u)/co in D'(R) when [t

Here cq, and the seminorms of b and m only depend on the seminorms of f in
S(h=t, hg*) for |t| < 1.

Proof of Proposition 2.6. By doing a dilation s = ¢/T, we find that P transforms
into T7'Pr =T Y Ds+1iTf¥(s,x,D,)), where fr(s,x,£) = f(Ts,z,&) satisfies the
conditions in Proposition 2.9 uniformly in 7" when 0 < 7' < 1. Thus we obtain real
br, pr and ¢g such that when |s| < 1 we have

{ww%uw Yu,u) > coh?ul?

(w /
Re(b7 fru, u) > —(uqu,u)/co nDR)

for u € C§°(R™). This implies that

(0sb% (s, , Dy )u, u) + 2 Re(T f (s, x, Dy )u, b7 (s, x, Dy )u)
> (1 —=2T/co) (s, z, Dy)u, u) in D'(]-1,1])
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for uw € C°(R™). Thus, for T < ¢y/4 we obtain by using Proposition 2.8 with
Pr=Ds+iTf¥(s,x,D,), B(s) =0¢(s,z,D,) and m(s) = p(s, z, D,) that

cohl/Q/Hquds < /(M?%u) ds < 4/Im<PTU> bru)(s) ds
if u € C§°(R x R™) has support where |s| < 1. Finally, we obtain that
coh1/2/HuH2dt < 4T/Im<Pu75$u>(t> di

with br(t, z,€) = byp(t/T, z,€) for u € C°(R x R™) has support where |t| < T <
00/4. ]

It remains to prove Proposition 2.9, which will be done in Section 5.

3. Symbol Classes and Weights

Next, we shall define the symbol classes we shall use. In the following, we shall
denote (z,¢) by w € T*R™, and we shall assume that f € C(R, S(h™!, hg*)) satisfies
condition (V) given by (2.2), here 0 < h < 1 and ¢* = (g*)? are constant. We
shall only consider the values of f(t,w) when |t| < 1, thus for simplicity we let
f(t,w) = f(1,w) when t > 1 and f(t,w) = f(—1,w) when ¢t < —1. In the following,
the results will be uniform in the sense that they will only depend on the seminorms
of fin S(h71, hg).

First, we shall define the signed distance function dy(t,w) in T*R" for fixed
t € R, with the property that ¢ — dy(¢,w) is non-decreasing and o f > 0. Let

X, ={(t,w) eRxT'R":3s <t, f(s,w) >0} (3.1)
X ={({t,w) eRxTR":3s>t, f(s,w)<0}. (3.2)
We have that X, are open in R x T*R™, and by condition (¥) we obtain that
X NX, =0and £f > 0 on X.. Let X = R x T*R"\ (X, UX_), which is
closed in R x T*R"™, by the definition of X, we have f =0 on X,. Let

do(to, wo) = inf { gﬁ(wo — 2)1/2 : (t(), Z) c X() }

which is the ¢* distance in T*R" to X for fixed to, it is identically equal to +o0 in
the case that Xo({t =1t} = 0.

Definition 3.1. We say that w — a(w) is Lipschitz continuous on T*R"™ with
respect to the metric g% if

sup a(w) — a(2)| /g (w — )2 = € < oo
w#zeT*R™

and then C' is the Lipschitz constant of a. We shall denote by Lip(7*R") the
Lipschitz continuous functions on T*R"™ with respect to the metric g*.
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By using the triangle inequality and taking the infimum over 2z we find that
w +— do(t,w) is Lipschitz continuous with respect to the metric ¢* with Lipschitz
constant equal to 1, for those ¢ when it is not identically equal to oco.

Definition 3.2. We define the sign of f by sgn(f) = +1 on X1 and sgn(f) =0
on Xy, then t — sgn(f)(¢,w) is non-decreasing and sgn(f) - f > 0. We define the
signed distance function §y by

So(t, w) = sgn(f)(t, w) min(do(t, w), h"/?). (3.3)

By the definition we have that |6y| < h~Y/2 and |§y| = dy when |5] < h~/2. The
signed distance function has the following properties.

Remark 3.3. The signed distance function w +— 0¢(t, w) given by Definition 3.2 is
Lipschitz continuous with respect to the metric g* with Lipschitz constant equal to
1. We also find that do(t,w)f(t,w) > 0 and t — 0y(t, w) is non-decreasing.

In fact, since 09 = 0 on X it suffices to show the Lipschitz continuity of w —
do(t, w) on X, and X_, which follows from the Lipschitz continuity of w — dy(t, w).
Since (t,w) € Xy implies (s,w) € X for s > t and (¢, w) € X_ implies (s,w) € X_
for s < 't, it is easy to see that t — Jo(t,w) is non-decreasing. Since t — do(t, w)
is non-decreasing and bounded, it is a regulated function. This means that the left
and right limits do(t%, w) = limg<._o 0o(t £ £, w) exist for any (¢, w) (see [¥]).

In the following, we shall omit the parameter ¢, and denote [’ = 0, f and
" = f® where the differentiation is in the w variables only. We shall also in the
following assume that we have choosen g* orthonormal coordinates so that g*(dw) =
|dw|?. We shall use the norms |f’|,; = |f'| and | f”||,+ = ||f”|], but omit the index

gt
Definition 3.4. Let

/']
Hf//” + h1/4’f"1/2 + hl/2

H7Y? =14 16| + 3.4
1

and G| = H,g¢* the corresponding metric.

Since |f'|/(|[f"]l + h'/*f)"/* + h'/?) is continuous in (¢,w) we find that ¢ —
Hll/ *(t,w) is a regulated function. We also have

1< HY? <1+ (8] 4+ B4 f/1M2 < Ch Y2 (3.5)

since |f'| < C1h™Y% and |6| < h™/2. Moreover, |f'| < H;1/2(||f”|| + WA 112
h'/?) so the Cauchy-Schwarz inequality gives

<2 3 < oy, (3.6)
In the case 1 + |0p(wp)| < Hfl/Q(wo)/2 we have
Hy ' (wo) < 21/ (wo) | /([L£ (wo) | + M £ (wo)['/2 + h'72), (3.7)
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then we find

£ (wo)|| < 2H"*(wo)| f'(wo)| ~ and (3.8)
h'/? < 4H; (wo)| f'(wo).

By Proposition 3.6 below the metric GGy is o temperate. The denominator
D= ||+ B 2 (3.10)

in (3.4) may seem strange, but it has the following natural explanation which we
owe to Nicolas Lerner [18]. We have F' = h™'/2f € S(h™%2,g), and the largest
H, <1 for which F' € S(H;?’/z, Hyg*) is given by

H2—1/2 ~ 1 4 |F|1/3 + |F/|1/2 + ||F//|| =1+ h—1/6|f|1/3 + h—1/4|f/|1/2 + h—1/2||f//||

modulo bounded factors. We obtain that Hy /* 22 1 4 h=VA|f/|V/2 4 p=2/2| f7|| =
Dh=Y2 and H;"? = 1+ |6| + |F'|Hy> < CH; " in a Gy neighborhood of f~1(0),
and Hy "> = H'? 4+ ||F"|| in a G, neighborhood of f~1(0).

Definition 3.5. Let
M = |f|+ [F[H |+ 2, (3.11)
Then we have h'/? < M < c¢h™', and M has the following properties.
Proposition 3.6. We find that Gy is o temperate such that Gy = H*GS and
Hi(w) < CoHy(wo)(1 + Hy(w)gh(w — wy)) < CoHy(wo)(1+ g*(w —wp)).  (3.12)
We also have that M s a weight for Gy such that
M (w) < CyM (wo) (1+ Hy (wo) g (w —wp))* < Cy M (wo) (14 g*(w — wp))*? (3.13)
and f € S(M,Gy).

Observe that Hyp is a weight for ¢* since Gr < g*. The advantage of using the
metric Gy is that in the case H; < 1 in a G; neighborhood of the sign changes,
we obtain that |f’| > ch'/? is a weight for G1, &, € S(Hl_l/2, G1) and the curvature

of f71(0) is bounded by CH11/2 (see Remark 3.7 and Proposition 3.8 below).

Proof of Proposition 3.6. Now, if Gy, (w —wg) > ¢ then g*(w — wy) = |w — wp|? >
cH{ ' (wg) which immediately gives (3.12). Thus it suffices to show that G, is slowly
varying in order to prove (3.12).

First we consider the case 1 + do(wg) > Hf1/2(w0)/2. Then we find by the
uniform Lipschitz continuity of w +— dy(w) that

Hy 2 (w) > 1+ do(w) > 1+ do(wo) — Hy 2 (wo)/6 > Hy ' (wp) /3
when |w —wo| < Hy Y *(w)/6, which gives slow variation in this case.

V-10



In the case 1+do(wo) < Hy “/*(wp)/2 we obtain from Taylor’s formula and (3.8)
that

|/ (w)] < |f'(wo)| + eHy " (wo) || " (wo)|| + C2h 2 Hy Y (wp)
< (14 2¢ +40%)|f (wo)| when |w — wy| < 5H1_1/2(w0)

and similarly |f'(w)| > (1 — 2e — 4Ce?)|f'(wp)|. Thus we obtain that
1—C'e < |f'(w)|/|f (wo)] <1+ C'e  when |w—wo| < eH; ?(wg)  (3.14)
in the case Hll/2 < 1/4 and |dg] < Hl_l/z/él at wg. Taylor’s formula and (3.9) gives
1" 1" —-1/2 1/2 " 1/2 /
[ ()| < 1" (wo)ll + CeHy " (wo) b= < [ f" (wo) || + 4CeH ™ (wo)| f* (wo)|
when |w — wp| < 5H1_1/2(w0). Thus we obtain from (3.7) and (3.14) that
Y (w) < £ () [ ) + B2 (w) 4+ 027 (w) < 3HY (wo)

when |w —wo| < eHy 12 (wp) and € is small enough, which gives the slow variation.
Next, we prove (3.13). Taylor’s formula gives as before that

2k
1f® (w)|| < C (Z IL£ 59 (wo) [Jw — wol + A |w — wol”) 0<k<2
=0

(3.15)
Thus we obtain from Definition 3.5 that

2
M(w) < O F® (wo)|(lw — wol + Hy 2 (w))* + CRMY2(Jw — wol + Hy V2 (w))?,
k=0

We obtain from (3.12) that H; “/*(w) < C(Hy *(wo) + |w — wo|). This gives

2
M(w) < C 3P (w) | H; ™ (wo) (1 + Hy'™ (wo)|w — w)*
k=0
+ CRY2HT (wo) (1 + H, (wo) [w — wo])® < C"M (wo)(1 + Hy"? (wo)|w — wol)?

and (3.13).
It is clear from the definition of M that || f|| < ]\4Hf’/2 when k < 2, and when
k > 3 we have

—2

k=3 k
|F9) < Ceh™s < CipM2H,* < CRMH]
since h < C'H; by (3.5) and hl/QHI_?’/2 < M. This completes the proof. O

Observe that f € S(M, H,g*) for any choice of H; > ch in Definition 3.5, we do
not use any other property of H;.
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Remark 3.7. When 1+ |o(wo)| < Hy /*(wo)/2 we find that | f'(wo)| > hV/2/4 and

1/C < |f)/If (wol <C for jw—wo| <eH; *(wp).  (3.16)
We also have that f" € S(|f'|, G1), i.e.,

|f O (wo)l < Cul f'(wo) | Hy ? (wo) — fork =1 (3.17)

when 1+ |8o(wo)| < Hy “/*(wo)/2.

In fact, (3.17) is trivial if £ = 1, follows from (3.8) for & = 2, and when k£ > 3
we have
-3

_9 k-1
£ (wo)| < Cxh'™= < ACK|f/|HW'T < Cy|f'|H, *
by (3.5) and (3.9).

Proposition 3.8. Let Hl_l/2 be given by Definition 5./ for f € S(h™', hg*). There

exists k1 > 0 so that if |0p(wp)| < /£1H1_1/2(w0), H11/2(w0) < k1 and

Ow, f(wo) > k1| f' (wo)] (3.18)
then there exists ¢; > 0 such that

f(w) = on(w)(wy — B(w')) (3.19)
do(w) = a(w)(wy — B(w')) (3.20)

when |w — wy| < clel/Q(wo). Here 0 < ¢; < ag € S(1,GYh), a1lf'] < o €
S(f'],G1) and (B € S(Hf1/2,G1) only depends on w', w = (wy,w’).

Proof. We shall choose coordinates so that wg = 0, and put H; = H;(0). Since
Hll/2 < k1 and dp(0) = 0 we find from (3.7) and the slow variation that

L7 Co)lf () 7+ RA ()| < Oy (3.21)

when |w| < 5Hf1/2 for sufficiently small € and ;. Remark 3.7 gives that |f'(w)| <
C|f(0)| when |w| < eH;'* for small e. We find from (3.21) that

Oun f(w) > 0, F(0) = C'el f'(0)] = ka|£/(0)]/2 > ch'/?

when |w| < eH| Y2 and £ > 0 is small enough. Thus, by the implicit function
theorem we can solve

fw) =0 <= w; = B(w') when |w| < eH;?
for sufficiently small € > 0. We find that 3(0) =0, || = |Ow f|/|0w, f| = O(1) and
18" < C103, FIIB'1” + 20000, F1AB] + 1105 1)/ 10w, | = O(H, ")

when w; = f(w’) and |w| < 5H1_1/2.
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Assume by induction that |0%3] < Ckl'{l(‘&'*l)/2 when |w| < 5Hf1/2(0) for |a| <
N, where N > 3. Then we find for |a| =

a%:4ZWWWII%maﬁMwamLMMMMSﬁWZ

wlw

where the sum is over £ > 2 and 25:1 Yi+v% =a;or k=17 # 0and vo+71 = «a.
In any case, we obtain that k + || > 2.

When |a| = N > 3 we find |0°f/0,, f| < Cxh101=2/2/|9,, f| < ChHI*D72,
since we have h < CH; by (3.5) and h'/2/|0,, f| < CH; by (3.21) when |w| <
eH, vz Similarly, for k + || > 2 we find by the induction hypothesis that

k
9" a'YOf H azjylﬁ/amf < CNH1(|04|*1)/2

w1~ w!

when |w| < 5H1_1/2. In fact, the case k + |y0| > 3 works as before since z?:o v;] =
||, and when k+|yo| = 2 we use that || f”(w)||/|Ow, f(w)| < CHll/Q. This completes
the induction argument.

Now by using Taylor’s formula we find f(w) = a(w)(w; — f(w’)) where

1
:1/ Ourf(Bun + (1 — O)B(w), W) do  |w] < eH.
0

Thus a(w) = |f'(0)] since |B(w')] < CeH;'? when lw| < eH;'/?. Now we have
Ow, [ € S(|df],G1) by Remark 3.7, so a(w) = fo(w, B(w’)) for some fy € S(|df],G1)

when |w| < 5Hf1/2

ol <C >

k
Z]':1 Yi+v0=Y

. Thus differentiation gives

k
o800 fo [ [ 08| < C'|df | HV?

J=1

which proves (3.19).

It remains to prove the statements about dy(w). Let Gy o = Hyg* = H,(0)g* be
the signed G, distance to Xy, then it suffices to show that d;(w) = H{50(w) €
S(1,Ghp). By chosing

2 = H{(w, — Bw'))
2 :Hll/Qw’

as new coordinates, then we find that G transforms to a uniformly bounded C*
metric in a neighborhood of the origin. Now 0;(z) is sgn(z;) times the distance
to z; = 0 with respect to this metric, and this is a C'*° function in a sufficiently
small neighborhood of the origin. Clearly, |0.6;] > ¢ > 0 in a fixed neighborhood
of the origin, so Taylor’s formula gives 0; = «apz;, where ¢/2 < ay € C™ in that
neighborhood. This completes the proof of the proposition. O
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We shall compare our metric with the Beals Fefferman metric G = Hg* on
T*R"™, where
H''=1+|f|+|fP<Ch ™. (3.22)

This metric is continuous in ¢, ¢ temperate on T*R"™ and sup G/G° = H* < 1. We
also have that f € S(H™!,G) (see the proof of Lemma 26.10.2 in [10]).

Proposition 3.9. We have that H™' < CH;* and M < CH', which implies that
fesSH!,GY).

Thus, the metric GGy gives smaller localization errors than the Beals-Fefferman
metric.

Proof. First note that by the Cauchy-Schwarz inequality we have
M = |f|+ | f1H? D+ 0 PEP? < O Y.

Thus we obtain M < CH; ' if we show that H~' < CH;'. Observe that we only
have to prove this when |do| < H~Y/2, since else H=/2 < C|6,| < CH; /2.

If |80(wo)| < kHY2(wy) < Ckh™Y/? for Ck < 1, then there exists w € f~1(0)
such that |w — wy| < kH~Y?(wy). For sufficiently small x we find from Taylor’s
formula and the slow variation that |f(wg)] < CkH '(wp). When Cr < 1/2 we
obtain that

H™(wo) < (1= Cr)™H 1+ |f'(wo)[*) < 2H; " (wo)

which completes the proof. O]

4. The Weight function

Next, we shall define the weight m, we shall use, for technical reasons it will depend
on a parameter 0 < o < 1. The weight will essentially measure how much ¢ —
do(t, w) changes between the minima of ¢ — Hll/Q(t, w). Since Hll/2 gives an upper
bound on the curvature of the zero set when Hll/ & 1, the weight will give a
bound on the sign changes of the symbol (see Lemma 4.4). In the following, we let

(s) = 1+]s].

Definition 4.1. For 0 < ¢ <1 and (tp,wp) € R x T*R" we define

M plto,wo) = it { g2l00(t,wo) — dolto, wo)| + Hy* (¢, wo) (edo(t, wo)) | <1

+(t—t0)>
(4.1)
and
m, = min(max(my ,,m_,), 0*). (4.2)
thus m; = max(my 1, m_1).
We find that ch/? < my , < H11/2(9(50> SO
min(ch'/?, 0%) < m, < min(Hll/2(Q(50>, 0%). (4.3)
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by (3.5). Now we have

~  inf { (50(t//, wo) - (So(t/, wo)

ma (to, wo) ' <to<t'

Y w0) (30(t' w0)) - H (2, o) (Bl wa) |

and thus my(to, wo) = 1 when [6(t,wo)| = Hy /2(t,wo) for t > to or for t < tq.
When ¢ — 0¢(t, wy) is constant, we find that m, is proportional to the quasi-convex

hull of ¢ — H| / *(t,wp) (i.c., it is convex with respect to the constant functions). The
weight also has the “convexity property” given by Proposition 4.7: if max; m; >
minymy on I = { (t,w): a <t < b}, then the variation in ¢ of 6y on I is bounded
from below: |Ardg| > cmax;m; > 0. We shall use the parameter g to obtain
suitable norms, but this is just a technicality: all m, are equivalent according to the
following proposition.

Proposition 4.2. Assume that o =1 or m,(ty, wy) < ¢*> < 1. For this choice of o
there exist t' < to < t" such that

|60 (t, wo) — So(to, wo)| < 0 2my,(te, wp) < 1 (4.4)
H{(t,w0) (000 (t, wo)) < 2my(to, wo) < 20%.
fort =1t andt". The function t — m,(t,w) is requlated such that
01/05 < mg, (t,w)/mg,(t,w) < 1 (4.6)
when 0 < o1 < 0o < 1.
We obtain from the proposition that
~1/2

H2(t,wo) < 2ma(to, wo) and [8o(t, wo)| < 2ma (to, wo)Hy > (¢, wp)

for t = ¢/, t” corresponding to mq(tg, wo). When my(tg, wy) < 1 we may use
Proposition 3.8 at (', wp) and (¢, wy). We also obtain from (4.4) that

1/2 < (do(t, wo)) /(o (to, wo)) < 2 (4.7)
for t = t/, " corresponding to m(to, wy) in Proposition 4.2, which together with
(4.3) gives

Hy ' (tg, wo) < 4min(Hy V2 (t wo), Hy V2 (2", wo)). (4.8)

Proof of Proposition 4.2. We have that my, < m, when m, < ¢*> < 1 or when
o0 = 1. By approximating the limit, we may choose t” > ty so that

0% (8o(t", wo) — Go(to, wo)) + Hy > (", wo) {0d0(t", wo)) < me o(to, wo) + ch'/?  (4.9)

where ¢ is chosen as in  (3.5). Then we find 0*(do(t”, wo) — o (to, wo)) < M o(to, wo)
and Hll/Q(t”,w0)<g(50(t”,w0)) < my ,(to, wo) + ch'/? < 2m ,(to, wp), since we have
ch*? < my ,(to,wy). We similarly obtain these estimates for m_ , with t' < tg,
which gives (4.4)—(4.5).
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To prove (4.6) we let F,(t, s, w) = 0*|do(s,w) — do(t, w)| + H(s,w) {060 (s, w)).
Then we have F,, < F,, and ¢iF,, < 03F,, when go; < go. Since these estimates
are preserved when taking infima and suprema, we obtain (4.6) for m. ,. and m,,,
j=1,2.

To prove that t — m,(t,w) is a regulated function, it suffices to prove that
t — my ,(t,w) is a regulated function since this property is preserved when taking
maxima and minima. We note that

t = muy (T, wo) = inf { 0*0o(t", wo) + Hy" (" wp) {edo(t" wp)) } — 0%00(t, wo)

and since the infimum is non-decreasing and bounded, we find that this gives a
regulated function in ¢. A similar argument works for m_ ,, which proves the
result. O]

In the following we shall assume the coordinates chosen so that ¢*(w) = |wl|?.
Observe that m, is not a weight for GGy, but the following proposition shows that it
is a weight for g, = 0%¢* uniformly in o.

Proposition 4.3. We find that there exists C' > 0 such that
m,(t, w) < Cmy(t, wo)(1 + 0*g*(w — wp)) (4.10)
uniformly when 0 < o < 1, which implies that m, is a weight for g, = 0*g*.

Proof. Since m, < ¢* we only have to consider the case when

m,(to, wy) < 0°. (4.11)
Now, it suffices to show that
my(to, w)/m,(te, wo) < C(1 4 0*|w — wol?) when |w — wy| < ng_l(to,wo)
(4.12)

uniformly in 0 < ¢ < 1. In fact, when |w — wo| > om;*(to,wy) we obtain that
o*lw — wol* > o'my?(to,wo) > my(to, w)/my(to, wo) by (4.11). Thus (4.10) is
trivially satisfied with C' = 1 when |w — wo| > om, " (to, wy), thus in the following
we shall assume that [w — wo| < em,™* (to, wo).

Now, if (4.10) holds for m,, then it holds for m, when gy < p < 1, with C
replaced by C'/03. Thus, in the following we shall assume 0 < g < gy is sufficiently
small. Let m, = m,(ty, wp), then for ¢ small enough one can show that

1/2
(4.13)

where QQHO_l/2 > omy," (see the proof of Proposition 6.3 in [7]). We obtain from
(4.13) and the monotonicity of ¢t — do(¢,w) that

0*0o(t, w) — do(to, w)| < |60, w) — do(t", w)| < Comy(1 + *|w'*)  (4.14)

|60(t',w) — do(t",w)| < Cy0 *m, + HS/2|w’|2) when |w — wy| < 20H,,

when ¢t = t/, ¢ and |w — wy| < 2@H51/2. Since (G is slowly varying we find for small
0 > 0 that Hll/Z(t,w) < 03H11/2(t,w0) when |w — wy| < QQHJI/z < 2@Hf1/2(t,w0)
and t = t', t”. By the uniform Lipschitz continuity we find

{000 (t, w)) < {0do(t, wo)) (1 + o|w — wp|) for t =1t ¢", (4.15)
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which implies that
HI2(t, w){08(t,w)) < CsHL2(t,wo) {060 (¢, wo) ) (1 + o|w — wol) (4.16)

when t = ', ¢ and |w — w| < QQHO_I/Q. By using (4.4)—(4.5), (4.14), (4.16) and
taking the infimum we obtain

M (to, w) < Camy(to, wo) (14 o|w—wol)? when |w—wo| < om,, " (to, wo) < 2QH0_1/2

uniformly for small p. By taking the maximum and then the minimum, we ob-
tain (4.12) and Proposition 4.3. O

By using the properties of m,, H; and condition (U) we can prove the following
result (see the proof of Proposition 6.4 in [7]).

Lemma 4.4. There exists 0 < g9 < 1 and cy > 0 such that if my < g2 at (to,wo) €
R x T*R™, then there exist g* orthonormal coordinates so that wy = (21,0), 21| <
|00(to, wo)| + 1 and

sgn(wy) f(to,w) >0  when |wy] > (1 —I—H1/2|w] )/co and |w| < ¢ H_l/2 (4.17)

where Hy'* = max(H; (¢, wo), Hi* (8", wo)) < 4my (to, wo) /{0000 (to, wo)) < 402

In section 5, we shall choose a fixed p < 1 in order to get invertible operators and
suitable norms. In the following, we shall for simplicity only consider m;, since all
the m, are equivalent when p > ¢ > 0 by (4.6), this is really no restriction. In order
to get lower bounds in terms of the weight m; we need the following proposition,
which will be important for the proof.

Proposition 4.5. Let the weight M be given by Definition 5.5. Then there exists
Co > 0 such that
MH?(6,) < Comy (4.18)

which gives S(MH? Gy) C S(mq(50)~%, ¢°).
We shall use the following result, for a proof see Proposition 5.2 in [7].

Proposition 4.6. Let f € S(h™!, hg*) and let Hll/2 be given by by Definition 3.4.
Assume that

sgn(wi)f(w) >0 when (1+ HY*|w'|?)/Co < |wi| < CoHy "? and |w'| < CoHy '/

(419)

where w = (wi,w') and Hy'* > hV/2/Cy. If HY'* is sufficiently small, then there
exist ¢; and Cy such that

|£(0)] < Bu, f(0)0 + C1A'20? (4.20)

1F" () < 8, £(0)/ 0+ Cih 20 (4.21)

forany 1 < o< c Hy 12,
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Proof of Proposition 4.5. We shall put m; = my(to, wp), note that if m; > ¢ > 0,
then MHY?(8)) < C < Cmy/c at (tg,wp), since (&) < H; /> and M < CHj ' by
Proposition 3.9. Thus, we only have to consider the case m; < 1. Let 0 < gy < 1

be given by Lemma 4.4. If m; < 02, we may use Lemma 4.4 to obtain ¢* or-
thonormal coordinates so that |wg| < |do(to, wo)| +1 < Hfl/z(to,wo) and f satisfies
the conditions in Proposition 4.6 with Hé/Q = max(H;*(t',wo), H*(t",wo)) <
4m,(to, wo)/{00do(to, wo)) < 4¢Z. In the following, we shall omit the dependence on
to. Since 0p(do) < (00dy) we obtain that

Hy'* < gy ma / (G (wn))
so we only have to prove the estimate
MH? <O H)?  at w = wy, (4.22)

and we shall start by proving this estimate at w = 0.
First we observe that if Hll/Q(O) < C’()Hé/2 then M(O)Hf/Q(O) < C'Hll/Q(O) <
C’C’OH&/ 2 by Proposition 3.9. Thus, in the following we shall assume H&/ 2 <

50H11/ ?(0) for some gy > 0 to be determined later. >From the definition of M
we find

MH? = [ fIHY + | [Hy+ || £ HY o+ 02

When £ is small enough, we find from Proposition 4.6 that | f(0)| < C(|f/(0)|+h'/?)
and since H, < 1 it suffices to estimate || f(*)(0)|| for k = 1, 2. We obtain from (3.6)
that

[£(0)| H1(0) < 211" (0)| Hy'*(0) + 3R>, (4.23)

Thus, we only have to estimate Hf”(O)HHll/Q(O) in order to obtain (4.22) at w = 0.
Now by (4.21) we have

1£7(0) || Hy2(0) < HY*(0)(1£/(0)] /0 + C1h?0)

for any 1 < p < clHo_l/Q. Thus, if g < ¢1/4, we can choose ¢ = 4H1_1/2(O) <
450]-[0_1/2 < cll-.lo_l/2 which gives

£/ O)IH(0) < (17 OF(0) + ChY < I/ O0)[H(0) + G2, (4.22)

N

by (4.23). This gives ||f”(0)|H{/*(0) < 2C5h'/? < 2C,CoH,y'? and (4.22) at w = 0.
It remains to prove the estimate M(wo)Hf/Q(wg) < CM(O)Hf/Q(O) when |wy| <
Hfl/Q(wO). By Proposition 3.6 we have that

M (wo) < CM(0)(1 + H,"*(0)|wol)? (4.25)

and
H(wo) < CH(0)(1+ Hy"?(wo)|wy|)?. (4.26)
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In the case H11/2(0) < H11/2(w0) we find that |wg| < Hfl/Q(wo) < Hf1/2(0) and
thus M (woe)H:' (we) < 64C52M(0)H2(0) by (4.25)(4.26). When H,'*(wg) <
H{"?(0) we don’t use (4.26), instead we find from (4.25) that

M (wo) HY'™ (wo) < CM(0)H}"(0)(Hy (wo) Hy (0) +1)° < 8CM(0)H}(0)
since |wy| < H| 1/2 (wp). This completes the proof of the proposition. ]
Finally, we shall prove the “convexity property” mentioned earlier.

Proposition 4.7. Let my be given by Definition J.1. There exist kg > 1, ¢g > 0
and g9 > 0 such that if k > kg, t' <ty <t and

my (to, wo) = kmax(my (t', wo), my (", wp)) (4.27)
then we have
do(t",w) — 0o (t', w) > coma(to, wo) = cor max(mq (t', wg), my(t", wp)) (4.28)
when |w — wy| < .
Proof. Since ty < t” we have by the triangle inequality
m1(to, wo) < inf (So(t, wo) — do(to, wo) + Hy'*(£) (B0 (t, o))
! < 0o(t", wo) — do(to, wo) + Moy 1 (", wo)

and similarly m,71(t0,w0) < 50(t0, ’LU()) — (So(t,, 'LU()) + m,’1<t/, wo). Since my < ma
we find that

my (to, wo) = max(m_ 1 (to, wo), My 1(to, wo))
< (50<t//, wo) — 50(tl, U)O) + max(ml (t/, U}O>, mq (t//, ’w0>)

which gives (4.28) for w = wy with kg =2 and ¢y = 1/2.

If we choose g9 > 0 so that 1/Cy < my(t,w)/ma(t,wy) < Cp for |w — wy| < g
and all ¢, then we obtain (4.28) with kg = 2CZ and ¢y = (2C;) . O

5. The Pseudo-Sign

In order to construct a pseudo-sign we shall use the Wick quantization. For a(z, &) €
L>(T*R™) we define the Wick quantization:

""" (x, D, )u(x) = / a(y,mZy,(z, Do)uly) dydn  u e S(R)
T*R"
using the projections %y, (v, D,) with symbol

Sy, ) = "exp(—g (x —y,§ —n)) =7 "exp(—|z — y* — | — n]?).
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We find that Vit : S(R") — S'(R™) is symmetric on S(R") if a is real valued,
a>0 in L®(T*R") = (a"V*(x, D,)u,u) >0 for u € S(R") (5.1)

(see [15, Proposition 4.2]). We obtain from the definition that "Vt = ¥ where

ag(w) = W‘"/a(z) exp(—|w — z|*) dz (5.2)

is the Gaussian regularization. Observe that real Wick symbols have real Weyl
symbols.

Proposition 5.1. Assume that a € L>(T*R"), then a¥ = V' where ay is given
by (5.2). If |a| < CM then we find that ag € S(M,g*). If also a € S(M,G)) in a
G1 ball of fized radius with center w, then ag = a modulo symbols in S(H M, G)
in a fired G1 neighborhood of w. If a > M we obtain ay > cM, and if a > M
in a Gy ball of fizred radius with center w then ag > ¢cM — CH{M in a fivred G,
neighborhood of w, for some constants ¢, C > 0. If |da| < C almost everywhere,
then ag € ST(1,¢).

Proof. Since a is measurable satisfying |a] < CM, we find that a"V* = q¥ where
ap is given by (5.2). Since M(z) < CM(w)(1 + |z — w|)® by (3.13), we obtain
that ag(w) = O(M(w)). By differentiating on the exponential factor, we find ay €
S(M, g*), and similarly we find that ag > M/C if a > M.

If a € S(M, Hy ¢g*) in a G ball of radius ¢ > 0 and center at w, then we write
ag(w) = W‘"/ a(z) exp(—|w — z|*) dz
T+*Rn

= W_”/ a(z) exp(—|w — z|*) dz
lw—z|<cH; "/*(w)/2
+ ﬂ_"/ a(z) exp(—|w — z|*) dz
w—z[>cH; /* (w)/2

where the last term is O(H;" (w)M (w)) for any N. Thus, after multiplying with a
cut-off function, we may assume that a € S(M,G) everywhere. Taylor’s formula
gives

ap(w) =" /T*R" a(w + z) exp(—|z|*) dz
=a(w)+7" /1 / (1= 0){a" (w + 02)z, 2)e 1" dzdb

where " € S(MH,,G,) since G; = Hig*. Since differentiation commutes with
convolution, we find from (3.12)—(3.13) that ao(w) = a(w) modulo symbols in
S(H;M,G). Similarly, we obtain that ag > ¢M modulo S(H; M, g*) for some ¢ > 0
if @ > M in a fixed Gy ball. Since dag(w) = 77" [.gq. da(2) exp(—|w — 2|?) dz, we
obtain the last statement. O]
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Remark 5.2. If a(t,w) and g(t,w) € L>=(R x T*R") such that Oia(t,w) > g(t, w)
in D'(R) for almost all w € T*R™, then we find (0;(a"V*)u,u) > (g"W*u,u) in
D'(R) when u € S(R™).

In fact, the condition means that

—/a(t,w)¢’(t) dt > /g(t,w)gb(t) dt  0<¢eC®R)

for almost all w € T*R", and then (5.1) gives

- /(aWiCk(t, x, Dy )u, u)¢'(t) dt > /(gWiCk(t, x, Dy )u, u)p(t) dt 0<¢eC(R)

for u € S(R™).

We are going to use the symbol classes S (m’;, g,) where g, = 0*¢* and m,, is
given by Definition 4.1. Observe that S(m?k, g,) = S(mf, ¢*) for all 0 < ¢ < 1. In
fact, g, = 0%¢* and m, < m; < o~2m, by (4.6). By [2, Corollary 6.7] we can define
Sobolev spaces H (m’;, g,) with the following properties: S is dense in H (m’;, Go)s
the dual of H(mk, g,) is naturally identified with H(m,*, g,), and

u € H(m];,gg) < a"ue L*=H(l,g,) Vae S(mlg,gg) (5.3)

and then u = af'v for some ag € S(m,*, g,) and v € L?. Observe that H(m,g,) =
H(mk, g*) for all 0 < o < 1, but not uniformly. We also find from [2, Corollary
4.4] that a® is bounded as an operator:

we H(mi,g,) — a”u € Himi™*,g,)  whenae S(mhg,),  (5.4)
and the bound only depends on the seminorms of a in S(m?, g,).

Let p =my " ie.,

po(t, w) = 7r"/ m,(t, z) exp(—|w — 2|?) dz. (5.5)
T*Rn
Since m, satisfies (4.10) we find from Proposition 5.1 that
me/co < po € L=(R, S(my, g,))
uniformly for 0 < o <1 for some ¢y > 0.

Proposition 5.3. Assume that the symbol u = p,, € L®(R,S(my,g*)) is given
by (5.5) with o = oo < 1, thus p* = mg‘gic’“ < mWVik  Then there exist positive
constants cqy, ¢ and Cy such that

o2l < exlully ey < ) < Collully e, (5.6)
The proof relies on the fact that when 0 < o < 1 we have
1/2\w —1/2\w _ _w : . . : : 2
(mg/ ) (m, /%) =1, is uniformly invertible in L (5.7)
1
= < (my )P m(m ) <2 in L? (5.8)

5 S
when [t| <1 (see the proof of [7, Proposition 7.4]).

Next, we shall construct a perturbation B(t,w) = do(t, w) + 0o(t, w) of §y so that
b* = BWic* could be used as the pseudo-sign in Proposition 2.9.
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Proposition 5.4. Assume that dy is given by Definition 3.2 and my is given by
Definition J.1. Then there exist a positive constant Cy and a real valued oo(t, w) €
L>*(R x T*R™) such that

loo| < Crmy (5.9)
0:(d0 + 00) = m1/Cy (5.10)

in D'(R) when |t| < 1. We also have that t — oo(t,w) is a requlated function,
Vw e T*R"™, and w — 0o(t, w) € Lip(T*R™) uniformly for almost all |t| < 1.

The proof is long and technical (see the proof of [7, Proposition 8.1]), but the
idea is as follows. When ¢ — m;(t,w) has a approximate minimum at ¢ = t,
in the sense that m(s) < Cm(t) when t < s < ¢y or tg < s < t, we may take
oo(t,w) = cftz my(s,w)ds since t — 0¢(t, w) is non-decreasing. In general, we have
to split the interval [—1,1] into subintervals where ¢ +— m; (¢, w) has approximate
maximum and minimum, and use the “convexity property” of ¢ — do(t, w) given by
Proposition 4.7 in order to interpolate dy at the approximate maxima of ¢ +— do(t, w).

By Proposition 5.4 and Remark 5.2 we obtain lower bounds on 9,BVi* if B =
0o + 0o. But in order to prove Proposition 2.9 we also have to obtain lower bounds
on Re BVik fv Ty obtain that, we have to compute the Weyl symbol for the
pseudo-sign Bk,

Proposition 5.5. Let B = 0¢+ 0o, where &g is given by Definition 3.2 and go(t, w)
is the real valued symbol given by Proposition 5.4, satisfying |oo(t, w)| < Cmy(t, w)
for almost all [t| < 1. Then we find

where b = 61 + 01 € S(Hfl/Q,g”) N ST(1,4%) is real valued and requlated in t, and

01 € S(my,g*) C S(Hll/2<(5o>,gﬁ) for almost all |t| < 1. There also ezists a positive
constant ko with the following /vropertz'es. For any A > 0, there exists ¢y > 0 such
that if |6 > AH{Y* and HY? < ¢y then [b] > kodH[ Y2 If H*(t,w0) < ko
and |do(t, wo)| < /ing_l/Q(t,wo) then we have S(Hl_l/Q,Gl) > 01(t, w) = do(t, w) +
02(t,w) when |w — wo| < ko Hy *(t, wo) with real valued 05(t,w) € S(H'?, G).

Proof. Let §)Vik = § and o)/ "* = o%. Since || < C’Hl_l/27 loo] < Cmy and
the symbols are real valued, we obtain from Proposition 5.1 and (4.3) that §; €
S(H;Y?, ¢*) and o1 € S(ma,g%) € S(H{*(%),¢*) are real valued for almost all
|t| < 1. Observe that m; < 1, and since |dy] < 1 almost everywhere we find that
b € ST(1,g% for almost all |t| < 1 by Proposition 5.1. Since &y(¢,w) and go(t,w)
are regulated in ¢, we find from (5.2) that the same holds for 6, (¢, w) and ¢ (¢, w).

When [6| > AH; "/ at (t,w), A > 0, then by the Lipschitz continuity and
slow variation we find that |dg| > )\Hl_l/z/C'o in a Gy neighborhood w of (¢, w)
(depending on ). Since |gg| < CH11/2<(50> we find by the slow variation that |y +
00| > AH;1/2/200 in w when H11/2(t,w) is small enough. Proposition 5.1 gives
b] > cAH; 2 /2Co — CAHL? J2C, > eAH[Y?/3C, at (t, w) when H,/*(t,w) is small
enough.

V-22



If |06 < roH;"? and H® < ky for sufficiently small ky > 0, then |§y| <
Coﬁngl/z and Hll/2 < Cyka in a fixed G neighborhood. Thus, for ko < 1 we
obtain that dy € S(Hl_l/Q, G1) in a fixed G neighborhood. Then we obtain the last
statement from Proposition 5.1, which completes the proof. O]

Next, we shall obtain lower bounds on Re BV f* = Re b* f*, and finally prove
Proposition 2.9.

Proposition 5.6. Assume that b = 6, + p1 s given by Proposition 5.5. Then we
have

Re((b” f*)|,u, u) > (Ciu,u) Vue (R for almost all |t] <1 (5.11)
where Cy € S(my(t), g*) has uniformly bounded seminorms.

The proposition is proved by localizing with respect to the metric G for fixed
t. Observe that we may ignore terms in Op S(MHf/z(cSO},gﬁ) C OpS(my,g*) by
Proposition 4.5, which makes the localization possible. Also, when H; = 1 we have
bf € S(MHY, g*) for any N, thus we may assume H;, < 1.

By the slow variation of Gy and the uniform Lipschitz continuity of w +— dg(w),
we may consider the domains where |§y| = xH; /* for k < 1. When |0o| > xH; />
and H; < 1 we use that bf is a product of a non-negative symbol and an elliptic
symbol. Moreover, we find that M Hf’/ ?(8,) = MH, in this case, so by perturbing
the Fefferman-Phong estimate for f" we obtain the lower bounds in this case.

When |6y| < H; '/? and Hy, < 1 we find that &, € S(H; '/*,G1) but bf # 0. By
completing the square and taking an approximate square root, we obtain the lower
bounds by using the calculus (see the proof of Theorem 9.1 in [7]).

Proof of Proposition 2.9. Let BVt = (5 + 09)"V** be the pseudo-sign, where & +
0o is given by Proposition 5.4. We find that BV = v* = (5, + 0,)* where
b(t,w) € L=(R,S(H; '/, ¢%) + S*(1,¢%) is given by Proposition 5.5 for |¢| < 1.
Now 0;(d + 00) > my/Cy in D'(R) when [t| < 1 by Proposition 5.4. Let p* €
L>=(R,Op S(m1, g*)) be given by Proposition 5.3, then m{®* > ;. Thus we find
by Remark 5.2 that

O (b u, u) = (0, BV **u,u) > C7H{p"u, u) in D'(R) (5.12)

when u € C{°(R™). We obtain from Proposition 5.3 that there exist positive con-
stants ¢p and ¢; so that

> coh?|ul>  ue CFRM). (5.13)

<:uwu’u> Z Cl”“”i](m}/?) -

Here Hu||H(m1/2) is the norm of the Sobolev space H(m\?, g*) = H(mim) given by
(5.3) with o = 1 and k = 1/2. By Proposition 5.6 we find for almost all |¢| < 1 that

Re((B"** )| u,u) = Re((b" )] ,u, u) > (Cu,u)  u e C*(R™) (5.14)
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with C; € S(my(t), ¢*) uniformly. Thus we obtain from (5.4) and duality that there
exists a positive constant c, such that

(O] < Nl IOl vy < allully ) < el w)fer (5.15)

)
for u € C§°(R™) and almost all |[t| < 1. We obtain Proposition 2.9 from (5.12)-
(5.15), which completes the proof of Theorem 1.1 and the Nirenberg-Treves conjec-
ture. O

References

[1] Richard Beals and Charles Fefferman, On local solvability of linear partial dif-
ferential equations, Ann. of Math. 97 (1973), 482-498.

2] Jean-Michel Bony and Jean-Yves Chemin, Espace fonctionnels associés au cal-
cul de Weyl-Hérmander, Bull. Soc. Math. France 122 (1994), 77-118.

[3] Nils Dencker, On the propagation of singularities for pseudo-differential opera-
tors of principal type, Ark. Mat. 20 (1982), 23-60.

[4] — | The solvability of non L? solvable operators, Journees ” Equations aux
Dérivées Partielles”, St. Jean de Monts, France, 1996.

5] , A sufficient condition for solvability, International Mathematics Re-

search Notices 1999:12 (1999), 627-659.

6] , On the sufficiency of condition (¥), Report 2001:11, Centre for Math-

ematical Sciences, Lund University.

7] , The resolution of the Nirenberg-Treves conjecture, Report 22, Institute

Mittag—LefHler, 2002/2003 fall.

[8] Jean Dieudonné, Foundations of modern analysis, Academic Press, New York
and London, 1960.

9] Lars Hormander, The Weyl calculus of pseudo-differential operators, Comm.
Partial Differential Equations 32 (1979), 359-443.

[10] , The analysis of linear partial differential operators, vol. I-IV, Springer
Verlag, Berlin, 1983-1985.

[11] , Notions of convexity, Birkhduser, Boston, 1994.

[12] , On the solvability of pseudodifferential equations, Structure of solutions
of differential equations (M. Morimoto and T. Kawai, eds.), World Scientific,

New Jersey, 1996, pp. 183-213.

[13] Nicolas Lerner, Sufficiency of condition (V) for local solvability in two dimen-
sions, Ann. of Math. 128 (1988), 243-258.

V-24



[14] _ | Nonsolvability in L? for a first order operator satisfying condition (V),
Ann. of Math. 139 (1994), 363-393.

[15] , Energy methods via coherent states and advanced pseudo-differential
calculus, Multidimensional complex analysis and partial differential equations
(P. D. Cordaro, H. Jacobowitz, and S. Gidikin, eds.), Amer. Math. Soc., Prov-
idence, R.I., USA, 1997, pp. 177-201.

[16] . Perturbation and energy estimates, Ann. Sci. Ecole Norm. Sup. 31
(1998), 843-886.

[17] — | Factorization and solvability, Preprint.

[18] | Private communication.

[19] Louis Nirenberg and Francgois Treves, On local solvability of linear partial dif-
ferential equations. Part I: Necessary conditions, Comm. Partial Differential
Equations 23 (1970), 1-38, Part II: Sufficient conditions, Comm. Pure Appl.
Math. 23 (1970), 459-509; Correction, Comm. Pure Appl. Math. 24 (1971),
279-288.

[20] Jean-Marie Trépreau, Sur la résolubilité analytique microlocale des opérateurs
pseudodifférentiels de type principal, Ph.D. thesis, Université de Reims, 1984.

CENTRE OF MATHEMATICAL SCIENCES, UNIVERSITY OF LUND, Box 118, S-221
00 LuND, SWEDEN
dencker@maths.lth.se

V-25


mailto:dencker@maths.lth.se

	Introduction
	Reduction to the multiplier estimate
	Symbol Classes and Weights
	The Weight function
	The Pseudo-Sign

