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Stochastic extensions of symbols in Wiener spaces and heat operator

LISETTE JAGER

Abstract

The construction, in [1], of a pseudodifferential calculus analogous to the Weyl calculus, in an infinite
dimensional setting, required the introduction of convenient symbol classes. The symbols are functions
defined on an infinite dimensional Hilbert space H, which compels us to investigate, in particular, their
stochastic extensions to a Wiener space linked with H .

In this article, we define a new class of symbols, which applications in quantum electrodynamics
render necessary. We proceed with the study of the first classes too. The results will be used to establish,
later on, the properties that a pseudodifferential calculus is expected to satisfy. They reveal as well
links between functions defined on the Hilbert space (the Cameron—Martin space) and their stochastic
extensions.

More precisely, we prove here that the symbols of both classes and the terms of their Taylor expansions
admit stochastic extensions. We define, in this infinite dimensional setting, a semigroup H; analogous to
the classical heat semigroup on a Wiener space [5, 7]. But, instead of acting on functions defined on a
Wiener space, it acts on functions defined on its Cameron—Martin space, namely on functions belonging
to one of our symbol classes. The heat operator commutes with a second order operator similar to the
Laplacian, which is the infinitesimal generator of the semigroup. A surprising feature is that this Laplacian
is continuous on the second class of symbols. This allows us, in this case, to give an expansion in powers
of t of H; f, or to invert it.

Extensions stochastiques de symboles et opérateur de la chaleur
Résumé

La construction d’un calcul pseudodifférentiel en dimension infinie analogue au calcul de Weyl,
dans [1], a conduit a introduire des classes de symboles adaptées. Les symboles sont des fonctions définies
sur un espace de Hilbert de dimension infinie H, ce qui contraint a étudier, en particulier, leur extension
stochastique a un espace de Wiener construit sur H.

Dans cet article, nous définissons une nouvelle classe de symboles, nécessaire pour une application
en électrodynamique quantique. Nous poursuivons aussi I’étude des premiéres classes de symboles. Ces
résultats seront utilisés ultérieurement pour établir les propriétés qu’un calcul pseudodifférentiel est
censé vérifier. Ils révelent aussi les liens entre les fonctions définies sur I’espace de Hilbert (1’espace de
Cameron—Martin) et leurs extensions stochastiques.

Plus précisément, on prouve ici que les symboles appartenant aux deux types de classes et les termes
de leur développement de Taylor admettent des extensions stochastiques. On définit, en dimension infinie,
un semi-groupe H; analogue au semi-groupe de la chaleur classique sur ’espace de Wiener [5, 7].
Mais au lieu d’agir sur des fonctions définies sur un espace de Wiener, il agit sur des fonctions définies
sur I’espace de Cameron—Martin, ¢’est-a-dire sur des fonctions appartenant a nos classes de symboles.
L'opérateur de la chaleur commute avec un opérateur du second ordre analogue au Laplacien et qui est le
générateur infinitésimal du semi-groupe. Un fait surprenant est que ce Laplacien est continu sur le second
type de classes de symboles. Cela permet de développer H; en termes de puissances de ¢ et de 1’inverser.

Keywords: stochastic extensions, heat operator, Wiener spaces, pseudodifferential calculus, symbol classes.
2020 Mathematics Subject Classification: 35K08, 28C20.
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1. Introduction

This article is motivated by pseudodifferential analysis in an infinite dimensional context.
A central notion in the usual Weyl pseudodifferential calculus is the symbol classes.
Symbols are functions defined on R, with which the Weyl calculus associates a linear
operator, according to a classical procedure involving integrations. The space R" appears
both as a Hilbert space and as a measure space.

What becomes of the spaces and of the symbols in an infinite dimensional framework?
On an infinite dimensional Hilbert space H, there is no measure which can replace the
Lebesgue measure. One solution is to use a Wiener extension B of H, as was done in [1].
One may consult [3, 4, 5, 6, 9, 11] about Wiener spaces and the notions needed will be
recalled in the article. But let us sketch here the relationship between the Hilbert space
and its extension. The Hilbert space H is real and separable. Its Wiener extension B is
its completion with respect to a convenient norm on H (called “measurable”) and it is
endowed with a Gaussian probability measure. There is no such measure on H and the H
scalar product does not extend as such on B, even if B is sometimes a Hilbert space too.

This distribution of properties compels us to shift constantly from one space to the
other, operation which is not necessary in the classical, finite dimensional case. The
choice made in [1] was to define the symbols on the Hilbert space. To be able to integrate,
one must associate a function f~, defined on the Wiener extension, with a function f,
defined on the Hilbert space. This is the notion of the stochastic extension, which goes
back to [3, 4, 5, 6,9, 11]. It is studied in the present article in relation with the symbol
classes. Although the motivations come from pseudodifferential analysis, even if we
sometimes allude to the classical, finite dimensional theory, it will not be central in this
work which is focused on the notion of stochastic extension of specific symbol classes.

In this article we principally treat two different symbol classes, one originating from a
former article and one which is introduced here.

In [1], the Weyl calculus was constructed for symbols belonging to a given class,
Sm (8B, €), recalled in Definition 2.3. Only the properties strictly necessary in view of the
construction of the pseudodifferential calculus were proved there. The symbols, defined
on H?, satisfy partial differentiability conditions with respect to a fixed orthonormal
basis B, as well as estimates (formally, they satisfy the conditions required to apply
the finite-dimensional Calderon—Vaillancourt Theorem). In the present article we go
further with the study of these classes. We prove that the symbols in S,,, (8B, €) have more
general stochastic extensions and are Fréchet-differentiable for sufficiently large m. We
also define the analogue of the Laplace operator and relax the dependence on the basis
of H (Remark 4.7), which was important in [1].
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Stochastic extensions, heat operator

In Definition 3.5 we introduce another class of symbols, S(Q 4), defined thanks to a
quadratic form linked with a trace class operator A. Indeed, the classes S, (8, &) could
be used in quantum electrodynamics but only under a cutoff assumption (see [2]), which
the classes S(Q 4) enable one to lift. Moreover, the new classes S(Q 4) do not depend on
a basis. The symbols admit stochastic extensions as well. Their smoothness is included in
their definition.

Our principal purpose is to construct and study a semigroup of operators denoted by
(Hy): >0, similar to the heat operator, for both symbol classes. Then we state the properties
which will be needed, for example, to treat the composition of operators, for both classes.

For bounded Borel functions defined on the Wiener space B itself, the heat operator is
a classical notion, to which [5] is almost entirely devoted and which is still being studied
([7D. Let us recall it briefly. If up ; is the Gaussian probability measure of (variance)
parameter ¢ on B, the heat operator is given by

YV x € B, H,f(x)sz(x+y)dﬂB,t(Y)-

When f is bounded and uniformly continuous on B, H;f, defined on B, converges
uniformly to f when ¢ converges to 0. If, moreover, f is Lipschitz continuous on B, H; f
has further differentiability properties ([5, 9]).

But our construction requires this notion for symbols f defined on the initial Hilbert
space H. Stochastic extensions are then clearly necessary and we are led to set:

VxeH, Hif(x)= /B Fle+y) dusa (),

where fis a stochastic extension of f in a certain sense and the resulting function H; f is
defined on H. Since H is up (-negligible in B, restricting fmakes no sense, Nor is f in
general, a continuity extension of f. But one can choose a measurable norm on H, giving
rise to a specific Wiener extension B4 of H, for which the stochastic extensions have
topological properties. This is true for both kinds of symbol classes (Propositions 3.14
and 4.6). This allows us to use the theory of [5] and [9], classical in the frame of the
Wiener space theory. The extension B4 may be different from the extension B initially
chosen and is used temporarily. Of course, one checks that the integral defining H, f (x)
does not depend on the chosen Wiener extension.

The main results of this article are Theorems 5.8 and 5.14, which establish, for the
classes S, (8B, €) and for the classes S(Q 4), the existence of a Laplacian commuting with
the heat operator and which is its infinitesimal operator. We insist on the fact that, in the
classes S(Q4), the Laplace operator is continuous, which allows one to inverse the heat
operator.
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Let us stress, for instance, the following expansion for f € S(Q ), in terms of powers
of the (bounded) Laplace operator:
SETERE N+1
Hff=f+; o (EA) F+N Ry (1),
the remainder Ry satisfying estimates independent of ¢. This kind of results is important
for the composition of symbols and problems purely linked to pseudodifferential analysis,
like the relationship between Wick, Anti-Wick and Weyl symbols.

Section 2 recalls the indispensable notions about Wiener space and measure. Then it
gives the vital definitions and results about the Weyl calculus in an infinite dimensional
setting. Section 3 is devoted to various stochastic extensions. It recalls and states more
precisely the results about stochastic extensions for the classes S, (8, €) of [1]. It proves
similar results for the classes S(Q 4), which are defined at this point. It also treats the case
of products of scalar products in view of the polynomial terms in the Taylor expansions of
the symbols. This brings up the alternative definition of the Weyl calculus, as a quadratic
form, which enables us to use unbounded symbols. In Section 4 we prove the Fréchet-
differentiability of the symbols in the classes S,,(8, €). Then we extend stochastically
the Taylor’s expansions of symbols of both classes. The polynomial terms do not belong
to the symbol classes since they are unbounded. Still, they admit stochastic extensions
(Proposition 4.9) (and give rise, in a certain sense, to pseudodifferential operators [1]).
This section gives tools to define the heat operator. Section 5 defines the heat operator H,;
for functions initially defined on the Hilbert space and which are impossible to integrate
on the Wiener space without an extension. We establish the semigroup property for both
classes, together with useful properties of H, : infinitesimal generator, commutation.

Acknowledgments

The author wants to thank L. Amour and J. Nourrigat for many fruitful discussions.

2. The Weyl calculus on a Wiener space

The construction of the Wiener space may be found in [3, 4, 6, 9]. The Weyl calculus
on a Wiener space has been developed in [1]. We just recall here the notions which are
necessary to read the present article.

The abstract Wiener space (H, B) is a couple where H is a real, separable, infinite
dimensional Hilbert space and B is a Banach space containing H as a dense subspace.
The space B is called a Wiener extension of H. One denotes by (- ) (or sometimes - ) and
| - | the scalar product and the norm on H and by || - || the norm on B.
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Stochastic extensions, heat operator

In what follows, one identifies H with its dual space, so that B’ ¢ H C B, each space
being a dense subspace of the following one. One denotes by ¥ (X) the set of all finite
dimensional subspaces of a vector space X. If E € ¥ (H), ng is the orthogonal projection
of H onto E. If E € ¥ (B’), one denotes by Pg a generalization of the projection, where
the scalar products are replaced by the B’, B duality.

It is impossible to extend to H itself the Gaussian measure which is naturally defined on
its finite dimensional subspaces. Nevertheless, if the norm || - || of B has a property called
measurability (see [9, Definition 4.4, Chapter 1] or [3]), one can construct a Gaussian
measure on the Borel o-algebra of B. Let

dptpn p (x) = 2rh) ™22 Za T d(xy, .. xy)

be the Gaussian measure with variance 2 > 0 on R”. A cylinder of B is a set of the form

C={xeB:(yi(x),...,ya(x)) € A}, (2.1)
where n is a positive integer, yi, ..., y, are elements of B” and A is a Borel set of R". If
(y1, - --»yn) is orthonormal with respect to the scalar product of H, one sets

(@) = [ duzo 0 22)
A

The parameter & represents the variance of the Gaussian measure and can also be
considered as a semiclassical parameter in the Weyl calculus. One can prove that this
measure extends as a probability measure, still denoted by up j,, on the o-algebra
generated by the cylinders of B, which is the Borel o-algebra of B (the same definition,
but starting from cylinders of H, yields a pseudomeasure which is not o--additive). One
may then integrate. The subscript p will often denote the LP norm in B or B, for the
measure with variance h.

If E € ¥(B’) has dimension n, one can identify E and R" by choosing a basis,
orthonormal with respect to the scalar product of H and thus define a measure yg , on E.
For every function ¢ € L'(E, ug 1), the transfer theorem gives

/ ¢ 0 Pre(x) dup.p(x) = / () daie (1), 2.3)
B E

If y is an element of B’, it can be considered as a random variable on B. If y is not
zero one sees, using (2.2), that, for every Borel set A of R,

v2
upn(y €A = / E_W(Znh|y|2)‘1/2 dv,
A

which means that y has the normal distribution (0, o2 = h|y|?) [9]. Up to the factor Vr,
this is an isometry from (B’, |- |) in L?>(B, up.»). It can be extended as an isometry from
Hin L*(B, (p.1) and one denotes by ¢, the image of an elementa of H.Ifa € B’,{, = a
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is a linear application but if a € H, {, is only defined up ;- almost everywhere and is
therefore not necessarily linear. However, £,(—x) = =€, (x) and €, (x + y) = {4 (x) +a -y
fory € H.

If E € F (H) has an orthonormal basis (e, ..., e,), one sets, for x € B,
Te(@) = ) by (Ou;, (2.4)
7=

in keeping with the projection. Then, forall @ € H, a - 7g (x) = {x; (a)(x). The functions
{, satisfy the following identities, recalled in [1].

V (u,v) € H?, /el’u(x)ﬂ'fv(x) dpp n(x) = o 3 (ulP=[v P+2iu-v)
B
(2.5)
2h)P/? +1
vaeH Vpe ol [ 16 dumn = 2l r(”—)
B \r 2
Setting
1/p
+1
K(p) = 2'2x112p (r(”T)) , (2.6)

one can write that |[{a[|Lr (B up,) = K(p)h'/?|a|. Notice that K (2) = 1. One sees, too,
that for all @ and b in H,

b2
[ e O1tal” ) = [ Wilaly +ha 017 duza (). 27
B R
Let us recall the Wick Theorem:

Theorem 2.1. Let uy, ...us, be vectors of H (p > 1). Let h > 0. Then one has

P
/B by (), () dpp () = 1P T | gy upiy) (2.8)

(‘va) ESp Jj=1

where S, is the set of all couples (p,y) of one to one maps from {1,...,p} into
{1,...,2p} such that:

(1) Forall j < p, ¢(j) <¢()).
(2) The sequence (p(j))(1<j<p) IS an increasing sequence.

The measure up j transforms, under translation of a vector a € H, into another
measure which is absolutely continuous with respect to the former one. More precisely,
forall g € L'(B, MB.n), one has, for all a in H:

/ ¢ () A (x) = e~ 3 1F / g(x +a)e Hal dug (). 2.9)
B B
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Stochastic extensions, heat operator

If a belongs to B \ H or if & changes, both measures are mutually singular.

The Weyl calculus on the Wiener space has been constructed in two different ways.
One of the constructions is rather similar to the finite dimensional definition of a calculus,
in that it relies on classes of symbols which satisfy differentiability conditions and it
yields operators which are bounded on a L? space. We will work in this frame most of the
time. We do not have, though, an integral definition of Op(f)u, neither on H nor on B.
The symbols are functions defined on H? by Definition 2.3. It is possible (and necessary)
to extend them to functions defined on B? according to the definition below. This notion
is inspired by the theory of Wiener spaces (see [3, 4, 6, 9, 11]), where the sequences
converge in probability and not necessarily in a L? space.

Definition 2.2. Let (H, B) be an abstract Wiener space and %, a positive number. A
function f admits a stochastic extension fin LP(B,up.n) (1 £ p < o) if, for every
increasing sequence (E,) in ¥ (H), whose union is dense in H, the functions f o g, are
in LP (B, up.n) and if the sequence f o 7g, converges in L” (B, ug ) to f

One defines likewise the stochastic extension of a function on H> to a function on BZ.

One can check, for example thanks to (2.5), that £, is the stochastic extension of the
scalar product with a and that g is the stochastic extension of 7g in LP. The stochastic
extension can be obtained in a more topological manner (see [9, Chapter 1, Section 6]).
There exists a result about extensions of holomorphic functions ([1, Theorem 8.8]),
obtained by martingale methods, which proves a property announced by [8].

The symbol classes used in [1] and which we recall below share derivability properties
and estimates with the classes of the finite dimensional Calderén—Vaillancourt Theorem:

Definition 2.3. Let (H, B) be an abstract Wiener space, let 8 = (¢;)(jer) be a Hilbert
basis of H, indexed by a countable set I', with ¢; € B’ for all j. Set u; = (e;,0)
and v; = (0,e;) (j € I'). A multiindex is a map («, 8) from I' into N X N such that
aj = B; = 0 except for a finite number of indices. Let M be a nonnegative real number,
m a nonnegative integer and & = (&;)(jer) a family of nonnegative real numbers. One
denotes by S,,,(B, M, ¢) the set of bounded continuous functions F : H> — C satisfying
the following condition. For every multiindex (a, 8) of depth m (that is to say such that
max;er(a;, ;) < m), the derivative in the inequality below is well defined, continuous
on H? and satisfies, for every (x, &) in H?

<M l_[ a;.’f“gf . (2.10)
jer

F(x, &)

l]_[ dl o

jer
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One recalls the following very useful property, stated in the proof of Proposition 4.14
of [1]. If & is square summable, every F in S (8B, M, &) verifies a Lipschitz condition:

2,

jer

1/2
Y (X,V) € H> |F(X+V) - F(X)| < M|VI\2 sﬁl ) (2.11)

It is more convenient to represent classes of symbols as vector spaces.

Definition 2.4. Let £ be a sequence of positive real numbers and let m € N. One sets
Sm(8B,€) =Upmz0Sm(B,M,g).For F € S,,,(B,¢) one sets || F|l;n.. =inf{M >0: F e
Sm(B, M? ‘9)}'

Notice that S,, (8, €), equipped with || - || ... ¢, is a Banach space. Setting S*(8B, ¢) =
Moo Sm (B, &), one can, classically, define adistance by d(F, G) =3, _,2™™ % .
Then (S*(8, ), d) is complete.

An alternative construction of the Weyl calculus uses an analogue of the Wigner
function in order to associate a quadratic form with a function F defined, this time,
on B?. This quadratic form is applied to cylindrical functions, depending on a finite
number of variables. Let us only recall that this construction requires of F to belong to
L'(B*, u B2,hy2) and to be such that there exists a nonnegative integer m such that

Nu(F) = sup W e 8y < +00. (2.12)
YeH? (I+Ypm
This norm is finite if the function F is bounded or if it is a polynomial expression of
degree m with respect to functions (x, &) — €4 (x) + € (£), with a and b in H, as we shall
see in Subsection 3.3.

These approaches complement one another. The approach relying on symbol classes
enables us to work on L? spaces on B, but the symbol has to be bounded, the other
one allows us to use unbounded symbols, but the domain of the quadratic forms
contains only cylindrical functions. Both definitions coincide under certain conditions
([1, Theorem 1.4]).

3. Stochastic extensions

3.1. Stochastic extensions of symbols in S, (B, &)

We first generalize a proposition stated in [1, Proposition 8.4] in the case when p = 1.
Moreover, we show that the stochastic extension does not depend on /4, which is not
necessarily the case since the measures are mutually orthogonal for different variance
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parameters /. This result is important to integrate with respect to the variance parameter,
as in Section 3.4.

Proposition 3.1. Let F be a function in S|(8,¢€), with respect to a Hilbert basis
B = (e})(jer), where the sequence (&;)jer) is summable. Then, for every positive h and
every q € [1,+oo[, F admits a stochastic extension in L9 (B2, MUp2.p)-

Moreover, there exists a function F which is the stochastic extension of F in
Lq(Bz,/,th,h)f()r all h € 10,00 and g € [1, +oo].

For any E € F(H?), we then have the inequality : ¥ (h, q) € |0, +oo[ x [1, +oo],

IF o Fe = Fllea < IIFl1eK(@)h'? ) e;(lu; = xe )l +1v; - xe(vp)D.  G.D)

j=1

Proof. Let (E,) be an increasing sequence of ¥ (H?), whose union is dense in H>. For
all m and n such that m < n, let S,,, be the orthogonal complement of E,, in E,,. We can
state an inequality analogous to the inequality (120) of [1]:

(o]

|ForE, —Fong,llra < ||F||1,aK(q)h”2ZSj(Iﬂs,,m(uj)l +|7s,, (v)D.  (3.2)
7=

Indeed, one just needs to replace L' by L¢ in the original proof, since the only changes
take place in the explicit L? norms of the £, functions appearing there. This inequality
proves that F o 7g, is a Cauchy sequence in LY (B2, u p2.;,) and one can verify that the
limit does not depend on the sequence (E;).

We first construct a representative of the stochastic extension common to all (4, g) €
10, ho] X [1, go], for a given finite go. Let (E,) be an increasing sequence of elements of
F (B’). The right term of (3.2) is smaller than an expression C(m, n) which depends only
on ho, qo. Then, there exist an increasing sequence (n;); satisfying C(n;,1,n;) < 27!
and a sequence of functions (Fy )y defined by

N
Fy:=Forg, + Z (F o 7715,,1_+l -F 077E,,j) on B?,

j=1
exactly as in the classical proof of the Riesz—Fisher Theorem. The functions Fy are
defined everywhere on B? and independent of (%, g). The limit F of this sequence is
the representative we are looking for, it takes finite values on a subset of B> whose
up2 p-measure is 1 for all 4 < hyg. Inequality (3.1) is a consequence of (3.2), with E,, = E
and n growing to infinity.

We now lift the restriction on gg. Denote by F> (resp. F,) the stochastic expansion

valid for i € 0, hg] and g € [1,2] (resp. ¢ € [1,n]). Let (E) be an increasing sequence

165



L. Jager

of T(Hz), whose union is dense in H2. One then has, for g <2,

lim ||F o Tg, — Fallgn =0, lim ||F o g, — Fullg.n = 0.
§—00 §—00 :

Consequently F,=F, Hp2 p, almost everywhere. It follows that F e L9(B%, u p2.p) for
g < n and that the convergence is true. To obtain the inequality one similarly replaces Fy
by Fz.

We lift the restriction on hg in the same way. Consider fho, Fhé the extensions
corresponding to different values of Ay and an increasing sequence (E,) as before. Then
|Fomg, — 17;,0||1,h and ||F o g, — Fha”l,h converge to 0 for 4 < min(ho, h{), which

proves that Fy hy = F s HB2 1 almost everywhere. O

Corollary 3.2. If F € S(8B, &) where ¢ is summable, then for all h > 0 and all
p € [1,+oo],

FI < IFlle mppeas, 1l < IFle

Let P be the operator which associates, with a function in S| (B, €), its stochastic extension
in LP (B2, up2 ;). This linear operator is thus bounded, with norm smaller than 1.

Proof. For every increasing sequence (E,),, of ¥ (H?), whose union is dense in H?, the
sequence (F o mg, ), converges to Fin LP (B2, Up2 ). Since |F o g, | is smaller than
IFl1,& pp2, p» almost everywhere on B? (on the domain where 7, is defined or on B>
if E,, c B), so is |F|. Moreover, ||F o 7E, |lLr < ||F]|l1,- and letting n grow to infinity
yields | Fll.r < [IFl.e. o

We now state a result about translations, denoting by 7y F' the function defined by
wF(X)=F(X+Y) (with X,Y € H or H?).

Lemma 3.3. Let F be a globally Lipschitz continuous function on H, admitting a
stochastic extension F in LP for every p € [1,+c0[ and h > 0. If Y € H, then 1y F admits
1y F as a stochastic extension in L (B, pup.p) for h > 0 and p € [1,+00].

Proof. Let (E;) be an increasing sequence of ¥ (H), whose union is dense in H. If we
denote by an index p the L? (B, up ) norm, we obtain that

ity F = (ty F) o g, lp < iy F =1y (F o )|l + |7y (F 0 Tg;) — (1 F) 0 7 |l -

For all p’ > p, the inequality

l/p
Ity F =y (F o Tg,)llp = ( / |F = F o g, |P(X)en ™ X dpupo , (X)e 5P
BZ

~ — Iy |?
< ||F—FO7TE,.||I,/eZh(p’—p)
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holds true, thanks to the translation change of variables (2.9), to Holder’s inequality and
to the formula (2.5). The first term then goes to 0 as j — oco. So does the second one.
Indeed, since F is globally Lipschitz, one has
|F(7g, (X +Y)) = F(wg; (X) +Y)| = |F (g, (X) + g, (Y)) = F(7g; (X) +Y)|
< Clr, (¥) = Y1,
which implies that |7y (F o 7g;) — (1v F) o 7g; ||, < Clng, (Y) — Y|n and it converges
to O when j — co. O

Corollary 3.4. If F € S,,(B,¢) with m > 1 and & summable, if F is the stochastic

extension in the LP given above, if Y € H 2 then 1y F admits Ty F as a stochastic extension
in the L”(Bz,sz’h)for h>0andp € [1,+c0].

This result is a consequence of the lemma, thanks to Proposition 3.1 for the stochastic
extensions and to (2.11) for the Lipschitz condition. The fact that the functions are defined
on H or H? does not change anything.

3.2. Symbol classes defined thanks to a quadratic form
We now define a new class of symbols.

Definition 3.5. Let A be a linear, selfadjoint, nonnegative, trace class application on a
Hilbert space H. For all x € H one sets Q 4(x) = (Ax, x). Let S(Q4) be the class of all
functions f € C*(H) such that there exists C(f) > 0 satisfying:

VxeH, |f(X)|<C(f),VmeN, ¥YxeH, VY U,...,U,) € H",

(@ HE U, Ul < CH [ [QaWN2 (33)
j=1

J
The smallest constant C(f) such that (3.3) holds is denoted by || f|lo., -

Notice that S(Q4), equipped with the norm || - ||p,, is a Banach space. One can also
check that, if A and B satisfy the conditions of Definition 3.5, a product of functions
belonging to S(Qa), S(Qp) is in S(Q2(a+p)) With

/8l osars) < I1fllQallgllQp- (3.4)

Moreover, if A is as above but defined on H?, the class S (Q4) is included in a class
Se(8, &) for any orthonormal basis 8 = (e;) of H, with &; = max(Qa(e;,0)"2,
04(0,e j)l/ 2). Since the sequence ¢ is only square summable, the existence results for
the stochastic extensions must be obtained otherwise.
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Remark 3.6. One may think of a less restrictive class, of functions f satisfying the
inequality (3.3) with constants C,,,(f) depending on the order m. This space is a Fréchet
space and some of the results below are still valid in this frame (for example Propositions 3.9
and 3.11 for stochastic extensions, inequality 5.8, with a constant Cy,(f) depending
on the order). Here we use the (smaller) class of Definition 3.3, for which the reverse
heat equation will be solvable. In the finite dimensional case, this class corresponds to
some analytic class with |d% f(x)| < C(f)R!®! (and R = 1) and is therefore better than
real-analytic.

Lemma 3.7. For E € ¥(H) and h > 0, y — Qa(Tg(y))'/? belongs to LP (B, up.)
forall p € [1,+00[. More precisely, if (u;) is a Hilbert basis of H whose vectors are
eigenvectors of A and if one denotes by A the corresponding eigenvalues (which can be
equal to 0), one obtains

1/max(p,2)

1027 o Fell e (B < C() | D Al ()P W',
0
with K(p) defined by (2.6) and
oo 1/2-4
C(p) =K(p) ZA,) forp>2, C(p)=1forp<2. 3.5)
0

Proof. By decomposing A on its eigenvector basis, one obtains that
QA@E() = > A Te () = 4 Crp )
j=0 j=0

using the properties of 7. For p = 2 it suffices to integrate this equality and to use (2.5).
For p > 2, one uses Jensen’s inequality for a probability measure on N. Set S = 35° 4;.
One then has

r

o

2
_ e[S S 2
QaT@e()E =| )5 SUnpw)’ | < D)5 SUlapiu))E

J=0 Jj=0

and it remains to integrate. Finally, for p € [1,2[, one applies Holder’s inequality. O

Remark 3.8. One can give an upper bound for ||Q114/2 o g |lLr (B, ) Which does not
depend on E:

s 1/max(p,2)
) h'/2.

0.7 el 0 < €0 (32
0

One can prove the following result.
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Proposition 3.9. Let h > 0 and let p € [1,+o0[. Every function f belonging to S(Q 4)
admits a stochastic extension f in LP (B, ug.n). The function f is bounded upg j, almost
everywhere by || f|lo,. Moreover, for all E € ¥ (H),

1/max(p,2)

If o7E = e (Boypn < C(PIRfllo Z/ljlﬂE(uj) — u | (P2 ,
j=0

with the notations of Lemma 3.7.

Proof. Let (E,) be an increasing sequence of ¥ (H), whose union is dense in H. Let f
be in S(Q4). Let m and n be such that m < n. Let S,,, be an orthogonal complement of
E,, in E,,. Then

1
P, () = F T, () = [ (@) i (5) 0, (0) s, () 0,
Hence
1
| (e, (06)) = £ e (D < £l /O 04 (Fs,,, (¥)"/* do.

This implies that

1f o 7, = f o Rellie @ < IF10AICN © Fsall o (5.0
Using the preceding Lemma 3.7, one gets that
1/max(p.2)
| fore, = fome, e (B.upn < C(p)hl/2||f||QA Z/lj|ﬂsmn(uj)|ma>((p,2)

j=0

The right term converges to O when m grows to infinity, according to the dominated
convergence Theorem. Indeed, for all j, |rs,, (u;)| converges to O when m grows to
infinity, |xg,, . (u;) |max(p.2) < 1 and the series Y, A j converges. The sequence (f(7E,))n is
therefore a Cauchy sequence in L” (B, up ). One can verify that its limit, in L” (B, up.n),
does not depend on the sequence (E,). Since the function | f o 7, | is almost everywhere
smaller than || f||o,, so is its limit. To get the final inequality, one takes E = E,,, in one of

the above inequalities and lets n converge to infinity. O

Remark 3.10. This result holds true for the class of Remark 3.6, with max(Cy(f), C1(f))
instead of || f||o, in the estimates.

Proposition 3.11. Let h > 0, p € [1,+00[. Let k be a positive integer and let x be a fixed
pointin H. Set S = 3 Aj. The function y d* £ (x) - y* defined on H admits a stochastic
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extension in L? (B, up.p). Moreover, for all E € ¥ (H), denoting by P the passage to a
stochastic extension,

14 £ (x) - TE () =Py = dF ) - YO

ALk e
< Kl fllgaCpR) s b (3 gl (uy) = g7+ ) ™7
where the subscript p indicates the L? (B, ug ) norm.

Proof. We still use the notations of Lemma 3.7 and set @, = max(p,2). LetE, F € ¥ (H)
with E C F. For all y € B, one has the telescopic summation

d“ f(x) - T = d“ fx) - TR ()
= idkf(x)@(y)f—l, TE(Y) = 7k (), Tr (9)*7).
Using Definition 3.5, one deduces jtl_1at
|d* £ (x) - TE () = d* F(x) - TR ()

k 1 ki
< Z 1£l0,Q7 Fe(NQ, (@O Fe(y) - Tr (1))
=

j=

Integrating, using Holder’s inequality and Remark 3.8, one obtains that

d* £ (x) - Te()* = d* F) - TEDE,

k . .
< 2, Wlloul0 o 7 sl o mell lei o e ~7e)||

o o
< Kl fllga (C(pIISTE B2 C(pkyh 2 (3 Ayl (e = ) ()94 ) 77

Then one proceeds as in the preceding proposition, replacing E and F by the terms of an
increasing sequence of # (H) whose union is dense in H and whose first term is E. O

Remark 3.12. This result holds with the class defined by Remark 3.6, with Cy. ( f) instead
of | fllga-

A consequence of Lemma 3.7 is the following result, which partly generalizes
Proposition 8.7 of [1]:

Corollary 3.13. Let h > 0 and p € [1,+c0][. The function QIIQ/ 2 admits a stochastic
extension in LP (B, ug p).
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Proof. As in the proof of Proposition 3.9, one introduces an increasing sequence (Ej,) of
F(H). Let S,,,, be an orthogonal complement of E,, in E,, if m < n. Lemma 3.7 implies
the inequality

1/max(p,2)

“Qia/z O TS LP (Boupp) = C(p) Z/lﬂﬂsmn (uj)|mx(pP-2) n'2,
0
which proves that (QXZ o TE, )n is a Cauchy sequence in L? (B, g p). ]

The point of the following result is that it enables us to use another Wiener space
associated with H than the space B initially chosen and to use uniform continuity. We may
then use the results of the classical Wiener-space theory ([5, 7]) and restrict stochastic
extensions to the (dense but negligible) subspace H, as in Proposition 5.3 below.

Proposition 3.14. Let A be a linear, selfadjoint, nonnegative, trace class application in a
Hilbert space H. There exists a measurable norm (see [9, Definition 4.4] or [3]), || - || a.n
on H, and hence a completion B4 of H with respect to this norm, such that the following
property is satisfied: if f belongs to the class S(Q a), then f is uniformly continuous on
H with respect to the norm || - || a n.

The function f admits a uniformly continuous extension fa on Ba. The stochastic
extension foff in the sense of Proposition 3.9 (on B = Bp) is equal to fa up, n-a.e.

Proof. If A is a one to one map, one sets [|[x[|a., = (Ax,x)!/? = Q(x)"/2. If not, if
(es)sen is an orthonormal basis of Ker(A), one can add to A the operator C defined,
for example, by Cx = ) e *(x, e5)es. The operator A + C is selfadjoint, nonnegative,
trace class and it is one to one. One then sets ||x|[4., = ((A+C)x,x)/? = Qasc(x)'/2. It
follows from Theorem 3 in [3] that || - || 4., is @ measurable seminorm. It is a norm since
A (or A+ C) is one to one. Taylor’s formula gives, in both cases, the inequality

1FO) = FOI < 1fllos@aly =)' < I flloallx = ¥llan,

which in turn implies the uniform continuity. The topological extension f4 of f is then
uniformly continuous on B4. According to Theorem 6.3 in [9, Chapter 1], f4 and f
coincide almost everywhere. O

3.3. Stochastic extension of products

This part begins with stochastic extensions of general products of functions defined on H.
The results are then applied to products of scalar products, which appear in the Taylor
expansions of Section 4.
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The following lemma is a straightforward consequence of the general Holder’s
inequality, applied to a telescopic decomposition of [ t’i i1 l}\:’ 1 8i

N N N k-1 N
nﬁ-ngi:z(m I g,.)<fk-gk>.
i=1 i=1 k=1 \i=1 i=k+1

Lemma 3.15. Let (Q, T, m) be a measure space. Let N > 2 be an integer. Fori < N, let
fi» gi be functions on Q with values in R such that, forall p € [1,+c], f; € LP(Q, 7T ,m),
g € LP(Q,7 ,m). Forall p € [1,+0oo[, set M;, = maxi<;<n (lIgillp, I fill ). Then for
all p € [1,+00],

N N N
[1A-T sl = @pmV " 0f = gellon- (3.6)
i=1 i=1 p k=1
More precisely, one has
N N N (k-1 N
[1A-T]ell <D (1_[ fillpn [ ] Ngillon |G = 80)llpn - B
i=1 i=1 k=1 \i=1 i=k+1

p

Corollary 3.16. Let F, ..., Fn N be functions defined on H* and admitting stochastic
extensions Fi,...,Fy in Lp(Bz,/,le’h) for all p € [1,+00[. Then Hi’\il F; admits
I—[[Azll F; as a stochastic extension in LP (B2, Mp2 ) forall p € [1,+00].

Proof. Let (E,) be an increasing sequence of ¥ (H?), whose union is dense in H>.
According to (3.6),

N

ﬁFiO;FEn_nﬁi
i=1

i=1

p

N-1 N
S( sup (||Fi077En||Np,||Fi||Np)) Z”FioﬁE,, - Fillnp, (3.8)

neN,i<N i=1
which gives the result. O
Letay,...,a, be vectors of H. Let @ = (ay, ..., @,) be amultiindex such that a; > 0

for every i. One defines the function a® on H by

a®(x) = 1_[<ai,x)”".
i=1
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Proposition 3.17. For h > 0 and p € [1,+oo[, the function a® admits the function
[T, €a! as a stochastic extension in LP (B, up i). Moreover, for all E € F (H),

n
a®omp - | | ex
i=1

Proof. First prove the result for a multiindex of length one, that is to say, for a single
scalar product ¢, : x > {(x, b). Let (E;); be an increasing sequence of ¥ (H) such that

la|-1 n

< K(pla)'«nle? (lrgl_a}n |a,~|) D il (ai) - ail.
T i=1

4

UE; =H.Using ¢ 0 7?2; = KﬂEj(b) and (2.5), one obtains that, for a finite p

g © TE, = Lollp = 1o, v1-llp = K(p)R" 2| (b) = bl.

The result is thus valid for x +— (x, b).
For a general multiindex a, one starts by applying Lemma 3.15 stated in the appendix
to the || functions appearing in the products a® o Tg and []", €' . One then notices that

1€ (anllplat = K (plal)h' P |xe (ai)] < K(plal)h'?|ail.
It remains to replace E by the sequence (E;); to obtain the stochastic extension. O
Besides, one can define a pseudodifferential operator whose symbol is a product of
¢, functions. This operator is defined as a quadratic form, as in the end of Section 2.

For example, if |a| = 1, we recover the Segal fields for symbols of the kind (x,¢) +—
£, (x) + €, (&) defined on B? ([1, Proposition 8.10]). This relies on the following result:

Proposition 3.18. Letay,...,a,,b1,...,b, belongto H, letay, ...,an, B1,...,Bp be

positive integers, setm = max(|a/, |8]). Thefunctionf: (x, &)~ TTE, ol (x) ]_[11.7:1 ff’ (€3]

has a finite norm N,,, defined by (2.12). More precisely,

LBl »
N (F) < max(l,\/;) l_[|aj|rlj l_llbl.lﬁi X oo
1 1
n % P ]L’
1 g 1 pBi 4
XU(/R( o)) uR,l(w) ]T[(/R( & )PP dasy(v)

Proof. Recall that

B I1F(- VB2, )
Ny (F) = sup 2

YeH? (L+[ypm

By the change of variables formula (2.9) one obtains

/ |F(X +Y)|dug. 1(X) < AxB,
B2 ’
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with

n
A=e bl / ]_[ |€a_,—(x)|"fe%‘7y(x) dpp n(x),
B
Jj=1

P
_Lipp i3
B=enlM /l |Ifb‘f(§)|ﬁ"€"["(§)dl‘B,%(f)'
B
J=1

Holder’s inequality yields

n 1/n
A<e P ( / |, ()| B ) dﬂg,g(x)) :
j=1 \VB

According to (2.7),

n I/n
h
A< e‘%b’lz 1_[ (€|Y|2/h / |\/;|aj|v+ <y.a;> |na_,- d/«lR,l(V)) .
j=1 .

One can factor |a | and, since \/§|V| +|y| is smaller than max(l, \/g)(l +|v)(1+]y]),
one gets

A lel p n 1/n
Asmax(l,\g) 1?[|aj|“f<1+|y|)'“'H(A(l+|v|)"“fduR,l<v>) :

One treats the factor B similarly, which gives the desired result. O

3.4. Stochastic extension in an integral

This section is devoted to integrals of symbols of the Calderén—Vaillancourt type
(Definition 2.3).

By differentiating, one sees that the function defined by the integral below belongs to
the same class as the integrand. This implies the existence of a stochastic extension by
Proposition 3.1, but does not give a precise form:

Proposition 3.19. Let G € S,,(B,¢), f € L'([0,1],R) and X € H?. ForallY € H?, set
TxG(Y) = [ f()G(X +sY)ds. Then TxG € (B, &) and

1
ITxGllms < /0 £ ds G llm.e-

A precise form for the stochastic extension is given by the following result, which uses
the existence of extensions which do not depend on A, provided it remains bounded:
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Proposition 3.20. Ler f : [0, 1] — R be a continuous function, let G be in S| (8B, €), with
& summable and let us fix X € H?. For all g € [1,+co[ and all h € 10, 1], the function

1
Y / f()G(X +sY)ds,
0
defined on H?, admits, as a stochastic extension in L(B?, u B2.p) the function
1 —_—~
Y / f()G(X + sY)ds,
0
defined on B, where G is the stochastic extension of G for all L" (B?, Mp2p), (r,h) €

[1,+00[ x ]O, 1].
Moreover, if E € F(H?), one has the inequality

H/lf(s) (G(X+sﬁ;(.))—5(x+s-)) ds
0

La

1
<16l [ 1rNds| [2 D1 = me(x)
r

++/2h(q +2)C6% Zgju“j —re(uj)|+v;i—me(v) |,

0

where the constant C does not depend on the parameters.

Proof. One checks that the functions (s,Y) +— X +sY and (5,Y) — X + swg(Y) are
measurable. Define a function Ur on B? by setting Ug(Y) = fol f(s)g(s,Y), with
g(5,Y) = (G(X + s7E(Y)) = G(X + sY)) ds.

One notices that

1 1/q
Jroi( [ i, o) as <.
This implies that Ug € L9 (B?, g ;,) and that

1 1/q
el La (82 ) < /O |f<s>|( /B 2|g(s,Y>|QduBz,h<Y>) ds.

Indeed, this is straightforward if ¢ = 1. If ¢ > 1, one introduces a function of
Lq/(Bz,sz,h) (with ¢7' + ¢"~' = 1) to prove that Ur belongs to the dual space
of LY.
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This proves that

1
WUEllLa 82,12 ,) < /0 IfOINGX +57E(-)) = G(TE(X +5-))llLa ds

1 —_~
+/ lf )N NGFAEX +5-)) —G(X +5-)||La ds.
0

Formula (2.11) proves that the first term is smaller than
[ IGOX4 TR = GRECX + 51 b
B2

q
< /32 (”G”Ls 223§|X_7TE(X)|) dpp? .
For the second term, successive change of variables give
[ GGG+ 57) = G4 1)1 dag (1)
BZ

- [ GG (X +2) =G X+ D)1 g (2)

Ix?

—_— 1
) /B G(TE(2)) - G(2)|e 2 en ™ P dups 2),(2).

One then applies Holder’s inequality to the last term, raising |G (7g (Z)) — G (Z)]4 to the
power g’ /q with ¢’ = g + Y—lz This gives

— ~ X2 — =
IG(TE(X +5-)) = G(X +5)lLa(u,,,) <e[|Gong - G||L

1 .
q+—5
52 (g2 g2)

Using (3.1), one obtains
1 —_—
/0 FONGTE(X +5)) = G(X +5 )L (a0 ) d5
1
1 2 +5241\\ a2
<[ |f(s>|e’5h||G||1,s\/2hs2(n-”zr(%))“
0

x > &i(uj = wp()) + v = e (v))]) ds.
0

For large values of |z| and | arg(z)| < =, one has, by Stirling’s formula,

[(z) =z 22D\ (1 +0(z71)).
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It follows that, for a constant C which is independent of the parameters,

1
-2 4572
(n-'/zr(—qﬂz ”))q <Clg+s2+1)2,

which gives the estimate for the second term. O

The following result is useful in the following Section 4 to treat the remainder in a
Taylor formula.

Corollary 3.21. Let f be continuous on [0, 1]. Let G € S|(8B, &), with &€ summable. Let
(ai,...,an,X) € H? and let (p, h) be in [1,+oo[ X R**, The function

k 1
YeH? (]_[<ai,y>) / F(5)G(X +sY)ds
i=1 0

admits, as a stochastic extension in LP (B?, u p2.p)» the function

k
[ Ja)
i=1

where G is the stochastic extension of G valid for all h’ €]0,+co[ and all finite p.
Moreover, there exists a constant K depending on p, k, h but not on the a;, G, X, f, E or
& such that, for all E € F(H?),

YeB*

/lf(s)a(X+sY) ds,
0

k 1 i 1 )
g<ai’ﬁE(Y)>/o TG +S’7E(Y>>ds—1:1[€ai(Y) /0 FS)G(X +5Y) ds

p
k

1
<K /O £ AIGll1 oA " (Z Ik (ar) - agl + Allellalme (X) - X|

i=1

X2
+Ae T Y gi(me(u) = ujl + |7e(v) = v,1)
Jj=0

where A = max <j<x (|a;|) and the norm is in LP (B2, Hp2p).

Proof. The existence of the stochastic extension for the product is a consequence of
Corollary 3.16. To prove the inequality, one uses (3.7) to establish that the left hand side
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is smaller than

k
[ ]l x
i=1
k [i-1 k
] THersaph [T 1a | 1ers ary = arll
i=1 \ j=1

i Jj=i+l

1 1
/ F()G(X + s7g(Y)) ds —/ F()G(X +sY)ds
0 0

5

1
/ f()G(X +sme(Y))ds
0

the norm in the second term being the LP**V(B2 g, )-norm. But [[6,]| =
K(p(k + 1))h'/?|a|, according to (2.5) and (2.6). An upper bound is, consequently,
(K (p(k + 1))h'/?)k multiplied by the following expression:

k
1)
i=1
k
) rea) —ail| ] lasl| x
i=1

1<j<k,j#i

1 1
’ / F()G(X +sTE(Y))ds — / F()G(X + sY)ds
0 0

1
/ f(5)G(X +sme(Y))ds
0

One concludes by noticing that |G| is smaller than ||G||1 ¢, (thanks to Proposition 3.20)
and that the |a;| are smaller than A. O

4. Taylor expansions

4.1. Differentiability of the symbols in S, (8, ¢)

By definition, the symbols in the Calderén—Vaillancourt classes admit partial derivatives,
but no differentiability assumption is made. This section gives results about the Fréchet
differentiablity of such symbols. Notice that one loses an order of differentiability
(Remark 4.3)

As a consequence, Proposition 4.6 states that one may also work with another, more
suitable Wiener extension of H, in which one can use continuity results from the general
theory.

In this subsection, the sequence ¢ is supposed to be square summable when orthogo-
nality can be used. Summability is needed in the other cases, for example for the existence
of stochastic extensions.

The following straightforward lemma lists useful properties of the S, classes:
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Lemma 4.1. Let F € S,,,(8B, &), with & square summable.

o Ifm>k>1andifa, B aretwo multiindices of depth k (such that max jer (o, 8) <
k), then 8%0°F € S,,_ (8, ) and

a;+f;
19 0 Fllmst.e < 1 Fllm,e | [ 277

jer
o [fm > 2, one defines Ag by

2l (o]

jer’

AgF = F.

It satisfies AgF € Sy-2(8B, &), with ||AgF |lm-2.e <22 s§||F||m,8.

o If G € §,,(8B,6) with 6 square summable too, then FG € S,,,(8B, & + §) with
IFGlm,e+6 < NFllm,ellGllm,s-

One can prove that, under certain conditions, the Laplace operator does not depend on
the chosen basis (see Remark 4.7 below).

Proposition 4.2. If F € S,,,(8B, &) withm > 2 and & square summable, then F is Fréchet
differentiable on H* and

OF OF
DF(X) Y = ;(Y, ”f>a_u,»(x) +(Y, vj>a—vj(X)-

Moreover, for all X andY in H?,

[F(X+Y) = F(X) = DF(X) - Y| < [[Fllmc Y &3(1+2V2) Y2,
jer

Proof. Let X,Y € H?. Since I' is countable, we may order it and replace it formally by
N. Let Py be the orthogonal projection onto Vect(u;, v;,i < N)if N >0, P_; = 0 and
Py .12 the orthogonal projection onto Vect(u;,v;,i < N +1,j < N). By approaching
P(X +Y) by P(X + Py (Y)) one obtains

N
F(X+Pn(Y)) = F(X)= ) F(X+P;(Y)) = F(X +P;_11(Y))
j=0
+ F(X + Pj—l,l/Z(Y)) - F(X + PJ—I(Y))
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Taylor’s formula gives, for example for the part of the j-th term concerned with v,
F(X+Y,vj)v;+ ijl 120) = F(X+Pj_1,12(Y))

=(Y, Vj) (X+P] 1.1/2(Y))
2 0*F
+(Y,v;) (1 —s)—z(X+Pj_1,1/2(Y)+s(Y,vj)vj)ds
0 3vj
oF
= (Y, Vj) (X)+<Y V,)( (X + P 11/2(Y))——(X)

62
+ (Y, Vj)z./o (1- s)ﬁ(X +Pi112(Y) +s(Y,v;)v;)ds.
J
The first term gives the expression of the differential and it is the general term of a

convergent series (apply Cauchy—Schwarz inequality). Since gF isin S,-1 (8B, &) with

“av ||m Le S < &j|IF|lim,s, one can use (2.11) to treat the second term. It then yields
J

a convergent series too, its sum being smaller than Cste. [Y|>. The integral term can
be estimated thanks to the estimates on the second derivatives and the sum of the
corresponding terms is of order 2 in |Y|. Since F and its derivatives are bounded by
[|F||:m. = and powers of € independently of X and Y, the remainder can be bounded as is
asserted in the theorem, with a constant C independent of X, Y, ||F||;». - and €. One may
take C = (1 +2V2). O

Remark 4.3. Since there are infinitely many terms, we need a precise bound for the
remainder in Taylor’s formula, which explains the loss of one order of differentiability.

Differentiating term by term and using the continuity of the extension operator £
(Corollary 3.2) we get the following results:

Proposition 4.4. Let F € S,,(B,¢€) with m > 2 and & square summable. Then, for
allY € H: X +— DF(X) -Y is in Su_1(B,¢), with |X +— DF(X) - Y|lm-1.6 <
2”F”m,8|Y| Zjel"gi'

If. moreover,  is summable, the application X — DF(X) -Y from H? in R admits a
stochastic extension in LP (B, u p2.1), which is the application

Z(Y u])?D( )+(Y vj>7>(af) 4.1)
J

The summability of & in the second part is needed to ensure the existence of the
stochastic extension.
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Let F € S,,(8B, €) with ¢ square summable. For k € {1,...,m}and X € H?, let us
denote by @ (X) on (H?)* the k-linear symmetric continuous form defined by

QLX) (Y1, Y= Y (]‘[m,w >)a 5o (X) 42)

Jerk, \s=1
6€{0,1}F

for all (X,Yy,...,Yy) € (H>)*!: with wg =uj, wh =vi, J = (ji,....jk), 6 =
(61, ...,0k). We notice that

Dk (X) (1, YOl < 201 Fll,e Il [ ] 1Y) (4.3)

s=1
From now on, for the sake of brevity, we shall write J,§ instead of (ji,..., jk),
(615...,0k).

Proposition 4.5. Let F € S,,,(8, M, &) with & square summable. Then F is C"™" on H?
and, forall k € {1,...,m — 1} and all X € H?,
D*F(X) = ®r(X).
The inequality (4.3) is satisfied. Finally, for 0 < k < m — 2, one has
ID¥F(X +2) = D*F(X) = D' F () (-, 2)II < 24/IF llm, e €15 (1 +2V2) 12,
where the norm is the norm of k-linear continuous applications on H>.

Proof. Propositions 4.2 and 4.4 give the result for m = 2, except for the fact that F is C'.
This can be proved by applying (2.11) to the partial derivatives of F. For a general m, one
uses induction. O

This allows one to state Taylor’s formula to the order k for F € S,,(8,¢), with &
square summable and m > k + 1. For X,Y € H?,

k-1 1. ] (1 )k 1
F(X+Y) = F(X)+ Z SDUFX) Y
i=1

~ . DpKF(X+sY)-Ykd
MY (X +sY) s

k-1
= F(X) + Z %DiF(X) Y

11 _ k=1 k
Y (ﬂw‘” )0 -5 o°F (X +sY)ds, (4.4)

Jerk, (k—=1)! awfll ...6w;.5k"
6€{0, 1}k

r=1
exchanging the sums to get the last equality.

181



L. Jager

In the following Subsection 4.2, one proves the existence of stochastic extensions for
each of the terms appearing here, the polynomial terms as well as the remainder, under
the assumption that € is summable. Note that these extensions are series indexed by I'.

From Taylor’s Formula one deduces the following result, which allows us to construct
another completion B4 of H in the case when ¢ is summable.

Proposition 4.6. Let & be a summable sequence such that ; > 0 for all j € I'. One
defines a symmetric, definite positive and trace class operator A by setting
VXe Bz, AX = ZS](X,MJ)MJ +8J'<X, Vj)Vj.
jer

Set || X|la = (AX, X)'/2. Then || - ||a is a measurable norm on H, in the sense of [9,
Definition 4.4] or [3]. One denotes by B 4 the completion of H for this norm.

IfF € S,,(8B, ¢) form > 2, then F is uniformly continuous on H> with respect to the
norm || - || a. The function F admits a uniformly continuous extension F5 on B and the
stochastic extension F of F given by Proposition 3.1 is equal to Fa g, n-a.e.

Proof. Tt follows from Theorem 3 in [3] that || - || 4 is a measurable norm, since A is one to
one. Since m > 2, Fis C! on H, Taylor’s Formula with to the order 1 and Definition 4.2
imply the inequality

a—Fé(X+t(Y = X)NY = X, w?)| dt

J

1
F(X) — F(Y)| < /O

je{0,1},6€l’

< D N e (1Y = X,u ) + 1KY = X, v)])
jer

172
< FllmeV2 (D 25)  IX = Ylla,

thanks to the Cauchy—Schwarz Inequality. Then F is uniformly continuous on H> and
admits a uniformly continuous extension on By, F4. According to Theorem 6.3 in [9,
Chapter 1]), F4 and F coincide almost everywhere. O

Remark 4.7. If F € S,,,(B, &) with m > 3 and & summable, one can define AF more
intrinsically. Indeed, one can state an inequality more precise than (4.3). For k < 3 one
gets, for all X,Yy,..., Y, € (H>)K,

k/2
Dk (X) (Y1, ., Yi)| < 25 (| F e (Z sj) [ [cave, vy,

r s=1

reasoning as in the proof of Proposition 4.6. The function F is C? since m > 3 and the
inequality, for k = 2, ensures the existence of a self-adjoint, trace class operator M,
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satisfying
YU,V,X e H*>, d*F(X)-(U,V)=(MxU,V).
One then sets AF(X) = Tr(Myx) and the expression as a sum of partial derivatives does
not depend on the chosen orthonormal basis.
One can notice, too, that if £ is summable, if F belongs to S,,(8, €) for all m and
if there exists a constant M such that ||F||,,,. < M for all m, then F € S(Qpg) with B
defined by B = 4(Xr £;)A, A being as in Proposition 4.6.

4.2. Taylor’s formula and stochastic extensions

In contrast to the preceding subsection, where sums like }'r- £ (u, x) have been treated by
the Cauchy—Schwarz Inequality, we must suppose here that the sequence & is summable.
The sums now have the form X &; {,; and, since the functions £, have a L” norm
independent of j, one needs stronger assumptions on &.

Proposition 4.8. Let & be summable and let F € S,,(8B, &) withm > 2. Let X € H?. For
allk <m-1,allh > 0and p € [1,+0c0[, one can write, in LP(BQ,,uBle):

FX+Y)=FX)+ ) = ( C o (y)) — (X
i=1 it Jeri, \r=1 "ir alel .. .6wji’
6€{0,1}¢
k 1 k-1 k
(1-s) okF
* Z ( fwj‘ir ) /o k=11 P PR (X +sY)ds. (4.5
Jerk, \r=l1 ARRE i

§€{0,1}k

Proof. Let us denote by ®@;(X) - Y the i-th term in the first sum and by Ry (X) the last
one, corresponding to the remainder.

We first prove that the polynomial part of the development in (4.4) has a stochastic
extension in L” (B2, up2 ). For E € F(H) and ng defined by (2.4), let us study

O (X) - (Tp(Y)*) = @ (X)(Y,...,Y). In order to show that both terms belong to
L?(B?, u B2.1)» one has to find an upper bound for each term

k
[ ]ta )
s=1

of the sum, with ay = wf‘ or Tg (wf:). Proposition 3.17 gives that

s

k k
[ [@em.wiy =] Te,n

s=1 s=1

OkF
wo . owok %)
g1 Jk

Lp

k
< (K(pl)RYDE D e (w) = wi),
Lr s=1

183



L. Jager

since the w ¢ and their projections have norms smaller than 1. Therefore
194 (X) - (T (1)) = @K (V. 1) | (2 gy

< F e (K(pR)RP)E ) ﬂ £, Z e w) = wil.
Jerk, s=1
s€{0, 1}k

One then replaces E by E,,, where (E,,) is an increasing sequence of 7 (H?) whose union
is dense in H>. Since the terms |rg, (w ) | converge to 0 and are smaller than
2, the difference converges to 0 thanks to the dommated convergence Theorem. Hence
Y > ®;(X) - Y* admits, as a stochastic extension in L” (B?, Hp2 p,), the application
Y > @ (X) - YK

The remainder is the sum indexed by J € T'%, § € {0, 1}*. One applies Corollary 3.21,

replacing, in the upper bound, /01 (](,;f)lk;!l ds by (k)™ [|G|l1.& by ||Fllm.e ]_['l< gj, and
A= max(|w;?;|), by 1. One finds

1(1_s)k—1
Z‘/O (k-1)!

J,6

ak
66

okF
_ 506—
(9w.‘ L OwSk

Jk

<X+snE<Y>>1_[<nE<Y> )

(X +sY) ]_[5 o (Y))ds

LY (B2 ,)

< SR IFle Y (e e,k)ZmE(w - w

Jerk,
s€{0, 1}k

1
+ 2 KIF e > (ejaEn)

Jelk,
5€{0,1}x

X (\/Z Elnp(X) = X[+ XN o (lnp () — ujl + |me(v)) - viD) |-
0

If one replaces E by E,, from an increasing sequence of ¥ (H?>) whose union is dense in
H?, this converges to 0 when n converges to infinity. O

With each term of the extended Taylor expansion (4.5), one can associate a quadratic
form (see [1, Definition 1.2]) thanks to the following result:
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Proposition 4.9. Let F € S,,,(B, &) with € summable and m > k + 1, where k is the order
of differentiation. Each of the terms of (4.5) has a N5 norm (cf. (2.12)), for a well-chosen
s. Precisely

N (%c’f»(x) -Yf) < 1l e (2max(1 @) ;aj) [ duio).

and
k
i ﬁ E; k v
Ni(Ri (X)) < k!IIFllm,g(ZmaX(l,\/;)zF: ,) /R(HIVI) dug 1 (v).

Proof. One uses the computations of Proposition 3.18. Then

: i h i i
Bfwﬁ,(- +Y) < (1+1]Y)) max(l,\/;) /R(1+|v|) dpg 1 (v).

Hence

LI(BZ»MBZV%)

> ]—[5 o (V) (X)

Jert, 5€{0,1} r=1 J,

Ll(stlle’%z)

i
. h .
< E WFllm,c€ ---€j; (1+|Y|)lmax(1,\/;) /(1+|V|)ldﬂR,1(V)
R

Jeri,5€{0,1}¢

h i : :
2 max 1,\/j g /(1+|v|)’d,uR,1(v)(l+|Y|)’.
It follows that

1~ ) 1 h i ;
N; (ﬁcpi(x).w) < IF e (2max(1,\g) Zsj) /R(l + VD) dug,1 (v).

We treat the remainder in the same way: the sum indexed by J € k. se {0, l}k contains a
product of k terms £ and the integral, which is bounded by % |F|lm,e€), - - - €. Therefore
the remainder has a Ny norm bounded like the polynomial terms. O

< IFllm, e

5. The heat operator on H

The heat operator defined below associates a function defined on a (real, separable, infinite
dimensional) Hilbert space, with a function defined on the same Hilbert space. We aim
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at extending the notion of the heat operator, which is classical in the finite dimensional
setting.
The results proved here are different from the results obtained by ([5, 9]), inasmuch as
they are concerned with symbols, which are initially defined on H (or H?) and not on B.
We first present general results and then give the features in each symbol class.

5.1. General definition

Definition 5.1. Let F be a function defined on H, admitting a stochastic extension in
L? (B, up,) for a given p € [1,+oo[. One defines H,F on H by

HX) = [ Fxenaunn = [ Fone ¥ e qun, ). 6

the second identity coming from (2.9). Sometimes, H; is denoted by e3h,
If F is defined on the product H?, one replaces H by H> and B by B>.

Remark 5.2. This definition does not depend on the stochastic extension chosen, nor on
the measurable norm and on the completion of H associated with it. Indeed, the fact that a
sequence F o mg, is a Cauchy sequence in LP (B, upg, ) is expressed by integrals on finite
dimensional subspaces of H (using (2.3)) and not at all by integrals on B. Likewise, the
integral of (5.1) does not depend on the integration space B, since it is a limit of integrals
on finite dimensional spaces of H.

Proposition 5.3. Let F belong to a class S(Q a) of Definition 3.5 or to a class S, (8B, €),
with € summable, of Definition 2.4. The semigroup property is verified: for all positive
s, t and all X in the Hilbert space,

H;(HsF)(X) = Hyy o F(X).
Moreover, one has (according to whether F € S(Q a) or S, (8, ¢€)),
VXeH, |(HF)X)|<|Flme or YXeH, |(HF)X)<|Flg,. (52

Proof. We give the proof in the case when F € S(Q4). Let B4 be the completion of H
with respect to the measurable norm || - || 4 given by Proposition 3.14. The function F
is uniformly continuous on H and extends continuously as a function denoted by F4,
uniformly continuous and bounded on B4. By Theorem 6.3 of [9, Chapter 1], every
stochastic extension of F in L?(Ba, up, »n) coincides with F4 up, n-a.e. Considering
that the heat operator is defined by an integral on B4, one may write that,

VX€eH, H,F(X)=/ FA(X+Y)d/JBAJ(Y).
Ba
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This formula allows one to define a function, denoted by H;F4, on B,. Since Fy4 is
uniformly continuous and bounded on B4, H, F4 is uniformly continuous and bounded
on By too, by [9, Theorem 4.1, Chapter 3]. Then H; F4 is the stochastic extension of its
restriction to H, H;F and, forall X € H,

Hy (H,F)(X) = /B H,FA(X + ) dup, o (¥) = Hyps FA(X) = Hiay F(X).

The same proof holds on H? for F € S,,(8B, ) with £ summable and || - || 4, B from
Proposition 4.6.
The inequalities (5.2) come from the fact that F4 is bounded on B4 like Fon H. O

5.2. The heat operator in the classes S, (8, ¢)

Proposition 54. Let F € S,,(B,¢) with m > 2, € summable. If «, B are depth 1
multiindices (such that max(a;,8;) < 1), then

0, 9% (HiF)(X) = Hy (8,7 00) (X).
Moreover, form > 1, HiF € Sp—1(8, &), with ||H; F||lm-1,& < ||Fl||m.e. The operator H,

is continuous from S, (8B, &) in Sy—1 (B, €).

Proof. If m = 1, the continuity of H; from S;(8B,¢) in So(B, &) comes from the
inequalities (5.2). Now suppose that m > 2 and prove (first) that

0 0
——(HF)(X) =H; | —F| (X)
ow ow
with w = u; or v; and X € H?. By Taylor’s formula
oF ! 0°F
F(X+rw)—F(X)=r—(X) +r2 / (1 -5)—= (X +rsw)ds. (5.3)
ow 0 ow?

According to Proposition 3.1 and its corollaries, F' and 3—5 together with their translated
of a vector Y € H? admit stochastic extensions in L” (B2, Mp2 ) and 1'}77 =1y F. By
substraction, for all r € R*, the function G, : X — /01 (1- s)% (X + rsw) ds admits a
stochastic extension in L” (B2, u p2.1), denoted by G,.

Forallr, |G,| < %||F||m,‘E sup(&;)2. Hence, so does G, Hp2;-a.s.

Applying (5.3) in the point g, (X) with X € B? and taking a limit in L? (B?, HB2 ),
one obtains

TrWF —F=rP (%) + rzGr in LP(BZ,[JBZJ) (54)
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By (5.1) one gets that, for all X of H?,
H,F(X+rw)-HF(X) ( oF
"ow

- ) (X) +r(H,G,)(X),

and that
H,F(X + rm;) - H,F(X) ( 6F) (X)

< |r|/ G I(X +7) dugg, (Y).

The bound on 5; shows that
(HiF)(X +rw) — (H,F)(X) ( 6F) x).
i)

which means that H, F admits order 1 partial derivatives in the (canonical) directions

lim

r—0 r

Ui, vi.

Let a, 8 be two depth 1 multiindices. Let w = u; (or v;) be a coordinate, with respect
to which one has not yet differentiated (that is, such that ; = 0 or 5; = 0). Applying the
preceding reasoning to 9, 65 F, we get that

0 0
——H, (3207 F)(X) = H, ( "6"F) (X)
ow ow

and an induction on |a| + | 8| allows us to exchange H, and differentiations. By (5.2), one
gets that

1000 H (F)(X0)| = |Hi (8 0] F)(X)| < 108 Fllm-1.0 < &I Fllm. -
If m = 2, the proposition is proved. Otherwise one completes the proof by induction. O
The Heat operator commutes with the Laplace operator:
Proposition 5.5. Let € be summable. The operator Ag is continuous from S,,(8B, €) to
Sm—2(8B, &), for m > 2. Moreover, for m > 3,

V F (S] Sm(B, 8), ABH;F = HI»ABF (S] Sm_S(S).
Proof. The continuity of Ag comes from Lemma 4.1, since
2
IABFllma.e <2 &3 Fllm.s.
jer
. . 2

Consider that I" is ordered and, forn € N, set A,, = ) - j<n 0(?42 + ﬁ One can see that A, F'
converges to AgF in S,,—» (8B, €). Moreover, one can exchange H; and the differentiations
with respect to u;, v;. This fact and the continuity of the operators allow us to write

n—o0o n—oo n—oo

which completes the proof. O
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Let us state a result about commutators. For Z € H? and F a function defined on H?,
denote by Mz F the function defined by (MzF)(X) = (Z, X)F(X).

Proposition 5.6. Consider S,,(8, €) with m > 2 and & square summable. For all i € N,
one has

1 0 1 0

- [H, My, | =Hig- and  — [H:, M,,] =Hig - on Sm(B, ).
Proof. Let F € S,(8B,¢). Notice that {7 F is a stochastic extension of MzF in
LP(B?, up2 ) forall pin [1,+oo[, by Corollary 3.16. According to Theorem 6.2 (Chap.
2, par. 6) of [9], for all X € H?,

H,F 1 ~
63’ (X) = - / F(X+Y)ly,(Y) dug ,(Y).
u; t Jp2

But £,,(Y) = €, (Y + X) — (u;, X), since X € H>. Then

OHF
6u,~

1 _
(X) = ;/ F(X+Y),, (Y +X)dug2 ,(Y)
BZ
1 _
- X0 7 [ FOCHY) g (1),
t BZ
This is the desired result. O

We shall use the Taylor expansions and their stochastic extensions to prove a preliminary
result before stating the main result of this subsection, Theorem 5.8.

Proposition 5.7.

(1) Let m > 3. There exists Cy, € R* such that, for all F € S,,(8, ¢),

IH:F = Flln-s,e < CullFlim.et.

) (5.5)

if m>5,Vs>0, ”Ht+sF_HsF”m—4,s < Cm”F”m,st-
(2) Let m > 4. There exists C,, € R* such that, for all F € S,,(8, ¢),

H,F-F 1
‘ L __AF < CollFllm. o2
t 2 m-4,&
H,,F-HF 1 (56)
if m>25Vs>0, ‘ = — _AH,F < Cll Fllm, st
t 2 m-5,&
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Proof. Formula (4.5), integrated with respect to Y on B2, gives, for k < m — 1:

/ F(X+Y) dytge, ()

_F(X)+Z Z / nf or dupe, t(Y) 51 O l(X)

=1 Jel, S i
se{0,1)

(1 —s)k- 1 OkF
+ l s
Z/Bﬂ v / &0 \awor_awer
7 Jr
We denote by Ry the last term in the preceding formula. We have seen in Subsection 4.2
that these functions admit L' norms, which allows us to exchange sums and integrals on

B2, Using Wick’s formula, we see that odd order terms are equal to 0.
The remainder is bounded as follows:

(X +sY)dsdug: ,(Y).

k+1
VXeH  Vk<m—1, |R(X)| < ——]|Fllm.e2 5T ;
eH:LVk<m—1, |R(X) ( -IF ( 5 )(;s,)

Indeed, P (%) is bounded by || F||,n,s€}, . . . €/, . One applies Holder’s formula

ow
J1 Jk
to the product of ¢ functions and one sums over ji, ..., jk.
Thanks to Wick’s Theorem, even order terms give the successive powers of the Laplace

operator. Hence:

—~ 1 t?
H,F(X) = F(X+Y)dug ,(Y)=F(X)+ E — —APF(X) +Ry.
B , plar
0<2p=k-1P
Let us prove the point about continuity. For k = 2 and m = 3, since the remainder is of
order ¢, one has:

VXeH, [HF(X)-F(X)|<GlFls .t

with C, =2(X e J-)z. This yields the first part of (5.5) when m = 3. To treat the general
case one uses induction, working with 0 [96 F, where a and $ have depth 1 at most
and using Proposition 5.4. To obtain the second formula of (5.5) one applies Hj to the
first one (and loses one order of differentiability) and applies the semigroup property
(Proposition 5.3).

Let us prove the point about differentiability. For k = 3 and m = 4, one has the
following result since the remainder is of order 73/2:

H,F(X) - F(X)

1
VX eH?, S = SAF(X)| < C3||F ||4.0t"?
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with C3 = ﬁ29/zf(2)(2 81)3. This gives the first part of (5.6) when m = 4. In the
general case one uses induction and Proposition 5.4 as above. To get the second formula
one applies H to the first one, losing one order of differentiability and uses the semigroup

property. This completes the proof of Proposition 5.7 O

We now state the main result about the heat operator in S, classes. For the sake of
clarity, the two first points repeat former results of this subsection.

Theorem 5.8. Let & be summable.

(1) If m > 1, the operator H, is continuous from S,,(8, €) to Sy-1(B, ) and for
m > 2, the operator A is continuous from S, (8, €) to S;,—2(B, €).

(2) For m > 3, H; and A commute: for all F € S,,(8B,¢), AH;F = H;AF €
Sm—3(8B, ).

(3) Letm > 6 and F € S,,,(B, €). The application t — H,F is C' from [0, +oo[ in
Sm—6(8B, &) and its derivative is t — %H,AF.

Proof. Tt remains to prove the last point. Set (1) = H;F € S,,,-1(8, €). According to the

preceding proposition, ¢ is differentiable on [0, +oo[ and ¢’(f) = %AHtF = %HtAF . But
H/AF € S, 3(B,¢€) C S;u—6(8B,¢). Since AF € S,,-2(8B, &), an application of point 1

(about continuity) proves that r +— H,AF is continuous from [0, +oo[ in S,,-¢(B,€). O

Remark 5.9. Tt is not necessary to write Ag, because of Remark 4.7.

5.3. The heat operator in the classes S(Q4)

This subsection is concerned with the heat operator and the Laplace operator in the frame
of the classes introduced in Definition 3.5. Note, in particular, that the Laplace operator is
bounded in S(Q 4). This rather unusual fact allows one, for example, to invert the heat
operator and, in view of pseudodifferential analysis, to recover the Anti-Wick symbol
from the Wick symbol. This is due to the regularity of the classes, which are more than
analytic. A similar fact is valid, in a discrete context, for finite or locally finite graphs.

The first results about H, and A do not require technicalities and appear very early in
this part (Propositions 5.10 and 5.11). A more complete and slightly more technical result
is stated further (Theorem 5.14).

In this subsection, the operator A is self-adjoint, nonnegative and trace class.
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Proposition 5.10. Let f € S(Qa). For all t > 0, the application H; f belongs to S(Q 4)

and |H; flloa < I1fl0a-
Let gmu be the application x — d"f(x)(Uy,...,Up) for m € N* and U =

(Ui, ...,Up). Then g v belongs to S(Q a) and one has:

dm(Htf)(x)'(yls---,)’m):Ht(gm,yl ..... ym)(x)'

We denote by A f(x) = Tr(d? f(x)) the trace of the operator M, satisfying (M, U, V) =
d?f(x)(U, V) for all vectors U, V of H. Its existence is ensured by the inequalities (3.3)
and one can see it, too, as a sum of partial derivatives (with respect to an arbitrary
orthonormal basis of H). One can state the following proposition:

Proposition 5.11. If f € S(Qa), then Af € S(Qa) with ||Afllo, < Tr(A)|flloa-
Moreover, for all t > 0,

A(H; f)(x) = Hi (Af)(x).

Proof of Proposition 5.10. One checks that g,, ¢y is C* and that, for all integer k > 1
and all hy,..., h; € H,

d gy (x) - (h1y .. b)) =A™ F(x) - (R, i, Un, o Un).

This proves that g,,, y € S(Q 4). Moreover, it satisfies

m
lemullos < lIfllos [ QWA
J=1
We now turn to H; f. It is differentiable on H and

A(H, )(x) -y = /B P df () - y)(x+2) dupa(2) = (Higry) ().
Moreover |
|H: f(x+y) — H: f(x) — (Hig1,5) (x)] < §||f||QAQA(Y)-
By Taylor’s Formula, for all x,y € H,
1
0 () = () +df() - y+ /0 (1- ) f(x +sy) -y ds.

Let R>(x,y) be the integral term. Since 7, f, f and x +— df(x) - y have stochastic
extensions in L (B, up ), so does x — R»(x,y). Hence

Hyf(x+y) = Hof(x) + /B PAF(-) - ¥)(x +2) dups (2) + /B Rl +2) dup. (2).

The first integral gives a linear application with respect to y. The hypotheses on f prove its
continuity and the bound on the remainder. Proposition 5.10 then follows by induction. O
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Proof of Proposition 5.11. Let (e;) be an orthonormal basis of H. One can write
n n
Te(@f(x) = lim >\ f(x) - (ese) = lim > g2, e, (0),
s=1 s=1

with the notations of Proposition 5.10. Then the series }; g2, .., converges in S(Q4)
because [|g2,e,.¢,lox < Il fllos(Aes, es) and A is trace class. Hence Af € S(Q4) with
IAfllo. < Tr(A)|Ifllo,- Since H; is continuous on S(Q 4), one has

Zn: g2,es,es) (x)
s=1

T H f(x)) = lim > H,f(x) - (es.e5) = lim H,
s=1

- H, (Z gz) (x) = Hy(Tr(d 1) (x). D
s=1
Proposition 5.12. Forall f € S(Q4), one has
H - 1
lim M - =Af =0.
t—0 t 2 0
A
Moreover, for all s > 0, one has
H;.f)— Hy 1 1 1
fim Hees ) =B/ 1 Tr(d*H f) = =AH, f = ~HAf, (5.7)
1—0 t 2 2 2

the convergence taking place in S(Q 4).

For higher orders. Let x € H, let (e,,) be an arbitrary orthonormal basis of H. Let
(%j be the differentiation in the direction of e;. For all integer j set:

. 152 g

(A) f(x) = lim (Zl a—%) f().

One has forallt > 0,
N1 ~
Hufo) = 0+ 35 5 (5) s [ Ronr ()4 (),

Proof. Letx € H. First prove (5.7) for s = 0. For y € H, Taylor’s formula gives

(-5
k!

LI _ 1 §)k
fx+y)=f(x)+ § Fd"f(X)'y]+/0' ' A F(x + sy) - yFH ds.
=R

Denote by Ry (y) the last term of the sum just above. According to Lemma 3.3, 7, f

has a stochastic extension 7. f in L? (B, tp.5), with respect to the variable y. Indeed,
f admits a stochastic extension for all p and Definition 3.5 implies that it is Lipschitz
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continuous. By substraction, the remainder R also admits a stochastic extension ﬁ; Let
us prove that this extension is bounded as follows: V¢ > 0,V p € [1,4+o[,V k € N*,

k+1
~ 1 a(p(k+1)) kel
IRello .m0 < Gy M loaClpGh + 1) (Z a,-) M 68

J
with C(p) from Lemma 3.7. Let (E,),, be an increasing sequence of ¥ (H), whose union
is dense in H. Then, the norm being taken in L (B, up.;),

IRillzr < IRk — Rk o g, llzr + IRk © TE, |ILr

_ kel
<|[Rk = Ri 0w, e + I fllonllQ, o 7E,llLp

by definition of R;. Remark 3.8 enables us to give an upper bound independent of n for
the second term and to let n converge to infinity. This concludes the treatment of the
remainder.

One can then write, extending in L! (B, iB.1), according to Proposition 3.11 :

_ k 1. N —
/B Fle+y) dus, () = () + /B ;P(yH ﬁdff(x>-y~')+Rk<y> dpis ()

where P represents the passage to the stochastic extension. For j < k one uses the L!
convergence and formula (2.3) to obtain

[ 0o a7 ) g ) = fim [ @700 T, (31 s ()
B B

=lim [ d/f(x) 2/ dug,.(2),

n—o00 En
where (E,), is an increasing sequence of ¥ (H), whose union is dense in H. For odd
J» the terms are equal to 0. For even j, one takes an arbitrary orthonormal basis of E,,
(es)1<s<dim(E,)> and one checks that
dim(En) a2

/E Pf () -2 dpg, 1) = ).

l‘_
2
por des

One then gets that, for any orthonormal basis of H,
0 f
[ (o @1 5?) dune) =1 Y, L0 =i o).
B o oes

Applying the former reasoning to k = 3 and using the upper bound of R3in L! yield

(Hl(f)(xt) - f(x)) _ %Tr(de(x))

1 4ot
< I1flloa z;C Y s,
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which holds for all x € H. This proves Formula (5.7). Replacing f by gy, ,....y,, in this
inequality, we obtain, thanks to Proposition 5.10,

(d™H, () (x) - tY S AVACORD SN %d’” Tr(d>f (x)) - Y’

1 4
< Ifllox [ [@aG)'? re@yts s,

with Y = (yq, ..., ym). One then has
Hf-f 1 1 L
BIZT _Iar) < Le@issonsio,,
t 2 O 4!

which gives the convergence in S(Q4).
According to Proposition 5.10, H; is continuous on S(Q 4) and its norm is smaller

than 1. The semigroup property (Proposition 5.3) gives

Ht+sf B Hsf 1

- ~H,A
- S HsAf

1 4ot
< C@sT fllg,,
Oa :

Since Hg and A commute, the first point is proved.
The proof of the second point is similar but one considers k = 2N + 1 instead of
stopping at k = 3. For even j one has

) . ) 10/ f
[ s =gt Y .
E, n ClGNdim(E"),‘ﬂflij °
and the terms where a coordinate of the multiindex « is odd are equal to 0. The computation
of the other terms gives the result, thanks to classical equalities giving the moments of

the normal law. This achieves the proof of Proposition 5.12. O

As a corollary of Propositions 5.11 and 5.12, one can state the following commutation
result, which may be used, in view of pseudodifferential analysis, to prove a covariance
result.

Proposition 5.13. Let ¢ be linear, continuous on H and such that ¢* ¢ = ¢¢* = 1dy. Let
A be a linear application satisfying the hypotheses of Definition 3.5. For all f € S(Qa),
one can write

V20, (Hif)op=H(fo¢). (5.9)
Proof. One verifies that f o ¢ (denoted by f,) is in S(Qy+ay), With
& fo(x) - (U, V) = & f(¢(x) - (9(U), (V) = (¢* M) (/)eU, V)
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and || fyllo e a, = I fllQ4- (We still denote here by Af(x) = Tr(d?f(x)) the trace of the
operator M, satisfying (MU, V) = d’>f(x)(U, V) for all vectors U, V in H.) Moreover,
the operator ¢* M (x) ()¢ is trace class and has the same trace as M,y (f). Thus

A(fo(x)) = Te(d fy (x)) = Tr(¢* M) () )
= Tr(My(x) (1) = Tr(d £ (9(x))) = (Af) (@ ().
Applying 5.12 and the above remark to f o ¢, one gets that

H —_
i HG) —fp 1
t—0 t 2

1 .
A(f%) = E(Af) c¢ 1 S(Q(p*Aap)-
Composing with ¢, one obtains that

lim(Ht(fw) ~Jfe

t W) in S(Q).

*_l 1
)oso —Z(Af)—tlgl(l)(

t—0

If one denotes by 7; the operator defined on S(Q4) by T, f = H,(f o ¢) o ¢*, one can
verify that (7;) is a semigroup on S(Q4). Since both semigroups (7;) and (H;) have
the same infinitesimal generator %A, which is continuous on S(Q 4) (Proposition 5.11),
they are uniformly continuous and equal ([10, Theorems 1.2 and 1.3, Chapter 1]). This
achieves the proof. O

‘We now can state the main result of this part. For the sake of clarity, the first points
repeat former results of the same part.

Theorem 5.14. Let A be a linear application on H satisfying the hypotheses of Defini-
tion 3.5. Let f € S(Qa).

(1) The function Af belongs to S(Qa) with ||Afllo, < Tr(A)||flloa-

(2) For all t € ]0,c0], the application H f belongs to S(Qa) and ||H; fllo, <
| fllos- Moreover, A(H, f)(x) = Hi (Af)(x).

(3) The functiont — H,f is C* on |0, co[ with values in S(Q 4), with
dm 1 m
(4) Forall N € N*, one has
Notk(1 |\
H = — | =A lN+1R 1),
if f+;k!(2)f+ ~ (1)

where Ry € S(Q4) is bounded independently of t € [0, 1].
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(5) As a bounded operator on S(Q a),

(6) Consequently, the definition of H,; can be extended for negative values of t,
implying that points 2, 3 and 5 are valid for t € R. In point 4, the condition can
be replaced by “where Ry € S(Q 4) is bounded independently of t € [-M, M|
for an arbitrary M > 0.

Proof. The first two points come from Propositions 5.10 and 5.11. For the differentiability,
according to Proposition 5.12, the result holds for m = 1. But then, since A commutes
with H; (Proposition 5.11), one concludes by induction on .

For the fourth point, one applies one of Taylor’s formulae to t — H, f, which gives

w5 3,

2
according to Proposition 5.10. Point 5 is a consequence of [10], since the infinitesimal
generator of the semigroup is a bounded operator. The last point is a consequence of 5
and of the properties of series in a Banach space. O

= (Nll)‘
+ !
Oa

1
IRV (Do < = sup
4= (N+1)! se[0.]

References
[1] Laurent Amour, Lisette Jager, and Jean Nourrigat. On bounded pseudodifferential
operators in Wiener spaces. J. Funct. Anal., 269(9):2747-2812, 2015.

[2] Laurent Amour, Lisette Jager, and Jean Nourrigat. Weyl calculus in QED I. The
unitary group. J. Math. Phys., 58(1): article no. 013501 (24 pages), 2017.

[3] Leonard Gross. Measurable functions on Hilbert space. Trans. Am. Math. Soc.,
105:372-390, 1962.

[4] Leonard Gross. Abstract Wiener spaces. In Proc. 5th Berkeley Symp. Math. Stat.
Probab., Univ. Calif. 1965/66. Vol. II, Part 1: Contributions to probability theory,
pages 31-42. University of California Press, 1967.

[5] Leonard Gross. Potential theory on Hilbert space. J. Funct. Anal., 1:123-181, 1967.

[6] Leonard Gross. Abstract Wiener measure and infinite dimensional potential theory.
In Lectures in modern Analysis and applications. II, volume 140 of Lecture Notes in
Mathematics, pages 84—116. Springer, 1970.

197



L. Jager

[7] Brian C. Hall. The heat operator in infinite dimensions. In Infinite Dimensional
Analysis in Honor of H.-H. Kuo, volume 22 of QP-PQ: Quantum Probability and
White Noise Analysis, pages 161-174. World Scientific, 2008.

[8] Paul Krée and Ryszard Raczka. Kernels and symbols of operators in quantum field
theory. Ann. Inst. Henri Poincaré, Phys. Théor., 28:41-73, 1978.

[9] Hui-Hsiung Kuo. Gaussian measures in Banach spaces, volume 463 of Lecture
Notes in Mathematics. Springer, 1975.

[10] Amnon Pazy. Semigroups of linear operators and applications to partial differential
equations, volume 44 of Applied Mathematical Sciences. Springer, 1983.

[11] Roald Ramer. On nonlinear transformations of Gaussian measures. J. Funct. Anal.,
15:166-187, 1974.

LISETTE JAGER

Laboratoire de Mathématiques de Reims, LMR FRE
2011

Université de Reims Champagne Ardenne

Moulin de la Housse

51097 Reims

France

lisette.jager @univ-reims.fr

198


mailto:lisette.jager@univ-reims.fr

	1. Introduction
	Acknowledgments

	2. The Weyl calculus on a Wiener space
	3. Stochastic extensions 
	3.1. Stochastic extensions of symbols in Sm(bbb, eps)
	3.2. Symbol classes defined thanks to a quadratic form
	3.3. Stochastic extension of products
	3.4. Stochastic extension in an integral

	4. Taylor expansions
	4.1. Differentiability of the symbols in Sm(bbb, eps)
	4.2. Taylor's formula and stochastic extensions

	5. The heat operator on H
	5.1. General definition
	5.2. The heat operator in the classes Sm(bbb, eps)
	5.3. The heat operator in the classes S(QA)

	References

