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,Iournées Equations auz dérivées partielles
Evian, 4 juin—8 juin 2007
GDR 2434 (CNRS)

LECTURE NOTES :
Global Well-posedness, scattering and blow up
for the energy-critical, focusing, non-linear
Schrodinger and wave equations

Carlos E. Kenig

Lecture 1

In these lectures I will discuss recent joint works with F. Merle. In them we have
developed an approach to the study of non-linear critical problems of dispersive type.
The issues studied are global well-posedness and scattering. The approach works for
both focusing and defocusing problems, but in these lectures I will concentrate on
two focusing problems. The approach proceeds in steps, some of which are general
and hence apply to “all problems” and some which are specific to each particular
problem. The concrete problems to be discussed here are the energy critical, focusing
non-linear Schrodinger equation and wave equation. I will try to separate both kinds
of arguments in the exposition. I will start out by discussing (NLS).

Consider thus the Cauchy problem for the H' critical non-linear Schrodinger
equation

() {

The problem is called “critical” because if v is a solution and A > 0, ux(z,t) = sx=272
u($,55) is also a solution and [|ux(—,0)|[g = [|ugl|1, YA > 0. Here the — sign
corresponds to the defocusing problem and the + sign to the focusing problem.
The theory of the local Cauchy problem (Cazenave-Weissler 90, [4]) shows that if
[luol| g2 < 6, = o > 0 is small (and N < 5) then 3! solution to (C'P) with
u € C(R; HY), ||ul[ 27
this is equivalent to JuT € H' s.t. |Ju(—,t) — e ui|| —— 0. Also, the energy

identity holds, i.e.

Bu(t)) = ;/ Ve, 1) de + ;/\u(ac,t)]T dz — Bug).

i0pu+ Au + [uN"?u = 0,2 € RVt € R,
U|t:0 =Ug € Hl.

ot < 00 (i.e. the solution scatters). As we will see later
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Here + corresponds to the defocusing, focusing cases, 2i = % — % is the “Sobolev

conjugate” exponent. Here we see the difference between the defocusing and focusing
cases. In the defocusing case, Bourgain ([3], 1998) proved that for N = 3,4, ug radial,
the above result holds for ||ug|| ;1 < co. Bourgain’s result was extended to ug radial,
N > 5 by Tao ([30], 2004). For N = 3, general uy the same result was proved by
Colliander-Keel-Staffilani-Takaoka-Tao ([5], 2004). This was extended to N = 4 by
Ryckman-Visan ([25], 2005) and to N > 5 by Visan ([33], 2007). In the focusing
case, these last results do not hold. In fact, a classical argument, based on the “virial
identity” (Zakharov, Glassey) shows that if [ |x]? |ug(x)|> < oo and E(ug) < 0, then
the solution must break-down in finite time (Glassey 77, [11]). Also,

|w|2 )—(N—z)/2

I o
N(N —2) <

W(w,t) = W(z) = (1 +
and solves the elliptic equation

AW + |[W¥N=2W =0, zeRY,

and hence (NLS), but scattering does not occur, even though the solution is global
in time. Our main result in this case is:

Theorem A (K-Merle [16], 2006). For the energy critical, focusing (NLS), N =
3,4, 5, ug radial with E(ug) < E(W),

i) if ||uo|| g < |[W]| g1 the solution exists for all times and scatters.

i) if [|luol|lgr > |[W]lg (and |Jugl|zz < oo) then the solution breaks down in
finite time.

Remark. The conditions E(ug) < E(W) and ||Vuy| = ||VW]|| are incompatible
(from now on, || || is the L? norm).

I will now turn to the proof of Theorem A. We start with a quick review of the
local (CP) theory.

Theorem (Cazenave-Weissler [4], 1990). Let uy € H'(RY), |[uo|[gn < A. Then,

(for 3 < N < 5) 36 = §(A) s.t. if ||eug|lsqy < 0, 0 € I, there exists a

unique solution to (CP) in RN x I s.t. u € C(I; HY), sup [[u(®)|| + ||[Vullwr <
tel

C(A) and ||u||sry < 26. (Here ||f||s) = || FIFNFRN=2 [2ANF2)/N=2 . ] fllwa =

[ f1] ov+2y/n—2 2n(vszyw2ea ). Moreover, ug — u € C(I; H') is Lipschitz.
I T

Sketch of the Proof . The key ingredients are the Strichartz estimates (Strichartz
77, [28], Keel-Tao 98, [15]) (N > 3)

i) 11V €2 o]l w(-c0,+00) < C 'l |1

i) ||V Jo e"2g(— 1) dt'[[w(—co,400) < CIVll 2 2

(S)

t
iii) sup||V/ A g(— Y dt'|| < C||Vgl| 2 ponine
t 0 t
and the Sobolev embedding:

(SOb) ||'U||L2(N+2)/N—2 2(N+2)/N=2 S C ||VU||W([) .
I x
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We then have (with f(u) = £|u|*"~2u) to solve the integral equation (Duhamel’s
principle)

( Uo"‘/ i(t=t) dt/

Let By = {v € RV x I : |[v]|lsqy < a, HVUHW 0 < b} Dup(v) = ey +
Jet=A f(v) dt’. We will show that we can choose 4, a, b s.t.

CDUO . Ba,b e me

and is a contraction. From this, also using (S) iii), the theorem follows. But, by (S)
i), ii)
||V<I>u0(v)\|(1) <CA+C ||Vf(U)HL? [2N/NE2

But |Vf(v)| < C |Vl [v[*N=2, so Holder gives that this is
< CA+ C|| ||4/N 2 ||VU||W(I) < CA+ Ca4/N_2b.

y (Sob), |[Puo(v)||s(y < 0 + Ca*N=2b. We then choose b = 2AC, a so that
Ca¥N-2 < %, so that [[V®uo(v)|lwy < b. If we now set § = £, Ca¥N-2-1p < :
(which is possible if N < 6). We obtain |[®ug(v)||s) < a. The contraction property
is similar and the Theorem follows. 0

Remark. Because of (S), (Sob), 30 s.t. if ||ug||;n < &, the hypothesis of the Theo-
rem holds for I = (—o0, +00). Moreover, g1ven uy € H1 31 s.t. ||e up|| sy < 0, so
the Theorem applies on I. Note also that if u™), u(® are solutions of (CP) on I (u €
C(I; HY), Vu € W(I), the integral equation holds with u™ (ty) = u® (ty), to € I),
then uY = u® on I. This is because we can partition I into I;’s s.t. ||U(i)||5'(]j) <a,
[[Vu® ||,y < b ; choosing ty € I, using the uniqueness of the fixed point in I;,
and then induction on j, our claim follows. Thus, there exists a maximal interval
I = I(ug) = (—=T_(ug), T (up)) where the solution u € C(I', H") N {Vu € W(I')},
VI'e I, I' # 1, is defined. We call I the maximal interval of existence. For t € I
we have E(u(t)) = E(uy).

Standard blow-up criterion

If T'y (uo) < +o0, we must have ||u||so,r, (o)) = +00. If not, M = ||u||spo,7 (ue)) < 00

(e,M)
For ¢ > 0, to be chosen, partition [0, 7 (ug)) = vjsul I;, so that [|ul|sg,) < e. If
J:

I; = [tj,t;+1), using the integral equation and the proof of the Theorem above, we
have
4/N 2
sup [[u(®)ll g + IVullway < Cllult)llm + Cllullse) " 1Vullwa,)
i

If C'e¥N=2 < 1 we can show inductively that

sup Nu(®)|[ g + [[Vullw(or, wey) < C(M).
tE[O,T+(u0))

Choose now (t,) T T4 (up) and show, again using the integral equation, that for
n large, |2 u(t,)lsqry o < 3 (on [t To(uo)), u(t) = €5 uft,) +
Ji =2 f(u)dt'). But then, for same gy > 0 we have

e 2wt )| st Ty (w0)20) < O

which, by the Theorem contradicts the definition of T’ (ug).
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Scattering

If Ty (up) = 400 and M = ||u||s(0,+00) < 00 then u scatters at 4-o0. In fact, by the

integral equation, as before we show that sup ||u(t)||gz +||Vullw o400 < C(M).
t€[0,4-00)
But then, since

) to
ult) = g + [ 02 fu) dr
0

and if we set uf = ug+ [ e A f(u) dt’, so that by (S), uy € H' and u(t)—e™® uf =
A [ e='A f(y)dt' — 0 in H' as t — +oo from iii), so that we get scattering.

We now turn to a perturbation theorem which is an important step in what
follows. The proof sketched in our original paper is incorrect. We are indebted to
M. Visan and X. Zhang for pointing this out and suggesting the use of fractional
derivatives to give a correct proof.

Perturbation Theorem

Let [ =[0,L), L < +o0, let @ be defined on RY x I be such that
sup (a0l < A, lallsin <M, [Valhwa < oo

verify in the sense of the integral equation
i+ Au+ f(u) =e

and let ug € H' be s.t. |[ug — @(0)]|;;n < A’ Then Jego = go(M, A, A) s.t. if
0 <e<gyand

[Vell sgamins < 2, 1€ fuo — a(0)llsi) <.
then 3! solution v on RY x I, s.t.

Jullsy < C(A", A, M) and sup ||u(t) — a(t)||;n < C(A A, M)A +e+¢€)
tel

where ¢/ = ¢? for some 3 > 0.
In the proof it suffices to give a priori estimates for u, assuming that it exists.
The (CP) theory gives the rest. We will need 2 new ingredients:

t .,
(F) ‘ / ez(t—t )A h(t/) dt/
0

(Foschi [6], 2003, Vilela [32], 2007) holds, provided

1 1 N 1 1 1 1 1
PLN D oY,

< Al
LiLr

t Hx

g'
q 7!
L7 LE

q q 2 T q T

ox(-Y). bdar, A2 Y
Notice that (¢,r) = (2<]<[V_+22) : 2((]<7V—+22)))’ (q,7) = (2,N2_N2) verify the condi-
tions. For 0 < a < 1, v near 1, let i = M + % so that

HfHL§<N+2)/<N72) < C||D*fller
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2(N +2)
N—2
A llsey < CHD*flleay < CUV fllway

and with ¢ = we have

and, by interpolation,

1D fllzg g < CANSH IV l5-

1 N?2—2(a—1)N —4a 11 2
Set ¢ =2, — = thtf:f ———. Note then that
TITEG INN+2) O T T (v gy o ten Tl
for a close to 1, (F) is verified. By interpolation we have || D% [ug —w(0)]]|ps Ly <

C(A) ¢, & = 1= Moreover, by Holder,

_ 4/N -2
=2 D]y, 0 < Mllg) > 11D ul o s

e oy
The second ingredient is the chain rule and Leibniz rule for fractional derivatives
([19], 93]): in this case,

al e~ - ~114/n—2 4/N—2 a
1D*[f (it +w) = f@)l] g o < Cllalld™ + [wlld™ ] [1D"wllgg 1,
N2 6NN2 o~ [0
+ Cllwlls[lalls ™7 + [Jwlls™™ 2] [[| D8I 1y + 110wl g 1]

To carryout the proof, we write u = 4 + w, so that the equation for w is 10w +
Aw = f(@ +w) — f(i) — e, w|i=o = up — @(0). Note that by the integral equation
for @, splitting into sub-intervals we obtain ||Va||lw )y < M = M(M, A), so that,

J
by interpolation, HD"‘&HL?U < My = M;(M,A). We then split [ = 'U1 I, J =
x J:
J(M, A, n) so that on each I; we have [|[D*G|[rs 1, <1, n > 0 to be chosen. Let
J
I; = la;,aj41], ap = 0, ay4+1 = L. By the integral equation on I;

A v t
w(t) = eilt—a;)A w(aj) + / git—t)Aa [f(@+w) — f(a)]dt’ + / elt=t)A e(t') dt'.

By (F') (and (Sob) and (S)) we have
1D%wlleg 2y < [ID* eltmana w(ag)lley oy + Ceo+ ClIDf(@+w) = fl@)lll g 1

< <||Da €i(t_aj)Aw(aj)HLq L+ Cé“o) +CptN? HDO‘wHngL;

a N+2N2
+C|D MU/

Thus, if Cn*/N=2 < %, we get

(N+2)/(N-2)

[0 3 (e
1D%wlly < 5+ ClID w522,

where
||Da ei(t_aj)A w(aj||L<tz Ly + CSO .

Note that n depends only on N. From this a standard continuity argument shows
that there exists Cy = Cp(C) s.t. if v; < Cp, we have

« o N2N
@) ID%wllug 1p <37 B) CNIDwllfg 2™ < 395
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Hence, |[Dw||za 1, < 3][|[D® eilt=as)A w(a;)||La Ly, + C&). To continue in the itera-
J

tion, put ¢ = a4, in the integral formula, apply e/t +1)A o obtain:
R w(agy) = 798 4 / O @+ w) — f(@)] de

+/ R et dt
By the same argument we get:
1D 4% w(agy)|| ey < |[D* 92 w(ay)| e
+Cey+ Cn*N-2 ||Daw||L§j L+ C ||Daw||L§j Lr-
Again, taking 7 small we see that 7,41 < 107; provided v; < Cj. Recall that by

assumption we have vy < g, + C'gg. Iterating, v; < 10/ (g(, + Cep), if v; < Cp. If we
have 107! (g + C'gg) < Cy, this always holds. Repeating the argument we obtain

1 D%wl| L 1y, < 3(J +1)10VFV (¢ + Ce),
for £9 small. Hence, by Sobolev ||w||sy < C(¢'+¢). The rest of the argument follows

similarly.
Some useful corollaries:

Corollary 1. Let K ¢ H' be s.t. K is compact. Then 3T, Tx s.t. Vug € K,
T+(U0> > TI?’ T_(UO) > Ti.
Choose M =1, A = sup||u0||Hl7 A = C(A) as in (CP), g = (1, 4,1) as in

ug€eK

Perturbation Theorem, ¢; < min(eg, 1). Cover K by balls B(ugj,e1), 1 < j < J

(compactness of K). Consider T-Jr Tj_ st ||ug |- 7 S 1l and T = 1r<n]1£1JTJr

T = 1r<nanT . Then, if ug € B(ugj, 1) for some j, the solution exists in [-7"~,T7]
<j<
by Perturbation Theorem.

Corollary 2. Let iy € H', ||tio]| ;2 < A, 1 solution in (=T (i), Ty (o). If ug,, —
tp in H', then T (@) > liminf T (up,) ; Ti(t) < liminf T (up,) and Vt €
(=T (1), Ty () we have u,(t) — u(t).

In fact, if I' cC I = (=T_(t), T (1)), :?quHﬂ(t)HHl < CAT), |allsary <
= !/

M. Apply the Perturbation Theorem with v = w,, uy = wup, on I'. If ¢ =

eo(M,C(A,I'),1) and n is so large that ||ug, — o]z < 1, ||€¥2 [ugn — o]lls < €0,

we have wu,, exists on I’ and sup||u, (t) — a(t)|| ;1 < C(A, M){||uon —ﬂngl}, B >0,
tel

so the claim follows.
From now on we concentrate on the focusing case,

i Opu + Au + Ju[YN "2y =0,
{ Ul—o = up € H'.
We start out with a review of Glassey’s blow-up result: assume that
/|x\2 [up ()| dr < oo, uy € H',
E(up) < 0, I = (=T_(ug), Ty (up))-
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Let y(t) = [|z|? |u(x,t)]>dx. A calculation shows that y”(t) = 8 [ |Vu(z,t)]* —
|u(z,t)|*" dr (the same calculation also gives y( ) < 00, Vt € I). Since E(u(t)) =
E(ug) <0, 5 [ [Vu®)]P—|u(t)]* = E(u(t)+(z—3) |u( )I* < Elu(t) = E(ug) <
0, y"(t) < 16 E(ug) < 0. But, since y > 0, I cannot be infinite. The next step is to

establish some variational estimates. Recall that W (z) = (1 + (\xl 5)” (N=2)/2 g g

stationary solution of (CP), € H' and solves the elliptic equation
AW 4 |[W[YN=217 = 0.
W >0 and is radially decreasing. By the invariances of the equation,
Wagnoro() = €0 2 W (N2 — )

is still a solution. Aubin and Talenti (76) gave the following variational charac-
terization of W: let Cy be the best constant in the Sobolev embedding ||u||2x <
Cn||Vul| 2. Then ||u|| 2+ = Cn [|[Vul|p2, u Z 0 < 1 = Wigy x0,20) for some (6y, Ao, 20).
Note that by the elliptic equation, [ |[VW|? = [|W|?". Also Cy||[VW|| = [|W]| 2+

so that C}/||[VW|]* = (f |VW|2)(N_2)/N. Hence, [ |[VW|* = Zy. Moreover
N

1 1 1
B(V) = (5~ 50 [ IVWF = 55w

Lemma. Assume that ||Vv|| < ||VW]|| and that E(v) < (1 — &) E(W), o > 0.
Then 30 = §(dy, N) s.t

i) [[Vol[* < (1= 0) [[VIV]]?

i) [[Vo]? = o =0 |[Vol]?
i) B(v) > 0.
Proof. Let f(y) = sy — o & y*' /2 5 = ||Vv||%. Note that f(0) =0, f(y) > 0 for y
near 0, y > 0 and that f’( ) =1- %yw/zfl, so that f/(y) = 0iff y = yo = gy =
N

IVW|[2. Also, £(40) = yi = E(W). Since 0 < 7 < ye. f(7) < (1) f(y) and

is non negative andﬁstrlctly increasing between 0 and y., and f'(y.) # 0, we obtain
0< (@), 7 <(1=908)y.=(1—20)|[VW]|?. This shows (i), (iii). For (ii), note that

1o~ = [ 1w~z (froer)

:/|VU|2[1 _C]2V*(/|VU|2>2/(N—2)}
z/!vu\2[1—0?v”( oy ( [ v )2 . 2)}
= [ Vo[t — (1 = 5)2/-2)]

which gives (iii). O

Remark. If ||Vu|| < [[VIV||, E(up) > 0.

From this static Lemma, we obtain dynamic consequences.
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Corollary (Energy trapping). Let u be a solution of (CP) with maximal interval
I, ||[Vuol|[* < [[VW]]?, E(ug) < E(W). Choose dy > 0 s.t. E(ug) < (1 — o) E(W).
Then, for each t € I, we have for 6 = §(dp),

i) [[Vu@®)|* < (1= )|IVWI[?, E(u(t)) = 0

i) [ Vu)? —ut)]* >3 [ [Vu(t)?

iii) (Coercivity and uniform bound)
E(u(t)) = [[Vu@®)|* = [[Vuo|[*,

with comparability constants which depend only on &y.

Proof. From the continuity of the flow, conservation of energy and the previous
Lemma. [

Remark. Let ug € H', E(ug) < E(W) but ||[Vug|[> > [|[VW||. If & is chosen so
that E(ug) < (1 — do) E(W), we can conclude, in the same way that [ |Vu(t)]* >
(1+0) [|IVW|*, t el

But then, notice that:

[IVuOF ~ [ =2 Ew) — 2 [ [Fu(o)?

2 1 ) 1 —26
<2EW)— —— ————— == <
R ST Ko ) Ko B e
Hence, if [|z|? |ug(z)|? dz < oo, Glassey’s proof shows that I cannot be finite. If ug
is radial, ug € L?, using “local virial identities” one can see that the some holds. We

now turn to the next step in the proof:

0.

Concentration - Compactness Procedure

We now turn to the proof of the positive result in Theorem A. Recall that by the
coercitivity-uniform bound estimate, if E(ug) < E(W), ||[Vuol||> < |[VW||?, if &
is s.t. E(ug) < (1 —6) EW), E(u(t)) = ||[Vu(®)||* ~ ||Vuo||?, t € I, and that if
[|[Vuo||? < [|[VW||?, we have E(ug) > 0. It now follows from (CP) that if ||Vul||* <
[|[VW||? and E(ug) < no, no small, then I = (—oo,+0c) and u scatters. Hence by
considering G = {E : 0 < E < E(W): if ||[Vu||* < [[VW]|]? and E(uy) < F,
then [|ul|s(y < oo} and E, = supG, we find E. with ny < E. < E(W) s.t. if
[|[Vuo||?* < ||[VW]|? and E(ug) < E., then I = (—o0,+00) and u scatters, and E,
is optimal with this property. Theorem A is the assertion E. = FE(W). Assume
then E. < E(W) and we will reach a contradiction. Note that if 0 < F < E,
[[Vuol> < |[[VIW]]? and E(ug) < E, then |[u||si) < oo, while if E, < E < E(W),
Jug s.t. [[Vuol* < |[VW|%, E. < E(ug) < E < E(W) and ||u||g(1) = +oo. We will
use a concentration-compactness argument to deduce some consequences of this that
will eventually lead to a contradiction.

Proposition 1. There exists ug. € H', ||[Vuo||> < |[VW|]?, with E(ug.) = E.(<
E(W)) s.t. if u. is the corresponding solution then ||u||s) = +o0.

-8



Proposition 2. For any u. as in Proposition 1, with (say) ||uc||s,) = +oo (I =
IN[0,+00)), there exist x(t) € RN, \(t) € R, t € I, such that

K= {v(x,t) : W uc<x;(f)(t),t> :t€I+}

has compact closure in H*.

The proof of Propositions 1 and 2 uses the coercitivity and uniform bound es-
timates, in conjunction with the “profile decomposition” of Keraani ([20], 2001),
which describes the defect of compactness in the estimate
itA

1" wolls < C'luoll g1,

which combines Strichartz (S) (i) with Sobolev (Sob). This is based on the “improved
inequality” (N = 3)

1/3 2/3
1Bl 2o @s) < C [[VhI|otge [IVAIZ

Bj oo
where BS’OO is the standard Besov space (see [7]).

Theorem (Profile decomposition, Keraani 2001). Let {vo,} € H, |[vonl|in < A,
e vopl] > 6 > 0. Then, there exists a subsequence of {von} and {Vo;}32, in H'
and triples (Njn; T3 tin) € RT x RN x R, with

>\jn )\j’n ’tjn_tj’n’ ’xjn_xj’n| . ./
=+ 3 : : : : 00, J #J
)‘j/,n )\Jrn )\in )\],ﬂ n—oo
the triple is orthogonal), s.t.
( D gonal),
) [[Voullgn > ao(A) > 0.
i) If Vf = eV ;, then we have, for each J
J
1 T —T; t;
Von = V.é( o ]’">—|—w‘],
0, 921 /\j'\’/n—2/2 J Aim )‘in n

where lim inf,, ., |2 w!||s - 0, and for each J > 1 we have:
— 0

J .
(i 8) [ Vol = 5 19V, + [Vl + o(1), as n — oo
and
J .
(i b) Blo,) = 5 BV (=§2)) + Blw)) +o(1)
as n — 0.
Lecture 2

In order to apply Keraani’s Theorem to our non-linear problem, we need the notion
of a “non-linear profile” : let vy € H', v = e®vy, {t,} a sequence with lim ¢, =
n—oo

t € [—00, +00]. We say that u(x,t) is a non linear profile associated with (vo, {t,})
if 3 an interval [ with ¢ € I (if { = £o0, I = [a, +00), (—00, a] respectively) such
that u is a solution of (CP) on I and Jim l|u(=,tn) —v(—,tn)|| g1 = 0. There always
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exists a non-linear profile: if £ € (—oo, +00) we solve (CP) with data at ¢ = v(z, ).
If £ = +o0 (say), we solve integral equation

u(t) — eitA U0+/ ez‘(t_tl)A f(u) dt,,
t

in RY x [tn,,400), where ng is so large that [|e"® vg||s, o0y < 0. Then, u(t,) —
u(t,) = [° e f(u)dt', which — 0 in H?, since V f(u) € L? L2AN/NF2 Tt s

(t>tng)
easy to see that if u",u® are non-linear profiles associated to (vo, {t,})in I o1,
then u(¥ = u® on I. Hence, there exists a maximal interval of existence I for the
non-linear profile. Clearly, near finite end points of I, the S norm is infinite. These
concepts are used in the following:

Proposition 3. Let {z0,} € H', ||Vz0.])? < |[[VW]|? and E(2,,) — E.(< E(W)),
|12 20 1| $(—c0,100) = 0 > 0. Let (VOJ) | be as in the profile decomposition. Assume
that one of

a) lim inf E(V/(~ A =) < Ee
or
b) liminf £(V/(~ A =) = E.
and for s, = ;\2" , after passing to a subsequence so that s, — § € [—00, +00]

and E(V{(— n)) — FE., and if Uy is the non-linear profile associated to
(Vo1 {sn}) then I = (=00, +00), ||Ui]|s(~o0,400) < 00.

Then, (after passing to a subsequence) if z, solves (CP) for (zo0n), ||2n]]s(=s0400) <
o0, for n large. (In fact it is uniformly bounded in n.)

We will first assume Proposition 3, use it to prove Propositions 1, 2, then prove
Proposition 3.

Proof of Proposition 1. Find wy, € H', [|Vu.]> < [IVW|?, E(up,) — E.,
1€ U || (00 +00) = 0, ||tn|]s(1,) = +00, I, a maximal interval. Since E, < E(W),
for n large E(ug,) < (1 — &) E(W). By energy trapping, 36 s.t. ||[Vu,(t)||? <
(1—=8)||[VW]|[?, t € I,,. Fix J > 1 and apply the profile decomposition to {ug,}. We
have

J
() [Vuou|l* =D IV Voull* +[[Vey|[* + o(1),

J=1

(1) E(ug ) ZE(W( )\]2”>>+E( )Y 4 o(1).

For n large, we have, from (f) that [[Vw;|]* < (1 - S)HVWHQ and ||[VVp,||* <
(1=9)[IVW][?, 1 < j < J. Hence, for n large E(w;]) > 0, E(V}(— tj"))) > 0. Thus,
E(Vi(— tl")) < E(ugp,)+o(1) by (f), so that hm E(V{(—5 %3 )) < E Assume first

that we have strict inequality. Then Proposmon 3 a) gives a contradlctlon for large
n. Thus, liminf, .o E(V{(s,)) = E.. Let U; be the non-linear profile associated to
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(Vo1,{sn})- The first observation is that V5 ; = 0, j > 1. Indeed, by (f) and the
facts that E(ug,) — E., E(V{(s,)) — E. (after passing to a subsequence), we see

that E(w!) — 0, E(V‘Z( t”—")) — 0, j=2,...,J, But then, by coercitivity, we see

that
J

>

Jj=2

tin\ |2
v (=) + vl —o.
7,m

But, |[VV/(—3=)[|* = |[VVo,l|? establishing the claim, and in addition showing
J,n
that ||[Vw]|| — 0, so that

1 [T — Tip ) J
Ugp = ——== V; ., 8y | +w;, .
0, )\N72/2 1( An

: . N-2/2
Renormalize, setting vy, = A},

as U, and so that

U0 ( A1 (z+21,,)), which has the same properties

Vo,n :Vvle(sn)_'_w;{a HVQDZH — 0.

Let I} = max int of U;. By definition of non-linear profile, E(U;(s,)) = E(V{(s,))+
o(1) = E.+o(1), |[VU(s)I2 = [IVVE(sa)|P+0(1) = [[FViolP+o(1) = [[ Vo, [P+

o(1) < |[VW||? for n large. Now fix 5 € I, so that F(U.(35)) = E(Ui(s,)) —
E,., so that E(U,(s)) = E.. Also, ||[VUi(s,)|]> < |[VW][? for n large, so that, by
energy trapping, ||VU(s)||* < [[VW][?. If ||U1]|s) < oo, Proposition 3 b) gives a
contradiction. Hence ||Ui||s(r,) = 400, we take u. = U;. O

Proof of Proposition 2. (by contradiction) Let u(z,t) = u.(z,t). If not, 3ny > 0,
{t 352, tn > 08.8. Vg € RT, 75 € RY we have (after rescaling)

1 T — X
0 () e,

After passing to a subsequence, t,, — t € [0, T (up)], so that t = T, (ug) by continuity
of the flow. We can also assume, by (CP) that |[e"® u(t,)]|s(0,+00) > 0. We now
apply the profile decomposition to vy, = u(t,). We have E(u(t)) = E(ug) = E. <
EW), |[|Vuo||> < [|[VW][?, so that ||[Vu(t)]|> < (1 —6). |[VW|[?, t € I,.. But then
lim inf,, 0 E(V{(—5 lim )) < E... If we have strict inequality, Proposition 3 a) gives a

>ny, n#En'.

contradiction. Hence we have equality and as before V; ;, 7 =2,...,J, are all 0 and
[|[Vw?!|| — 0. Thus, we have

1 Y] — T1n th J
u(ty,) = )\N 27z Vi ( . ,—)\%n) + w;,

l|w?]|;: — 0. We next claim that s, = ;12” must be bounded. In fact, if tl" <
—Cy, Cy a large positive constant, for n large we have ||e®®w?|| (oo too) < é and
) ge p g Wp, |18 (—o00,+00) 2
1 — T1in t— tl n )
%4 ( o ’ ) < ||V oy < =
‘ )\N 2/2 1 )\1n )\in 5(0,400) — || 1 ||S((CO7+ ) = 2

for Cy large, a contradiction.
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If, on the other hand f\%—" > Cy, Cy large positive, for n large, we have

1 xln t - tln
v )
H Ai\{;2/2 ! )\1 ,n )‘%,n

Thus, for n large, ||€® u(t,)|]s(—000) < 0, so that (CP) gives ||ul|s—cou,) < 20.
But ¢, T T4 (up), a contradiction. Hence |/\ | < Cy, so that, after passing to a

)
< V500, <2
Ses) IV ] 5((=s0—co)) < 5

subsequence ilz’" — ty € (—00,+00). But then by (%), w) — 0 gives for n # n’,
1,n
both large
H 1 1 VZ(J:_:EO)\O_‘%‘17W _tl,n)
()\O)N—Q/2 ()\Ln>N—2/2 1 )‘1,” ’ /\%’n
_ 1 VZ(x — T, _ th/ )‘ @
(/\Ln,)N—2/2 1 /\1771’ ) )\in/ mno 2
for all Ao, zg. After changing variables this gives, for all Ay, Zo that
A \WN=22 /Ny t1n ty o
) GRS e a5 ) W )|, 2 B
H(Ao AW> F\ N A o T T 2 i = 2

TL’

2
)\1,

t
- to, 7)\1%'71 — 1. 0]
,n

Choosing now \g, Zo suitably this is a contradiction since

Proof of Proposition 3. Assume first that lim inf E(V{f(—5 2t )) = FE.. Fix J > 1 and

note that as in the proof of Proposition 1, we have V; ; = 0 j > 1, and [|[Vw!|| — 0.

Moreover, if vy, = Agﬁ_mﬂzan()\l,n(x + T1,)), @ )\N 2/2 w! (M a(T + 212)),

we have ||[V,|| — 0, vo, = Vi(s,) + @, with vao7n||2 < |IVWIJ, E(von) —

E. < E(W). By definition of the non-linear profile, ||V(V{(s,) — Ui(s,))|| — 0,

so that vo,, = Ui(s,) + Wy, ||Vi,|| — 0. From this we see that E(U;) = E. <

E(W) and so, by energy-trapping SU?HVUI(t)HQ < |[VW][2. Since ||Vid,|| — 0
te

the Perturbation Theorem gives this case, under assertion b). Assume next that

lim inf E(Vf(—;lz’" )) < E. and passing to a subsequence that lim E(Vf(—;lg’” ) <

E.. We next show that lim inf F(V(— %> )) <E.,j=2--,J. Infact, ||V, =

Z 1V Vo 112+ Vwl||*40(1) and since E(Zo,n) — E. < E(W), for nlarge E(zo,) <
7j=1

(1 — 6p) E(W). Since ||[Vzo,||*> < ||[VW]]?, energy trapping gives that ||Vzq,||* <
(1 — 6)||[VW]|[2. Thus, for all n large E(V! (- t”_")) > 0, E(w/)) > 0. Coercitivity
shows that E(V{(=s,)) > Cag = ag > 0, for n large. Then, F(zo,) > &g +

Z E(Vi(—5 L ))—1—0(1), so our claim follows from E(zoyn) — E.. Next, note that if U

is the non—hnear profile associated to (Vo;, { — 5™ }) (after passing to a subsequence

in n) then U; exists for all time and ||Uj||g- oo,oo) < o0, 1 <j < J. In fact, for
n large, E(Vf( t”)) < E., so E(U;) < E. by definition of non-linear profile.

Moreover, [|VV/(—5 t]" )H2 < || Vzon| 2 +0(1) < (1—0)||[VW|]2+0(1), so by energy
trapping we have ||VU( I < [|[VW]|, YVt € I;. But then, by definition of E.,
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I; = (=00, +00), ||Uj]]s(—s0t00) < 00. Next, note that 3 jg s.t. for j > jo we have
U315 (o0, 400) < ClIVVa,I*-

In fact, J fixed, choosing n large we have

J
D NIVVIIP < I Vaonll* +0(1) < 2[[ VIV
j=1
Hence, for j > jo, || VVo,|| < 9, & so small that || Vj ;|| s(_co,te0) < 0, Which shows
that |[T;{]5(_serzec) < 20, 50D, [T5(8) L1 + VT i o0y = Cl1Voill. But then,
|Uj||s(=00,400) < C|Vo,jll g1 as desired. Next, for g > 0, to be chosen, define

T rT—Ti, t—t;
l’ _ J,m J,m
n,e0 Z )\N 2/2U ( )\] ) AZ > .
1 7,n

7j=1

Then |[Hyq0||s(=00,400) < Co unlformly in &g, for n > n(ep):

J (€0
HHT‘L EOHS —0oQ +OO) // |: z_: ( )\J,n ) )\in )

(Z//‘ U(rc—xj,nj—tj,n)
rT—Tjp t—tj,

Cleo) Z // ’)\(NQ)/Q UJ’( . = \2 ’ )’
e 7,n J,n

73’ B
1 U X T n t— tjljn (N+6)/(N~-2)
' ‘Ag.f\’f)/? j/< Nim A2 >'

j7n

2N+2)/(N—2)

2(N+2)/(N-2)

=1+1I.

For n large, I1 — 0 by orthogonality of (\;., %, t;,). Thus, for n large 11 < I.
But

Jo Jo(
N+2 N+2

Jj=jo+1
Jjo Jo(e)
<X | |UHSN;ZOO> +C Y [Vl PN
Jj=1 Jj=jo+1

J(e0) Ch
25 vl <

J7>J0 i>j0

)

(N
<Z||U||SN“ 4 Csup |[VVo,||®~=

00,+00)

J(eo) ~ ~
Define now R, ., = |H, o, |¥ N2 H, ., — ‘Zol \Uj ¥ N=2 U ., where
‘7:

~ 1 T—Tjn t—tjn
Uin(®,t) = =72 UJ’( o )\22 )

jVn 7,

We then have ||[VR,, 50||L2L2N/(N 5 — 0 as n — 4o00. This uses orthogonality,
|Ujl|s(=00,400) < 00, ||VU; ||W (—oortoc) < 00. Let now @ = H,, ., e = R, .,. Choose

now J(go) so large that for n large |[e"®w;0)||g o0 +00) < 2. Note that by the
profile decomposition and the definition of non—hnear profile, we have, for n large

20,n = Hn,&o (0) + wJ(EO)
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where ||e2@7(0)|| ¢ < gy. Also, arguments as above show also that sup ||V H,, .. (¢
||y, g D 0
t

< G uniformly in &, for n large and ||V || < 2||[VW]|. Now choose g5 <
£0(Co, Co, 2||[VW]|) as in Perturbation Theorem, and n so large that

HVRnﬁOHL?[ﬁN/NfZ S 0.

Then the Perturbation Theorem gives us Proposition 3 a). U

An important Corollary of the above arguments is (Keraani [20], 2001, Bahouri-
Gérard [1],1999).

Lemma. There exists a function g : (0, E.] — [0,400), g | s.t. Yug with ||Vug||* <
IVW|[* and E(uo) < Ee —n, then [[ul]s(—so+00) < g(n)-

Proof. Tfnot, 31y > 0 and a sequence ug ,, s.t. ||Vug,||? < |[VWI?, E(uo,) < E.—no
and ||un||s(—co+00) — +00. For n large we must have ||e?®ug || g(—co100) > . But
if we now apply the proof of Proposition 3, case a), we reach a contradiction. [

Remark. In the profile decomposition, if all the vy, are radial the V;; can be
chosen radial and x,; = 0. We can then repeat our procedure restricted to radial
function and conclude the analogs of Propositions 1, 2 with u, radial, z(t) = 0.

Remark. Because of the continuity of u(t), t € I in H', in Proposition 2 we can
construct A(t), x(t) continuous in [0, T (ug)), with A(t) > 0 for each t € [0, Ty (ug)).
To see this, first one can construct piecewise constant (with small jump) A\ (t),
1(t) so that the corresponding set K, is contained in K, = {w(t) solution of (C'P)
with initial data in K.t € [0,t],to small}. It is clear that K, is compact. We can
then construct continuous As(t), z2(t) s.t. Ky is contained in the precompact set

Do N Pw((@ — 20)Mg ), w e Ky, L < X <2, |a| < 1}
We now turn to further properties of critical elements.
Lemma. Let u. be as in Proposition 2, with T (ug) < oo. (After scaling we can

assume T (ug) = 1). Then 3Cy = Co(K) > 0 s.t. A(t) > %(5))11//22.

Proof. Consider t, 1 1, ug, = ,\(tn)flV—2/2 u(zgéf)"),tn) We know that 3Cy = Cy(K)

st. Ty (up,) > Cp. Note that u(z,t,) = Mt,)N 22 ug,(A(t,)z + z(t,)), hence by
uniqueness in (CP), for ¢, +t < T’ (ug) = 1, we have

w(w, t+t,) = Mtn) V"2 un (Nt z + (L), N2(t)1).
Hence, t, +t < 1 for all 0 < \(t,,)t < Cy. With t = )\2077{371), we get t,, + )\& <1or

( *(tn)
A (t,) > 722 as desired. O

tn)

(

Lemma. Let u. be a critical element as in Proposition 2, with T} (ug) = +o0.
Then, there is a (possibly different) critical element v., with a corresponding A, and
Ay >0, with A\(t) > Ay > 0, for t € [0, T (vo.))-

Proof. Recall that E(u.) = E. > n. By a previous remark, 3¢,, ¢, T +oo s.t.
A(t,,) — 0, or the result holds for u.. After possibly redefining {t, };°_;, we can assume

. = o 1 z—x(tn)
that A(t,) < [tl)%rfl} A(t). By compactness of K, wg ,(x) = CSLETE ue( o) o) — wo
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in H'. Hence, E(wy) = E, > ny > 0. Moreover, ||[Vuyl|[?> < [[VW|[> by the
corresponding property of u. and energy trapping (E. < E(W)). Let w(zx,7),
7 € (—T-(wp),0] be the corresponding solution of (CP). If T (wy) < oo, we
let ve(x,t) = w(x,—t) and Proposition 2, and the previous lemma, give the re-
sult. If T (wy) = +o0, let w,(z,7) be the solution of (CP) with data wg,, 7 €
(=T_(wo,n),0]. By semicontinuity we have liminf7" (wg,) = +oo and for every

7 € (—00,0], wy(x,7) — w(z,7) in H'. By uniqueness in (CP), for 0 < ¢, + YONER

we have w,(z,7) = A(tn)}v,2/2uc(x;éit;‘), t, + ﬁ) Define now 7, = —\(t,)*¢

Note that liminf,(—7,) = liminf,(A(t,)*t,) = +oo. In fact, if -7, — —79 <
00, wy(z, —T,) = G )}V_Q/Q uc(”’;é%"),O) would converge to wg(x, —7p) in H', with
A(t,) — 0, a contradiction to E(wg) # 0, so wy # 0. Hence, for all 7 € (—o0, 0], for

n large we have 0 < t,,+ < t,. Note also that we must have ||w||g(—cc,0) = +00.

/\(t A(tn)?
Otherwise, by The Perturbation Theorem we would have, for n large, T (w,) =
+00, [|wn]$(0,00) < M, which contradicts ||t s(0,400) = +00. Fix 7 € (=00, 0], n so
large that ¢, + 575z > 0 and At + 2) is defined. Then,

! uc(x_x(tMA?(tn)),thr : )
A

OSE

Altn + 5y2) N 2/2 tn + 327) N2(t,)
1 -
_ 7 (1: ~x"<7),T>GK,
An(T)N2)/2 A7)

with At )

~ n+ ﬁ T ﬂf(tn)

/\n = 2 L, z, = x(tn -3 .

(1) o) b ® (1) = (tn + )\2(%)) b

Since 5/2 v(5) — 0 in L? with either A\, — 0 or oo or |z,| — oo implies

that & = 0, we can assume, after passing to a subsequence that 5\n(7'> — 5\(7'),
1 < M7) < 00 Zn(7) — Z(1) € RY. But then, 5\(7)572/21”(??:;)’7) € K as
desired. ]

We now conclude the proof of Theorem A, by establishing:
Theorem (Rigidity Theorem). Let ug € H', E(ug) < E(W), |[|[Vuol||* < [|[VIWV|]?.

Let u be the corresponding solution of (CP) with maximal interval
I'= (=T (uo), T4 (uo)).
Assume I \(t) > 0, defined for t € [0,T (up)) s.t.

1 T
K= {U(Q?,t) = )\(t)N_Q/2 u<>\(t>>t>>t € [07T+(u0>>}
has compact closure in H'. Assume that if Ty (ug) < oo, A(t) > (CO(K))I//Q and if

T (ug) = 400, A(t) > Ag > 0. Then we must have T, (ug) = 400, ug = 0.

Proof. Case 1 : T (up) < +00o so that A(t) — +oo as t — T (ug). Fix ¢ radial,
p € C5%, p=1on |z| <1, suppy C {|z] < 2} set pr(z) = p(F).

Define yr(t) = [|u(z,t)|* ¢r(z)dz, t € [0,T;). A classical computation shows
that

yr(t) = 21m/ﬂVuV<pR.
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Note that Vg = % V(%) is supported in R < |z < 2R. Then,
: s NP PN A 2\ < A
)| < O f 1) ([ 5g) < On( [ 190P) < Onlivw

where we have used Hardy’s inequality and energy trapping. Next, we will show
that, for all R > 0,

lim lu(z,t)*dr =0.
174 (vo) J|x|<R

In fact, u(x,t) = M)V =220(\(t)x, t), where v is compact. Then,

[l 0P de=xe) [ ot 0 dy

ly|<RA(t)

:/\t_Q/ )?d +/\t_2/ v(y, t)]?d
(t) et [v(y, )| dy + A(?) ERWSMSRWI (y, )" dy
—A+ B,

where € > 0 is at our disposal. By Holder, we have
A SN2 RA) PN [o(®)] |7 < O RP[[VW]?
which, for fixed R is small with e

B < (&) (RAE)Y N [[olIZ2- yzemrey) 0

t—T

by the compactness of v, since \(t) T +o0.
Now, using that |yj(¢)| < C and the fundamental theorem of calculus, we have

yr(0) < }Tl% yr(t) + C T (ug) = C T (u)-

Letting R — oo, we conclude that uy € L?. Fix now € > 0 and choose o so small

that
T4 (uo) , €
<(Ca<-
/T+(u0)a Rl < =5

for all R > 0. By invariance of the L? norm (and this is a fundamental point here),
we have:

[luollZz = [|u(T% (uo) — a)llZ2 -

For « fixed as above, choose R so large that
€
[T (o) = @)lIz= < (T (o) = A)l|Zaaicny + 5 -

We then have

t
£ . e
||U0||%2SyR(T+(uo)—a)+§§tlT1¥}r— (/) yﬁg+§§€.
T4 (up)—a

Since this is true for each € > 0, ||ug||z2 = 0, which contradicts T’y < co. This ends
the proof in Case 1. O
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Lecture 3

To conclude the proof of Theorem A, we need to treat the

Proof. Case 2 : T (ug) = +00, A(t) > Ag > 0.
Note first that the compactness of K, together with A(t) > Ay > 0 gives that
Ve>0,3R(e) >0s.t. ¥Vt € [0,00), we have

Jul?
<eg.

2 2%
|Vul* + |ul +W <

|z|>R(e)

In fact, since u(z,t) = A(t)N"2/20(\(t)x,t) a change of variables shows that the
integral equals

. Jol?
Vol + Jof? +H2§ [ <=

ly|>R()A(t) ly|>AoR(e)
for R(e) large by the compactness of K.
To continue with the proof, pick dy s.t. E(ug) < (1 — do)E(W). Then, IRy > 0
s.t. for R > Ry, t € [0,00) we have (if ||Vugl|| # 0)

[ IVu =l = GVl
lz|<R
2r >
Cs,||[Vug||?, but, by the first claim, we can make the tails smaller than % || Vuol|?.

Next, choose ¥ € C§°, radial, with ¢(x) = |z|* for |z| < 1, ¥(z) = 0 for |z| > 2.
Define

In fact, by our coercitivity estimate we have, for all t € [0,00), [ |Vul? — |u

2n(t) :/|u(x,t)|2R2w<Z> du.

The computations that we used in Glassey’s blow-up proof to yield the “virial iden-
tity” now give:

(1) = 2R Im/avUv¢<;>,

0= f00(5) b [0 (2 [3o(3)e

From these formulas, we deduce:

/ wl2y 172 1/2
gl <cr [ iva<or( [ H) ([ 1vup)

|2|<2R lw|<2R

gcﬁ/ Vul? < Cs, R2|| V2.

2%

On the other hand,

2
(t) 28| [ IVl - | - on] [ vap + 2

2
|2[<R R<|x|<2R =1

2%
Y

which, for R large is bounded below by Cs, n||Vuo||?. Integrating in ¢, we obtain
2p(t) = 25(0) = G t[Vuo|
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|Z§%<t) - Z;{(O)l < QCftS()R2 HVUOH2>
which is a contradiction for large t. 0

Remark. In the defocusing case, for N = 3,4, 5, this approach (in a simplifed form
since the variational estimates are not needed) provides an alternative proof of the
result of Bourgain, Tao for radial functions in the defocusing case.

Corollary (focusing case). ug € H?, radial, E(uo) < E(W), |[Vugl[* < [[VW]]?,
N = 3,4,5. Then I = (—00,+00), ||tulls(—cortoe) < 00, Juy € H' s.t. ||u(t) —
€itAU(j)[HH1 PR 0. Also, if E(ug) < (1 — d0) E(W), [[ul[s(-c0,+50) < 9(0)-

Remark. The result admits the following strengthening: if uy € H' is s.t. Vt €
(=T (up), Ty (ug)) we have ||Vu(t)|]* < |[VW]]* — by, for some §y > 0, then I =
(=00, +00) and ||u]|s(—co+00) < 00. For a detailed proof, see the arguments in [18].

This remark and our Theorem A have consequences for the concentration of finite
time blow-up solutions (see [17] for the details of the proof):

Corollary. Let ug € H' be radial (no size restriction). Assume T (ug) < 0o and

sup ||Vu(t)|| < oo (type II blow-up). Then, for all R > 0 we have:
te[O»T+(“0))

lim sup |Vu(t)? Z/’VW|27

1Ty (ug) 7 [z|<R

N =345

Remark. For N > 4, uy radial, Ty (uy) < oo, u not a finite blow-up solution of
type II, one can show that if [ |Vu(t,)|* — +oo, then VR > 0, [ [Vu(t,)|]* —

lz|<R
+o00. For N = 3 this is likely false, in light of examples like those of P. Raphael [24]
for N = 2, which should give a radial solution, blowing-up on a sphere.

We now turn our attention to the non-linear wave equation (NLW).

O*u— Au=+[ulYN2u, xRV, teR
u|t:0 = Ug € H!
(9tu|t:0 =u; € L?.

Here the — sign corresponds to the defocusing case, the + sign to the focusing
case. The problem is energy critical because if u(x,t) is a solution, A > 0, then
u(z,t) = v u(%, L) is also a solution and the norm in H' x L? of the initial
data remains unchanged.

The defocusing case has been studied for many years, going back to work of
Struwe (radial)[29], Grillakis (general)[12], Shatah-Struwe [27, 26], Bahouri-Shatah
[2], Kapitansky [14], Bahouri-Gérard [1], Ginibre-Velo [10], Ginibre-Soffer-Velo [9],

etc. (mid to late 80’s, mid 90’s). The energy here is

B((uo,u) = 5 [ Vol + 5 [ % o [ Juo

which is constant in time, with — in the focusing case, and + in the defocusing case,
2% = % — % In the defocusing case, Shatah-Struwe and Bahouri-Shatah showed that
for any data (ug,u;) € H' x L? we have global well-posedness and scattering in

the energy space. In the focusing case, this does not hold. In 1974, H. Levine [22]

2%
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showed (by obstruction) that if (ug,u;) € H x L?, ug € L?, E((ug,u1)) < 0, there
is always break-down in finite time. Very recently (2007) Krieger-Schlag-Tataru [21]
have constructed explicit radial examples which break-down in finite time. Also,

W(z) = (1+ N(|]f[‘2_2))_(N_2)/2 solves the elliptic equation AW + |[W|YN=2)) =0 |

W € 0, is radial and so W (x,t) = W(z) solves (CP) with data (W,0), globally iin

time, but does not scatter. We now turn to our study in the focusing case.

Theorem B. Assume that E((ug,u1)) < E((W,0)).

i) If [ |[Vu|* < [|[VW]?, we have g.w.p., scattering.
ii) If [ |Vug|> > [ |[VW?, there is break-down in finite time.

The condition [ |Vug|? = [ |[VIW|? is not compatible with E((ug,u1)) < E((W,0)).
Note that no radial assumption is made in the Theorem, which has been proved for
3< N <5

The general scheme of the proof follows the approach we described for (NLS). To
describe the proof, I will start out by a review of the local Cauchy problem. Consider
first the linear wave equation

Pw—Aw=~h in RY xR

Wli—g = wy € HY(RN)

atUJ|t:0 =w; € LQ(RN>
whose solution is given by

tsin((t —t')v/—A)
Ve
Let S(t)(wq, w;) = cos(tv/—A) wo+(—A)~Y2 sin(tv/—A) w;. The relevant Strichartz

estimates for us are:

sup [[(w(t), 0w ()| 1w 12

w(z, t) = cos(tvV/—A)wy + (—A) "2 sin(tv/—Awy + /0 h(t') dt’.

+ | ’Dl/Qw’ |L?(N+1)/N71L2(N+l)/N71
+ ||8t D—1/2w| |L3(N+1)/N71L§(N+1)/N71 + ||w| |L3(N+1)/N—2L326(N+1)/N—2

+ | |w| |L£N+2)/N—2L5(N+2)/N—2

< O{H(w,lﬁ)”glez + HDl/Qh‘|L?(N+1)/N+3L926(N+1)/N+3} .

We then define

| sy = 1| ||L§(N+1>/N—2L3<N+1)/N—2
and

| Nlway =] ||L§<N+1>/N—1L§<N+1>/N—1 :

We also need the Leibniz and chain rules for fractional derivatives ([19], 1993) in the
following form: if F(0) = F'(0) = 0, F € C* and for all a,b we have |F'(a + b)| <

C{|F'(a)|+|F'(b)|} and |F"(a+0b)| < C{|F"(a)|+ |F"(b)|}, we have, for 0 < a < 1:
1 1

DYF(u)||» < C||F'(w)]|;21 || D%l 2, = 4+ —,

1D FW)llzz < CIE @l 1Dl iz, 2= 4
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|D*(E(u) = F(v)l[p < C[HF/<U)||LP1 + HF/(U)HL?} [1D%(u = 0)|| 22

+ CIF" @l + IF" @)z | - (11D ullzz + 10l 3| -l = ol

p T T2 57D D1 Do
Using these estimates and the argument in the study of (CP) for (NLS), one
obtains (see also [26]):

1 1 1 1 1 1 1
r

Theorem. If (ug,uy) € H" x L2, ||(uo,u1)|| g2 < A, 0 € 1,35(A) >0 s.t. if

1S (t) (o, w1)||s(ry < 6, 3! solution of (CP) on RN x I, with (u, dyu) € O(I; H' x L?),
HD1/2un(1) + H@t D1/2un(I) < 00, HUHS(I) < 29, HU’|LN+2/N72LQ26(N+2)/N72 < 00, and
we have Lipschitz continuity dependence on the data (3I§ N <5).

Corollary. 3§ > 0 s.t. if ||(ug,u1)|| g1, 2 < 0, the hypothesis is verified for I =
(—00, +00). Moreover, given (ug,u;) € H' x L?, 31 5 0 s.t. the hypothesis is verified
on I.

We say that u solves (CP) for (ug,u;) on I > 0 if (uy,0u) € C(I; H' x L?),
DYy € W(I), u € S(I), (u,0u)|i—0 = (uo,u1) and u solves the appropriate in-
tegral equation. It is easy to obtain uniqueness and one can then define a max-
imal interval of existence I = (—T_(ug,u1), T (ug,u1)). One also has the stan-
dard blow-up criterion: if T'(ug,u1) < oo, then ||ullsor, (wou) = +00. Also,
if T4 (up,u1) = 400 and ||ul|so+00) < 00, u scatters at +oo, i.e. Jug,uj €
H' x L2 s.t. ||(u(t), 0y(u)) — S(t)(ug, ul)|| g1y 2 — 0. Note that for ¢ € I, we have
E((u(t),0wu(t))) = E((ug,u1)). It turns out that there is another very important
conservation law in the energy space. This will be crucial for us, in order to be able
to treat non-radial data. It says that, for ¢t € I, we have

/Vu(x,t) -Opu(x,t) de = /Vuo - Uy

(conservation of momentum).

Finally, we mention that Foschi’s estimates [6] also hold for the wave equation.
One can then prove the analogue of the Perturbation Theorem for (NLS), for (NLW)
and all its corollaries.

We conclude these remarks on (CP) by mentioning the finite speed of propagation
property. Recall that if R(¢) is the forward fundamental solution for the linear wave
equation, we can write the solution of the linear Cauchy problem (for 7' > 0) as

wl(t) = 0 R(0) wawy + R(0) s — [ R(t— ) h(s) ds.
The finite speed of propagation states that
supp R(—,t) € B(0,t),supp &, R(t) C B(0,1).
Thus, if

supp wy C “B(zg,a),suppw; C ‘B(xg,a),supph C C{O<L%J<GB(x0,a — 1) X t},
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w = 0 on o [B(xg,t) x t)]. This has consequences for solutions of (NLW). If

(uo,ur), (ugy,u)) are data s.t. (ug,u1) = (ug, uy) on B(xzg,a), then, the correspond-
ing solutions agree on s [B(xo,t) x ()] "NRY x (INI'). This is because, for each

u, if we define vV (x,t) = S(t )(uo,ul) + f5 ol S\/_ fu™(s))ds, u'(z,t) =
S(t)(ug,uy1), we have u" — u, u™ — u’' and they agree on the required set, by in-
duction. Typical applications of this are: suppug C B(0,b), suppu; C B(0,b), then
u(z,t) =0 on {(x,t) : |z| > b+t,t >0, t e I}. Similar statements hold for ¢t < 0.
Thus, one can approximate solutions by regular, compactly supported solutions. The
next step is to obtain energy trapping, coercivity and uniform bounds, by variational
arguments, as in the case of (NLS). Recall that Wy, x, 2, (z) = €% A2 W (Ao(z—
xp)) and that Aubin-Talenti showed that if C'y is the best constant in the Sobolev
embedding (||ul|;2+ < Cn||Vul|) then ||ul| 2+ = Cn||Vul|, u Z 0 & u = W907)\07a;0.
Moreover, we showed that |[[VIW|]* = Zx, and if E(W) = ||[VIV|[? 2

CN ) L2
EW) = Using our t—independent variational estimates we obtaln

NC’" '

Energy trapping. — If u is a solution of (NLW), with max int I, (u, 9yu)|i=0 =
(uo,u1) € H' x L? and for dy > 0, E((ug,u1)) < (1 — do) E(W,0)), [|Vuel]* <
[|[VIV||?, then V¢ € T we have: 36 = §(dp) s.t.

) IVu()]? < (1= )V

i) [[Vu(t)]? = [ut)]* =6 [|Vu(t)]?

iii) E(u(t)) > 0 (and hence E((u), u)) > 0)

iv) E((u(t). du(0))) = [|(u(t). (), 1o = || (o, 1) [, 120 with comparabil-
ity constants depending on dy.

Also, as in the case of (NLS) we have: if E((ug,u;)) < (1 =30 E((W,0)); ||Vuol]* >
[|[VW||?, then, for ¢t € I we have ||[Vu(t)||* > (14 0)||[VW]%

We next turn to the proof of ii) in Theorem B. We will show it in the case when
[|uo||z2 < oo. The general case follows by using, in addition, localization and finite
speed of propagation. We know that, in the situation of ii),

/|Vu(t)|2 > (1 +5)/|VW|2, tel

E((W,0)) = E((u(t), Owu(t))) + do .
Then,

7> 2 [@u) + 5 [ IVut) ~ B(OW,0) +5,

5 [P
[lutt)

/(&u /|Vu 2 _ 9" B((W,0)) +2° 5.
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Let*y(t) = [|u(?)|?, so that 3/(t) = 2 [u(t)Ou(t), y"(t) = 2 [{(Owu)? — |[Vu(t)]* +
|ul*" (t)}. Then,

V(1) 22 [@u? + 2 [(0w) — 2 B(OW,0))

+ oo+ N2_N2 / IVu(t))? — 2/ [Vau(t)[?

4(N —1) 9 4 4 =
= - 8 / 2 / W 2 5
vz O gy [V = gy [ IV 5
4(N —1) g  Z
If IN[0,+00) = [0,400), Itg > 0 s.t. ¥/ (ty) > 0 and y/(t) > 0, Vt > to. For t > t
we have:
4(N —1) N —1
1Y ot > / 2/2>( >'t2
V) >y (@ [t > (5=5) v
or
/O (N1 v
y'(t) — \N =2/ y(t)
or
y'(t) > Coy(t) NNt >t
But since (%7:;) > 1 this leads to finite time blow-up, a contradiction.

We now turn to the proof of i) in Theorem B. We repeat the “concentration-
compactness” procedure, replacing Keraani’s work with the work of Bahouri-Gérard
([1], 1999) on high frequency approximation to solutions of the linear wave equation.
We then obtain E., with 0 < ny < E. < E((W,0)) with the property that if
E((uo,u1)) < Ee, [[Vuo|* < [[VW|[?, we have I = (—00,400), [[u][5(-c0 +o0) < 00
and F. is optimal with this property. i) is the assertion E. = E((W,0)). If not,
E. < E((W,0)), which will lead to a contradiction. Exactly as in the (NLS) case we
have:

Proposition 1. 3 (ug., ui.) € H' x L2, with ||Vug|> < [[VW]|%, E((uo.e, 1)) =
E. and s.t. for the solution u. of (CP), with max int I, we have ||uc||s) = +o0.

Proposition 2. For any u. as in Proposition 1, s.t. (say) ||uc||s(,) = 400, Jz(t) €
RY A(t) e RT, t € T s.t.

= oot = (s e 1) o 0)

has compact closure in H' x L?.

Remark. z(t),\(t) can be taken continuous. Moreover, if Ty < oo, A(t) > ((’YTOfi))

(same proof as (NLS)). Also, if T\ = 400, by possibly changing u., we can find one
for which A\(t) > Ay > 0.

One can also show:

Lemma. 3¢ : (0,E.] — [0,00), g | s.t. Y(ug,u1) with E((ug,u1)) < E. — 1,
[[Vuol[* < [[VW|[?, we have |[u]|s(—oo+00) < 9(n)-
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To proceed further, we need specific features of the problem. We now will develop
some further properties of critical elements, specific to (NLW). We start out with
some further consequences of the finite speed of propagation.

Lemma. Let (ug,u;) € H' x L2, ||(uo, u1)|| 12 < A. If for some M > 0, € > 0,
0<e<ey=¢9(A), we have:

2
u

/| . [Vauol* + fua]? + ‘|;”2 <e,

z|>

then for 0 < t < T (ug,u;) we have

v 2 a 2 2% |U(t>|2 < O
. VU@ 4+ 0u@) ] + [u@)] + 5 < Ce.
o123 M+t ||

Proof. Choose ¥y = 1, |z| > %M, vy =0, x| < M, |V < % Let uop =
Yo, ur = Y. Because of our assumption, ||(woar, uia)|| g2 < Ce. If g is
so small that Cey < 9, then wuys solves (CP) in

I = (—o0,+o0)and  sup ||(unr(t), Qeunr(t)]] 15 p2 < 2Ce.

te(—o0,+00)

But by finite speed, uy; = u for |x|2%M+t,t>0,t€]. O

Lemma. Let u. be a critical element as in Proposition 2, with T’ ((ug,u;1)) < oo.
(Assume without loss of generality that T, ((ug,u1)) = 1). Then, 37 € RY s.t.

supp ue(—,t), Ou.(—,t) C B(z,1—t), 0<t<l.

Proof. We first show, for each ¢, 0 < ¢t < 1, that there is a ball By_;, of radius (1 —t)
s.t. supp Vu, supp Q,u C By_,;. If not, for a fixed ¢, Jeg > 0, 7y > 0 s.t. Voo € RY
we have

/ IVu(t)]? + (Gru(t)? > 29> 0.
|z —20|>(1+mn0)(1-1)

Choose a sequence t,, T 1. Recall that A(t,) > %f? We claim that, given Ry > 0,
M > 0, for n large we have

lu(z,t,)* o

st |90 )P+ [Out(a, )+

Xy 1210 o T M
Indeed, let
U(z,t) = )\(t;N/Q (Vu(x;(f)(t),t), 8tu(w,t)>which is compact inL?(RY)V+1
. Then
Vula,t) 2+ Dl )P = [ ()
o+ 553 > Ro ly[>X(tn) Ro

and the claim follows from the compactness of K, A(t,) T +o0o. (The proof for the
term % follows from a similar argument). From this claim and the previous

Lemma, used backward in time, we conclude that V¢ € [0,t,] we have

/ Vulz, )2 + Sz, ) < .

o+ 5522 3 Ro+(ta—t)
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But if Ry is so small that (14 10)(1 —¢) > 3 Ry + (¢, —t), we reach a contradiction,
proving the claim.

The next step is to show that |%| <M,0<t<1 Ifnot, 3t, T1 s.t. |§8’3| 1
+o0. Fix a ball B(zg,1) s.t. supp Vug,u; C B(xg, 1). For a fixed Ry > 0, g > 0

given, the previous argument shows that, for n large,

/ IVuo? + |ui)? < .

o+ $431> 2 Ro+(tn)

But, if |§g:§] — 400, B(xg,1) C {|z + ig:;\ > 3 Ry + t,}, for n large, so that Vg,

up are identically 0, contradicting 7'y = 1. Let now ¢,, T 1 and choose a subsequence

s.t. ;\’Ef’s) — 2. The same argument shows that for 0 < ¢ < ¢,,, n large we have

(Vu(x, t)]> + |0u(z, t))* < &.

o+ 558 1> 3 Ro+(tn—t)

Letting n — oo we obtain

/ (Vu(z, t)|* + |Ou(z, t)]* <e,
|z—Z|>3 Ro+(1—t)
so that supp Vu(—,t), du(—,t) C B(z,1—t). If _)f?ii)) — T, _,\z(it%) — 7', v # 2’ and
we choose 1 —t so small that (1—1t) < |z —2'|, we must have Vu(—,t), dyu(—,t) =0,
which contradicts coercivity, T, = 1. 0J

Remark. After translation we can take T = 0.

Lecture 4

We next turn to a fundamental result that is crucial in the treatment of non-radial
solutions.

Theorem (Orthogonality for critical elements). Let (ug ., u1,) be as in Propositions
1,2, A(t),z(t) continuous, A(t) > 0. Assume that either T ((ug, u1.)) < 400 or
TJ’,((uO’C,ul,c)) = 400, )\(lf) > AO > (0. Then

/VUO’C Ul e = 0.

Note that in the radial case this is automatic. We first sketch the proof in the
case T’y < co. We need a further linear estimate.

Lemma (Trace Theorem). Let

Pw—Aw=heLL?
wlt:() = Wy S Hl,
8tw|t:0 =w € L2
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Then, for |a| < I, we have:

supHVw(xl_at o t— ax

t Vi—a?2' V1= a2/ l2dedr)

O xr1 —at o t—om:l)
Vi—e U VI- e

< C{wollgn + llwnllz2 + |1l 12}

+ sup ‘
t L2(dz,dz")

Proof. Tt suffices to consider v(z,t) = U(t)f, where d(£,t) = el f(¢) and prove

(;El—atl ; t—aajl) <C||f||
sup [V — .1, — < 2.
tp V1—a? V1 —a?/ lL2(de,de’) L
Note that

v(z,t) = /emgl it Ve f&,€) dg dg,
so that

(xl—at , t—omn)
v T
V1i—a? V1-—a?

/eixl(gl,agp/\/@ efmtgl/\/m efiatﬁl/\/lfoﬁ ez’t\a/\/lmz eiz/g/f(g) d&dé'
_ / grE—aléD/VIza? i€ g (e) de, de'

Whel"e gt(€> = e_iatfl/m f(f), SO that ||gtHL2 = HfHL2 If we NOwW let m = &_7045‘

Va2
n = ¢ and compute |‘;—Z| = (1_?7\/%5‘) ~ 1 for |a] < i, we see that the estimate
follows from Plancherel. [l

If u is a solution of (CP) with maximal interval I, I’ € I, recall that u €

L\NTR/N=2 [2AN+2)/N-2 5+ 1 = 2 5o that |u/V""u € L}, L?. Hence, the

conclusion of the previous lemma holds, provided the integrations are restricted to

xr1—at /! t—axy N !
(\/1—04271" \/1—042>€R x I

Idea of the proof of Theorem 5 when T ((ug,u1)) = 1. Assume that

/3$1(U0,C) “Ue =7 >0.

Recall that suppu., d;u. C B(0,1 —1t), 0 < 0 < 1. For convenience, set u(x,t) =

uc(r,1+1t), =1 <t < 0, supported in B(0,[t]). For 0 < a < I we consider the

4
Lorentz transformation

r—at t—a:v1>

Zolx1,2,1) = u( , T

ol 3,1) V1—a? V1—a?
and fix our attention on —% <t < 0. In that region, the Lemma above and the
remark following it, together with the support property of u, show that z, is in the
energy space and solves our equation. An easy calculation shows that supp z,(—,t) C
B(0,[t]), zo # 0, so that T, = 0 is the final time of existence for z,. A long

calculation shows that

E(Za<_%)a O Za(_%» - E((UO,Cv u1,0>>

lim

al0 =7
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and that, for some ¢y € [—3,—1], [|Vza(to)]* < [|VW|?, for o small. But, since
E((uo.,u1,c)) = E., for a small this contradicts the definition of E,, since the final
time of existence is finite. O

Comments on the proof of Theorem 5 when T = +oo (A(t) > Ay > 0). The finite-
ness of the energy of z, is now unclear, because of the lack of the support prop-
erty. We then do a renormalization. We first rescale u,. and consider ug(x,t) =
RW=2/24.(Rz, Rt) for R large, and for o small

Ty —at  _ t—a:r;1>

ZarlT1,Z,1) =1 (,x,
& (@ ) f V1—a? V1—a?

We assume, as before, that [0, ,up. - u1. = > 0. We then prove (by integration
in ty € (1,2)) that if h(ty) = 0(x) za.r(x1, T, o), with 6 a cut-off function, for some
oy small and all R sufficiently large, we have, for some ty € (1,2) that

E((h(—,to),ath(—,to)) < Ec — ;7041

and
[1vnto) < [ 19w,

We then let v be the solution of (CP), with data h(—,ty) at t = to. By our properties

of critical elements, we know that ||v]|s(—co400) < 9(57 1), for all R large. But,

since ||ucl[s(0,100) = +00, we have that |[ugl|, 2v¢1)n—2 o by rescaling. But,
[0,1] —00

by finite speed of propagation, we have that v = z, r on a large set, and after a

change of variables to undo a4, we reach a contradiction. The details of the argument

are lengthy. U
To finish the proof of Theorem B, we are reduced to:

Theorem (Rigidity Theorem). Assume that E((ug,u;)) < E((W,0)), [|Vuel* <

[IVW 2, u the solution of (CP) with I, = [0,T). Assume that

a) [Vugu, =0.

b) Jz(t), A(t) > 0, t € [0,£.) s.t.

= {utw = (s () v 2 ()

has compact closure in H* x L?.

c) x(t), A(t) are continuous, if T, = 1 (scaling) \(t) > Cf(_[t(), suppu, O C

B(0,1—t), when T, = +oo0, 2(0) = 0, A(0) = 1, A(£) > Ay > 0.

Then, T, = 1 cannot happen and if Ty = +00, (ug,u1) = (0,0).

Clearly the rigidity theorem gives us the contradiction with establishes Theo-
rem B, 1).
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Proof of the Rigidity Theorem

Case 1 : T, = 400, A(t) > Ay > 0, (0) = 0, A(0) = 1, x(¢), A(t) continuous.
Assume (ug,u1) # (0,0). By our variational estimates we have

sup ||[(Vu, dyu)(t)||2 < CFE,
>0

where E((ug,u1)) = E > 0. We also have

/|Vu lu(t)
/8tu /|vu (O — [u(t)

where § = 0(8p), E((uo,u1)) < (1 —do) E((W,0)). A change of variables, the com-
pactness of K and A(t) > Ay < 0 now give: given e > 0, 3 Ry(e) s.t. forall 0 < ¢t < oo,
we have

=G [IVubP, >0

*ZCgE

[ 1o+ vu |2+:|2+| > <eE.

|2+ 51 1> Ro(e)

We next need some algebraic identities:
Lemma. Let r(R) = r(t,R) = f {IVul? + |0pul? - |‘u|‘2}dx We have, if
¢ € C°(B2), ¢ =1 on |z <1, ¢R( ) O(%), Yr(x) =z o(5):

i at(/¢R Vu- 8tu> _ —JQV/(a,fu)2 + N;ZU Vul? - |u|2*] +O((R))
i) 8t(/¢3u8tu> = [ = [19uf + [1uf" + O (R))

i) o [ v {; Vul? + (8tu) 21* u* }) == [ Tudu+ 00 (R).

The proof of the case Ty = +o0 is based on 2 Lemmas.
Lemma 1. deg; > 0, C > 0 s.t. if 0 < € < g1, IRy(e) s.t. ifR>2R0() dtg =
to(R,e) with 0 < tgp < CR s.t. YO < t < 1 Wehave\/\ | < R — Ry(e) and

29| — R — Ryfe).

Remark. In the radial case, x(t) = 0, so a contradiction follows directly from
Lemma 10. This is the analogue of the virial identity proof for NLS. In the non-
radial case we also need:

Lemma 2. Je3 > 0, Ri(¢) > 0, Cy > 0 s.t. if R > Ry(¢), for 0 < € < 9, we have
tO(Rag) > %-

From Lemma 1 and Lemma 2 we have: for 0 < € < g1, R > 2Rq(¢), to(R,e) < C R,
while for 0 < & < &5, R > Ry(e), to(R,e) > ©%. This is a contradiction for ¢ small.

Proof of Lemma 1. If not, since x(0) = 0, A(0) = 1, both x(¢), A\(t) continuous, we
have VO < t < C'R (C large) that \/\ | < R— Ro(e). Let zg(t) = [YrV - Ou +
(¥ — a) [ grudpu. Then, 24(t) = af(atu) (1 —a)[f|Vul]® = [ul*] + 0(r(R)).
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But, for [z| > R, 0 <t < CR we have |z + @] > Ry(e), so that |r(R)| < CeE
and so, for € small, o = 1, 2(¢t) < —SE. Also, |zx(t)] < C1RE. Integrating in ¢, we
obtain: ORTCE <2CiRE, a contradlctlon for C' large. OJ

Proof of Lemma 2. For 0 <t < t, set

o b 2*}
0= [ vaf5 @up+5 VP = o e},

We have for |z| > R, |z + @] > Ry(e) so that, since [ Vugu; =0, yx(t) = O(r(R))
and hence
lyr(to) — yr(0)| < CeEty.
But,
lyr(0)| < C Ro(e) E + O(Rr(Roy(e))) < CE{Ry(e) + e R}

S I B Y B

o+ SESI<Ro(e) ot 55 1> Ro(e)

In the first integral, |z| < R, so that ¥gr(x) = z. The second integral is bounded by
M ReFE so that

w2 |,

At

and

1 1 1 .
5 (atU)z + 5 ’VU’Q — ? "LL 2 :l — MReFE.

The integral equals

l‘fij? / §<@t“>2<to>+§lw<to>

igz; /|+§§§0>|<Ro< ) { }

" /|z+“”“0>|SRo<s> (x * igzg){ }

Alto)

The absolute value of the first term equals (R — Ro(¢)) E. The last two are bounded
by C(R — Ro(¢))e E + C Ry(¢) E. Thus,

y(tel > (R — Ro()) E(1— C'e) — MReE — C Ro(e) B > E4R
for € small, R large. Thus,
CeEty> iR — CE(Ry(e)+€R)
which yields the lemma for € small, R large. 0
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We next turn to:

Case2: T, =1, \(t) > C;)(It{), suppu, dyu C B(0,1 —t). In this case we cannot
use the conservation of the L? norm as in the case of (NLS) and a new approach is
needed.

The first step is:

Lemma 3. A(t) < %
Proof. Ifnot, 3t, T 1s.t. AM(t,)(1—t,) T +oo. Let 2(t) = [ 2-Vu-Gu+ (5 —a) [ udu,
0 < a < 1. This is defined for 0 < ¢ < 1 and

() = —04/((9tu)2 —(1-a) / Va2 — Jul?

By our variational estimates E((ug,u1)) = E > 0 and sup ||(Vu,dwu)(t)|| < CE.
0<t<1

*

Also, Z/(t) < —C,FE, 0 < t < 1. From the support properties, we easily see that
lgTr{l z(t) = 0, so that, integrating in ¢, z2(t) > C,E(1—t). We will show that i(_tzz — 0,
yielding a contradiction. We know that [ Vud,u =0, 0 <t < 1. Hence,

2(tn) _f(x+§§§g§)vu.atu+(1v a)/ wou

(1—t,) (1—t,) 2 (1t
Note that, for ¢ > 0 given, we have
tn
‘a: + iEt ; u(ty)| |Owu(ty,)] < Ce E(1 —t,)
|LL‘+§E:")‘<6(1 tn) "
and similarly for f \u(tn)] |Ovu(ts)]- (1—
o+ 54 |<e(1-tn)
£,)- 1 not, B(55), (1—¢,)) N B(0,1—t,) = 0, so that J IVu(t,)|? =0,
B(5p), (1)
while
y—xta)  \[* _dy
Vuletafdr= [ ‘v (tn)
Vule, taf" do B A(tn) A(tn)N .
o+ S > (1tn) [y[ZA(tn) (1—tn)

by A(t,)(1 —t,) — +o0o, compactness of K. Arguing similarly for d,u(t,), we obtain
that E((u(t,), dwu(t,))) — 0, a contradiction. But,

1 z(tn)
(1—=1t) Vu(z,t,)| |Ou(z, t,
=3 [Vu(z, tn)| |Ou(z, tn)|

|x+/\(t") |>e(1—tn)

:/\(ti)N / ‘V“<y;(ﬁ§n) ’t">

ly[=e(1—=tn)A(tn)

dy—>07

n—0o0

y — x(t,)
oyu </\(tn) tn)

by compactness of K, (A(t,)(1 —t,)) — 0. Arguing similarly (using Hardy) for

/ (/'i-t?;:)’ we conclude the proof. 0

Proposition. In this case we have (T, = 1) suppu,du C B(0,1 —t) and K =
(1 = t)N2(Vu((1 — t)x,t), Ou((1 — t)x,t)) is compact in L2(RN)N+L,
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Proof. {#(z,t) = (1 = )V2(Vu((1 = t)(z — 2(1)),1), Qu((1 — t)(x — x(t)),1)} has
compact closure since Cy(K) < (1 —t)A(t) < Cy(K) and if K is compact, K; =
{\W2g(\z) : 7 € K,Cy < X\ < C;} has K; compact. Let now o(z,t) = (1 —
HN2(Vu((1 — t)x t),0u((1 — t)x,t)), so that o(z,t) = v(z + z(t),t). Since
supp¥(—,t) C {z : |z — z(t)] < } and £ > 0, the fact that {v(—,)} is com-
pact = |z(t)] < C. But, if Ky = {t(z + z¢,t) : |zo| < C}, then K, is compact,
giving the Proposition. U

At this point, because of the lack of the L? conservation law, we cannot go further
and a new idea is needed. Following Giga-Kohn [8] in the parabolic case and Merle-
Zaag [23] in the hyperbolic case ((82 —A)u—[uftu=01<p< 55+ 1), we

T s:logi,0<t<1anddeﬁne

introduce self-similar variables. We set: y = 1%,

w(y,s;0) = (1= N2 (e, t) = >N u(ey, 1 - e7),
which is defined for 0 < s < oo, suppw(—,s;0) C {|y| < 1}. We also consider,

for o > 0, us(z,t) = u(x,t + 6) and the corresponding w. In other words, we set
s = log and

y= 1+5 ¢ T+o—t

w(y,s;0) = (1+0— )N 2u(z,t) = e VD 2yley, 1+ —e*)

which is defined for 0 < s < —logd, with suppw(—,s,8) C {|y| < *=° = 55 <
1 —0}. The w solve, in their domain,

N(N —2
(4)w—i—|w|4/N_2w—2y-V dsw—(N—-1) dsw ,

s

1
0P w = p div(p Vw—p(y-Vw) y)—

where p(y) = (1 — [y|)~"/%.

The elliptic part of this operator degenerates. In fact, % div(p Vw —p(y - Vw)y) =
%div(p([ —y ® y)Vw), which is elliptic for |y| < 1 and degenerates when |y| = 1.
This new equation gives us a new set of formulas. The reason for introducing ¢ > 0

is that, on suppw(—,s,d), (1 — |y|?) > 4, so we stay away from the degeneracy.
Bounds on w (obvious): [z, |w|*” + |Vw|* + [d,w|* < C, w € H{(B;) and hence

S Il < C. All these bounds are uniform in J,s.
B1 (1—y[*)

We 1ntroduce an energy, which will provide a Liapunov function for v :

o dy
(1—y[2)/2

w 2*} Ay
(L= TuP)7

which is finite for § > 0. Our new formulas are (0 < 51 < 53 < log1/0)

Bluls)) = [ {5 @) + Vol - (y- Vo))
N CCEE P}

w- —

8 2N

i) E(w(sy)) — // 3/2 dyds (E1).

51 By

[-30



ii)

1 (1+N) dy *
Qijuw 2 w](-@wn
jw]*”
-~ Jrwnus ]
/ TN ) T
s1 B
asw ) w|y|2 dy
+//{83w2+83w'y~Vw+ } :
J o) (= lyP) J =y
iiit) lim E(w(s)) = E = E(u,u1), so that E(w(s)) < E, for 0 < s < log 1.
salog%
Our first improvement is (§ > 0) :
Lemma.
// 3y dyds < C log 5-

Proof. We notice that

2 [ (2 [ [0+ Jval - e wp) + T2

(NQJ_VQ) 2*} (—log(1 — |y|*) dy}

+/ {log(l —|y*) + 2} y - Vw dsw
= [10g(1 ~ [y)(@w)* = 2 [ (Ow)?

We integrate between 0 and 1 and drop the next to last term by sign. One finishes
by (C-S), support of w(—,s,d). O

Corollary.

E(w(1)) > —C log ((13)1/2.

Proof. The first estimate follows from ii), iii) above, C-S and the Lemma. Note

that (CS) give the § power. The second estimate follows from i) and the fact that

1 .
JE(w(s))ds > —C(log %)1/2, which follows from the definition of £ and the first
0

bound. O
Our second improvement is:
Lemma.
(log 1)3/4
[ <o)
_ 3/2 = :
[ TP 5
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Proof. Use i), iii) and the second bound in Corollary. Note that the upper limit of
integration is not important in the bound. It is chosen for the subsequent applica-
tions. 0

Corollary. 35; € (1, (log +)¥*) s.t.

55+(log §)1/8

/ (Osw) C
By (L= [yP)P? = (log 5)'/%

Proof. Split (1, (log 5)3/ 4) into disjoint intervals of length (log 1)1/ 8. Their number

is (log $)%/® and 2 — £ = 1. Note the length — +o0, the bound — 0. O
Now it is not hard to see that, since 55 € (1, (log 1)**), if 55 = —log(1 + & — t5),
|(1(J1r§t“t) — 1| < €Y% — 0, which is the point of our choice of (log})**. From

this and the compactness of K, one can find w*(y, s) which solves our self-similar
equation in s € [0, S], which is a limit of w(y, 55, +s,d;) as §; — 0, in C([0, S; H& X
L?). The estimate in the corollary shows that w* is independent of s. Moreover,
the coercivity of u shows that w* # 0. Thus, w* € H}(B), solves the (degenerate)
elliptic equation: (p(y) = (1 — |y|?)~/?), Sdiv(p V' = p(y - Vu')y) — NNZ2) g% -
|w*|*N =2 w* = 0. We next show that w* satisfies the additional (crucial) estimates:

[ R L

EVRRE =Ty
Indeed, for the first estimate, it is enough to show that

s Jw(y, s;65) ,
/ /B1 (1—[yP?) 1/2 dyds < C for j large.

But this follows from ii) above once more, together with the choice of 55, (Corollary)
and (C-S). The proof of the second estimate is similar, using the first one, iii) and
the formula for E.

The conclusion of the proof is obtained by showing that a w* in H}(By), solving
the degenerate elliptic equation, with the additional bounds, must be 0. To do
this, we will use unique continuation. Recall that for |y| < 1 — ny, no > 0, the
linear operator is uniformly elliptic, with smooth coefficient and the non-linearity
is critical. An argument going back to Trudinger [31] shows that w* is bounded on
ly] < 1 — ng, for each ny > 0. Hence, if we show that w* = 0 near |y| = 1, the
standard unique continuation principle [13] will show that w* = 0. Near |y| = 1, our
equation is modelled by (in variables 2 € RV~ r € R, r > 0 near r = 0)

2 0,(rY? 9,w*) + A, w* + \w*\4/N_2 w=0.

In these variables, our information is w* € H&((O, 1] x (|z] < 1)) and the additional

estimates are:
w*(r, 2) ¥ dr < 00,
/ /||<1 | 1/2

) dr
/0 /|Z|<1|Vzw (r,2))? 1—/2(12<oo

We now take advantage of the degeneracy of the equation. We “desingularize”

the problem by writting r = a?, setting v(a, z) = w*(a? z), so that 9,v(a,z) =
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2a O,w* (1, z) = 2r'/2 9,w*(r, z). Our equation becomes 9?v + A v + |v|N~"2v = 0,
0 <a<1,|z] <1and our bounds are:

and

1

// \V.v(a,2)|* dadz ://Ww (r,2) —dz<oo
7172
l2]<1 /

0 |z|<1

1 da 1
/ / |0.v(a, 2)|? — dz = / / |0,w* (1, 2)|> dr dz < oo,
0 Jzl<1 a 0 Jizl<1

and v € HJ((0,1] x By). But, from the additional bound we see that “d,v(a, 2)|4=0 =
0”. One then extends v by 0 to a < 0 and checks that the extension is an H'
solution to the same equation. By Trudinger’s argument, it is bounded. But, since
it vanishes for a < 0, by unique continuation [13], v = 0. Hence w* = 0, reaching
our contradiction.
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