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Abstract. In this note we give sufficient conditions for the LP boundedness of periodic Fourier integral
operators. We also refer to them as Fourier series operators (FSOs). The main tool will be the notion of full
symbol and the periodic analysis on the torus introduced by Ruzhansky and Turunen [34].

Résumé. Dans cette note nous présentons les conditions suffisantes pour la continuité des opérateurs
intégraux de Fourier périodique qui sont appelés aussi séries des opérateurs de Fourier. Le principal outil
est la notion des opérateurs intégraux de Fourier et 'analyse discréte notamment I’analyse périodique dans
le tore introduite par Ruzhansky et Turunen [34].
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1. Introduction

In this note we investigate the L”-boundedness of periodic Fourier integral operators which, by
following Ruzhansky and Turunen [34], will be called Fourier series operators. If a: T" x Z" — C,
is a (symbol) function defined on the phase space T" x Z", where T = R/Z is the one-dimensional
torus, the Fourier series operator (FSO) associated with a is defined by:

Af(x):= Y e 09 a(x,&)(Frn f)©E), feC®TM), 1)

&ezn

where Z1x f is the toroidal Fourier transform of f. These operators appear as solutions of sev-
eral periodic hyperbolic problems, and their microlocal properties, in particular, an associated
symbolic calculus for them, as well as, their boundedness properties on L?, were studied by
M. Ruzhansky and V. Turunen in [34, Chapter 4]. Applications of the boundedness of Fourier se-
ries operators to hyperbolic differential equations with periodic conditions can be found in [34,
p. 410].
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Fourier series operators are periodic versions of Fourier integral operators which, in the sense
of Hérmander, are defined by:

Tf(x):= fR e 4, (T IO, [ € CRR, @)

where Zgn f is the Euclidean Fourier transform of f. The general theory of Fourier integral
operators (FIOs) was developed, in a very satisfactory way, by Hérmander [21], and Duistermaat
and Hormander [18]. For analysts, the investigation of the mapping properties of FIOs is a very
fundamental task due to its applications in PDE, for instance, in estimating the solutions of a
long variety of hyperbolic problems (see e.g. Stein [39]). The subject has been studied by several
authors. We refer the reader to Fujiwara [20], Asada and Fujiwara [2], Miyachi [25], Peral [28],
Seeger, Sogge, and Stein [38], Ruzhansky [29], Coriasco and Ruzhansky [14,15], and Tao [40], were
several of the fundamental theorems on the subject have been proved.

In (1), when ¢(x,¢) := 27m(x,¢{) = 2L} | x;$;, we obtain the global definition of a periodic
pseudo-differential operator. These operators appear in the early works of Volevich and Agra-
novich [1], and subsequent developments are due to McLean [24], Turunen and Vainikko [41],
and Ruzhansky and Turunen [35]. Nevertheless, the mapping properties for periodic pseudo-
differential operators have been treated by Ruzhansky and Turunen [35], Cardona [3-8], Cardona
and Kumar [9-11], Delgado [16] and Molahajloo and Wong [26, 27]. The fundamental goal of this
paper is to announce our results in [12] about the LP-boundedness of Fourier series operators,
where we cover a suitable class of non-degenerate phase functions ¢ on T" x R", and a family
of symbols a on T" x Z" belonging to the toroidal Hérmander classes (see [34, Chapter 4] for
details).

As one of the reviewers of this note remarked, it is important to mention that several results
about the mapping properties of continuous linear operators on the torus, can be obtained
from ones obtained in the context of compact Lie groups, we refer the reader to [13,17,37] and
references therein just to mention a few.

This note is organised as follows. In Section 2 we present some basics on the analysis of pe-
riodic operators. To motivate our main results, in Section 3 we record several of the fundamen-
tal LP-estimates for Fourier integral operators on R”. Finally, in Section 4 we present our main
results.

2. Preliminaries

In this section we present some basics on the theory of Fourier integral operators on the torus. For
a complete background about the periodic analysis of pseudo-differential operators (and Fourier
series operators) on the torus, we refer the reader to, Ruzhansky and Turunen [34], for instance.

The torus is the quotient space defined as T" = (R/Z)" = R"/Z", where Z"* denotes the additive
group of integral coordinates (the addition being, of course, the one derived from the vector
structure of R"). Let C*°(T") be the family of smooth functions on T" with its usual Fréchet
structure. Let #(Z") be the discrete Schwartz space which consists of all complex functions
w:Z" — C, such that, for every N € Z, there exists Cy > 0 satisfying that |y (m)| < Cy(1 + Im|)~N,
for every me 7.

In order to define FSOs on the torus we will use, by following [34], the Fourier analysis on T".
So, let us recall that the toroidal/periodic Fourier transform .%» : C*°(T") — #(Z") is defined by:

(Frn f)©) = f(&) = fT e faydy, feC®A), ez 3)
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In this case, the Fourier transform is a bijection from C*°(T") into .#(Z") and the Fourier
inversion formula gives:

(Friv) ) = Y 2"y, yes (@™, xeT™

Eezn
We are interested in the action of FIOs on periodic Lebesgue spaces. As usually, we denote by
LP(T™) the space of Borel-measurable complex functions « on the torus T”, satisfying

p
lullrrrn = (fwlu(x)lpdx) <00,
for 0 < p < oo, and for p = oo, let L*°(T") be the space of all complex functions u such that:
l2ell poo(rny := €SSSUp yen | U(X)| < 00.

The instrumental tool in the theory of FSOs is the notion of periodic symbol. In order to classify
the regularity of symbols associated to FIOs we need the notion of discrete derivatives (difference
operators). These operators will be introduced in the next definition.

Definition 1 (Difference operators). Leto:7" —Candl<i,j<n.Letd; € N{ be defined by:

1, ifi=j

6)i:= { f , ]

0, ifi#j.
We define the forward and backward partial difference operators A, andA_gj respectively, by:

Ao =0 +6))-0(), Ay ;o@)=0@-0(E-5)),
and for a € Njj define:
—a —a —ay

AF =00 LAT Ag =Dy LA
Now, we consider symbols in C®°(T" x Z™). These classes are motivated by the treatment of (peri-

odic) elliptic and hypoelliptic problems (see [34, Chapter 4] for details). Here ({) := (1 +¢ 12)2 2 is the
Japanese bracket.

Definition 2 (Toroidal Hormander class Sm (T*xZ™). LetmeR,0<0,p<1. Then the toroidal
symbol class Sm (Z" xT™) consists ofthosefunctwns a(x,&) € C°(Z" x T") and satisfy the toroidal
symbol mequalmes

10205 alx, &)1 < Caapm (&)™ PloIP,

foreveryx e T", foreverya, e N[} and forall e Z".
As it is well known, difference and differential operators satisfy the Leibniz rule.

Important examples of FSOs are periodic pseudo-differential operators. We recall the follow-
ing definition from Ruzhansky and Turunen [34].

Definition 3 (Toroidal pseudo-differential operators). Ifae S’ (T" xZ"), we denote by a(X, D)
the corresponding toroidal pseudo-differential operator defined by

aX,D)f(x)= Y e a(x, &) f(©. 4)
Eezn

The series (4) converges, e.g., if f € C®°(T"). The set of operators of the form (4) with a € S;T (T" x
Z™) is denoted by Op(SZ“(s(TT" x Z')). If an operator A satisfies A € Op(S’” (T" x Z2')) we denote its
toroidal symbolbyo o =0 4(x,¢), xeT", &eZ™.

To be precise, we will define the class of Fourier series operators that we will investigate.

C. R. Mathématique — 2021, 359, n° 5, 547-553
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Definition 4 (Fourier series operators). A continuous linear operator A: C*°(T") — 2'(T") isa
Fourier series operator, if there exist a real-valued phase function ¢ : T" x 7" — R, homogeneous of
order1 iné #0, and a symbol a € S{”O(TT" x Z™) such that

Af(0) = Agafx):= Y, 200 q(x,&)(F )(©), feC®T™M. 5)
Eezn
In our further analysis we will use the close relation between toroidal symbols (in the sense
of Ruzhansky and Turunen [34]) and periodic Hormander classes. We introduce such classes as
follows.

Definition 5 (Periodic symbol class SZ“(SGI” x R™). Symbols in SZ%(T” x R™) are symbols in
82”5 (R™ x R™) (see [22, 30]) of order m which are 1-periodic in x. If a(x,¢) € S;”a(TT” x R™), the
corresponding pseudo-differential operator is defined by

a(x, Dy) u(x) := f f eV q(x, Huly)dédy, ue C®TM). (6)
T" JR"

We refer the reader to Cardona and Kumar [9], and references therein, for the multilinear
aspects of the periodic pseudo-differential theory.

3. LP-boundedness of Fourier integral operators on R”

In order to motivate our main results, let us summarise several of the fundamental boundedness
properties for Fourier integral operators on R”. Indeed, in the case of general phases, according
to the theory of FIOs developed by Héormander [21], the phase functions ¢ are positively homo-
geneous of order 1 and smooth at ¢ # 0, and the symbols satisfy estimates of the form

sup 1050% a(x, &)l < Cap (1 +1EN< @)

(x,y)eK

for every compact subset K of R?". So, as it was pointed out in Ruzhansky and Sugimoto [33], the
LP-properties of the FIO defined in (2) can be summarized as follows.

e Ifx <0, then Tis (L2, ,L? )-bounded (Hérmander [21] and Eskin [19]).

comp’

o Ifx<kp:=—(n-1)| % —p% |,l?l§en T is (L{omp, L;, .)-bounded (Seeger, Sogge and Stein [38)).

o Ifx< —%(n —1), then T is (Hclomp, Llloc)-bounded (Seeger, Sogge and Stein [38]).

o Ifx <—3(n-1), then T is locally weak (1,1) type (Tao [40]).

¢ Other conditions can be found in Miyachi [25], Peral [28], Asada and Fujiwara [2], Fu-
jiwara [20], Kumano-go [23], Coriasco and Ruzhansky [14, 15], Ruzhansky and Sugi-
moto [30-33], and Ruzhansky [29].

« A periodic version of the L?-result by Hérmander and Eskin mentioned above, was
proved by Ruzhansky and Turunen (see Theorem 8). See also dispersive estimates for

FIOs in Ruzhansky and Wirth [36].

4. LP-boundedess of Fourier series operators on T"

The main results of this paper are Theorems 6 and 7 below. In Theorem 6 we investigate how the
LP-boundedness of FIOs implies the LP-boundedness of FSOs. Since the phase functions ¢ are
usually considered homogeneous of order 1 in ¢ # 0, i.e., ¢p(x,A) = Ap(x, &) we will work with
phase functions defined on T” x R” instead of phase functions on T" x Z".

Theorem 6. Let1 < p < co. Let us assume that ¢ is a real valued continuous function defined on
T"xR"™ Ifa:T" x R" — C is a continuous bounded function and the Fourier integral operator

Tpaf(x):= fR e a(, &) (Fn () ®)
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extends to a bounded operator Ty o : LP (R") — LP (R™), then the Fourier series operator
Apaf@):= Y 20 a(x,)(Fr ) ©)
Eezn

also extends to a bounded operator Ay g : LP (T") — LP(T"). Moreover, for some C), > 0, the estimate
I Ap,all B(rrrny) < Cpll Tp,all B1r @ny) holds true.

In the next result we establish the LP-boundedness of FSOs, which in this context, is an
analogy for FSOs of the celebrated (local) LP-estimate proved by Seeger, Sogge and Stein in [38]
(and also, of the global L”-estimate proved by Coriasco and Ruzhansky [14, 15]).

Theorem 7. Let us assume that ¢ : T" x R" — R is a real-valued phase function positively
homogeneous of order 1 iné # 0. Let us assume thatalz app € ngo(T” x (R"\{0}) whenly|=1y'| =1,
that

|det(@y0:(y, )= C>0, 105¢(y,0=<Calsl, §#0, (10
Vep(3,E) =1, (Vyp(y,6)) = (&), (11

and the symbol inequalities

1 1
10788 a(x, &) < Cap@ 1, Kk <kpi=—(n-1) o

n
< |—=
1k Iﬁl_p

hold true for every (x,&) € T" x Z". Then, the Fourier series operator in (9) extends to a bounded
operator Ag,q : LP(T") — LP(T") forall1 < p < oco.

+1, (12)

Theorem 7 gives the L2-boundedness of FSOs provided that x < 0. Our conditions however are
different from the following sharp L?-result due to Ruzhansky and Turunen [34, p. 407].

Theorem 8 (Ruzhansky-Turunen). Let us assume that ¢ : T" x Z" — R is a real-valued phase
function, homogeneous of order 1 in # 0. Let us assume that AZ{([) € Sg,o,znu,oﬂrn x R\ {0}) when
Iyl =1 and the symbol inequalities

0Pax,6)l<C, 1pl<2n+1, (13)
hold true. Assume also that
IVxp(x,8) = Vep(x, N = ClE-¢E'l, &,¢&ez”. (14)
Then, the Fourier series operator in (9) extends to a bounded operator Agp 4 : L2(T™) — L2(T™).

In relation with the L2-results mentioned above, we present the following dispersive estimate
for a family of Fourier series operators of the form (see Ruzhansky and Wirth [36] for the case
of R™), . ‘

Af(x):i= Y ZREFEIIPND gp 5 E)(Frn ), 0<fp<t<o0. (15)
Eezn
The corresponding assertion is the following.
Theorem 9. Let us consider the parametrized family of Fourier series operators in (15). Let us
assume that ¢ : [ty,00) x T" x R" — R is a real-valued phase function, homogeneous of order 1 in
¢ #0, and satisfies

|det(I + 10,0 p(t, x, )| = Co >0, |a§ag¢(t,x,f)| < Capt P, t219>0, (16)

forallx e T" & #0, and for 1 < |Bl,|al < 2n+2. Let us assume that a : [ty,00) x T" x 2" — C is
supported in t|¢| = C for some constant C > 0 and that

0088 alt,x,8) < Capt™P, t219>0, lal,Ifl<2n+2. a7
Then, the family A, 0 < ty < t < oo, is uniformly bounded on L*(T"). Moreover
”Al‘f”LZ('I]'") <C sup Ca,ﬁ . ”f”LZ('H'n). (18)
lal,|Bl<2n+2
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