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Abstract. Let t = (t(n)) ;>0 be the Thue-Morse sequence in 0,1. J.-P. Allouche and J. Shallit asked in 2003
whether the subword complexity of the subsequence (£(12)) ;50 attains the maximal value. This problem was
solved positively by Y. Moshe in 2007. Indeed Y. Moshe had shown that for all H € Q[T] with H(N) € N and
deg H = 2, all the subsequences (¢£(H(n))) ;>0 attain the maximal subword complexity. Then he asked whether
the same result holds for deg H = 3. In this work, we shall give a positive answer to the above problem.

Résumé. Soit t = (¢(n)) >0 la suite de Thue-Morse en 0, 1. J.-P. Allouche et J. Shallit demandaient en 2003 si la
complexité de facteurs de la sous-suite (#(12%)) ;> atteint la maximale. Le probléme était résolu positivement
par Y. Moshe en 2007. En fait, Y. Moshe avait démontré que pour tout H € Q[T] avec H(N) SN et degH = 2,
toutes les sous-suites (£(H(n))),=0 atteignent la complexité maximale. Ensuite il demandait si le résultat
est aussi valable pour deg H = 3. Dans ce travail, nous allons donner une réponse positive au probleme
précédent.
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Version francaise abrégée

Soient X un alphabet fini et u = (u(n)), >0 une suite sur Z. Pour tout entier m = 1, désignons
par P,(m) le nombre de facteurs différents de longueur m dans u, et appelons la fonction P, la
complexité de facteurs de u. Ainsi P, (m) < |Z|™, ol1 |Z| désigne le nombre d’éléments dans X.
Soit t = (£(n))n>0 la suite de Thue-Morse en 0,1. Elle est définie par #(n) = s»(n)(mod?2),
pour tout entier n = 0, ou s»(n) désigne le nombre de 1’s dans la représentation binaire de n.
La complexité de facteurs de ¢ est compliquée mais déja connue (voir S. Brlek [4], A. de Luca
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et S. Varricchio [8], et S. V. Avgustinovich [3]). J.-P. Allouche et J. Shallit demandaient dans [2]
si Py(m) = 2™ pour tout m = 1, oit u = (£(n®)), 0. Le probléme était résolu positivement par
Y. Moshe [9]. Plus généralement, il a obtenu la méme conclusion pour toutes les sous-suites
(t(H(n))nso0, avec H € Q[T] tel que H(N) =N et deg H = 2, et il demandait ensuite si le résultat
persiste encore pour deg H = 3.

Dans la suite, nous allons donner une réponse positive au probleme précédent de Y. Moshe.

Theorem. Soit H € Q[T] tel que HN) =N etdeg H = 2. Alors P, (m) = 2™ pour tout entier m = 1,
oiu=u(m)nso = (t(HM))n>o.

1. Introduction

Let X be a finite alphabet and u = (#(n)),,>¢ a sequence over X. For all integers m = 1, let P, (m)
be the number of different subwords in # with length m, and we call the function P,, the subword
complexity of u. So P,(m) < |Z|™, where |Z| denotes the number of elements in . Note that
automatic sequences have relatively low complexity O(m), and random sequences have high
complexity (see e.g. [2]).

Let t = (¢(n)), >0 be the Thue-Morse sequence in 0,1, i.e., t(n) = s»(n) (mod 2), where s,(n) is
the number of 1’s in the binary representation of n. The subword complexity of ¢ is complicated
but already known (see S. Brlek [4], A. de Luca and S. Varricchio [8], and S. V. Avgustinovich [3]).
It is well known that ¢ is 2-automatic, and J.-P. Allouche showed in [1] that (¢(H(n)),>0 is not
2-automatic, if H € Q[T] with H(N) € N and degH = 2. So (t(n2)) ;>0 is not 2-automatic, and
then J.-P. Allouche and J. Shallit asked in [2] whether P, (m) = 2™ for all integers m = 1, where
u = (t(n*))p=0. This problem was solved positively by Y. Moshe [9]. More generally, he has
obtained the same conclusion for all H € Q[T] with H(N) € N and degH = 2, and then asked
whether it holds also for deg H = 3. Below we shall give a positive answer to this problem. For
related works, see for example [5-7, 10, 11] and references therein.

Theorem 1. Let H € Q[T] such that HN) €N anddegH = 2. Let u = (u(n)) >0 = (¢(H()) n>0-
Then Py (m) =2™ for all integers m = 1.

Below let v, be the 2-adic valuation, and put p(n) = 2¥2” for all integers n > 1. For e =
(eh<j<nm [ =Uii<j<n € N”", we say e < f if 3 k € N(1 < k < n) such that ej=filk<j<n
and ey < fi, and call it the colexicographic order. Finally put

lel:= ) e, and Ce:z( ): Iel!/ IT ex
k=1 €n k=1

€1,€2," ",

2. Some preliminary lemmas

Lemma 2. Let ¢ >1 be an integer, and e = (ej), < j<o¢ € N2 with 1 < |e| < 2. Let J, be the set of
fe sz such that |f| = |e| and Cr = Ce. Then Card(J,) is even.
Lemma3. Letd =0, =1 be integers such thatd <2' —1. Let Y, be the set of
14 20
20-1 .
e:(ej)kjszlel\l with X:zej:d,
]:

and0<ej<2(2<j< 29). Then Va := Card(Yy) is odd if and only if d = 0,1 (mod 3).
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Lemmad4. Letd =0, ¢ =2 be integers such that d < 2° —2. Let G4 be the set of
2!
e=(ej)3< < N2 with D ej=
j=3
and0<e;<23<j< 2[). Then g, := Card(Gy) is odd if and only if d = 0,2 (mod 6).

Lemma5. Letd =2, m=1 beintegers, Hj € Z[T] with H;(N) =N and

d .
Hi=Y alT"(1<j<m).
k=0
Then3 N =1 such that foralln > N,3 A, = 1 such that t(Hj(n+ Ap)) = t(H;(n)) (1< j < m).

Lemma6. Letd =2, m=1 beintegers, Hj € Z[T] with H;(N) =N and
d () k
H]:kZa]c T'(1<j<m)
=0

)

such that a(] =ayg>0and a“) < afiz) << a(m) Then 3 N = 1 such that for all integers n> N,

34,21 such that t(Hj(n +An)) =tH;n)(<j < m) and t(Hy,(n+ Ay)) = t(Hp,(n)) + 1.

Proof of Theorem 1. Write H = Zizo ap T* with a; € Q, and ay # 0. Take Q =2 an integer such
that Qay € Zfor 0 < k< d. For j = 1, put H;(T) = H(QT + j). Then H; € Z[T], and we need
to show that for all b; € Z/2Z (1 < j < m), we can find infinitely many integers n such that
t(Hj(m)=b;(1<j< m).

By induction on m. If m = 1, by Lemma 6, 3 N; = 1 such that for all integers n > N;, we can
find A,, = 1 such that t(H; (n+ Ay)) = t(H1(n) + 1, hence t(H;(n)) = by or t(Hy(n+ Ay)) = by.

Now assume that the result holds for m —1 with m = 2. Then there are infinitely many integers
n such that 1(H;(n)) = b;j(1 < j < m). If by, = t(Hp(n)), then the desired result holds. Otherwise
by = t(Hp(n)) + 1, and by Lemma 6, 3 N,,, = 1 such that for all integers n > N, 3 A, = 1 such
that t(H;j(n+ Ap)) = t(H;(n)(1 < j <m) and t(Hy,(n+ Ap)) = t(H;,(n)) + 1. So the desired result
holds. O

3. Proofs of lemmas
Proof of Lemma 2. Let S, be the symmetric group on 2 letters. For o € S,r and f = (f}), < j<2!

€Jeput fo = (fo(j)i<j<2t €Jes Je(f) = {8 € Je: 85 = f}, and it suffices to show that Card(J(f))
is even. Assume that f has r different values, each with multiplicity s;(1 < i < r). Then

l
Y s;=2 and Card(]e(f)):( 2 )
S$1,82,** Sr

1<js<r

Note that s; < 2/(1 <i <), otherwise f; = fi (1 < j <2, and then 2¢ > | f| = 2/ ;. Finally we

obtain
oA E (A ) A A

Proof of Lemma 3. Write (1 + x+ x2)2 1 = 22(2 D p;xt, and set B = Z obi 1<k <2%). Then

- 0 ‘
(l—xs)zl 1=(1—x)2!_1(1+x+x2)2 "o a-xn¥ ! Y bixt,
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SO

201 ) a1 _ 2 22[—1 20 _q ) 22[—1
Y #i=(1-5%) = Z bix' E(Zx’) Z b;ix' | (mod 2).
i=0 i=0

The part of degree < 2¢ is Z?::_Ol Bix*. Thus B =1(mod2) iff 3| k. So yq = by = Ba—Pa-1 =1
(mod 2) iff d = 0,1 (mod 3). O

. 0 l_ .
Proof of Lemma 4. Write (1 + x + x%)? 2= Z?(:ZO 2 c;x'. Then we have c¢; = g;. Note that

220-2) . 2(2¢-1)
1+x+x2) Y cix'=(1+x+x%)° Z bix',
i=0
hencecy=by=1,co+c1=by, ci+ci-1+ci—2 =b;,for2<i< 20 -2, By Lemma 3 and by induction
on i, we obtain ¢; is odd if and only if i = 0,2 (mod 6). O

Proof of Lemma 5. Since H;(N) =N (1 < j < m), we can find an integer N > 1 large enough such
that for all integers n > N, we have ¥¢_. (} )a,(cj) ki>00<i<d. Take M>dl-x¢_ (%) ](Cf)nd,
possibly depending on n. Let ¢,b be 1ntegers such that 2¢ > d, b > n, and b is odd Take
integers zy such that 24 > Mb?, and 2% > 2941 M9 (2 < k < 29). Put Xp=2%1<k< 29,
and A:= A, := bZ?le X

Put D(d, ) ={e=(ex)|<p<ot € N2 :|e| < d}. For 1< j<mandeec D(d,¥), define

aj(e) b\e\c (Z (| |) (@) k e)nxez >0. 1)

k=le|

Then Hj(n) = a;(0) with 0 = (0,...,0), and by multinomial expansion, we obtain further

20 !

Hi(n+A) = Z a (n+ Ak = Z al/) Z( ) k"'b"(Zx,) = Y aqe, @
k=0 k=0 i=0 I=1 eeD(d, ()

where the last summation proceeds by the colexicographic order of e, which begins with 0 and

ends with (0, ...,0,d). Note that aj(e) < p(a;(f))(1 < j < m), for all f € D(d,¢) with e < f.

Indeed, if we write f = (fi);<r<o¢ and let ko be the largest index k such that e; < fi, then

ej=filkg<js< 2[). Let xp = 1 if necessary, then we have

2¢ 20 20
)= [Tk = [T oo [Tt = xf0™% [T 2/t n I = n
k=1 k=1 k=1

<k?0 k<k0

Z l !
> Xy Xy, Z_'Tko o ]_[ X = xp 1_[ Xk > Mb? H xt=aje).
k= k=1 =
Hence the summation «(e) + a;(f) has no carry under binary expansion, since aj(e) < p(a; (f)).
By induction on f with its colexicographic order, we conclude that the binary expansion of
Ze<f aj(e) is a word of length < vz (a;(f)), thus the summation Ze<f aj(e) + a;(f) has no carry
and yields a word of equal length with that of a;(f). So does the summation in the formula (2),
hence

[\/]&.

t(Hin+A)= ) t(aj@)=rt(Hjn)+ > t(aj(e) =t(Hjn),

eeD(d,?) i=leeD(d,?),|el=i

since by Lemma 2, the coefficient C, (e # 0) appears even times in the multinomial expansion,
and f(a;(e)) = t(a;(f)) ifCe:Cf and |e| = | f]. O
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Proof of Lemma 6. Let n, M be integers such that

9 k) ) ki
dadn+a£ilil>E(dadn+a(m))>dad,z(,)amnk’>O,
i

d-1 k
k=i
and
4 (k) ()
M>d-), .ak]nd(Osisd, and 1<j<m).
k=i \?
Putr—vz(y(a d,)+1)>1 andq—vg(wa d,)+1) (ifd>2). Theng=1ifr >1and d > 2. Put

Bj=(d-1)!(dagn+a ) Ip(aqay >1 (1< j<m),
and BO = %Bm Then

9
51111 > o (dadn+a(m)).

Byn=Bj=B1>By, for dagn+a i1

Below we shall choose appropriate b, z; € N by distinguishing different cases.

Casel. d = 0,2(mod6) and r = 1(mod2). Then choose b,z; € N such that b > 16M,
b=1(mod 2", and Zmed_l > 2% >2B;, bd_l, since for the integer 1 large enough, we have

U (log2 (ZBm,l 2" u+ l)d_l), log, (ZBm 2" u+ l)d_l))

u=ug
= (1og, (2Bm-1 (21 ug +1)* 7", +o0),

since

. d- d- B
ulilpm(logz(ZBm(Zr+1u+l) 1)—logZ(ZBm_l(2’+1(u+1)+1) 1)):logBm > 0.

m-—1

Case 2. d =3,5(mod6). Choose b >16M, b= M(“ad—(ii!!) (mod 4), and 2B,,,b% 1 > 2% > 2B,,_ b

Case3. d=1(mod3),g=1(mod?2);ord=3,d=2(mod6), r =0(mod 2). Then choose b > 16M,
b=1(mod27*"*"), and 3B, b*~! > 24 > £ B, 1 b1

Case4. d =2, r =0(mod 2); or d = 1 (mod 3), g = 0(mod 2) (thus r = 1). Then choose b > 16 M,
b=1(mod29+"*1) and B,,b? 1 > 2% > B,,_1 b1

Case5. d =0(mod6), r = 0(mod2). Take b > 16M, b = 1(mod 29+"*1), and %med’l > 24 >
1 d-1

sBy,_1b% .

20m

Now fix £ = 1 an integer such that 2/ > d, and choose successively integers z; (2 < k < 2¢) such
4
that 2% > 29%-172 Mb?, Put x = 2% (1 < k<2%), A:= A, :=bY2_, x. Then

xk>4Mbdxk 1(2< k<2[),
and

x; =27 > %Bm,lbd‘l > %Blbd_l > ;—Omed—l > L—llebd—l > iijd—l (1<j<m).
Forall e = (ej)lsjszf»f = (fj)lsjszf € D(d, ¢) with e < f, we shall show below a(e) < a;(f),
and compare a(e) and u(a;(f)) (1< j < m), where a(e) is defined as in the formula (1).
Define €' = (€j), < j <ot f= (fi)2< j<oc- For 1< j < m, we distinguish different cases below.
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Casea. e < f'. Then u(a;(f)) > 4a;(e). Indeed if ko is the largest index k such that ey < f, then
ej=fjlko<js< 29, and by the construction of M, b, and x;’s, we obtain

2l

l 4
fi - 2 2
a; (f)= ple; ()= [T =2 " TT o [T = w0 [T 6 T1 g
k<ko k=1 k<ko k=1

—ka eg ol 2! 2!
> Xk X1 L1 = X%y [T x> 4Mb? [T x> 4a(e).
k=1 k=1 k=1
Caseb. ¢ = f',and |e| <d - 1. Then a;j(f) = pla;(f) >4a;(e). Infact, we have B;, > 1, and

2[ 2! 2! 2[
1 b
aj(f)=p(a;(f)=x [ x> =Bub® " [] % = =Bpb [] x7* > aMB, b [] 5% > 4a(e).
k=1 4 k=1 4 k=1 k=1
Casec. ¢ = f',and |e|=d—1. Then f; —e; = 1,|f| = d, and f is the successor of ein D(d, ¢) (i.e.,

there does not exist g € D(d, ¢) such that e < g < f). Then by definition, we have G b 1,
and

aje M

ajl@) _ Bib" p(er+ 1)) Z pler)
plai(f) . el o oed

From above, we deduce that if aj(e) + a;(f) has a carry, then the pair (e, f) belongs to the
Case c.

3)

Casel. d =0,2(mod6), and r =1 (mod 2). Then

10 Bpb®! 1 1 B!
i >-— and ->-L
9 X1 2 2 X1

thus forall e = (ej)lsjszf’f = (f]')lsjsﬂ € D(d, ¢) with e < f, we have

aj@)<p(a;j(f)) (1<j<m), thus t(Hj(n+A)=t(H;jn)(l<j<m),

1
2Bnb* > 1 >2Bm_1bd‘1,E x (1<j<m),

just as for Lemma 5. Now —am(@ _ - q jff er=lander€{0,1,2} 2<k< 29, and then

1@ ()
an(e) an(f) _ blagd! _, "
1 < < 2, = = 2 — 1 mod 2 ,
w(am (1) " wlam(f)  plaad) ( )

and we fall in the Case c. So the summation a,,(e) + a,,(f) takes the form

%% %011---100--0+1 %% -+ %,
and carries exactly r times. But f is the successor of e in D(d, ¥), so for all g € D(d, ¢) \ {e, f},
either g < e or g > f. In the first case, we have a,,(g) < u(a,,(e)) by the Cases a and b above. In
the second case, we have a,,(e) < a,,(f) and g’ > f', thus 4a,(f) < u(a;,(g)) by the Case a,
then a,,(e) + an(f) < 2a;,(f) < ulam(g)). As for the proof of Lemma 5, by induction on e
with its colexicographic order, we obtain that the binary expansion of ¥.¢c p4,¢),g<e @m(g)
(resp. Y.gepd, 0),g<f ¥m(g) is a word of length < vy (a,,(e)) (resp. < va(ap(h), for he D(d, 0)
with f < h). So the carries of a,,(e) + a,,(f) affect none of the other terms in the summation
deD(d,g) amn(g). By Lemma 3, we get t(Hy,(n+ A) = t(Hp(n) + ryg-2 = t(Hp(n) + 1, for r is
odd,and d -2=0,1 (mod 3). Il

Case 2. d =3,5(mod6). Then for all e, f € D(d, ¢) with e < f, we have a(e) < u(a;(f)) (1< j<
m), thus t(H;(n+A)) = t(H;(m) (1 < j < m). But 72208 > 1iffe; = land eg € {0,1,2 2 < k<20),
then we are in the Case c, and

dg
L< am(e) <2, am(f) _b“dd'zl(mod@,

plam(f)) 7 wlam () ulagay
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S0 a(e)+a,(f) has one carry. As for the Case 1, by Lemma 3 and the fact that d—2 = 0,1 (mod 3),
we obtain
t(Hn(n+ A) = t(Hn(m) + ya—2 = t(Hm(n)) + 1.
O

Case3. d = 1(mod3), g = 1(mod2); ord >3, d = 2(mod6), r = 0(mod 2). Then §B,b""! >
X1 > %Bm,lbd‘l, and we only consider the Case c. If e; = 3 for some integer k = 2, then by the
formula (3), we obtain
aj(e) 3 10 1

—_— < — X — X2 X —

plai(f) 4 9 3
Below we assume e € {0,1,2} 2 < k < ZF).

If e =0 or 2, then

2( <1l(l<j<m)
w(a; (£))
_ , ajle) a;(f) _ blagd _ 1
Ife1—l,thenforlsjsm,wehave1<m<2,andm_m=2’—l (mod 2™h,

thus the summation a(e) + a;(f) has the form

%% %011---100---0+1 ... %,
———— N——
r N N
hence it yields r carries (the number of such pairs is y;_5).
If e; = 3, then
aj(e am(e) - am(f) _ blagad
w(a; (£) wam () " ilam (1)~ 3plagdd

So the summation a,;,(e) + @, (f) has the form

<l(l<j<m),1< =27-1(mod27"1).

%% %011+ 100 - 0+1 %% -+ %,
——— ——r ——
q s s
and gives g carries. Note that the number of such pairsis y;_1_¢, = y4-4, hence as for the Case 1,
we obtain, by Lemma 3,

t(Hj(n+A) =t(Hjm) +rys—=t(Hjm) (1< j<m),
t(Hn(n+A) = t(Hn(M) +1ya—2+ qya-a = t(Hn(n) + 1. =

Case4. d =2, r =0(mod?2); or d =1(mod3), g =0(mod?2) (thus r = 1). So me”l‘1 > x>
Bu-1b%1. As above, we only consider the case ¢, and proceed similarly. If e;. > 3 for some integer

k=2, then
aj—w)<9x2xl<l(l<j<m)
ula;(f) 9 3 '
Below we suppose that ey € {0,1,2}(2 < k < 2¢). If e; = 0,2, then
aj(e)
p (e (f))
am(e)

() < 2. For e} =0, the summation a,,(e) + a,,(f) has r carries (the number of such
pairsis y4_1); for e; = 2, the summation a,,(e) + a,,(f) has g carries (the number of such pairs is
Ya-3).

Ife;=1,thenl< % <2(<j<m),and2< ;&8 <3 Forl< j<m, the summation
aj(e)+a;(f) has r carries (there are y;_» such pairs), while the summation a,,(e) + a,,(f) has
r —1 carries (there are y;_, such pairs).

<1(l<j<m),
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Ife; =3,thenl< % <2 (1< j<m),andthe summation a;(e) +a;(f) has q carries (there

are y4_4 such pairs). If e; =4, then
ajle)
w(a; (f))

As for the Case 1, we obtain, by Lemma 3,

<l(1<js<m).

t(Hjn+A)=t(Hj(n)+rys—o+qya-a=t(Hjm) (1< j<m),
t(Hn(n+ A) = t(Hn(W) +rya-1+qYa-s+ T —DYa—2+qya-4 = t(Hn(n) + 1. O

Case5. d =0(mod6), and r =0(mod 2). Then r>1,and g =1, S0 1B,,b? ' > x; > § Bjp1 b971.
As above, we only consider the Case c. If e; > 4 for some k = 2 or 3 ky, k = 2 with k; # k» such
that ey, e, 1{0,1,2}, then
aj(e)
u(a;j(f)
Now suppose e, = 3 or 4 for some unique integer k = 2. If e; # 1, then % <gxgx2x<
1(1<jsm).Ife; =1, then

<l(l<js<m).

aj(e) a;(f) b%a,ad!
<—— = '
p(a;(£)) p(aj(f))  3ulaqdy
for g =1. So aj(e) + a;(f) has one carry. One can check that there are @f - 1)(g4-5 + 84-¢) such
pairs: 2/ —1)g4_s pairs for e; = 3, and (2¢ — 1) g4_g pairs for ey = 4.
Below we assume ey € {0,1,2} (2 < k < 29). If e; = 4, then we have
If e; =3, thenfor 1 < j < m, we get
8 9 aje) 8 10 aj bla,d!
Sx—<—1 " 2y —<3 i (f) = da
3 10 pu(aj(f) 3 9 pla;(f) 3u(aqd)
thus the summation aj(e) + a;(f) has the form

<2, and =27-1(mod 2‘”1) =1 (mod 4),

aj(e)

m<1(1<]$m)

2< =1(mod4),

#* % %0100 - 04+10 % % -+« %,
N N
hence no carry.
Ife; =0,2,thenl < % <2< #(‘f#((ef))) <3(<j<m).Ife; =0, then aj(e)+a;(f) (1<
Jj < m) has r carries, while a,,(e) + a,,(f) has r — 1 carries, each of them has y;_; such pairs. If
e} =2, then
aj(f)  blaga
plaj(f))  3plaqd)
hence aj(e)+a;(f) (1 < j < m)has one carry, and there are y;_3 such pairs, while a,(e) + @, (f)
does not have any carry.

=1(mod4) (1<j<m),

Ife; =1, then
ajle ame) ' a;j(f) . . .
ula, () < T =20 - d <js<m).
a1 () < ST g gy 7 e ==

Thus aj(e) + a;(f) (1< j < m) has r carries, while a,(e) + an (f) has r — 2 carries, each of them
has y;-, such pairs.
Finally, proceeding as for the Case 1, we obtain, by Lemma 3 and Lemma 4,

t(Hj(n+A)=t(H;n)+ (2” - 1) (8a-5+8a—6) +TVa-1+Ya-3+Tya—2=1t(Hj(n) (1< j<m),

t(Hp(n+ A) = t(Hp(m) + (2" - 1) (8a—5+ 8a—e) + (r = Dya1 + (r—2ya—p = t(Hp(m)+1. O
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