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The weak order on integer posets

Grégory Chatel, Vincent Pilaud & Viviane Pons

ABSTRACT We explore lattice structures on integer binary relations (i.e. binary relations on
the set {1,2,...,n} for a fixed integer n) and on integer posets (i.e. partial orders on the
set {1,2,...,n} for a fixed integer n). We first observe that the weak order on the symmetric
group naturally extends to a lattice structure on all integer binary relations. We then show that
the subposet of this weak order induced by integer posets defines as well a lattice. We finally
study the subposets of this weak order induced by specific families of integer posets correspond-
ing to the elements, the intervals, and the faces of the permutahedron, the associahedron, and
some recent generalizations of those.

The weak order is the lattice on the symmetric group &(n) defined as the inclu-
sion order of inversions, where an inversion of o € &(n) is a pair of values a < b
such that o=%(a) > o~ 1(b). It is a fundamental tool for the study of the symmetric
group, in connection to reduced expressions of permutations as products of simple
transpositions. Its Hasse diagram can also be seen as a certain acyclic orientation of
the skeleton of the permutahedron (the convex hull of all permutations of &(n) seen
as vectors in R™).

This paper extends the weak order to all integer binary relations, i.e. binary re-
lations on the set [n]:={1,2,...,n} for a fixed integer n. A permutation o € &(n)
is seen as an binary relation < on [n] where u <1 v when u appears before v in o.
Inversions of o then translates to decreasing relations of <, i.e. elements a < b such
that b < a. This interpretation enables to naturally extend the weak order to all
binary relations on [n] as follows. For any two binary relations R, S on [n], we define

R < S — Rlnc :_) Slnc and RDec g SDec,

where R":= {(a,b) € R | a < b} and RP**:= {(b,a) € R | a < b} respectively denote
the increasing and decreasing subrelations of R. We call this order the weak order on
integer binary relations, see Figure 1. The central result of this paper is the following
statement, see Figure 5.

THEOREM. For any n € N, the weak order restricted to the set of all posets on [n] is
a lattice.

Our motivation for this result is that many relevant combinatorial objects can be
interpreted by specific integer posets, and the subposets of the weak order induced by
these specific integer posets often correspond to classical lattice structures on these
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combinatorial objects. To illustrate this, we study specific integer posets correspond-
ing to the elements, to the intervals, and to the faces in the classical weak order,
the Tamari and Cambrian lattices [10, 16], the boolean lattice, and other related lat-
tices defined in [14]. By this systematic approach, we rediscover and shed light on
lattice structures studied by G. Chatel and V. Pons on Tamari interval posets [3], by
G. Chatel and V. Pilaud on Cambrian and Schréder—Cambrian trees [2], by D. Krob,
M. Latapy, J.-C. Novelli, H.-D. Phan and S. Schwer on pseudo-permutations [7], and
by P. Palacios and M. Ronco [12] and J.-C. Novelli and J.-Y. Thibon [11] on plane
trees.

The research code for experiments and computations along this work is available
online [13].

1. THE WEAK ORDER ON INTEGER POSETS

1.1. THE WEAK ORDER ON INTEGER BINARY RELATIONS.

1.1.1. Integer binary relations. Our main object of focus are binary relations on in-
tegers. An integer (binary) relation of size n is a binary relation on [n]:={1,...,n},
that is, a subset R of [n]?. As usual, we write equivalently (u,v) € R or u R v, and
similarly, we write equivalently (u,v) ¢ R or uR v. Recall that a relation R € [n]? is
called:

o reflexive if u R u for all u € [n],

o transitive if u R v and v R w implies u R w for all u,v,w € [n],
o symmetric if u R v implies v R u for all u, v € [n],

o antisymmetric if u R v and v R u implies u = v for all u,v € [n].

From now on, we only consider reflexive relations. We denote by R(n) (resp. 7 (n),
resp. S(n), resp. A(n)) the collection of all reflexive (resp. reflexive and transitive,
resp. reflexive and symmetric, resp. reflexive and antisymmetric) integer relations of
size n. We denote by £(n) the set of integer equivalences of size n, that is, reflexive
transitive symmetric integer relations, and by P(n) the collection of integer posets
of size n, that is, reflexive transitive antisymmetric integer relations. In all these
notations, we forget the n when we consider a relation without restriction on its size.

A subrelation of R € R(n) is a relation S € R(n) such that S C R as subsets of [n]?.
We say that S coarsens R and R extends S. The extension order defines a graded lattice
structure on R(n) whose meet and join are respectively given by intersection and
union. The complementation R+ {(u,v) | u =v or uR v} is an antiautomorphism
of (R(n), <,N,U) and makes it an ortho-complemented lattice.

Note that T(n), S(n) and A(n) are all stable by intersection, while only S(n)
is stable by union. In other words, (S(n),C,N,U) is a sublattice of (R(n), C,N,U),
while (7(n),C) and (A(n), C) are meet-semisublattice of (R(n), C,N) but not sub-
lattices of (R(n),C,N,U). However, (T(n),C) is a lattice. To see it, consider the
transitive closure of a relation R € R(n) defined by

R*:={(u,w) € [n]* | Jv1,...,v, € [n] such that u=v; RvaR...Rv,_1 Rv, = w}.

The transitive closure R is the coarsest transitive relation containing R. It follows
that (7 (n), Q) is a lattice where the meet of R, S € R(n) is given by RNS and the join
of R,S € R(n) is given by (R U S)*. Since the transitive closure preserves symmetry,
the subposet (£(n), C) of integer equivalences is a sublattice of (7 (n), C).

1.1.2. Weak order. From now on, we consider both a relation R and the natural or-
der < on [n] simultaneously. To limit confusions, we try to stick to the following
convention throughout the paper. We denote integers by letters a, b, ¢ when we know
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that @ < b < ¢ in the natural order. In contrast, we prefer to denote integers by let-
ters u, v, w when we do not know their relative order. This only helps avoid confusions
and is always specified.

Let L,:= {(a,b) € [n]* | a <b} and D, := {(b,a) € [n]* | a <b}. Observe that
I, UD,, = [n]? while I, N D,, = {(a,a) | a € [n]}. We say that the relation R € R(n)
is increasing (resp. decreasing) when R C I, (resp. R C D,,). We denote by Z(n)
(resp. D(n)) the collection of all increasing (resp. decreasing) relations on [n]. The
increasing and decreasing subrelations of an integer relation R € R(n) are the
relations defined by

R" .= RNI, ={(a,b) €R|a < b} €I(n)
and RP*:=RND, ={(ba) eR|a<b}cDn).

In our pictures, we always represent an integer relation R € R(n) as follows: we
write the numbers 1,...,n from left to right and we draw the increasing relations
of R above in blue and the decreasing relations of R below in red. Although we only
consider reflexive relations, we always omit the relations (7,7) in the pictures (as well
as in our explicit examples). See e.g. Figure 1.

Besides the extension lattice mentioned above in Section 1.1.1, there is another
natural poset structure on R(n), whose name will be justified in Section 2.1.

DEFINITION 1.1. The weak order on R(n) is the order defined by R < S if and only
Zf Rlnc :_) Slnc and RDec g SDeC.

The weak order on R(3) is illustrated in Figure 1. Observe that the weak order
is obtained by combining the extension lattice on increasing subrelations with the
coarsening lattice on decreasing subrelations. In other words, R(n) is the square of
an (g)—dimensional boolean lattice. It explains the following statement.

PROPOSITION 1.2. The weak order on R(n) is a graded lattice whose meet and join
are given by

R AR S = (Rlnc U Sln(:) U (RDec N SDeC)
and R Vg S = (R NSy U (RDe U sPec).

Proof. The weak order is clearly a poset (the antisymmetry comes from the fact
that R = R'"™ U RPe). Tts cover relations are all of the form R < R ~ {(a,b)}
for a R b or R\ {(b,a)} < R with b RP* a. Therefore, the weak order is graded
by R+ | RPe¢ | — | R |. To check that it is a lattice, consider R,S € R(n). Observe
first that R Ag S is indeed below both R and S in weak order. Moreover, if T < R
and T =< S, then T'< D R!"c y §'"e and TPec C RPecn SDec, so that T < R A S. This
proves that RAz S is indeed the meet of R and S. The proof is similar for the join. O

REMARK 1.3.Let R™:= {(u,v) € [n]? | (v,u) € R} denote the reverse of a re-
lation R € R. Note that (R'*)"® = (RPe)*® and (R")Pec = (R'")r®V. There-
fore, the reverse map R +— R"™ defines an antiautomorphism of the weak or-
der (R(n),=,Ar,Vr). Note that it preserves symmetry, antisymmetry and transi-
tivity.

1.2. THE WEAK ORDER ON INTEGER POSETS. In this section, we show that the three
subposets of the weak order on R(n) induced by antisymmetric relations, by transitive

relations, and by posets are all lattices (although the last two are not sublattices of
the weak order on R(n)).
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The weak order on integer posets

1.2.1. Antisymmetric relations. We first treat the case of antisymmetric relations.
Figure 2 shows the meet and join of two antisymmetric relations, and illustrates the
following statement.

PROPOSITION 1.4. The meet Ag and the join Vg both preserve antisymmetry. Thus,
the set A(n) induces a sublattice of the weak order on R(n).

Proof. Let R,S € A(n). Let a < b € [n] be such that (b,a) € R Ag S. Since (b,a)
is decreasing and (R Ag S)Pe = RPe N SP we have b RP* a¢ and b SP* q
By antisymmetry of R and S, we obtain that aR"™ b and a$"™ b. Therefore,
(a,b) ¢ R uyU S = (R Ag S)™. We conclude that (b,a) € R Ag S im-
plies (a,b) ¢ R Ag S and thus that R Ag S is antisymetric. The proof is identical
for Vg. O

R e A(4) SeAH4) RARS € A(4) RVvg S e A(4)

1 4 1 2 3 4

\J\/ \W \J\/ N

FIGURE 2. Two antisymmetric relations R,S € A(4) (left) and heir
meet R Az S and join R Vg S (right).

Our next two statements describe all cover relations in the weak order on A(n).

PROPOSITION 1.5. All cover relations in (A(n), <) are cover relations in (R(n),<).
In particular, the weak order on A(n) is still graded by R~ | RP¢ | — | RIn¢|.

Proof. Consider a cover relation R < S in (A(n),<). We have R'"c DO glne
and RPe C SPec where at least one of the inclusions is strict. Suppose first
that R #£ S Let (a,b) € R™ S and T:= R ~{(a,b)}. Note that T is
still antisymmetric as it is obtained by removing an arc from an antisymmetric
relation. Moreover, we have R # T and R < T < S. Since S covers R, this implies
that S =T = R ~ {(a, b)}. We prove similarly that if RP # SP¢ there exists a < b
such that S =R U {(b,a)}. In both cases, R < S is a cover relation in (R(n),<). O

COROLLARY 1.6. In the weak order on A(n), the antisymmetric relations that cover
a given antisymmetric relation R € A(n) are precisely the relations

o R~ {(a,b)} for a <b such that a R D,
e RU{(b,a)} for a <b such that aR b and bR a.

1.2.2. Transitive relations. We now consider transitive relations. Observe first that
the subposet of the weak order on R(n) induced by the set 7(n) is not a sublattice
since Ag and Vg do not preserve transitivity (see e.g. Figure 4). When R and S are
transitive, we need to transform R A S to make it a transitive relation R A+ S. We
proceed in two steps described below.

Semitransitive relations. Before dealing with transitive relations, we introduce the
intermediate notion of semitransitivity. We say that a relation R € R is semitransitive
when both R'™ and RP* are transitive. We denote by ST (n) the collection of all
semitransitive relations of size n. Figure 3 illustrates the following statement.
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R € ST(4) S e ST(4) RARS¢ST(4) RAsrSeST(4)
A~ A
1 2 2 3 4

N X AN O AN

FIGURE 3. Two semi-transitive relations R,S € ST (4) (left) and
their meets R Ag S and R Ag7 S (right).

PROPOSITION 1.7. The weak order on ST(n) is a lattice whose meet and join are
given by

R AST S = (Rlnc U SInC)tc U (RDec N SDeC)
and R \/ST S = (Rlnc N SInC) U (RDec U SDeC)tc.

Proof. Let R,S € ST (n). Observe first that R As7 S is indeed semitransitive and
below both R and S. Moreover, if a semitransitive relation T is such that T < R
and T < S, then T' D RI"® U §'" and TP C RPe N SPec. By semitransitivity of T,
we get T'"® D (R U S'"®)t 5o that T < R As7 S. This proves that R As7 S is indeed
the meet of R and S. The proof is similar for the join. O

As in the previous section, we describe all cover relations in the weak order

on ST (n).

PROPOSITION 1.8. All cover relations in (ST (n), <) are cover relations in (R(n), <).
In particular, the weak order on ST (n) is still graded by R~ | RP* | — | RIn¢|.

Proof. Consider a cover relation R < S in (S7(n),<). We have R DO §lre
and RPe C SPec where at least one of the inclusions is strict. Suppose first
that R'" #£ S Let (a,b) € R ~ S be such that b — a is minimal, and
let T:= R ~{(a,b)}. Observe that there is no a < i < b such that a RiRb. Otherwise,
by minimality of b — a, we would have a S ¢ and ¢ S b while a $ b, contradicting
the transitivity of S'. It follows that T'™ is still transitive. Since TP = RPec
is also transitive, we obtain that T is semitransitive. Moreover, we have R # T
and R < T < S. Since S covers R, this implies that S =T = R \ {(a,b)}. We prove
similarly that if RPe £ SPe¢ there exists (b,a) such that S = R U {(b,a)}: in this
case, one needs to pick (b,a) € SPe \ RPe with b — @ maximal. In both cases, R < S
is a cover relation in (R(n), <). O

COROLLARY 1.9. In the weak order on ST (n), the semitransitive relations that cover
a given semitransitive relation R € ST (n) are precisely the relations

o R~ {(a,b)} for a <b such that aR b and there is no a < i < b with aRiR b,
e RU{(b,a)} for a <b such that bR a and there is no i < a with aR i but bR i
and similarly no b < j with j Rb but jR a.

Transitive relations. Now we consider transitive relations. Observe that 7(n) C ST (n)
but ST (n) € T(n). In particular, R As7 S and R Vg7 S may not be transitive even
if R and S are (see Figure 4). To see that the subposet of the weak order induced
by transitive relations is indeed a lattice, we therefore need operations which ensure
transitivity and are compatible with the weak order. For R € R, define the transitive
decreasing deletion of R as

thd::R\{(b,a) € RPee | 3i<bandj>asuchthat iRbRaR j while iR j},

Algebraic Combinatorics, Vol. 2 #1 (2019) 6



The weak order on integer posets

and the transitive increasing deletion of R as
R%": =R~ {(a,b) € R"™ | 3i >aand j < bsuch that iRaRbR j while iR j} .

Note that in these definitions, ¢ and j may coincide with a and b (since we assumed that
all our relations are reflexive). Figure 4 illustrates the transitive decreasing deletion:
the rightmost relation R A7 S is indeed obtained as (R Asy S)tdd. Observe that two
decreasing relations have been deleted: (3,1) (takei =2and j = 1,0ori = 3 and j = 2)
and (4,1) (take i =4 and j = 2).

REMARK 1.10. The idea of the transitive decreasing deletion is to delete all decreasing
relations which prevent the binary relation to be transitive. It may thus seem more
natural to assume in the definition of R* that either i = b or j = a. However, this
would not suffice to rule out all non-transitive relations, consider for example the
relation [4]% \ {(2,3), (3,2)}. We would therefore need to iterate the deletion process,
which would require to prove a converging property. Our definition of R*d simplifies
the presentation as it requires only one deletion step.

LEMMA 1.11. For any relation R € R, we have R¥4 < R < RYd.

Proof. R is obtained from R by deleting decreasing relations. Therefore we have
(Rtdd)lnc — RInc and (Rtdd)Pec C RPe¢ and thus R < R by definition of the weak
order. The argument is similar for R, O

LEMMA 1.12. If R € R is semitransitive, then R and RY are transitive.

Proof. We prove the result for R*¢, the proof being symmetric for Rt Set
U:= {(b,a) € RPec ‘ Ji<bandj>asuchthat iRbRaRj while iR j},

so that R4 = R\ U with (R¥d)Inc = R and (R¥d)Pec = RPec ( U. Let u, v, w € [n]
be such that u R v and v R¥ w. We want to prove that u R* w. We distinguish
six cases according to the relative order of u, v, w:

(1) If u < v < w, then u R v and v R"™°w. Thus u R w by transitivity of R,
and thus u R¥d .

(2) If u < w < v, then u R v and v RP* w. Since v}/ w, we have u R w and
thus v R4 .

(3) If v < u < w, then u RP* v and v RI" w. Since ul v, we have u R w and
thus v R4 w.

(4) If v < w < u, then u RP* v and v RI" w. Since u ¥ v, we have u RP* w.
Assume by contradiction that u U w. Hence there is i < w and j > w such
that iRuRwR j but iR j. Since v R" w and w R j, the transitivity of R
ensures that v R j. We obtain that u U v, a contradiction. Therefore, u ¥ w
and u R4 4.

(5) If w < u < v, then u R" v and v RP* w. Since v w, we have u RP w.
Assume by contradiction that u U w. Hence there is i < w and j > w such
that iRuRwR j but iR j. Since i R' v« and « R'™ v, the transitivity of R
ensures that ¢ R v. We obtain that v U w, a contradiction. Therefore, u¥J w
and u R"d w.

(6) If w < v < u, then u RP* v and v RP* w, so that u RP* w by transitivity
of RPec. Assume by contradiction that u Uw. Hence there is ¢ <w and j > w
such that i RuRwR j but iR j. Since u¥ v and v ¥ w, we obtain that i R v
and vRj. If i < v, then we have i < v and j > w withiRvRwR j and iR j
contradicting the fact that v¥/ w. Similarly, if j > v, we have i <w and j > v
with iRuRvRj and iR j contradicting the fact that ulfv. Finally, if j < v < 4,
we have i RPe v RPe¢ j and iRDeC j contradicting the transitivity of RPe. [0

Algebraic Combinatorics, Vol. 2 #1 (2019) 7
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ReT(4) SeT(4)

Y Y
1 2 3 4 1 2 3 4
RARS ¢ ST(4) RAsrSeSTA)~TMA) RArSeTH)

3 1 2 3 4

N A~
12 4 12 3 4
N7 = o

FIGURE 4. Two transitive relations R,S € 7(4) (top) and their
meets R Az S, R As7 S and R A7 S (bottom).

REMARK 1.13. We observed earlier that the transitive closure Rt is the coarsest tran-
sitive relation containing R. For R € ST, Lemmas 1.11 and 1.12 show that R is a
transitive relation below R in weak order. However, there might be other transitive
relations S with S < R and which are not comparable to R' in weak order. For ex-
ample, consider R:={(1,3),(3,2)} and S:={(1,2),(1,3),(3,2)}. Then S is transitive
and S < R while S is incomparable to R% = {(1,3)} in weak order.

We use the maps R +— R and R +— R to obtain the main result of this section.
Figure 4 illustrates all steps of a meet computation in 7 (4).

PROPOSITION 1.14. The weak order on T(n) is a lattice whose meet and join are
given by
R AT S = ((Rlnc U Slnc)tc U (RDec n SDec))tdd

and R VT S = ((Rlnc N S|nc) U (RDec U SDeC)tC)tid.

Before proving the proposition, we state the following technical lemma which we
will used repeatedly in our proofs.

LEMMA 1.15. Let R and S be two transitive relations, let M = R AsT S, and let
1<a<b<n such that bM a and bXI' a. By definition of M, there exist i < b
and j > a such that i MbM a M j while i¥I j. Then we have

e cither i # b or j # a,

o ifi#£b, thereis a < k < b such that iMkMb with (k,b) € RUS and kNI g,

e ifj # a, there is a < k < b such that aMEM j with (a, k) € RUS and bXI

Besides if R and S are also antisymmetric, then in both cases, b])(/[tdd k])(/[tdd a.

Proof. Since bM a and i ¥ j, we cannot have both i = b and j = a. By symmetry,
we can assume that i # b. Since (i,b) € M'"® = (R'" U S'"°)t¢ there exists i < k < b
such that (i,k) € M and (k,b) € R" U S, Assume without loss of generality
that k R'" b. We obtain that £k R bR a and thus that k R a by transitivity of R. We
want to prove that k > a.

Assume that k& < a. Then (k,a) € R'"e C M and thus i M'™ k£ M'"¢ ¢ M'"c j
while i ¥I'™ § contradicting the transitivity of M. We then have a < k < b. There is
left to prove that kMtdd a. Suppose that we have kM9 ¢, then we have i MkMaM j
which implies ¢ M j because (k, a) is not deleted by the transitive decreasing deletion.
This contradicts our initial statement i ¥I j.

Algebraic Combinatorics, Vol. 2 #1 (2019) 8
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Besides, if R is antisymmetric, then k R b implies bR k which gives b¥[™ k. O

Proof of Proposition 1.14. The weak order on 7 (n) is a subposet of the weak
order on R(n). It is clearly bounded: the weak order minimal transitive relation
is I, = {(a, b) € [n]? | a < b} while the weak order maximal transitive relation
is D,, = {(b, a) € [n]? ’ a < b}. Therefore, we only have to show that any two transi-
tive relations admit a meet and a join. We prove the result for the meet, the proof
for the join being symmetric.

Let R,S € T(n) and M:=R Asr S = (R'" u Slhe)te y (RPec N SPe)| so that
R A7 S = M, First we have M < R so that RA7S = M4 < M < R by Lemma 1.11.
Similarly, R A7 S < S. Moreover, R A7 S is transitive by Lemma 1.12. It thus remains
to show that R A7 S is larger than any other transitive relation smaller than both R
and S.

Consider thus another transitive relation T € 7 (n) such that T < R and T < S. We
need to show that T < R A7+ S = M, Observe that T < M since T is semitransitive
and M = R Agr S is larger than any semitransitive relation smaller than both R
and S. It implies in particular that T'¢ D M'"c = (Mtdd)'"C and that TPec C MPec,

Assume by contradiction that T £ M. Since T'"® D (M) this means that
there exist (b,a) € TP ~ M*d. We choose (b,a) € TP ~ M* such that b — a is
minimal. Since TP C MPe we have (b,a) € MP \ M'd, By definition of M
there exists ¢ < b and j > a such that s MbM a M j while i ¥I 5. We use Lemma 1.15
and assume without loss of generality that there is @ < k < b with (k,b) € RUS and
kX" a. Since (k,b) € (RIrcuSine) € T'"® and T a we have kT a by transitivity of T.
Since k > a, we get (k,a) € TP* C MPe¢. But by Lemma 1.15, (k,a) ¢ M*: it has
been deleted by the transitive decreasing deletion and thus contradicts the minimality
of b—a. O

REMARK 1.16. In contrast to Propositions 1.5 and 1.8 and Corollaries 1.6 and 1.9,
the cover relations in the weak order on 7 (n) are more complicated to describe.
In fact, the weak order on 7 (n) is not graded as soon as n > 3. Indeed, consider
the maximal chains from I3 to D3 in 7 (3). Those chains passing through the trivial
reflexive relation {(i,7) | ¢ € [n]} all have length 6, while those passing through the
full relation [3]? all have length 4.

1.2.3. Integer posets. We finally arrive to the subposet of the weak order induced by
integer posets. The weak order on P(3) is illustrated in Figure 5. We now have all
tools to show Theorem announced in the introduction.

PROPOSITION 1.17. The transitive meet At and the transitive join V1 both preserve
antisymmetry. In other words, P(n) induces a sublattice of the weak order on T (n).

Proof. Let R,S € P(n). Let M:= R As7S = (RI" U S"e)te y (RPec 0 SPee) | 5o
that R A+ S = M"Y, Assume by contradiction that M'? is not antisymmetric.
Let a < c€ [n] be such that {(a,c),(c,a)} C M with ¢ — a minimal. Since
(c,a) € (Mtdd)Dec C \fPec — RDec n §Pec e have (a,c) ¢ R U S'"® by antisymmetry
of R and S. Since (a,c) € (R U Se)te < (R U S'"€), there exists a < b < ¢ such
that {(a,b), (b,c)} C (R USM)®<. Since ¢ M*d ¢ M4 b, we obtain by transitivity
of M that {(b,c), (c,b)} € M* contradicting the minimality of ¢ — a. O

REMARK 1.18. In contrast, there is no guarantee that the semitransitive meet of two
transitive antisymmetric relations is antisymmetric. For example in Figure 4, R and
S are antisymmetric but M = R Ag7 S is not as it contains both (1,3) and (3,1).
However, the relation (3, 1) is removed by the transitive decreasing delation and the
result M¥4 = R A+ S is antisymmetric.

Algebraic Combinatorics, Vol. 2 #1 (2019) 9
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FI1GURE 5. The weak order on integer posets of size 3.

As in Propositions 1.5 and 1.8 and Corollaries 1.6 and 1.9, the next two statements
describe all cover relations in the weak order on P(n).

PROPOSITION 1.19. All cover relations in (P(n), <) are cover relations in (R(n), ).
In particular, the weak order on P(n) is still graded by R +— |[RPe| — [R'"|.

Proof. Consider a cover relation R < S in (P(n),<). We have RI"® D> glne
and RPec C SPec where at least one of the inclusions is strict. Suppose first that
Rire o£ §Ine. Consider the set X:= {(a,b) € R" 8" | Fa <i<bwithaRiRb}.
This set X is nonempty as it contains any (a,b) in R\ S"® with b— @ minimal. Con-
sider now (a,b) € X with b — a maximal and let T:= R ~{(a,b)}. We claim that T is
still a poset. It is clearly still reflexive and antisymmetric. For transitivity, assume by
means of contradiction that there is j € [n]~{a, b} such that aRjRb. Since (a,b) € X,
we know that j < a or b < j. As these two options are symmetric, assume for instance
that j < a and choose j so that a — j is minimal. We claim that there isno j <7 <b
such that j R4 R b. Otherwise, since a R j R ¢ and R is transitive, we have a R i R b.

Algebraic Combinatorics, Vol. 2 #1 (2019) 10
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Now, if ¢ < a, we have a R4 R b and j < i < a contradicting the minimality of a — j
in our choice of j. If i > a, we have a Ri R b and a < i < b contradicting the fact
that (a,b) € X. Finally, if ¢ = a, we have a R j R a contradicting the antisymmetry
of R. This proves that there is no j < ¢ < b such that j RiRb. By maximality of b —a
in our choice of (a,b) this implies that j S b. Since (a, j) € RP* C SP we therefore
obtain that a S jSb while a3 b, contradicting the transitivity of S. This proves that T
is transitive and it is thus a poset. Moreover, we have R # T and R < T < S.
Since S covers R, this implies that S = T = R \ {(a,b)}. We prove similarly that
if RPec £ SPec there exists (b, a) such that S = R U {(b,a)}. In both cases, R < S is
a cover relation in (R(n), ). O

COROLLARY 1.20. In the weak order on P(n), the posets that cover a given integer
poset R € P(n) are precisely the posets

o the relations R\ {(a,b)} for a < b such that a R'b and there is no i € [n]
with a Rt R b,

e the relations R U {(b,a)} for a < b such that aR b and bR a and there is
no i # a with aRi but bR i and similarly no j # b with j R b but jR a.

2. WEAK ORDER INDUCED BY SOME RELEVANT FAMILIES OF POSETS

In the rest of the paper, we present our motivation to study Theorem . We observe
that many relevant combinatorial objects (for example permutations, binary trees,
binary sequences, ...) can be interpreted by specific integer posets(M). Moreover, the
subposets of the weak order induced by these specific integer posets often correspond
to classical lattice structures on these combinatorial objects (for example the classical
weak order, the Tamari lattice, the boolean lattice,...). Table 1 summarizes the
different combinatorial objects involved and a roadmap to their properties.

Rather than our previous notations R,S, M used for integer binary relations, we
will denote integer posets by <i, 4, so that a < b (resp. a € b and a - v) means
that a is in relation with b for the < relation. These notations emphasize the notion
of order and allow us to write a > b for b < a, in particular when a < b. To make our
presentation easier to read, we have decomposed some of our proofs into technical but
straightforward claims that are proved separately in Appendix A.

2.1. FROM THE PERMUTAHEDRON. We start with relevant families of posets corre-
sponding to the elements, the intervals, and the faces of the permutahedron. Further
similar families of posets will appear in Sections 2.2 and 2.3.

Let &(n) denote the symmetric group on [n]. For o € &(n), we denote by

ver(o) = {(a,b) € [n]* |a <band 0~ '(a) <o '(b)}
and  inv(o)= {(b,a) € [n]* |a<band o~ '(a) =o' (b)}

the set of versions and inversions of o respectively®). Inversions are classical (although
we order their entries in a strange way), while versions are borrowed from [6]. Clearly,
the versions of o determine the inversions of o and vice versa. The weak order on &(n)

(DA comment on the notations used along this section. We use different notations for the set
of permutations &(n) and the set of corresponding posets WOEP. Although it might look like a
complicated notation for a well-known object, we want our notation to clearly distinguish between
the combinatorial objects and their corresponding posets.

(2)Through0ut the paper, we only work with versions and inversions of values (sometimes called
left inversions, or coinversions). The cover relations of the weak order are thus given by transpositions
of consecutive positions (sometimes called right weak order). As there is no ambiguity in the paper,
we never specify this convention.

Algebraic Combinatorics, Vol. 2 #1 (2019) 11
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o = 2751346 — <y =1 2 3 4 5 6 7

ver(o) = {(1,3),(1,4),...,(5,6)} «— <=1 2 3 41 5 6 7

inv(o) ={(2,1),(7,5),...,(5,4)} «— <D= 1 2 3 4 5 ¢ 7

g

FIGURE 6. A Weak Order Element Poset (WOEP).

is defined as the inclusion order of inversions, or as the clusion (reverse inclusion) order
of the versions:

07 <= inv(o) Cinv(r) <= ver(o) D ver(r).
It is known that the weak order on &(n) is a lattice. We denote by Ag and Vg its
meet and join, and by e:=[1,2,...,n] and ws:=[n,...,2,1] the weak order minimal
and maximal permutations.

2.1.1. Weak Order Element Posets. We see a permutation o € &(n) as a total or-
der <1, on [n] defined by u <, v if 071 (u) < 07 1(v) (i.e. u is before v in o). In other
words, <, is the chain o(1) <y ... <, o(n) as illustrated in Figure 6.
We say that <1, is a weak order element poset, and we denote by
WOEP(n):= {<, | 0 € &(n)}

the set of all total orders on [n]. The following characterization of these elements is
immediate.

PROPOSITION 2.1. A poset < € P(n) is in WOEP(n) if and only if ¥ u,v € [n],
either u < v or u > v.

In other words, the WOEP are the maximal posets, with (}) relations (this should
help spotting them on Figure 5). The following proposition connects the weak order
on &(n) to that on P(n). It justifies the term “weak order” used in Definition 1.1.

PROPOSITION 2.2. For o € &(n), the increasing (resp. decreasing) relations of <, are

the versions (resp. inversions) of o: <" = ver(c) and <P = inv(c). Therefore, for

any permutations 0,0’ € &(n), we have o < o' if and only if <, < <or-
Proof. By definitions, we have
<" = {(a,b) |a <band a <, b}
={(a,b) |a<band o7 (a) <o (b))} = ver(o). O

We thus obtain that the subposet of the weak order on P(n) induced by the
set WOEP(n) is isomorphic to the weak order on &(n), and thus is a lattice. To

Algebraic Combinatorics, Vol. 2 #1 (2019) 13
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FIGURE 7. A Weak Order Interval Poset (WOIP).

conclude on WOEP(n), we mention the following stronger statement which will be
derived in Corollary 2.92.

PROPOSITION 2.3. The set WOEP(n) induces a sublattice of the weak order on P(n).

2.1.2. Weak Order Interval Posets. For two permutations 0,0’ € &(n) with o < o',
we denote by [0,0']:= {7 € &(n) | 0 <X 7 < ¢’} the weak order interval between o
and o’. As illustrated in Figure 7, we can see such an interval as the set of linear
extensions of a poset.

PROPOSITION 2.4. The permutations of [o,c’] are precisely the linear extensions of
the poset
<][o',a"] = ﬂ < =<y Ny = <]Inc U <]Eec'

O—/
oxT0’

Proof. We first prove that the three expressions for <,/ coincide. Indeed we have

N <= ( N q';m) U ( N <Eec) = < U< = <, N <y,

o100’ o100’ o100’
where the first equality is obtained by restriction to the increasing and decreasing re-
lations, the second equality holds since 0 <X 7 < 0/ <= <l'T"C D) <l'(;‘,C and <1('2ec - QEEC
by Proposition 2.2, and the last one follows from <i!'® O <!n¢ and <De C <Dse,
Consider now a permutation 7. By definition, <, extends <!"¢ U<i2¢ if and only
if <l"c O < and <P C <P which in turns is equivalent to ¢ < 7 < o’ by
Proposition 2.2. ]

We say that <, /) is a weak order interval poset, and we denote by
WOIP(n):= {<I[U)U,]

the set of all weak order interval posets on [n]. The following characterization of these
posets already appeared in [1, Thm. 6.8] and will be discussed in Section 2.1.4.

PROPOSITION 2.5 ([1, Thm. 6.8]). A poset < € P(n) is in WOIP(n) if and only if
YV a<b<ec,

0,0/ €6(n), o 50’}

aldc = a<borb<c and a>c = abborbp>ec
We now describe the weak order on WOIP(n).
PROPOSITION 2.6. For any 0 < o' and 7 X 7', we have <[5 < <7, if and only

ifo <71 ando 7.

Algebraic Combinatorics, Vol. 2 #1 (2019) 14
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m=125[37[46 <+— <=1 2 3 4 5 6 7T

FIGURE 8. A Weak Order Face Poset (WOFP).

Proof. From the formula of Proposition 2.4, we have
Vo) S Vrir) S oy 2 oy and <, © <%

T 0.0’ = V)
= D e and <P C g
= o <7

ec
T

and o=<XT. O

T

It follows that the weak order on WOIP(n) gets the lattice structure of a product,
described in the next statement. See also Corollary 2.20 for an alternative description
of the meet and join in this lattice.

COROLLARY 2.7. The weak order on WOIP(n) is a lattice whose meet and join are
given by

<][O'70"] Awolp <][-r77-’] = <][U/\e,r, o' NsT']
and  <g.57 VWOIP Dfr.7] = Dover, o' Ver]:
COROLLARY 2.8. The set WOEP(n) induces a sublattice of the weak order on WOIP.

REMARK 2.9. The weak order on WOIP(n) is not a sublattice of the weak order
on P(n). For example,

231,321 AT <J[312,3211 = 1 2 3 At 1\93 = 1\i/3

while  <231,321) Awoip <[312,321] = <[123,321) = & (trivial poset on [3]).

2.1.3. Weak Order Face Posets. The permutations of &(n) correspond to the ver-
tices of the permutahedron Perm(n):= conv {(c(1),...,0(n)) ‘ o € 6(n)}. We now
consider all the faces of the permutahedron. The codimension k faces of Perm(n) cor-
respond to ordered partitions of [n] into k parts, or equivalently to surjections from [n]
to [k]. We see an ordered partition 7 as a poset < on [n] defined by u <1, v if and
only if u = v or 771 (u) < 771 (v), that is, the part of 7 containing u appears strictly
before the part of 7w containing v. See Figure 8. Note that a permutation ¢ belongs
to the face of the permutahedron Perm(n) corresponding to an ordered partition 7 if
and only if <, is a linear extension of <.
We say that <, is a weak order face poset, and we denote by

WOFP(n) := {<, | m ordered partition of [n]}
the set of all weak order face posets on [n]. We first characterize these posets.
PROPOSITION 2.10. The following conditions are equivalent for a poset < € P(n):
(1) <« € WOFP(n),
(2) Vuv,wen], udw = u<v orv<w,

(3) <« € WOIP(n) and ¥V a < b < ¢ with a,c incomparable, a < b <= b > c
anda>b <= b<Jec.

Proof. Assume that < = <, € WOFP(n) for an ordered partition = of [n], and
let u, v, w € [n] such that u < w. By definition, we have 7=!(u) < 7~!(w). Therefore,
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we certainly have 771 (u) < 77 1(v) or 771 (v) < 771 (w), and thus u < v or v < w.
This proves that (1) = (2).

Assume now that < satisfies (2). It immediately implies that <« € WOIP(n) by the
characterization of Proposition 2.5. Consider now a < b < ¢ such that a and ¢ are
incomparable in <. If @ < b, then (2) implies that either a < ¢ or ¢ <1 b. Since we
assumed that a and ¢ are incomparable, we obtain that b > c¢. We obtain similarly
that b > ¢ = a < b, that a > b = b < ¢ and that b << ¢ = a > b. This shows
that (2) = (3).

Finally, assume that < satisfies (3). Consider the < incomparability relation =
defined by u = v when u and v are incomparable in <. Condition (3) ensures that =
is an equivalence relation. Moreover, the equivalence classes of = are totally ordered.
This shows that <1 defines an ordered partition of [n] and thus that (3) = (1). O

We now consider the weak order on WOFP(n). Since WOFP(n) C WOIP(n), Propo-
sition 2.6 shows that we have < < € <= <™ < qM"le and <™2le 5 4™, This
order is precisely the facial weak order on the permutahedron Perm(n) studied by
A. Dermenjian, C. Hohlweg and V. Pilaud in [4]. They prove in particular that this
order coincides with the pseudo-permutahedron originally defined by D. Krob, M. Lat-
apy, J.-C. Novelli, H.-D. Phan and S. Schwer [7] on ordered partitions as the transitive
closure of the relations

P VIEEE) VD VI PERN D VRS VY PPN 5 V5 VY PRON D VRN S VI PPN D VST D M U DV

if max(\;) < min(\;41). This order is known to be a lattice [4, 7]. We will discuss an
alternative description of the meet and join in this lattice in Section 2.4.4.

REMARK 2.11. Note that the weak order on WOFP(n) is not a sublattice of the weak
order on P(n), nor on WOIP(n). For example,

<opig A7 <123 = <13 Aworp <123 = {(2,3)}
while <5113 Aworp <123 = <23 = {(1,3),(2,3)}.

2.1.4. IWOIP(n) and DWOIP(n) and the WOIP deletion. We conclude our section on
the permutahedron by introducing some variations on WOIP(n) which are needed
later and provide a proof of the characterization of WOIP(n) given in Proposition 2.5.

Since the set of linear extensions of a poset is order-convex, a poset is in WOIP(n)
if and only if it admits weak order minimal and maximal linear extensions. This
motivates to consider separately two bigger families of posets. Denote by IWOIP(n)
(resp. by DWOIP(n)) the set of posets of P(n) which admit a weak order maximal
(resp. minimal) linear extension. Proposition 2.5 follows from the characterization of
these posets, illustrated in Figure 9.

PROPOSITION 2.12. For a poset < € P(n),

A €IWOIP(n) <= Va<b<ec a<ec = a<borbde,
1e€DWOIP(n) <= VYa<b<e abc = ab>borb>ec

Proof. By symmetry, we only prove the characterization of IWOIP(n). Assume first
that < € P(n) is such that a <¢c = a<tborb<cforalla <b<c. Let

amXle.— qU {(b,a) | a < b incomparable in <1}

denote the binary relation obtained from < by adding a decreasing relation between
any two incomparable elements in < (see Figure 9). The following claim is proved in
Appendix A.1.

CLAIM 2.13. <™ 45 g poset.
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Moreover <I™ is a total order (since any two elements are comparable in <™
by definition) which is a linear extension of <I (since < C <™ by definition). Finally,
any other linear extension of < is smaller than <™®® in weak order (since a linear
extension of < contains < and <™ g C D,). We conclude that gmaxle jo the
maximal linear extension of <l in weak order.

Reciprocally, assume now that there exists a < b < ¢ such that a < ¢
while ¢ 4 b and b 4 c. The transitivity of < implies that b 4 a and ¢ A b.
Let ~:=<U{(a,b),(c,b)} and «~:=<U{(b,a), (b,c)}. Note that ~ and « are still
acyclic (but not necessary transitive). Indeed any cycle for example in ~ would in-
volve either (a,b) or (¢,b), but not both. If ~ has a cycle involving for example (a, b),
then b <1 a by transitivity of <1, which gives a contradiction. Thus they admit linear
extensions, and we consider minimal linear extensions p of ~ and o of «~~. We conclude
that p and o are minimal linear extensions of < incomparable in the weak order as
illustrated on Figure 9. O

REMARK 2.14. Note that it is enough to check the conditions of Proposition 2.12 only
for all cover relations a < ¢ and a > ¢ of <. Indeed, consider a < b < ¢ where a < ¢
is not a cover relation, so that there exists u € [n] such that a < u < ¢. Assume for
example that b < u, the case u < b being symmetric. Hence a < b < v and a < u
implies that either a <1 b or b < u (by induction on the length of the minimal chain
between a and ¢). If b < u, we obtain that b < u <1 ¢ so that b < c.

We have seen in Corollary 2.7 that the weak order on WOIP(n) on interval posets
forms a lattice. Using the characterization of Proposition 2.12, we now show that the
subposets of the weak order on P(n) induced by the sets IWOIP(n) and DWOIP(n)
form lattices — although there are not sublattices of the weak order on P(n). We
define the IWOIP increasing deletion, the DWOIP decreasing deletion, and the WOIP

g4 =1 2 3 4 <4 =1 2 3 4 4 =1 2 3 4
N ~ A—
€ IWOIP(4) ¢ IWOIP(4) € WOIP(4)
¢ DWOIP(4) € DWOIP(4)
<]ma><le — 2 3 4 <min|e - 1 2 3 4 _|min|e - 1 9 3 4

FIGURE 9. Examples and counterexamples of elements in IWOIP(4)
and DWOIP(4).
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1 2 3 4 5 6

4WoIPid _ DWOIPdd _

S
1 2 3 4 5 6 <

FIGURE 10. The IWOIP increasing deletion, the DWOIP decreasing
deletion, and the WOIP deletion.

deletion by
IWOIPid _
< =<d~{(@,0) | Fa<hh < - <bpy<c,adbyA---Ab, Ac},

qPWOIPdd — g {(c,a) [Fa<by < --<bpy<c, alhb - b thch,

WOIPd . DWOIPdd)IWOIPid _ ( IWOIPid)DWOIPdd

< =(< <

These operations are illustrated on Figure 10.

REMARK 2.15. Similar to Remark 1.10, the IWOIP increasing deletion (resp. DWOIP
decreasing deletion) deletes at once all increasing relations which prevent the poset
to be in IWOIP(n) (resp. in DWOIP(n)). Deleting only the relations (a,c) (resp.
(c,a)) for which there exists a <b < ¢ such that a 4 b 4 ¢ (resp. a ¥ b ¥ ¢)
would require several iterations. For example, we would need n iterations to ob-
tain {(4,) | 1,5 € [n], i + 1 < j}WOPH = &,

These functions satisfy the following properties.

LEMMA 2.16. For any poset <t € P(n), we have <™"OWid ¢ |WOIP(n) and
<PWOIPdd ¢ DWOIP(n). Moreover, <« € DWOIP(n) = <WOIPd < WOIP(n)
and < € IWOIP(n) == <PWOIPdd ¢ WOIP(n).

Proof. We prove the result for <"VO'Pid_the proof for <PWOPdd heing symmetric. The
details of the following claim are given in Appendix A.1.

CLAIM 2.17. <'WOIPd 45 4 poset.

Thus the characterization of Proposition 2.12 implies that <"O'Pid i always
in IWOIP(n), and even in WOIP(n) when <t € DWOIP(n). O

LEMMA 2.18. For any poset <i € P(n), the poset <"VOPid (resp. <PWOIPAd) s the weak
order minimal (resp. mazimal) poset in IWOIP(n) bigger than < (resp. in DWOIP(n)
smaller than ).

Proof. We prove the result for <™OPid the proof for <PWOIPdd heing symmetric.
Observe first that < < <OPid gince <WOIPid s obtained from < by deleting in-
creasing relations. Consider now « € IWOIP(n) such that << < <. By definition,
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we have <™ D <" and <Pec C <P=. Since (<1'\/\/O'Pi°')Dec = <P it just re-
mains to show that for any (a,c) € <™, there exist no a < by < .-+ < b, < ¢
with @ 4 by 4 by 4 -+ 4 by A c. Assume otherwise and choose such a pair (a,c)
with ¢ — ¢ minimal. Since €4 € IWOIP(n) and a < b; < ¢ are such that a « ¢
while a # b (because a #' b; and €™ C <'"), we have b; < c. But this assertion
contradicts the minimality of ¢ — a. O

PROPOSITION 2.19. The subposets of the weak order on P(n) induced by IWOIP(n)
and DWOIP(n) are lattices whose meets and joins are given by

IWOIPid
< Awoip € = AT < < Viwoip € = (<1 VvV 4)

DWOIPdd
<1 Apwolp € = (<l AT 4) <Vpwolp « =<V «.

Proof. We prove the result for IWOIP(n), the proof for DWOIP(n) being symmetric.
Consider <, € € IWOIP(n). We first prove that 4:=< Ay €4 = ((<' U <€)U
(<Peen <De°))tdd is also in IWOIP(n) (see also Proposition 2.73 and Example 2.74 for a
more systematic approach). For any cover relation a 4 cand a < b < ¢, we have a =" ¢
so that a <1 ¢ or a «'™ ¢ (since we have a cover relation). Since <1, 4 € IWOIP(n),
we obtain that a <™ b, or b <™ ¢, or a <« b, or b 4™ ¢. Thus, a 4 bor b 4 ¢
for any cover relation @ 4 ¢ and any ¢ < b < c¢. Using Remark 2.14, we conclude
that -+ € IWOIP(n).

On the other hand, Lemma 2.18 asserts that (<1 V1 <)IWOIP'd is the weak order
minimal poset in IWOIP(n) bigger than <1 V7 <. Any poset in IWOIP(n) bigger than <
and <« is also bigger than < Vs «, and thus bigger than (< Vo <)IWOIP'd

that (<] vy <)lwomid

. We conclude

is indeed the join of < and «. O

We finally deduce from Proposition 2.19 and Lemma 2.16 an alternative formula
for the meet and join in the weak order on WOIP(n). See also Corollary 2.7.

COROLLARY 2.20. The meet and join in the weak order on WOIP(n) are given by

)DWOIPdd )IWOIPid

< Awoip 4 = (<l AT < and < Vwoip 4 = (<1 V1 <

2.2. FROM THE ASSOCIAHEDRON. Similarly to the previous section, we now briefly
discuss some relevant families of posets corresponding to the elements, the intervals,
and the faces of the associahedron. Further similar families of posets arising from
permutreehedra [14] will be discussed in Section 2.3. This section should just be
considered as a simplified prototype to the next section. We therefore omit the proofs
which will appear in a more general context in Sections 2.3 and 2.4.

We denote by B(n) the set of planar rooted binary trees with n nodes, that we
simply call binary trees here for short. We label the vertices of a binary tree T € B(n)
through an inorder traversal, i.e. such that all vertices in the left (resp. right) child
of a vertex v of T receive a label smaller (resp. larger) than the label of v. From now
on, we identify a vertex and its label.

There is a fundamental surjection from permutations to binary trees. Namely, a
permutation o :=07 ..., € &(n) is mapped to the binary tree bt(c) € B(n) obtained
by successive insertions of o,,,...,01 in a binary (search) tree. The fiber of a tree T
is precisely the set of linear extensions of T. It is an interval of the weak order whose
minimal and maximal elements respectively avoid the patterns 312 and 132. Moreover,
the fibers of bt define a lattice congruence of the weak order. Thus, the set B(n) of
binary trees is endowed with a lattice structure < defined by

T < T <= 30,0 € &(n) such that bt(¢) =T, bt(¢') =T and o < o’
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whose meet Ag and join Vg are given by
T A T = bt(a Ne O'/) and T Vg T = bt(a Ve O'/)

for any representatives 0,0’ € &(n) such that bt(c) = T and bt(c’) = T’. Note
that in particular, T < T’ if and only if 0 < ¢’ where ¢ and ¢’ denote the minimal
(resp. maximal) linear extensions of T and T’ respectively. For example, the minimal
(resp. maximal) tree is the left (resp. right) comb whose unique linear extension
ise:=[1,2,...,n] (resp. wo :=[n, ..., 2,1]). This lattice structure is the Tamari lattice
whose cover relations are given by right rotations on binary trees. It was introduced by
D. Tamari [10] on Dyck paths, our presentation is a more modern perspective [1, 16].

2.2.1. Tamari Order Element Posets. We consider the tree T as a poset <1, defined
by i <t j when i is a descendant of j in T. In other words, the Hasse diagram of <t is
the tree T oriented towards its root. An illustration is provided in Figure 11. Note that
the increasing (resp. decreasing) subposet of <t is given by i <! j (resp. i <2 §)

if and only if 7 belongs to the left (resp. right) subtree of j in T.

A

T = — dr = 1 2 3 4 5 6 7
A S N

172Y3%47'5%6°'7

FIGURE 11. A Tamari Order Element Poset (TOEP).

We say that <t is a Tamari order element poset, and we denote by
TOEP(n):= {<r | T € B(n)}

the set of all Tamari order element posets on [n]. We first characterize them (see
Proposition 2.44).

PROPOSITION 2.21. A poset < € P(n) is in TOEP(n) if and only if

eVa<b<c,ade = bdcandal>c = al>b,
o for all a < ¢ incomparable in <, there exists a < b < ¢ such that a < b > c.

Now we establish the relationship between the Tamari lattice on B(n) and the
weak order on TOEP(n) (see Proposition 2.35).

PROPOSITION 2.22. For any binary trees T, T' € B(n), we have T < T/ in the Tamari
lattice if and only if <17 < <1/ in the weak order on posets.

It follows that the subposet of the weak order on P induced by the set TOEP(n)
is isomorphic to the Tamari lattice on B(n), and is thus a lattice. We conclude on
TOEP(n) with the following stronger statement (see Theorem 2.85).

PROPOSITION 2.23. The set TOEP(n) induces a sublattice of the weak order on P(n).
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2.2.2. Tamari Order Interval Posets. For two binary trees T, T’ € B(n) with T < T’,
we denote by [T, T']:= {S € B(n) | T < S < T’} the Tamari order interval between T
and T’/. We can see this interval as the poset

Q= () <r = <p N <D= <pe N <P
TSST/
See Figure 12 for an example.
1
AN Y
T = 1 \’4\ Em—— <]T/: 1 2 3 4
1
/1\
—
P \
I~
/3\ ,
2 R
/ Inc Dec
= =1 2 4
A 3/4\ <[r, 7= <7/ Uy K_/S
AN
1
—
I 72\
/3\
\ .
T — Q= 1 2 3 4
7N "

FIGURE 12. A Tamari Order Interval Poset (TOIP).

This poset <7,/ was introduced in [3] with the motivation that its linear exten-
sions are precisely the linear extensions of all binary trees in the interval [T, T']. We
say that <yp 1 is a Tamari order interval poset, and we denote by

TOIP(n):= {<rr | T,T' € B(n), T < T'}

the set of all Tamari order interval posets on [n]. The following characterization of
these posets (see Proposition 2.39) already appeared in [3, Thm. 2.8].

COROLLARY 2.24 ([3, Thm. 2.8]). A poset < € P(n) is in TOIP(n) if and only if
Va<b<e,

a<c = b<ec and al>c = ablb.
Now we describe the weak order on TOIP(n) (see Proposition 2.41, Corollary 2.42).

PROPOSITION 2.25. For any S <S8 and T < T/, we have <s g/ < <[r,1 if and only
if ST and S < T'.

COROLLARY 2.26. The weak order on TOIP(n) is a lattice whose meet and join are
given by

8,81 AToIP 1,17 = <[SAmT,S' An T
and  <g s V1ol <, 1] = <SVeT,8'VeT]-
COROLLARY 2.27. The set TOEP(n) induces a sublattice of the weak order on TOIP.
In fact, we will derive the following statement (see Corollary 2.80).

PROPOSITION 2.28. The set TOIP(n) induces a sublattice of the weak order on P(n).
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2.2.3. Tamari Order Face Posets. The binary trees of 8(n) correspond to the vertices
of the associahedron Asso(n) constructed e.g. by J.-L. Loday in [9]. We now consider
all the faces of the associahedron Asso(n) which correspond to Schroder trees, i.e.
planar rooted trees where each node has either none or at least two children. Given
a Schroder tree S, we label the angles between consecutive children of the vertices
of S in inorder, meaning that each angle is labeled after the angles in its left child
and before the angles in its right child. Note that a binary tree T belongs to the
face of the associahedron Asso(n) corresponding to a Schroder tree S if and only
if S is obtained by edge contractions in T. The set of such binary trees is an in-
terval [T™in(S), T™%(S)] in the Tamari lattice, where the minimal (resp. maximal)
tree T™n(S) (resp. T™a%(S)) is obtained by replacing the nodes of S by left (resp.
right) combs as illustrated in Figure 13.

1'233'4 756" 7

1'2'3%4'5%6'7 172Y3%47'5%6'7

FIGURE 13. A Schroder tree S (left) can be seen as an inter-
val [T™in(S), TmaX(S)] in the Tamari lattice (right).

1723314756 7

FIGURE 14. A Tamari Order Face Poset (TOFP).

We associate to a Schroder tree S the poset <Ig := <I[pmin(g),Tmax(s)]- Equivalently,
1 g j if and only if the angle i belongs to the left or the right child of the angle j.
See Figure 14. Note that

e a binary tree T belongs to the face of the associahedron Asso(n) corresponding
to a Schroder tree S if and only if < is an extension of g, and

e the linear extensions of <g are precisely the linear extensions of <t for all
binary trees T which belong to the face of the associahedron Asso(n) corre-
sponding to S.

We say that <1g is a Tamari order face poset, and we denote by
TOFP(n):= {<s | S Schréder tree on [n]}
the set of all Tamari order face posets. We first characterize these posets (see Propo-

sition 2.49).
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PROPOSITION 2.29. A poset <1 € P(n) is in TOFP(n) if and only if < € TOIP(n) (see
characterization in Corollary 2.24) and for all a < c incomparable in <, either there
exists a < b < ¢ such that a ¢ b 4 ¢, or for all a < b < ¢ we have a > b < c.

Consider now the weak order on TOFP(n). It turns out (see Proposition 2.55) that
this order on Schréder trees coincides with the facial weak order on the associahe-
dron Asso(n) studied in [4, 11, 12]. This order is a quotient of the facial weak order
on the permutahedron by the fibers of the Schroder tree insertion st. In particular,
the weak order on TOFP(n) is a lattice.

REMARK 2.30. Remark 2.11 shows that the weak order on TOFP(n) is not a sublattice
of the weak order on P(n), nor on WOIP(n), nor on TOIP(n).

2.2.4. TOIP deletion. We finally define a projection from all posets of P(n)
to TOIP(n). We call TOIP deletion the map defined by
<O — g ({(a,0) | Fa<b<e, bactU{(c,a) | Ta<b<c, altb}).

Then <TO'"d € TOIP(n) for any poset < € P(n) (see Lemma 2.58). We compare this
map with the binary search tree and Schroder tree insertions described earlier (see
Proposition 2.64, Corollary 2.67 and Proposition 2.68).

PROPOSITION 2.31. For any permutation o € &(n), any permutations 0,0’ € &(n)
with o < o', and any ordered partition 7 of [n], we have
(<, )TOIPd ToIPd
g

ExXAMPLE 2.32. Compare Figures 6 and 11, Figures 7 and 12, and Figures 8 and 14.

TOIPd

= bt(o)s  ([o,0) = bt(o),bt(or)] and (<) = gt(m)-

2.3. FROM PERMUTREEHEDRA. Extending Sections 2.1 and 2.2, we describe further
relevant families of posets corresponding to the elements, the faces, and the intervals
in the permutreehedra introduced in [14]. This provides a wider range of examples
and uniform proofs, at the cost of increasing the technicalities.

2.3.1. Permutree Element Posets. We first recall from [14] the definition of per-
mutrees.

DEFINITION 2.33 ([14]). A permutree is a directed tree T with vertex set V endowed
with a bijective vertex labeling p : V. — [n] such that for each vertex v € V,

(1) v has one or two parents (outgoing neighbors), and one or two children (in-
coming neighbors);

(2) if v has two parents (resp. children), then all labels in the left ancestor (resp.
descendant) subtree of v are smaller than p(v) while all labels in the right
ancestor (resp. descendant) subtree of v are larger than p(v).

The orientation of a permutree T is Q(T) = (n, O, 0™) where O is the set of labels
of the nodes with two parents while Q™ is the set of labels of the nodes with two
children. Note that there is a priori no conditions on these sets OF and Q™ : they can
be empty, they can intersect, etc. For a given orientation QO = (n,07,07), we denote
by PT(Q) the set of permutrees with orientation Q.

Figure 15 gives four examples of permutrees. While the first is generic, the other
three show that specific permutrees encode relevant combinatorial objects, depending
on their orientations:

orientation (n,0%,07) || (n,,2) | (n,@,[n]) | (n[n],[n])
combinatorial objects H permutations ‘ binary trees ‘ binary sequences

Another specific family of permutrees are the Cambrian trees of [2] obtained
when OF U O~ = [n]. See [14] for more details on the interpretation of all these

Algebraic Combinatorics, Vol. 2 #1 (2019) 23



GREGORY CHATEL, VINCENT PILAUD & VIVIANE PONS

combinatorial objects as permutrees. We use drawing conventions from [14]: nodes
are ordered by their labels from left to right, edges are oriented from bottom to top,
and we draw a red wall separating the two parents or the two children of a node.
Condition (2) in Definition 2.33 says that no black edge can cross a red wall.

©:(77{27477}7{17476}) ©:(77®7®) @:(7a®7[7])

FIGURE 15. Four examples of permutrees T (top) with their
posets <t (bottom). While the first is generic, the last three illustrate
specific orientations corresponding to permutations, binary trees, and
binary sequences.

For a permutree T, we denote by <1 the transitive closure of T. That is to say,
i <p j if and only if there is an oriented path from ¢ to j in T. See Figure 15
for illustrations. To visualize the orientation @ in the poset <1, we overline (resp.
underline) the elements of O (resp. of O7).

We say that <t is a permutree element poset and we denote by

PEP(0):= {<r | T € PT(0)}

the set of all permutree element posets for a given orientation @. These posets will be
characterized in Proposition 2.44. For the moment, we need the following properties
from [14].

PROPOSITION 2.34 ([14]). Fiz an orientation O = (n,0T,07) of [n].

(1) For a permutree T € PT(0), the set of linear extensions L(T) of <r is
an interval in the weak order on &(n) whose minimal element avoids the
pattern ca —b with a < b < c and b € O~ (denoted 312) and the pattern b—ca
with a < b < ¢ and b € O (denoted 231), and whose maximal element
avoids the pattern ac — b with a < b < ¢ and b € O~ (denoted 132) and the
pattern b — ac with a < b < ¢ and b € O (denoted 231).

(2) The collection of sets L(T):={linear extensions of <t} for all permutrees
T € PT(O) forms a partition of S(n). This defines a surjection Yo from &(n)
to PT(Q), which sends a permutation o € &(n) to the unique permutree
T € PT(0) such that o € L(T). This surjection can be described directly as
an insertion algorithm (we skip this description and refer the interested reader
to [14] as it is not needed for the purposes of this paper).
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(3) This partition defines a lattice congruence of the weak order (see [14, 15, 16]
for details). Therefore, the set of permutrees PT(Q) is endowed with a lattice
structure <, called permutree lattice, defined by

T<xT <= 30,0 € &(n) such that Vg(o) =T, Yg(o') =T and o < o’
whose meet Ag and join Vg are given by
TAo T =Vg(ocAs0o’) and TVeT =T¥g(o Ve a')

for any representatives 0,0’ € &(n) such that ¥o(o) =T and Ygp(o') = T'.
In particular, T < T if and only if o < o’ where o and o’ denote the minimal
(resp. mazimal) linear extensions of T and T’ respectively.

(4) This lattice structure can equivalently be described as the transitive closure of
right rotations in permutrees as described in [14].

(5) The minimal (resp. maximal) permutree in the permutree lattice is a left (resp.
right) Q-comb: it is a chain where each verter in OF has an additional empty
left (resp. right) parent, while each vertex in O~ has an additional empty right
(resp. left) child.

For example, we obtain well-known lattice structures for specific orientations:

orientation (n,0", O~ H n,d, ) ‘ (n,, [n]) ‘ (n,[n], [n])
permutree lattice H weak order ‘ Tamari lattice ‘ boolean lattice
When O U O~ = [n], the permutree lattices on Cambrian trees coincide with the

type A Cambrian lattices of [2, 16].
Now we establish the relationship between the permutree lattice on PT(Q) and the
weak order on PEP(0Q).

PROPOSITION 2.35. For any permutrees T, T' € PT(Q), we have T < T’ in the per-
mutree lattice if and only if <1 < <7/ in the weak order on posets.

Proof. By Proposition 2.34(2), a permutree admits both a minimal and a maximal
linear extensions. It follows that PEP(Q) C WOIP(n) and the weak order on PEP(Q)
is therefore given by

dr < <dpr = <]$inle< <]$|/nle an d<]ma><|e< <]$,axle

according to Proposition 2.6. However, we have already mentioned in Proposi-
tion 2.34(3) that the two conditions on the right are both equivalent to T < T’ in
the permutree lattice. O

REMARK 2.36. In fact, T x T/ <= <1 < <p <= <€D <t = <Bec C s,

REMARK 2.37. Proposition 2.35 affirms that the subposet of the weak order on P
induced by the set PEP(Q) is isomorphic to the permutree lattice on PT(0), and is
thus a lattice. We will see in Remark 2.87 that the set PEP(Q) does not always induce
a sublattice of the weak order on P(n). Theorem 2.85 will provide a sufficient condi-
tion on the orientation O for this property. In contrast, we will see in Theorem 2.88
that PEP(Q) always induces a sublattice of the weak order on PIP(Q) and thus also
on WOIP(n).

2.3.2. Permutree Interval Posets. For two permutrees T, T’ € PT(Q) with T T,
we denote by [T, T’]:= {S € PT(0) | T < S < T’} the permutree lattice interval be-
tween T and T’. As in Proposition 2.4, we can see this interval as the poset
<rorp= () <t =<0 <po= <N <P
T<S<T
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We say that <[t 1/ is a permutree interval poset, and we denote by
PIP(0):= {<j1,1

the set of all permutree interval posets for a given orientation Q.

We first aim at a concrete characterization of the posets of PIP(Q). Note that a
poset is in PIP(Q) if and only if it admits a weak order minimal linear extension
avoiding the patterns 312 and 231, and a weak order maximal linear extension avoid-
ing the patterns 132 and 213. Similar to our study of IWOIP(n) and DWOIP(n) in
Section 2.1.4, it is practical to consider these conditions separately. We thus define
the set IPIP(Q) (resp. DPIP(Q)) of posets which admit a maximal (resp. minimal)
linear extension that avoids the patterns 213 and 132 (resp. 231 and 312). In order to
characterize these posets, we define

IPIPT(0):={<€P(n) |V a<b<cwithbe O, a<c = a<b},
IPIP~(0):={<€P(n) |V a<b<cwithbc 0 ,a<c = b<c},
IPIP£(Q) := IPIPT(0) N IPIP~(0),

T,T' € PT(0), T < T'}

and similarly
DPIPT(0):= {1 €P(n) |V a<b<cwithbe O, a>c = b},
DPIP~(0):={<€P(n) |V a<b<cwithbe O™, a>c = a>b},
DPIP%(0) = IPIPT(0) N IPIP~(0).
PROPOSITION 2.38. For any orientation @ of [n], we have
IPIP(0) = IWOIP(n) N IPIP¥(Q) and DPIP(Q) = DWOIP(n) N DPIP*(Q).

Proof. Consider <t € IWOIP and let <™= g U {(b,a) | a < b incomparable in <}
be its maximal linear extension (see the proof of Proposition 2.12). Assume first
that there is a < b < ¢ with b € O such that a < ¢ while a ¢4 b. Then we
obtain b <male g gmaXle ¢ which is a 213-pattern in <™2€. Reciprocally, if <™l
contains a 213-pattern b <1M¢ ¢ g™ ¢ with ¢ < b < ¢ and b € OF, then a < ¢
while a #4 b by definition of <™, We conclude that <™ avoids the pattern 213 if
and only if <t € IPIPT(Q). The proof for the other patterns is similar. O

COROLLARY 2.39. A poset < is in PIP(Q) if and only if it is in WOIP(n) (see char-
acterization in Proposition 2.5) and satisfies the conditions of IPIPT(Q), IPIP™(0),
DPIP*(Q) and DPIP~(Q).

REMARK 2.40. Similarly to Remark 2.14, note that it suffices to check these conditions
only for all cover relations a < ¢ and a > ¢ in <.

Some illustrations are given in Figure 16. The leftmost poset is not in PIP(O):
{1,2,3} does not satisfy IPIP~(0), {2,3,5} does not satisfy IPIPT(Q), {3,4,6} does
not satisfy DWOIP(6), and {3,5,6} does not satisfy DPIP™ (Q). The other two posets
of Figure 16 are both in PIP(0).

Now we describe the weak order on PIP(QO).

PROPOSITION 2.41. For any S <S8 and T T/, we have <s g < <[r,1 if and only
ifSKXTand S < T'.

Proof. The proof is similar to that of Proposition 2.6. O
We immediately derive that the weak order on PIP(Q) has the lattice structure of

a product.
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AN AN A

N = N S

¢ PIP(0) € PIP(0) ~. PEP(0) € PEP(0)

FIGURE 16. Examples and counterexamples of elements in PIP(Q)
and PEP(Q), where O = (6, {2, 3}, {2,5}).

COROLLARY 2.42. The weak order on PIP(Q) is a lattice whose meet and join are
given by

s,81 Apip©) 1, 17] = <SAGT, S A T’]
and  <g,s1 Veip©) 1,17 = <[SVoT, $'VoT']-

REMARK 2.43. As illustrated by WOIP(n), the set PIP(Q) does not always induce a
sublattice of the weak order on P(n). Theorem 2.77 will provide a sufficient condi-
tion on the orientation O for this property. In contrast, we will see in Theorem 2.82
that PIP(Q) always induces a sublattice of the weak order on WOIP(n).

2.3.3. Characterization of PEP(Q). We are now ready to give a characterization of the
posets of PEP(Q) left open in Section 2.3.1. We need one additional definition. For an
orientation O of [n], an @-snake in a poset < is a sequence g < 1 < +++ < T < Tgy1
such that

o cither zp < x1 > 22 < x3 > .-+ with {z;|i€[k] odd} C O~ and
{x; | i € [k] even} C O,
e or To > 1 < T2 > w3 < -+ with {x; |i€[k] odd} C OT and

{z;|i€[k] even} CO~,
as illustrated in Figure 17.

VY Y N Y Y
To x1 ) x3 Ty 5 To x7 T2 x3 Ty 5
S P ) S A
FIGURE 17. Two Q-snakes joining g to x5. The set OF (resp. Q™)

must contain at least the overlined (resp. underlined) integers.

We say that the Q-snake zg < 21 < -+ < x < Tp41 joins zp to zp41 and has
length k. Note that, by definition, we consider the relations x < y or x > y themselves
as (degenerate, length 0) @-snakes between x and y.

PROPOSITION 2.44. A poset <1 € P(n) is in PEP(Q) if and only if it is in PIP(Q) (see
characterization in Corollary 2.39) and it admits an Q-snake between any two values

of [n].

Figure 16 illustrates this proposition: the middle poset is not in PEP(Q), since
there is no O-snake between 1 and 4 nor between 1 and 6. In contrast, the rightmost
poset is in PEP(Q), as 1 <0 2 1> 4 is an O-snake between 1 and 4 and 1 <5 > 6 is an
@-snake between 1 and 6.
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Proof or Proposition 2.44. Assume that < € PEP(Q), and let T € PT(Q) be the
permutree such that << = <. Then < is certainly in PIP(Q). Now any two val-
ues x,y € [n] are connected by a (non-oriented) path in T, and recalling the local
optima along this path provides an @-snake joining x and y.

Reciprocally, consider < € PIP(Q) such that there is an O-snake between any
two values of [n]. We need the following two intermediate claims, proved in detail in
Appendix A.2.

CramM 2.45. For any u,v,w € [n] with u < w,

e if u <v and v > w are cover relations of <, thenu < v <w andv € O~ ;
e ifu>v and v < w are cover relations of <1, then u < v < w and v € QT.

CLAM 2.46. Let xg, ..., x, € [n] be a path in the Hasse diagram of < (i.e. x;—1 < x;
or x;—1 > x; are cover relations in < for any i € [p]). Assume moreover that xg € O~
and xo > x1, or that x9 € OF and xg < x1. Then all x; are on the same side of xg,
ie. xo<x1 < mo <5 for alli € [p].

Claims 2.45 and 2.46 show that the Hasse diagram of < is a permutree:

e it is connected since any two values are connected by a snake,

e it cannot contain a cycle (otherwise, since this cycle cannot be oriented,
there exist three distinct vertices w,v,w in this cycle with v < v > w.
Claim 2.45 ensures that ©« < v < w and v € Q7. Since there is a
path v = xg,w = 1,22, ...,2, = u in the Hasse diagram of <1 with v € O~
and v > w, Claim 2.46 affirms that v and w are on the same side of v, a
contradiction), and

o it fulfills the local conditions of Definition 2.33 to be a permutree (Claim 2.45
shows Condition (1) of Definition 2.33, and Claim 2.46 shows Condition (2)
of Definition 2.33). O

For further purposes, we will need the following lemma to check the existence of
O-snakes.

LEMMA 247. Let < € P(n) and a < ¢ be incomparable in <. The following are
equivalent:

(1) There is an O-snake between a and c,

(2) Fa < b < c such that there is an O-snake between a and b, and either b € O~
and b>c, orbc OF and b <c,

(3) Ja < b < ¢ such that there is an O-snake between b and ¢, and either b € O~
and a <1 b, or b€ O and a > b.

Proof. The implication (1) = (2) is immediate, considering b = xzj. Assume now
that < and {a,c} satisfy (2). Let b be given by (2) and let a <z < -+ <z <b
be an O-snake between a and b. If z; < b > ¢ (or similarly if z, > b < ¢),
then a < 1 <--- <b<cis a O-snake between a and c. In contrast, if z, < b < ¢
(or similarly if x; > b > ¢), then z, < ¢ (resp. xp > ¢) by transitivity of <, so
that a < x1 < -+ < i < ¢ is an O-snake between a and c. Therefore, (1) < (2).
The proof of (1) <= (3) is identical. O

2.3.4. Permutree Face Posets. The permutrees of PT(Q) correspond to the vertices
of the @-permutreehedron PT(Q) constructed in [14]. The precise definition of these
polytopes is not needed here. Following Figure 15, we illustrate in Figure 18 classical
polytopes that arise as permutreehedra for specific orientations:

orientation (n,0T,07) ||  (n,2,2) | (n, &, [n]) | (n,[n],[n])
permutreehedron H permutahedron ‘ Loday’s associahedron ‘ parallelepiped
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When OF U O~ = [n], the permutreehedra coincide with the associahedra of
C. Hohlweg and C. Lange [2, 5, 8].

QLT

T(4,2,{2}) PT4,,2)

FiGURE 18. Four examples of permutreehedra. While the first is
generic, the last three are a permutahedron, an associahedron [9],
and a parallelepiped.

We now consider all the faces of the O-permutreehedron. As shown in [14], they
correspond to Schrider O-permutrees, defined as follows.

DEFINITION 2.48 ([14]). For an orientation O on [n] and a subset X C [n], we
let X7 =XNO" and XT:=X NO". A Schréder Q-permutree is a directed tree S
with vertex set V. endowed with a vertex labeling p : V — 2" \ & such that

(1) the labels of S partition [n], ie. v # w € V = p(v) Np(w) = & and
Usev p(v) = [n];

(2) each vertex v € V has one incoming (resp. outgoing) subtree S! (resp. SY )
for each interval T of [n] ~ p(v)~ (resp. of [n] ~ p(v)*) and all labels of S
(resp. of SY) are subsets of I.

We denote by SchrPT(Q) the set of Schroder Q-permutrees.

For example, in the leftmost Schréoder permutree of Figure 19, the ver-
tices are labeled by the sets {1,2}, {3}, {4,6}, {5}, and {6,7}. The vertex v
labeled by p(v) ={4,6} has 3 incoming subtrees included in the 3 intervals
of [n]~pw)” =[n]~{4,6}={1,2,3}u{5}U{7} and 2 (empty) outgoing sub-
trees included in the 2 intervals of [n] \ p(v)* = [n] ~ {4} = {1,2,3} U {5,6,7}.

Following Figure 15, we have represented in Figure 19 four Schréder permutrees,
where the last three encode relevant combinatoiral objects obtained for specific ori-
entations:

orientation (n,0",07) || (n, o, @) | (n,@,[n]) | (n,[n], [n])
combinatorial objects H ordered partitions ‘ Schroder trees ‘ ternary sequences

Another specific family of Schréder permutrees are the Schroder Cambrian trees of [2]
obtained when QT IO~ = [n]. We refer again to [14] for more details on the interpre-
tation of all these combinatorial objects as permutrees, and we still use the drawing
conventions of [14].

An O-permutree T belongs to a face of the permutreehedron PT(Q) corresponding
to a Schroder O-permutree S if and only if S is obtained by edge contractions in T.
The set of such O-permutrees is the interval [T™"(S), T™2X(S)] of the Q-permutree
lattice, where the minimal (resp. maximal) tree T™(S) (resp. T™2*(S)) is obtained
by replacing the nodes of S by left (resp. right) combs as illustrated in Figure 20. To
be more precise, we need additional notations. For an interval I = [i, j] of integers,
define I:=[i — 1,5 + 1]. For each edge v — w in S, we let I (resp. J) denote the
interval of [n] \ p(v)™ (resp. of [n] \ p(w)~) such that p(w) C I¥ (resp. p(v) C J¥).
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FIGURE 19. Four examples of Schréder permutrees S (top) with their
posets <Ig (bottom). While the first is generic, the last three illustrate
specific orientations corresponding to ordered partitions, Schréoder
trees, Schroder Cambrian trees, and ternary sequences.

The minimal and maximal permutrees in the face corresponding to the Schroder
permutree S are then described as follows:
(1) Tmin(S) is the O-permutree obtained from the left combs on the sub-
sets p(v) for v vertex of S by adding the edges connecting max(p(v) N I¥)
with min(p(w) N J¥) for all edges v — w in S.
(2) T™2*(S) is the O-permutree obtained from the right combs on the sub-
sets p(v) for v vertex of S by adding the edges connecting min(p(v) N I)
with max(p(w) N J¥) for all edges v — w in S.

For example, consider the edge v = {5} — {4,6} = w in the Schréder permutree
of Figure 20. We have I¥ = [n] and J¥ = {5}. In T™"(S), we create the left
comb 4 — 6 and we add the edge 5 = max({5} N [n]) — min({4,6} N {4,5,6}) = 4.
Similarly, in T™#*(S), we create the right comb 6 — 4 and we add the edge
5 =min({5} N [n]) —» max({4,6} N {4,5,6}) = 6.

FIGURE 20. A Schroder permutree S (left) can be seen as an inter-
val [T™in(S), TmaX(S)] in the permutree lattice (right).

For a Schréder permutree S, we define <Is = <[pmin(g) Tmax(s)]. Examples are given
in Figure 19. One easily checks that <ig could also be defined as the transitive closure
of all relations i <is j for all i € p(v) N I¥ and j € p(w) N J¥ for all edges v — w
in S. For edge {6} — {4,6} in the leftmost Schréder permutree of Figure 19, this
corresponds to the relations 4 > 5 <1 6 of the poset. Note that
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e an O-permutree T belongs to the face of the permutreehedron PT(Q) cor-
responding to a Schroder Q-permutree S if and only if <1 is an extension
of g,

e the linear extensions of <g are precisely the linear extensions of <t for all
O-permutrees T which belong to the face of the permutreehedron PT(O)
corresponding to S.

We say that <g is a permutree face poset, and we denote by
PFP(0):= {<s | S € SchrPT(O)}
the set of all permutree face posets. We now characterize these posets.

PROPOSITION 2.49. A poset < € P(n) is in PFP(Q) if and only if it is in PIP(Q) and
for any a < ¢ incomparable in <,

(®) Ja<b<csuchthatbec O anda Ab¥corbeQ anda¥bec,
(&%) or Ya<b<cwehaea<b < b>candal>b < bJec.

This property is illustrated on the leftmost poset of Figure 19. For example, 1 and 2
are neighbors and thus satisfy (&), 1 and 3 satisfy (#) with b = 2, 4 and 6 sat-
isfy (&), etc.

Proof of Proposition 2.49. Assume that <1 € PFP(0), and consider the Schroder per-
mutree S such that << = <s. Then < = <g = <jpmin(s),Tmax(sy] belongs to PIP(Q).
Moreover, any a < ¢ incomparable in <g

(1) satisfy (#) when either a,c belong to distinct vertices of S separated by a
wall, or a,c belong to the same vertex v of S but there is another b in v
withb € Ot UO ™ anda<b<e,

(2) satisfy () when a,c belong to the same vertex v of S and b ¢ O U Q™ for
any a < b < cinwv.

This shows one implication of the statement. Before proving the reciprocal impli-
cation, let us comment a little more to give some useful intuition. Note that two
consecutive elements a < ¢ in a vertex v of S satisfy (&) and not (#). In partic-
ular, if all @ < ¢ incomparable in <g satisfy (#), then S is just a permutree. In
general, the posets <Imin(g) and <pmin(g) corresponding to the minimal and maximal
O-permutrees in the face corresponding to S are given by

Qpming) = (AU {(a,c) | a < ¢ incomparable in <g and not satisfying (&)} )tc
tc

and  <rmax(g) = (<U{(c,a) | a < ¢ incomparable in <Is and not satisfying (#)})

Consider now an arbitrary poset <t € PIP(Q) such that any a < ¢ incomparable
in < satisfy (#) or (). The previous observation motivates the following claim (see
Appendix A.3 for the proof).

CLAM 2.50. If any a < ¢ incomparable in < satisfy (M), then < € PEP(Q) C PFP(0).

Suppose now that some a < ¢ incomparable in <1 do not satisfy (#). The idea of
our proof is to return to the previous claim by considering the auxiliary poset

<:=(<U{(a,¢) | a < c incomparable in < and not satisfying (#)} )tc.
CLAIM 2.51. We have <™ C «'"® and <Pec = 4P,
Cram 2.52. If @ € PIP(0) and any a < ¢ incomparable in < satisfy (W) or (&),
then 4 € PIP(Q) and any a < ¢ incomparable in 4 satisfy (M).
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Combining Claims 2.50 and 2.52, we obtain that there exists a permutree T such
that €4 = <7. Intuitively, T is the minimal permutree in the face that will correspond
to <. To find the Schroder permutree of this face, we thus just need to contract
some edges in T. We therefore consider the Schréoder permutree S obtained from T
by contracting all edges that appear in the Hasse diagram of <« but are not in <.

CLAIM 2.53. We have < = g, so that < € PFP(O).

The detailed proofs of Claims 2.50 to 2.53 are given in Appendix A.3. This con-
cludes the proof of Proposition 2.49. g

We now consider the weak order on PFP(Q). Let us first recall from [14] the defi-
nition of the Schroder permutree lattice.

PROPOSITION 2.54 ([14]). Fiz an orientation O = (n,0T,07) of [n].

(1) Fach Schrider O-permutree corresponds to a face of the permutreehe-
dron PT(Q), and thus to a cone of its normal fan. Moreover, the normal fan
of the permutahedron Perm(n) refines that of the permutreehedron PT(Q).
This defines a surjection Wq from the set of ordered partitions of [n] to the
set of Schrader permutrees of SchrPT(Q), which sends an ordered partition
to the unique Schréder permutree S satisfying that the interior of the normal
cone of the face of PT(Q) corresponding to S contains the interior of the
normal cone of the face of Perm(n) corresponding to .

(2) The fibers of this surjection Wq define a lattice congruence of the facial weak
order discussed in Section 2.1.3 (see [14] for details). Therefore, the set of
Schroder permutrees SchrPT(Q) is endowed with a lattice structure <, called
Schréder permutree lattice, defined by

Sx S < Im 7 such that ¥o(n) =S, Vo(r') =S and 7 < 7’

(3) The contraction of an edge e = v — w in a Schroder permutree S is called in-
creasing if max(p(v)) < min(p(w)) and decreasing if max(p(w)) < min(p(v)).
The Schrioder permutree lattice is the transitive closure of the relations S < S/e
(resp. S/e < S) for any Schroder permutree S and edge e € S defining an in-
creasing (resp. decreasing) contraction.

Now we establish the relationship between the permutree order on PT(Q) and the
weak order on PEP(0Q).

PROPOSITION 2.55. For any Schrider permutrees S,S’ € SchrPT(0), we have S < S’
in the Schrader permutree lattice if and only if <g < g/ in the weak order on posets.

Proof. We can identify the Schroder O-permutree S with:

(1) the interval [T™®(S), T™2%(S)] of O-permutrees that belong to the face
of PT(Q) given by S,

(2) the interval [7™in(S), 7m2%(S)] of ordered partitions 7 such that the interior
of the normal cone of Perm(n) corresponding to 7 is included in the interior
of the normal cone of PT(Q) corresponding to S,

(3) the interval [o™in(S), 0™3%(S)] of &(n) between the minimal and maximal
extensions of <g.

It is immediate to check that o™"(S) is the minimal linear extension of T™®(S)
and of 7™(S) and that o™a%(S) is the maximal linear extension of T™#*(S) and
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of 7™#*(S). We conclude that
S8 = a™(S) < a™(S') and 7 (S) g MX(S)
= o™(S) < o™(S') and o™*(S) < ™ (S')
= T™(S) g T™"(S) and T™*(S) x T™*(9) +—= <g < g’
The first equivalence holds by definition of the Schréder permutree lattice (since

U5'(S) = [7™in(S), 7m2%(S)]), while the last equivalence holds by definition of the
weak order on PFP(Q) (since <Ig = <ppmin(g),pmax(g)])- O

REMARK 2.56. Although the weak order on PFP(Q) is a lattice, the example of Re-
mark 2.11 shows that it is not a sublattice of the weak order on P(n), nor on WOIP(n),
nor on PIP(Q). We will discuss an alternative description of the meet and join
in PFP(0) in Section 2.4.4.

2.3.5. PIP(Q) deletion. Similar to the projection maps of Sections 2.1.4 and 2.2.4, we
define the IPIPT(Q) (resp. IPIP™(0), IPIPE(Q), IPIP(Q)) increasing deletion by
<PIPTAO) .= 9\ {(a,¢) |Ta<b<c, be O and a 4 b},
<PIPTIdO) = 9 {(a,c)|Ta<b<c, bec O and b 4 c},

<IPIPFi0) = ~Ala,¢)|Fa<n<p<e, ne{a}uU0, pe{c}UOT and n 4 p},
QIPIPI(0) . (4IWOIPid)IPIP*id(0)

and similarly the DPIPT(Q) (resp. DPIP™(Q), DPIPE(Q), DPIP(Q)) decreasing dele-
tion by
<PPIPTAd0) .= g {(c,a) | Ta<b<c beOF and bt ¢},
QPPIPTAO) .— g\ {(c,a) | Ta<b<c, be O and a i b},
)

<DPIP2dd(0) .= “{(c,a) | Fa<p<n<ec pe{faUOT, ne{cUO™ and p ¥ n},
<DPIPAA(0) . (4DWOIPAd)DPIP*dd(0)

These operations are illustrated on Figure 21.

REMARK 2.57. Similar to Remarks 1.10 and 2.15, for any ¢ € {@,—,+,+}, the
IPIP¢(Q) increasing deletion (resp. DPIP®(Q) decreasing deletion) deletes at once all
increasing relations which prevent the poset to be in IPIP*(Q) (resp. in DPIP(Q)).
Note that we have

<]|P|P+id(©) _ <]|P|Piid(@+,g) C <]|P|Piid(<o>)

and <'PIP7id(0) :<|P|Piid(e,@*) QQIPIPiid(G)).

However, we do not necessarily have <IPIPFI(0) — 4IPIPTid(0) [ 4IPIPTd(0)  Consider
for example the poset <1:={(1,3),(2,4),(1,4)} and the orientation (4, {3}, {2}).
Then <'PPTH©) = (2 4) (1,4)}, <PP €@ = {(1,3),(1,4)} so that we have
<PIPTid(0)  (IPIPTid(0) — {(1 4)} # @ = <PPF4O) Ty other words, we might have
to iterate several times the maps <1 +— IPIPTId©) and < <PIPTIAO©) t5 obtain
the map < +— <IPIPid(0) | Thjs explains the slightly more intricate definition of the
map < — <PIP¥id(®) The same remark holds for the map < <DPIP=dd(0)

LEMMA 2.58. For any poset < € P(n) and any ¢ € {&,—,+,£}, we have
<PIP7id(©) ¢ IPIP*(Q) and <PPP"4d(©) ¢ DPIP(0).

Proof. We split the proof into three technical claims whose proofs are given in Ap-
pendix A .4.
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FIGURE 21. The IPIPE(Q) increasing deletion, the DPIPE(Q) de-
creasing deletion, and the PIP(Q) deletion.

CLAIM 2.59. <PIP¥id(©) 45 ¢ poset.
CrLAIM 2.60. <'PPZH©) s i IPIPE(0).

This proves the result for <PIPFid(©) | Note that it already contains the result
for <PP¥id©) gince PIPTd(0) = IPIPFd(0%.2) ¢ |p|P(O+, @) = IPIPT(0), and

similarly for <'PP7id(@)

Cram 2.61. <'PPd©) 5 jn IPIP(0).
Finally, the result for <PPP*4d(©) with ¢ € {@, —, 4, %} follows by symmetry. O

LEMMA 2.62. For any poset <| € P(n) and any € € {@, —, +, =%}, the poset <'P1P71d(0)
(resp. <PPIP7AdO)) js the weak order minimal (resp. mazimal) poset in IPIP*(Q) bigger
than < (resp. in DPIP*(Q) smaller than <).

Proof. We prove the result for <'™P7d(0) the proof for <PPP*4d(O) heing symmetric.
Observe that <1 < <1'PP7d(O) gince «'PP7d(0) i5 obtained from < by deleting increasing
relations. Consider now <« € IPIP®(0) such that <0 < <. The following claim is proved
in Appendix A 4.

CLAIM 2.63. <Inc C (QIPIPEid(O))Inc.

This conclude the proof since (Q'P'Pgid(@))'”c D <" and 4P C P —
(<]IPIP5id(©))Dec implies that <PP7d(©) < 0

Consider now the PIP(Q) deletion defined by

PIPA(0) ,__ ( {DPIPdd(0)yIPIPid(©) IPIPid(0) ) DPIPAd(0)

< < =(«
It follows from Lemma 2.58 that <”'P4(®) € PIP(Q) for any poset < € P(n). We now
compare this map with the permutree insertion Vg defined in Proposition 2.34.

PIPA(0) _

PROPOSITION 2.64. For any permutation o € &(n), we have < <Ly (o)-
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Proof. Let o be a permutation of &(n) and let «:= QEIPd(@). We already know

that « € PIP(Q). The following claim is proved in Appendix A 4.
CLAIM 2.65. « has an Q-snake between any two values of [n].

By Proposition 2.44, we thus obtain that 4 € PEP(Q). Since moreover <, is a
linear extension of 4, we conclude that € = <y (o). d

To obtain a similar statement for WOIP(n), we first need to observe that the
map < — <”P4O) commutes with intersections. This straightforward proof is left to
the reader.

PROPOSITION 2.66. (<1 N «€)P'Pd(©@) = 4PIPAO) n GPIPAO) for any <1, €4 € P(n).

COROLLARY 2.67. For any permutations o < o', we have QEJ!?/(]@) = <Wo(0), o (0")]-
Proof. Applying Propositions 2.64 and 2.66, we obtain

PIPd(0) _ )PIPd(@) — 4PIPd(0)

PP — (<o N <l PIPd(0)

o’

nyg
= Qo) N Qg(or) = o (0),Wo(o")]- O

Finally, we compare the PIP(Q) deletion with the Schroder permutree insertion
defined in Proposition 2.54.

PROPOSITION 2.68. For any ordered partition w of [n|, we have SPIPd(0) W ()

Proof. Let m be an ordered partition and let «:= <17Prlpd(©). We already know

that <4 € PIP(Q). The following claim is proved in Appendix A.4.

CLAIM 2.69. Any a < ¢ incomparable in <« satisfy at least one of the conditions (M)
and (&) of Proposition 2.49.

By Proposition 2.49, we thus obtain that €4 € PFP(Q). Since moreover any linear
extension of « extends <, we conclude that €4 = <y (r)- O

2.4. SUBLATTICES. The previous sections were dedicated to the characterization of
various specific families of posets coming from permutreehedra and to the description
of the weak order induced by these families. In this final section, we investigate which
of these families induce sublattices of the weak order on P(n). We first introduce
some additional notations based on conflict functions which will simplify later the
presentation.

2.4.1. Conflict functions. A conflict function is a function cf which maps a
poset <1 € P(n) to a conflict set cf(<1) C ([g]). A poset < is cf-free if cf(<) = @,
and we denote the set of cf-free posets on [n] by F(cf,n):= {< € P(n) | cf(«) = &}.
Intuitively, the set cf(<1) gathers the conflicting pairs that prevent <I to be a poset in
the family F(cf,n).

ExAMPLE 2.70. The characterizations of the families of posets discussed in Sec-
tions 2.1, 2.2 and 2.3 naturally translate to conflict functions. For example, the
posets in IWOIP(n) and in DWOIP(n) are the conflict-free posets for the conflict
functions respectively given by

chiwoip(<) ={{a,c} |a<cand Ja<b<e¢, adbdct,
cfowoip(<) ={{a,c} |a>cand FJa<b<ec, alfbtct.

The reader can derive from the characterizations of the previous sections other rele-
vant conflict functions. In general, we denote by cfx the conflict function defining a
family X, i.e. such that F(cfx,n) = X(n).
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For a poset <1, we denote by [<]:= {{i,j} | i < j} C ([g]) the support of <, i.e. the
set of pairs of comparable elements in <. We say that a conflict function cf is:

(1) local if {a,b} € cf(<) < {a,b} € cf(< N [a,b]?) for any a < b and any
poset <, i.e. a conflict {a, b} only depends on the relations in the interval [a, b],

(2) increasing if cf(<1) C [<'™¢] for any poset <, i.e. only increasing relations are
conflicting; decreasing if cf(<1) C [<1P*] for any poset <, i.e. only decreasing
relations are conflicting; incomparable if cf(<1) C ([Z]) ~ [«1] for any poset <,
i.e. only incomparable pairs are conflicting,

(3) consistent if cf(<1) N [<'™] = cf(<'™) and cf(<1) N [<Pe] = cf(<Pe) for any
poset <, i.e. increasing (resp. decreasing) conflicts only depends on increasing
(resp. decreasing) relations,

(4) monotone if < C 4 = <\ cf(<) C €~ cf(«0),

(5) semitransitive if < \ cf(<) is semitransitive, i.e. both increasing and decreas-
ing subrelations of <1 \ cf(<1) are transitive. In other words, if a < b < ¢ are
such that the relations a <1 b < ¢ are not conflicts for cf, then the relation a < ¢
is not a conflict for cf (and similarly for >).

EXAMPLE 2.71. The conflict functions cfiwoip and cfpwoip are both local, consis-
tent, monotone and semitransitive. Moreover, cfiwoip is increasing while cfpworp
is decreasing. Indeed, all these properties but the semitransitivity follow directly
from the definitions. For the semitransitivity, consider a < b < ¢ with a < b < ¢
and {a,c} € cfiwoip(<d). Then there is a < d < ¢ such that a 4 d 4 c. As-
sume for example that ¢ < d < b. By transitivity of <1, we have d <4 b, and
thus {a7b} S Cf|Wo|P(<]).

REMARK 2.72. If cf and cf” are two conflict functions, then cf Ucf’ is as well a conflict
function with F(cf Ucf’,n) = F(cf,n) N F(cf',n). For example, cfwoip = cfwor U
cfpworp is the conflict function for WOIP = IWOIP N DWOIP. Note that all the above
conditions are stable by union.

The above conditions suffices to guaranty that cf-free posets induce semi-sublattices
of the weak order on P(n).

PROPOSITION 2.73. For any consistent monotone semitransitive increasing (resp. de-
creasing) conflict function cf, the set of cf-free posets induces a meet-semi-sublattice
of (P(n), =, A1) (resp. a join-semi-sublattice of (P(n),=<,V7T)).

Proof. We prove the result for increasing conflict functions, the proof being symmet-
ric for decreasing ones. Consider two cf-free posets <1, € and their semi-transitive
meet :=<As7 €= (<" U €") U (<P 4P), so that < A €« =
We want to prove that =99 is also cf-free. Assume first that - is not cf-free,
and let {a,c} € cf(d) with ¢ < ¢ and ¢ — ¢ minimal. Since cf is increasing,
we have (a,c) € 4" = (<" U <€) If (a,c) ¢ (<™ U «'™), then there ex-
ists a =01 <by <---<bg =csuch that a =b; 4by 4 --- 4 by = c. By minimality
of ¢ — a, all (b;,b;11) are in -~ cf(d) while (a,c¢) is not, which contradicts the
semitransitivity of cf. Therefore, (a,c) € (<'" U «'™) and we can assume without
loss of generality that (a,c) € <™. Since < is cf-free and cf is consistent, we
have (a,c) € <™~ cf(<). Thus, since cf is monotone and <™ C -, we obtain
that (a,c) € 4~ cf(d) which contradicts our assumption that {a,c} € cf(H). We
therefore obtained that — is cf-free. Finally, since cf is monotone, consistent, and
increasing, and since "¢ = (—t4d)nc " we conclude that 444 is cf-free. O
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ExXAMPLE 2.74. Applying Example 2.71 and Proposition 2.73, we obtain that the
subposet of the weak order induced by IWOIP(n) (resp. by DWOIP(n)) is a meet-
semi-sublattice of (P(n), =, A7) (resp. a join-semi-sublattice of (P(n),=,Vy)), as
already proved in Proposition 2.19.

2.4.2. Intervals. We now consider lattice properties of the weak order on permutree
interval posets PIP(Q). This section has two main goals:
(1) provide a sufficient condition on O for PIP(O) to induce a sublattice of the
weak order on P(n),
(2) show that PIP(O) induces a sublattice of the weak order on WOIP(n) for any
orientation O.

Using the notations introduced in Section 2.4.1, we consider the conflict functions

cfipipt(0)(Q) == {{a,c} [a<cand Fa<b<c, be O and a A b},
cfipip- () (<) = {{a,c} [a<cand Ja<b<c, beO andbAc},
cfipip=(0) () = cfipip+(0) (<) U cfipip-(0) (<),

cfipip) () = cfipip (o) (<) U chwoip(<),

cfopipt() (<) == {{a,c} [a>cand FJa<b<c, beOF and b c},
cfppip-(0)(<) == {{a,c} [a>cand Ja<b<e, b€ O™ and a It b},
cfopip(0) (<) = cfppip+(0) () U cfppip-(0) (),
cfppip) () = cfppip 0y (<) U cfowoir (<),
and finally
cfpip(0) (<) = cfipip(0) (<) U cfppip(0) (<)
corresponding to the families studied in Section 2.3.2. As seen in Proposition 2.39,
the cfpip(p)-free posets are precisely that of PIP(Q).

Covering orientations. In the next statements, we provide a sufficient condition on
the orientation O for PIP(Q) to induce a sublattice of the weak order on P(n). We
first check the conditions of Proposition 2.73 to get semi-sublattices.

LEMMA 2.75. For any orientation @ and any ¢ € {&,—,+,%}, the conflict func-
tions cfipips(y and cfppips(g) are local, consistent, monotone, and semitransitive.
Moreover, cfipips () is increasing while cfppips(g) is decreasing.

Proof. Since they are stable by union (Remark 2.72), and since they hold for the
conflict functions cfjwoip and cfpwoip (Example 2.71), it suffices to show these prop-
erties for the conflict functions cfipip+ 0y, cfipip- (@), cfopip+(0) and cfppip-(g)- By
symmetry, we only consider cfpp+(g). We just need to prove the semitransitivity, the
other properties being immediate from the definitions. Consider a < b < ¢ such
that @ < b < c and {a,c} € cfipp+(g)(<). Then there exists a < d < ¢ such
that d € OF and a 4 d. If d < b, then {a,b} € cfipjp+()(<). Otherwise, b < d
and the transitivity of < ensures that b # d, so that {b,c} € cfipp()(<1). We con-
clude that (<1 \ cfipp+(0) (<)) is transitive. Since (<1 \ cfipp+(0) (<)% = <P is
also transitive, we obtained that cfipjp+ (@) is semitransitive. O

COROLLARY 2.76. For any orientation O and any € € {&, —,+, £}, the set IPIP*(0)
(resp. DPIP®(Q)) induces a meet-semi-sublattice of (P(n), =, A7) (resp. a join-semi-
sublattice of (P(n),<,VT)).

Proof. Direct application of Lemma 2.75 and Proposition 2.73. g
To obtain sublattices, we need an additional condition on O. Namely, we say that

an orientation O = (n, 0%, 07) is covering if {2,...,n—1} C Ot UO~. Note that we
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do not require a priori that Ot N O~ = & nor that {1,n} C OF UO~. Observe also
that when Q is covering, we have IPIP*(Q) = IPIP(Q) and DPIP*(0) = DPIP(0).

THEOREM 2.77. For any covering orientation O, the sets IPIP(Q), DPIP(Q) and
PIP(O) all induce sublattices of the weak order on P(n).

Proof. We only prove the result for DPIP(Q). It then follows by symmetry for IPIP(Q),
which in turn implies the result for PIP(Q) since PIP(OQ) = IPIP(Q) N DPIP(0Q). We
already know from Corollary 2.76 that DPIP(Q) is stable by V and it remains to
show that it is stable by A7. We thus consider two posets <, 4 € DPIP(Q) and
let 4:=<AsT €= (<" U «€")* U (<P «4P), so that < A7 € = 4. We de-
compose the proof in two steps, whose detailed proofs are given in Appendix A.5.

CLAM 2.78. - is in DPIP(O).
CrAM 2.79. 44 s in DPIP(Q). O

COROLLARY 2.80. The weak order on interval posets in the Tamari lattice, in any
type A,, Cambrian lattice, and in the boolean lattice are all sublattices of the weak
order on P(n).

Proof. Apply Theorem 2.77 to the orientations illustrated in Figure 15: the Tamari
lattice is the lattice PIP(@, [n]), the Cambrian lattices are the lattices PIP(O1, Q) for
all partitions O" LUO~ = [n], and the boolean lattice is the lattice PIP([n], [n]). O

REMARK 2.81. The covering condition is essential to the proof of Theorem 2.77. For
example, Remark 2.9 shows that WOIP(n) = PIP(@, @) does not induce a sublattice
of the weak order on P(n).

PIP(0Q) induces a sublattice of WOIP(n). We now consider an arbitrary orientation Q,
not necessarily covering. Although PIP(Q) does not always induce a sublattice of the
weak order on P(n), we show that it always induces a sublattice of the weak order
on WOIP(n).

THEOREM 2.82. For any orientation O and any € € {&,—,+,+}, the set IPIP*(0)
(resp. DPIP®(Q)) induces a sublattice of the weak order on WOIP(n).

Proof. By symmetry, it suffices to prove the result for DPIP™(Q). Consider
<, € € DPIP™ (0). We already know from Corollary 2.76 that <V 4 € DPIP™ (0).
Since cfppip-(g) is a decreasing conflict function and since the IWOIP increasing
deletion only deletes increasing relations, we thus obtain that

< Vwolp €= (QVr <)IWOIPid € DPIP™(0).
It remains to prove that

< Aworp € = (< A €)PVOPd c DPIPT(O).
For this, let us denote 4:=< As7 €4 = (<" U «")* U (<P N 4P*) and
4l:= < Awoip <« so that -l = (Htdd)PWOIPdd - A iny the proof of Theorem 2.77, we know
that 4 € DPIP™(0). Assume now that -l ¢ DPIP™(0). Consider {a,c} € cfppip(o) ()
with a < ¢ and ¢ — @ minimal. We therefore have a I ¢ while there exists a < b < ¢

with b € O~ and a If b. Note that since 4 € DPIP™(Q), we have a + b. We now
distinguish two cases:
o If a 179 b, then there exists i < b and j > a such that i 4 b 4 a 4 j
but ¢ A j. From Lemma 1.15, we know that there exists a < k < b such
that a K94 k LAdd p,
o If ¢ F9 p then there exists ¢ < ki < --- < ky < b such that

a A oy padd L padd g padd gy
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In both cases, there exists a < k < b such that a I k£ I} b. Since -l € IWOIP and a I ¢
while a I k, we must have k I c. But since k I b, we then have {k,c} € cfppip(o) ()
contradicting the minimality of ¢ — a in our choice of {a, c}. O

COROLLARY 2.83. For any orientation O, PIP(Q) induces a sublattice of the weak
order on WOIP(n).

Proof. Immediate consequence of Theorem 2.82 as PIP(Q) = IPIP(O) NDPIP(0). O

2.4.3. Elements. We now consider lattice properties of the weak order on permutree
element posets PEP(Q). Similarly to the previous section, the present section has two
main goals:

(1) provide a sufficient condition on O for PEP(Q) to induce a sublattice of the
weak order on P(n),

(2) show that PEP(Q) induces a sublattice of the weak order on WOIP(n) for any
orientation O.

We start with a simple observation.

PROPOSITION 2.84. The set PEP(Q) induces a sublattice of the week order on PIP(Q)
for any orientation Q.

Proof. We have seen in Corollary 2.42 that the meet and join in PIP(Q) are given by
s,81 Apip©) T, 17] = <[SAT, S A T’]
and s, Veip(o) T, = <[SVoT, SveT]-
Therefore, for any S, T € PEP(Q), we have
s Apipo) <1=<[8,8] APIP(0) [T, T]=<[SA0T,SA0T]=<SAGT - O
Proposition 2.84 enables to show Theorems 2.85 and 2.88 below.

THEOREM 2.85. For any covering orientation Q, PEP(Q) induces a sublattice of the
weak order on P(n).

Proof. PEP(Q) induces a sublattice of the weak order on PIP(Q) (by Proposition 2.84),
which in turn is a sublattice of the weak order on P(n) when O is covering (by
Theorem 2.77). O

COROLLARY 2.86. The Tamart lattice, any type A,, Cambrian lattice, and the boolean
lattice are all sublattices of the weak order on P(n).

Proof. Apply Theorem 2.85 to the orientations illustrated in Figure 15: the Tamari
lattice is the lattice PIP(&, [n]), the Cambrian lattices are the lattices PIP(OT, Q™) for
all partitions O IO~ = [n], and the boolean lattice is the lattice PIP([n], [n]). O

REMARK 2.87. Note that the covering condition in Theorem 2.85 is necessary in
general. For example, for the orientation @ = (5, {2}, {4}) on [5], the weak order
on PEP(0Q) is not a sublattice of the weak order on P(5). For example, for

7/\
4=1 2 3 4 5

we have

and

-
«4=1 2 3 4 5
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SN AN

IANT 4= 1 2 3 4 5 while <Apgpo) 4= 1 2 3 4 5.
U % ~_

However, for arbitrary orientation, we can still obtain the following weaker state-
ment.

THEOREM 2.88. For any orientation O, PEP(Q) induces a sublattice of the weak order
on WOIP(n).

Proof. PEP(Q) induces a sublattice of the weak order on PIP(Q) (by Proposition 2.84),
which in turn induces a sublattice of the weak order on WOIP(n) (by Corollary 2.83).
O

Finally, let us give a poset proof of Proposition 2.84. Recall from Section 2.3.3 and
Figure 17 that, for an orientation @ of [n], an @-snake in a poset < is a sequence
o <] <--- < T < Ty such that

e cither 29 < =1 > 22 < x3 > --- with {a;]|i€[k] odd} € O~ and
{z; | i € [k] even} C O,
e or To > x1 < x2 > w3 < --- with {z; |i€[k] odd} C OT and

{z; | i€ [k] even} CO~.
Using the notations introduced in Section 2.4.1, we consider the two conflict functions
cfn(0) (<) == {{a, c} | there is no @-snake joining a to c},
cfpep(0) (<) = cfpip(0) () U cfor(o) ().
As seen in Proposition 2.44, cfs,@) corresponds to the condition characteriz-
ing PEP(0) in PIP(Q), so that the cfpgp(g)-free posets are precisely that of PEP(Q).

We now prove that the conflict function cfs, (@) alone induces a sublattice of the weak
order on posets.

PROPOSITION 2.89. For any orientation O on [n], the set of cfs(q)-free posets induces
a sublattice of the weak order on P(n).

Proof. Consider two cfg,(g)-free posets <1, € and consider their semi-transitive meet
d=<AsT €= (<" U €™ U (<P N «4P%), so that <iA7 €4 = =999, As in the proof
of Theorem 2.77, we decompose the proof in two steps, whose detailed proofs are given
in Appendix A.6.

Cram 2.90. + is cfgy@)-free.
CLAIM 2.91. 94 s cfg, ) -free. O

Note that Proposition 2.89 provides a proof of Proposition 2.84 on posets. It also en-
ables us to obtain further results for the specific orientation (n, @, &). Indeed, Propo-
sition 2.1 ensures that the cfg,g)-free posets are precisely the posets of WOEP(n).
Proposition 2.89 therefore specializes to the following statement.

COROLLARY 2.92. The set WOEP(n) induces a sublattice of the weak order on P(n).

2.4.4. Faces. In this section, we study the lattice properties of the weak order on
permutree face posets PFP(Q). We have seen in Propositions 2.54 and 2.55 that the
weak order on PFP(Q) coincides with the Schroder permutree lattice, but we have
observed in Remark 2.56 that it is not a sublattice of the weak order on P(n), nor
on WOIP(n), nor on PIP(Q). For completeness, let us report on a method to compute
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the meet and join directly on the posets of PFP(Q). For that, define the PFP(Q)
increasing addition and the PFP(Q) decreasing addition by

PFPia _ < if < € PFP(O)
B (< U{(a,c) | a < c not satisfying (#) nor (&)} )PFP'a otherwise

and

PFPda _ < if < € PFP(0)
(< U{(c,a) | a < ¢ not satisfying (#) nor (&)} )PFPda otherwise.

Experimental observations indicate that for S, S’ € PFP(Q),

)PFPia PFPda

S Apep(o) S = (S Awoip S’ and S Verp@) S = (S Vwoir §')

A complete proof of this observation would however be quite technical. It would in
particular require a converging argument to prove that the PFP(Q) increasing and
decreasing additions are well defined.

APPENDIX A. MISSING CLAIMS
This appendix gathers all missing proofs of the technical claims used in Section 2.
A.1. PROOF OF CLAIMS OF SECTION 2.1.4.

Proof of Claim 2.13. First, <™ is clearly antisymmetric since it is obtained from an
antisymmetric relation by adding just decreasing relations between some incomparable
elements. To prove that <™#€ is transitive, consider u, v, w € [n] be such that u gmaxle
v <gm¥le 4. We distinguish four cases:

(1) If u 4 v 4 w, then we have w < v < u with w 4 v ¢4 u. Our assumption thus
ensures that w 4 u. Thus, either u < w or v and w are incomparable. In both
cases, u <M g,

(2) If u 4 v < w, then we have v < u with v 4 u. We then have two cases:

e Assume that v < w. Since v < v < w and v 4 uw while v < w, our
assumption implies that v < w, so that u <™ .

e Assume that w < u. Since v £ v and v < w, the transitivity of <1 impose
that w £ w. Thus either u < w or v and w are incomparable. In both
cases, u <M g,

(3) If u < v 4 w, then we have w < v with w ¢4 v. We then have two cases:

e Assume that u < w. Since u < w < v and w 4 v while v < v, our
assumption implies that u < w so that uw <™ .
e Assume that w < u. Since w €4 v and v < v, the transitivity of < impose
that w 4 u. Thus, either © < w or v and w are incomparable. In both
cases, u <M g,
(4) If u < v < w, then u < w by transitivity of <1 and thus u <™ .

maxle 1y so that < is transitive. Since all our relations

maxle i5 3 poset. O

We proved in all cases that u <
are reflexive, we conclude that <

Proof of Claim 2.17. First, <"WO'Pid ig clearly antisymmetric as it is contained in the
antisymmetric relation <. To prove that it is transitive, consider u,v,w € [n] such
that u <'WOIPid ) 4IWOIPId 4, Qince o'WOIPd C 4 we have u <9 v < w, so that u < w
by transitivity of <. Assume by means of contradiction that u 4™"O'Pid . Thus,
u < w and there exists u < 21 < -+ < 2z < w such that u A 21 4 --- 4 2z 4 w. We
now distinguish three cases:

(1) If v < u, then v AWOIPId 4y since v < u < 2, < -+ < 2z, < w and

vAudz A Az Aw.

Algebraic Combinatorics, Vol. 2 #1 (2019) 41



GREGORY CHATEL, VINCENT PILAUD & VIVIANE PONS

(2) If w < v < w, consider ¢ € [k] such that z; < v < 241 (with £ = 0
if v < 2z and € = k if 2z, < v). Since z; 4 241 and < is tran-
sitive, we have either 2y 4 v or v A zpr1. In the former case, we
have u 4WOPd 4 since u< 2z <<z <vand udz A Az A
In the latter case, we have v 4"WOPd 4 since v < Zgp1 < 0 < zp < w
and v 4 zp11 A - A 2z 4 w.

(3) If w < v, then u g™OPHd 4 since u < 23 < +++ < 2z < w < v and
udz A Az AwAw.

As we obtained a contradiction in each case, we conclude that < is transitive.
Since all our relations are reflexive, we conclude that <™OPid is a poset. a

IWOIPid

A.2. PROOF OF CLAIMS OF PROPOSITION 2.44.

Proof of Claim 2.45. By symmetry, we only need to prove the first statement. Note
that v and w are incomparable, otherwise u <1 v and v > w could not both be
cover relations. Therefore, there is a non-degenerate Q-snake u = xg < 1 < -++ <
Ty < Tpy1 = w from u to w. Assume first that x; < v. If 1y € OF and u > 21,
then v < v, 2; € OF and < € IPIPT(Q) implies that u < z;, a contradiction.
Ifxy € O” and u < z1, then u < v, z;1 € O~ and < € IPIP+((O)) implies that =1 < v
which together with u <1 z; would contradict that u < v is a cover relation. As we
reach a contradiction in both cases, we obtain that v < x;, and by symmetry z; < v.
Therefore, we have 1 = v = xy, so that u <v < w and v € O™ O

Proof of Claim 2.46. We work by induction on p, the case p = 1 being immedi-
ate. By symmetry, we can assume that g € O7, zg > x; and ¢ < x1. Let j be
the first position in the path such that z;_1 > 2; < 241 (by convention j = p if
xo > x1 > ... > x,). Assume that there is ¢ € [j] such that z; < z, and assume that ¢
is the first such index. Since x; < g < ®;—1, ©; < zi—1, 2o € O~ and < € IPIP™(0),
we obtain xg < z;_1, a contradiction. This shows that zq < x; for 7 € [j]. If j = p,
the statement is proved. Otherwise, we consider z;_1, z; and z;41. By Claim 2.45,
we have z; € O7T and either Tj—1 < x5 < Xjg1 or Tj41 < x; < xj—1. In the lat-
ter case, 79 < ¥; < Tj_1, To > xj_1, x; € OF and < € DPIPT(0) would imply
x; > 21, a contradiction. We thus obtain that z; € oT, z; <xjp1 and v < Tj4q.
The induction hypothesis thus ensures that z; < x; for all j < ¢ < p. This concludes
since zg < ;. O

A.3. PROOF OF CLAIMS OF PROPOSITION 2.49.

Proof of Claim 2.50. By Proposition 2.44, we just need prove that there is an O-snake
between any two values of [n]. Otherwise, consider a < ¢ with ¢ — a minimal such that
there is no O-snake between a and c. In particular, a and ¢ are incomparable. By (#),
we can assume for instance that there is @ < b < ¢ such that b € O~ and a ¥ b 4 c.
By minimality of ¢ — a, there is an O-snake a = ¢ < 1 < -+ < xp < k41 = b. Then
we have either ;1 € O~ and a < 1, or ;1 € OF and a > x; (note that this holds
even when 1 = b since a ¢ b and b € Q™). Moreover, by minimality of ¢ — a, there
is an @-snake between z; and ¢. Lemma 2.47 thus ensures that there is as well an
(@-snake between a and ¢, contradicting our assumption. O

Proof of Claim 2.51. By definition, we have <1 C «. Assume now that <P #£ <4Pec,
and let « < y be such that = (¥ y but = » y. By definition of «, there exists a minimal
path y = 29, 21,...,2r = x such that for all ¢ € [k], either z;_1 < z;, or z;_1 < 2; are
incomparable in <1 and do not satisfy (#). Since z ¥ y and = < y, we have k > 2 and
there exists ¢ € [k — 1] such that z;11 < z;—1. We distinguish three cases:
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o If z; < z;41 <2z_1, then 2z; > 2,1 and 2z; ¥ 2,11, and thus z;41 > 2,1
as < € DWOIP(n).

o Ifz;11 < 2; < z;_1,then 2,41 > z; > 2;_1 and thus z;41 > 2;_1 by transitivity.

o If 2,41 < z_1 < z;, then z;41 > z; and z;_1 ¥ z;, and thus z;41 > 21
as < € DWOIP(n).

In all cases, z;11 > z;—1 contradicts the minimality of the path. O

Proof of Claim 2.52. We first show that < € PIP(0). Since <iP* = <P* and
< € DPIP(0), we have € € DPIP(Q) and we just need to show that 4 € IPIP(Q).
Consider thus a < b < ¢ such that a 4 c. By definition of «, there exists a’ < b < ¢/
such that a € d’, ¢ 4 ¢, and either ' < ¢/, or ¢’ and ¢ are incomparable in < and
do not satisfy (#). We now proceed in two steps:

(1) Our first goal is to show that either a’ 4 b or b <« ¢’ which by transitivity
shows that (a,c) satisfies the WOIP condition. Assume that o’ & b 4 ¢. The
transitivity of < ensures that both pairs a’,b and b, ¢’ are incomparable in «.
Therefore, they are incomparable in < and satisfy (#). Let us focus on o, b.
Assume first that there is @’ < d < b such that d € O and o’ 4d ¥ b.
Since <1 € IPIP(0), we cannot have @’ < d < ¢/, d € O", a’ 4dand o <.
Therefore, a’ and ¢’ do not satisfy (#), which together with a’ 4 d implies
that d > ¢/. We obtain d < b < ¢ with d 1% b ¢ ¢ while d > ¢’ contradicting
that << € DWOIP(n). Assume now that there is o’ < d < b such that d € O~
and @' ¥ d A b. If o < ¢, thend < ¢ since a/ <d<c,d € O and
< € IPIP(0). If @’ and ¢ do not satisfy (&), d € O~ and o’ ¢ d imply d < ¢'.
In both cases, we obtain d < b < ¢’ with d 4 b 4 ¢/ while d <1 ¢’ contradicting
that < € IWOIP(n). Since we reach a contradiction in all cases, we conclude
that o’ 4 bor b «c.

(2) We now want to check that the orientation constraint on b is also satisfied.
Assume b € OF. If @’ < ¢, we have a’ <1 b since < € IPIP(0), and thus o’ €4 b
since < C «. If ¢’ and ¢ do not satisfy (#), then o’ < b or b > ¢, which
implies @’ < b > ¢ by (&), and thus a’ € b since < C 4. We conclude that
bc OF = o’ «band by symmetry that b€ O~ = b « .

Since a 4 a/, ¢ 4 ¢ and <« is transitive, we obtain that a €4 b or b <« ¢, and that
beO" = a4band b€ O = b 4 c. We conclude that « € PIP(0).

There is left to prove that any a < ¢ incomparable in <« satisfy (#). Assume the
opposite and consider a < ¢ incomparable in <« not satisfying (#) with ¢ — a minimal.
Since a and ¢ are incomparable in <, they are also incomparable in <1 and satisfy (#).
Assume for example that there exists b € O such that a #4 b ¢ ¢ (the other case is
symmetric). Since <P = 4P, we have b ¥ c. Since a and ¢ do not satisfy (#) in <,
we obtain that a € b. We can assume that b is the maximal integer such that a < b < c,
bc O and a €« b ¥ c. Since a € b but a # ¢, we have b A ¢, so that b and c are
incomparable in «. By minimality of ¢ — a, we obtain that b and ¢ satisfy (#) in <.
We distinguish two cases:

(1) Assume that there exists b < d < ¢ such that d € O and b 4 d ¥ c. Since a
and ¢ do not satisfy (#) in «, we have a 4 d ¥ ¢, contradicting the maximality
of b.

(2) Assume that there exists b < d < ¢ such that d € O™ and b ¥ d A c
Since a and ¢ do not satisfy (#) in <« and d 4 ¢, we have a » d. We thus
obtained a < b < d with b € OT, and a » d while b ¥ d contradicting
that <« € PIP(0).

Since we obtain a contradiction in both cases, we conclude that any a < ¢ incompa-
rable in <« satisfy (). O
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Proof of Claim 2.53. We first prove that <1 C <g. Observe first that for a permutree T
and a Schréder permutree S obtained from T by contracting a subset of edges F, the
poset g is obtained from the poset <iT by deleting the sets

{wa
{0

Assume now that we had <1  <Ig and remember that <1 C <ig by construction. Since
we only contract increasing edges in <t to obtain <g, this would imply that there
exists a < b < ¢ < dwithb € {a}UO™, ¢ € {d}UO™, and such that a < d while b 4 d.
This would contradict that < € PIP(Q).

We now prove that <ig C <. Observe first that <lgeC C 4P = 4P, Assume
now by contradiction that there exists a < ¢ such that a £ ¢ and a <g ¢, and choose
such a < ¢ with c—a minimal. Note that a and c are incomparable in <. We distinguish
two cases:

a<d, Ja<b<ec<d be{a}uUO~, ce{djuOT,
a <t b <t c<rdand (bc) € E ’

a<d,Ja<b<c<d be{a}uUOT, ce{dfUO,
a>rb>tce>rdand (¢,b) € E ’

(1) If @ and c satisfy (#), we can assume by symmetry that there exists a < b < ¢
such that b € O and a 4 b ¥ ¢. Since a < b < ¢, b € OF, a <g ¢ and
s € PIP(0), we obtain that a <ig b. Since a 4 b and a <g b, this contradicts
the minimality of ¢ — a.

(2) If a and ¢ do not satisfy (M), then they satisfy (&), and a < ¢ is not a cover
relation (otherwise, the relation a <« ¢ would have been contracted in <g).
Let b € [n] \ {a,c} be such that a 4« b € c. If a <b < ¢, we have a ¢ b ¢ c,
thus a 4 b 4 ¢ by (&), thus a 4s b 4s ¢ by minimality of ¢ — a, contradicting
that a <g ¢ and <g € WOIP(n). We can thus consider that b < a < ¢ (the
case a < ¢ < b is symmetric). Note that we cannot have a € QT since b A a
and b « ¢ would contradict that € € PIP(Q). We have b > a (since b » a)
and we can assume that b is maximal such that b < a and b > a. Observe
that b and ¢ are incomparable in < (indeed b 4 ¢ since b > a and a 4 c,
and b % ¢ since b € ¢). Since b < a < c and b > a while a 4 ¢, b and ¢ do not
satisfy (&), thus they satisfy (#). We again have two cases:

o If thereis b < d < cwithd € OF withb 4 d ¥ c. If b < d < a, we
have b > a and < € PIP(Q) implies d > a contradicting the maximality
of b. Since d € O, we have d # a. Finally, if a < d < ¢, we have a 4 d
since d ¥ ¢ and a and c satisfy (&), and we obtain that a €4 d ¥ ¢
contradicting that a and ¢ do not satisfy ().

o If thereis b < d < ¢ withd € O~ with b % d <4 ¢, then we have a < d < ¢
(because b ¥ d, b > a and < € PIP(Q)). Since d 4 ¢ and a and ¢
satisfy (&), we obtain that a ¢ d 4 ¢, contradicting that a and ¢ do not
satisfy ().

As we obtain a contradiction in all cases, we conclude that <1g C <. O
A.4. PROOF OF CLAIMS OF SECTION 2.3.5.

Proof of Claim 2.59. First, <PIPFid(0) g clearly antisymmetric as it is con-
tained in the antisymmetric relation <. To prove that it is transitive, con-
sider u,v,w € [n] such that u <PIPEi0) 4 gIPIPFid(0) 4y Gince <PIPFO) ¢ o
we have u < v < w, so that v < w by transitivity of <. Assume by means of
contradiction that u ﬁ'P'Piid(@) w. Thus, u < w and there exists u < n < p < w such
that n € {u} UO~ while p € {w} UO" and n ¢4 p. We now distinguish three cases:
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e If v < n,thenn 4 pand v < n < p < w contradicts our assumption
that v <PIPTid(©) 4.

e lf p < wv,thenn 4 pand u < n < p < v contradicts our assumption
that u </PIPid(©) 4,

e Finally, if n < v < p, then u <IPIPFid(0) 4 engures that n < v, and v <IPIP¥id(0)
w ensures that v < p. Together with n 4 v, this contradicts the transitivity
of <.

As we obtained a contradiction in each case, we conclude that <IPIP*id(0)

is transitive.
. . . + .
Since all our relations are reflexive, we conclude that <'"'P7d(©) is a poset. g

Proof of Claim 2.60. We prove that <IPIPFid(0) g ip IPIPT(0Q), the result follows by
symmetry for IPIP™(Q) and finally for IPIP¥(Q) = IPIPT(0) N IPIP~(Q). Assume
that there exists a < b < c with b € O and a #APP7(© b Then there are wit-
nesses a <n < p < bwithn € {a}UO™ while p € {b} UOT and n 4 p. Since b € O,
we have p € OF. Therefore, n and p are also witnesses for a ﬁ'PlPiid(@) c¢. This shows
that <"PP*i(©) s in IPIPH(0). 0

Proof of Claim 2.61. Consider € € IWOIP(n). Let a < b < ¢ in [n] be such that
a ﬁ'P'Piid(Q) b ﬂ'P'Piid(@) c and o «PPTEO) Therefore, there exist witnesses
a<m<p<b<n<qg<cwithme{afuO, pe{b}UO", n e {b} UO~
and ¢ € {c} UOT, and such that m #4 p and n A ¢. If p # b, then p € OF
and a < m < p < care also witnesses for a ﬁ'P'Piid(@) c. By symmetry, we can thus as-
sume that p = b = n. Therefore, we have m 4 p = b = n #4 ¢, which implies that m 4 ¢
since <€ € IWOIP(n). Since a < m < ¢ < cwithm € {a}UO, g € {c}UOT and m # ¢,
we obtain that a ﬁ'P'Piid(@) c. We conclude that < € IWOIP(n) implies <PIPFi(O) ¢
IWOIP(n). In particular, we obtain that <'PPi(®) — (qIWOIPd)IPIP¥id(©) ¢ |p|p((Q)
since <'WOPid ¢ |WOIP(n) by Lemma 2.16. O

Proof of Claim 2.63. Claim 2.63 is immediate for e € {—,+}. For ¢ = £, assume that
there exists a <n <p<cwithn € {¢} UOQ™ and p € {b} UOT such that n &4 p.
Then we also have n 4 p which implies n # ¢ (since € € IPIPT(0Q)) and a # p
(since 4 € IPIP™(0)), which in turn implies a # ¢. Finally, this also implies the claim
when € = @ by applying first Lemma 2.18 and then the claim for ¢ = +. g

Proof of Claim 2.65. Otherwise, there exists a < ¢ such that there is no O-snake
from a to ¢ in 4. Choose such a pair a < ¢ with ¢ — ¢ minimal. Since <, is a total
order, we have either a <, ¢ or a >, c¢. Assume for example that a <, ¢, the other
case being symmetric. Since a <, ¢ while a A4 ¢ (otherwise a < ¢ is an O-snake), there
exists a < n < p < ¢such that n € {a} UO~ while p € {c}UO" and n 4, p. Since <,
is a total order, we get n >, p. Moreover, we have either a <, n or a >, n. In the
latter case, we get by transitivity of <, that a >, p. Therefore, up to forcing a = n, we
can assume that a <, n and similarly up to forcing p = ¢, we can assume that p <, c.
It follows that a <y n >, p <, ¢ is an @-snake from a to ¢ in <, where either a # n
or p # ¢ (because a <, ¢). By minimality of ¢ — a in our choice of a < ¢, there exists
an O-snake from a to n, from n to p, and from p to ¢ in <. Since n € {a} U O~
and p € {c} UOT, it is straightforward to construct from these snakes an OQ-snake
from a to ¢ in <, contradicting our assumption. U

Proof of Claim 2.69. Assume that there exists a < ¢ incomparable in <« that do not
satisfy (&) in 4. We choose such a pair a < ¢ with ¢ — a minimal. By symmetry, we
can assume that there exists a < b < ¢ such that a € b ¥ ¢ and that b is maximal for
this property. Since €4 C <, we have a <1 b. We distinguish three cases:
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(1) Assume first that @ and c are incomparable in <. Since << € WOFP(n), Propo-
sition 2.10 and @ < b imply that a <1 b > ¢. Since b > ¢ while b ¥ ¢, there
isb<p<n<cwithpe {b} UOT while n € {c} UO™ and p ¥ n. We again
have two cases:

e If b # p, we have p ¥ ¢ (since otherwise p ¥ n would contradict
that 4 € DPIP(Q)) and thus a A p (by maximality of b). We thus ob-
tained a < p < ¢ with p € O" and a & p ¥ ¢, so that a < ¢ satisfy (#)
in «.

e If b = p, then n # c. We have a ¥ n (since otherwise p ¥ n would contra-
dict that <4 € PIP(Q)). Moreover, by minimality of ¢ — a, we have b = p
and c satisfy (&) in <, so that p ¥ n implies that n 4 ¢. We obtained
that a < n < ¢ with n € O~ and a ¥ n A ¢, so that a < c satisfy (#)
in «.

(2) Assume now that a <1 ¢. Since a <1 ¢ while a A ¢, thereis a < n <p < ¢
with n € {a}UO™ while p € {c}UO™ and n 4 p. Since « € PIP(Q) and n A p,
we must have a A p and n A ¢. Assume that a and ¢ do not satisfy (#) in <.
This implies that p » ¢ and a » n. Since a ¥ ¢ and p » ¢, we obtain by
transitivity of < that a and p are incomparable in <. By minimality of ¢ — a,
we obtain that a and p satisfy (&). We now consider two cases:

e If b < p, then a <« b implies that b » p, which together with p » ¢
and b ¥ ¢ contradicts the transitivity of «.

e Ifp < b, then wehavea < n < p < bwithn € {a}UO~ while p € {c}UO™
and n 4 p, which contradicts that a < b.

Since we obtained a contradiction in both cases, we conclude that a and ¢
satisfy (M) in <.

(3) Assume finally that a > ¢. Then a ¥ b and < € DWOIP(n) implies that
a <1 b > ¢ and we are back to case (1). O

A.5. PROOF OF CLAIMS OF THEOREM 2.77.

Proof of Claim 2.78. As cfppip(g) is decreasing, we only consider (a,c) € —{Dec,
Since P = P N 4P we have a > ¢ and a » c. Since both <, 4 € DPIP(Q),
for any a < b < ¢, if b € O~ then a > b and a » b so that a - b, while if b € OF
then b > ¢ and b » ¢ so that b F c¢. Note that the important point here is that the
behavior of b is the same in < and <« as it is dictated by the orientation of b. 0

Proof of Claim 2.79. Assume that ¢ ¢ DPIP(Q). Consider {a,c} € cfppip(o) (1)
with a < ¢ and ¢ — a minimal. Since cfppip(g) () is decreasing, we have a F9 c.
Assume for the moment that there exists @ < b < ¢ such that b € O~ and a A9 b, and
choose such b with b — @ minimal. Since - € DPIP(Q), we have a I b while a [/ b.
By definition of 499, there exists i < b and j > a such that i 4b 4 a 4 j but i A j.
From Lemma 1.15, we know that either i # b or j # a. We thus distinguish two cases.

(1) Assume that ¢ # b. Again by Lemma 1.15, there exists a < k < b such
that ¢ 4 k& 4 b. Thus, we have k I/ b (since - is antisymmetric) while a F b
and a < k < b, so k ¢ OF (since 4 if cfppip(g)-free). Since O is covering, we
therefore obtain that k& € O~. By minimality of b — a in our choice of b, we
obtain that @ F'9 k. But ¢ 4k 4 a 4 j and a F'9 k implies that ¢ 4 j, a
contradiction to our assumption on ¢ and j.

(2) Assume now that j # a. Again by Lemma 1.15, there exists a < k < b such
that a 4 k - j. Thus, we have a I/ k (since F is antisymmetric) while a F b
and a < k < b, s0 k ¢ O~ (since < if cfppjp(g)-free). Since O is covering, we
therefore obtain that & € Q. Since 4 € DPIP(Q), k € O" and a F ¢, we
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have k F ¢. We claim that k 99 ¢. Otherwise we could find i’ < ¢ and j' > k
such that ¢’ 4 ¢ - k - 5’ while i’ A j’. Since a 4 k - 5’ and - is semitransitive,
we would also have ¢/ 4 ¢ 4 a 4 j/ while ¢/ A j/, contradicting the fact
that a 99 ¢. Now by minimality of ¢ — a in our choice of (a,c), we obtain
that (c, k) € 4%\ cfppip(g) (1'9). Therefore, since b € O, we have k -9 b.
Buti 4b-k-jand k F9 b implies that ¢ 4 j, a contradiction to our
assumption on ¢ and j.

We therefore proved that a F94 b for all @ < b < ¢ with b € O~. The case of b € OF
is symmetric and left to the reader. This concludes the proof. O

A.6. PROOF OF CLAIMS OF PROPOSITION 2.89.

Proof of Claim 2.90. Assume that - is not cfg,gy-free and let {a,c} € cfs(@)()
with a < ¢ and ¢ — a minimal. Since a A ¢, we have a €4 ¢ and a #4 c. Since a t/ ¢, we
have a ¥ ¢ or a ¥ ¢. We can thus assume without loss of generality that a and c are
incomparable in <. Since < is cfgyg)-free, there exists a < by < -+ < by < c¢such that
either by; € @Jr, b2i+1 € O and a < by > by < by > ce-, O bo; € @7, b2i+1 € Ot
and a > by <1 by > b3 < ---. We distinguish these two cases:

(1) In the former case, we obtain b, € O~ and a - b; (since <™ C ).
(2) In the latter case, we distinguish three cases according to the order of a and by
m «:
o if o <« by, then a 4 by - by (since <™ U 4™ C ) so that we obtain
by € O~ and a 1 bs.
e if a » by, we obtain by € OF and a | by (since <P N «4P= C ).
e if a and b; are incomparable in «, then they are also incomparable in .
By minimality of ¢ —a in our choice of (a, c), we have {a, b1} & cfo (@) ().
Lemma 2.47(3) thus ensures the existence of @ < b < by such that
either b€ O~ and a 4 b, or b€ OF and a | b.

In all situations, we have found a < b < ¢ such that either b € O~ and a - b, or
b € OF and a F b. Since {b,c} ¢ cfgo)(-) by minimality of ¢ — a in our choice
of (a,c), Lemma 2.47(3) thus contradicts that {a,c} € cfg0)(H)- O

Proof of Claim 2.91. Assume that ¢ is not cf,(g)-free and let {a, ¢} € cf @) ()
with a < ¢ and ¢ — a minimal. We distinguish two cases:

(1) If a I ¢, since + is cfgyoy-free, Lemma 2.47(3) ensures that there exists
a<b<csuch that b € O~ and @ 4 b, or b € OF and a F b. In the former
case, we also have a 499 b. In the latter case, we either have a F'9 b or a
and b are incomparable in 494, By minimality of ¢ — a in our choice of (a, c),
we have {a,b} ¢ cfo(0)(1%). We thus obtain by Lemma 2.47(3) that there
exists a < b’ < b such that ¥ € O~ and a 4999 %', or ' € OF and a F'94 ¥’

(2) If a t ¢, then there exists ¢ < ¢ and j > a such that ¢ 4 ¢ - a - j while i A j.
From Lemma 1.15, we can assume for example that ¢ # ¢ so that there
exists a < k < ¢ with ¢ 4k - ¢ (the proof when j # a is similar). Note
that a A9 k since otherwise a <44 & < ¢ and a A% ¢ would contradict
the transitivity of 499, Moreover, a F9 k since either we already have a / k,
ori < cand j > a still satisfy 4 4 k 4 a - 5 while ¢ A j. Therefore, a
and k are incomparable in . By minimality of ¢ — a in our choice of (a,c),
we have {a,k} ¢ cfo(0) (). We thus obtain by Lemma 2.47(3) that there
exists @ < b < k such that b€ O~ and a 499 b, or b € OF and a F9 b.
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In all situations, we have found a < b < ¢ such that either b € O~ and a 4 b, or
b€ OF and a F* b. Since {b,c} ¢ cfo @) (49?) by minimality of ¢ — a in our choice
of (a,c), Lemma 2.47(3) thus contradicts that {a,c} € cfg (o) (). O
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