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ON THE CLOSURE OF SPACES
OF SUMS OF RIDGE FUNCTIONS
AND THE RANGE OF THE X-RAY TRANSFORM

by Jan BOMAN

1. Introduction.

Let £ be some set of straight lines in R” and set for a function
f on R"™ with compact support

~

fwy = [ rds for Le~£.

Here ds is the line element on L. When £ is the set of all
lines, the function f is usually called the X-ray transform of f.
A basic problem is to describe the range of the operator P: f — f‘,
the domain being specified. In this article £ will always be the set
of all lines that are parallel to one of a given finite set A = {a*}"
of directions in R”™. This choice is motivated by the situationui—nl
modern medical X-ray techniques, so-called ‘“‘tomography” (see
the survey articles [8] and [9]). The domain of P will typically be
the set of all functions in LP(R"), 1 <p <o, whose support is
contained in a given convex, compact set in R” . The main problem
is to decide whether the range of P is closed.

After dualizing one is led to problems of the following kind.
Let § beanopensetin R, andlet ¢ €S" ! = {x €R" ;x| =1}.
We define L%(£2,a) to be the set of functions in L%(£2) which
are constant on almost all lines parallel to a. The question is whether
the vector space

L4 ,a)+...+LQ,a™) = Z{f,;f,€LUQ,d")} (1.1)

is a closed subset of LY(2). If  is a bounded domain in R? with
smooth boundary, the answer is yes for 1 < g < o (Corollary 1.3).
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For 1 < g <o the condition on the boundary can be considerably
relaxed (Theorem 1.5). In dimensions higher than two the situation
is quite different. We give an example of a convex set £ C R® with
smooth boundary and two vectors a', a?, such that (1.1) is not
closed for any gq. On the other hand, if £ C R?® is convex and the
principal curvatures of the boundary are non-vanishing at every point
(this condition can be relaxed), then we prove that (1.1) is closed
for 1 < q < oo (Theorem 1.8).

A function on R”, or on a subset of R", that is constant
on parallel lines will be called a ridge function ; this is an extension
of a terminology introduced by Logan and Shepp [6].

As was observed by Petersen, Smith, and Solmon [7] the
problem can be phrased as a question about the range for a certain
matrix valued differential operator. Indeed, if $2 is convex, u
belongs to (1.1) if and only if the system of partial differential

m

. %l
equations Y u

v=1

wy,...,u,)ELI(Q)" ; here D,f denotes the directional deriva-
tive of f with respect to the vector a €R" .

y =u, Dpu,=0 for 1 <v<m has a solution

The problem to decide when (1.1) is closed has been treated by
a number of authors. Shepp and Logan raised the problem in [6].
Hamaker and Solmon [3] treated the case when £ is a disk and
q = 2. A more general case was treated by Falconer [2]. Petersen,
Smith, and Solmon [7] proved that (1.1) is closed if £ is a bounded
domain in R? whose boundary is a Lipschitz curve,and 1 < g < oo,
These authors consider more general norms, Sobolev norms, instead
of LP-norms. They also treat a similar higher-dimensional problem
(see Section 8 below). Svensson [10] has studied a more general
problem where L?(£2,a) is replaced by a space of functions that
are constant on a family of curves in R?. Our result for the three-
dimensional case (Theorem 1.8) seems to have been previously known
only when £2 is a ball; this special case is mentioned without proof
in [11], Section 7.

We now give a precise description of our results.

Let § be an open subset of R". For ¢ €S""' we denote
by $£2, the set of all lines parallel to @ that intersect 2. The set
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2, is a subset of the factor space R"/L,, L, = {Aa;N€R}, but
we may also think of £, as a subset of some hyperplane H, C R"
that is orthogonal to a. For 1<p<o an operator
P,:LP(Q) — L%(R,) (c indicates compact support) is defined

as follows : (P, /) (L) = f fds, LEQ,.

LN

The natural projection R” — R"/L, will be denoted p,. The
norm in L?(82,) is defined by integration with respect to the
Lebesque measure in H,. P, is continuous, for if supp f is contain-
ed in the compact set K, then supp P, fCp,(K), and

IP, £1l, < diam(K)' "/ |Ifll, (1.2)
by Holder’s inequality.

For a given finite set A= {a*; v=1,...,m} CS" ! we

further define the operator P, : L2(Q) — uijl L?(Q,,) by

writing P, = (P,1,...,P,m). For abbreviation we will usually
write £, and P, instead of £, and P,,. For given
G=(g, ..,8,)s 8 ELY(Q, we may now consider the
problem to find f€ L?(Q) satisfying

P, f=G. (1.3)

To describe the necessary conditions on G for the existence
of f in (1.3) it is convenient to introduce the adjoint map of P, .
Let LY () and LI (2, be defined in the usual way, and
define the operator Q,: LI (2,)—> L% () by constant
extension along lines parallel to a. The range of Q, is the
space L;’oc (2, a) of functions that are constant a.e. on almost every

line parallel to a. Then P, and Q, are formal adjoints in the
sense  that fn (Paf)udy=£z fQuudx for fELP(Q),

u€L (Q,), p'+qg'=1. Here dy is the Lebesgue

measure on 2, considered as a subset of the hyperplane

H, CR". Similarly we define Q,: M L2.(2,)— LI.(Q)

loc loc
m

by U= (uy,...,u,) — Y Quu,. If we  write

e
v=1

(f,u)=f"2 fudx for fELP(Q) and u€LL (), and similarly

loc
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m
E.0=3Y [ fudc for F=(,.... ), f,€L2Q,),
v=1 v
and U= (u,,...,u,), u, €LY (R,), then we can state that
P, and Q, are formal adjoints in the sense that
P, U =(f,Q V). (1.4)

Now, the obvious necessary condition for the existence of f
in (1.3) is that G is orthogonal to ker Q, . Our first theorem states
that this condition is also sufficient.

We will sometimes identify a function g€ LY (,) with the

loc

corresponding function Q,g€LY (2 ,a). From this point of

loc
view Q, is simply the imbedding operator L} (2 ,a) = L} ().
We provide LP(2) with the usual topology, i.e. the inductive
limit topology on /QI L’;(j(ﬂ), where KI.CQ is an increasing
sequence of compact sets whose union is equal to £, and L% (Q)

denotes the set of functions with supportin K.

A continuous linear mapping T between two topological
vector spaces X and Y is said to be a homorphism, if the induced
mapping defined on the factor space X/ker T is a topological isomor-
phism between X and im TCY. An equivalent condition is that
T is an open mapping from X onto im T with the relative
topology induced from Y. If X and Y are Frechet spaces this is
also equivalent to im T being closed (see Theorem 3.2).

For a€S"" ! let (8 ,a) be the set of infinitely differentiable
functions on £2 which are constant on all lines parallel to a.
THEOREM 1.1. — Let §2 be an open convex subset of R" or
an open connected subset of R?, and let 1 <p <oo. Then P,
m
is a homomorphism from LL(Q) into JL L2(Q,), and imP,

is equal to the annihilator of kerQ,. More explicitly,
G=(g,...,8y,) belongsto im P, ifandonlyif

m
PSS

m
forall u, € &S ,a’) such that Y u,=0.

v=1
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This theorem will be proved by means of an explicit construc-
tion of the solution f.

The condition on G given in the last sentence of the theorem
will sometimes be abbreviated G E(ker Q, )" .

In the usual way we provide L% (f2) with the topology

loc

induced by the sequence of seminorms gq,(f) = (/;( [f19 dx)'/e |
i

i=1,2, ,where K, is a family of compact sets whose union
is equal to Q In this way L% _(£2) becomes a Frechet space.

loc
By means of well-known functional analysis we will deduce
the following statement from Theorem 1.1.

THEOREM 1.2. — Let 0 be an open convex subset of R" or an
open connected subset of R*, and let 1 <q <. Then Q, isa

«,) into (&), and hence

homomorphism from v!’__l 2 e

loc

LY (2 ,a") isclosed in LI ().

M Nk

Remark. — Our proof shows in fact that the range of Q, is
equal to the annihilator in LY () of kerP, C @(), the space
of infinitely differentiable functions with compact support in £ .
If Q@ is convex, a function p€kerP, C @W(2) must be of the

m
form ¢ = ( [I D,») ¢ for some Y € D(2), hence in this case
LY,.(©2,4") must consist precisely of those functions

m .
fe Lgoc(ﬂ) for which (Il Dgy) f=0 in the sense of the theory
of distributions.

Let us now turn to our main problem, which is to decide
whether (1.1) is closed in LP(2). Let us first consider the case
n=2.

If n = 2 and the boundary is smooth one gets a positive answer
as an immediate consequence of Theorem 1.2.

COROLLARY 1.3. — Assume that S is an open bounded
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connected subset of R? and that the boundary of S is of class
C'. Let 1 <q <o, Then

m
Z LY ,d") isclosedin Li(R2). (1.5)

v=1

Proof. — Assume that u €L%Q2) and that u belongs to
the closure of X, L% ,d”). By Theorem 1.2 there exist

u, €LY (2 ,4") such that u =X, u,. It is enough to prove that

loc

each u, is in fact in L7(Q2). Let B, be the set of points of the
boundary 0§2 which lie on some straight line parallel to & not
intersecting €2 (see fig. 1). Since 0£2 is smooth, the B, must be
pairwise disjoint. Observe first that [u,|? is
obviously integrable except possibly in some a
neighbourhood of B, . To prove that u, ELI(Q) -~

we write u, =u — > u, and observe that
VE N

each term on the right hand side must belong to
L? in some neighbourhood of B, , since B,
are disioint. Hence u, €L9(2), which com-
pletes the proof.

In this proof the assumption that 9£2 is
smooth was used only to infer that the sets B,
are pairwise disjoint. It follows that the same
argument proves a much stronger statement, which we now formulate.

DEFINITION. — Let 2 CR" be open and connected. A point
x €02 is called characteristic (with respect to the set A C S"™ 1)
if p,(x) belongs to the boundary of S, for at least two different
a€A.

If ©CR?, the condition means that there are two straight
lines through x, each parallel to some a €A, such that £ is
contained in one of the four angle shaped domains formed by the
two lines. It is easy to see that a connected subset of R? can have
at most a finite number of characteristic points.



ON THE CLOSURE OF SPACES OF SUMS OF RIDGE FUNCTIONS 213

COROLLARY 14. — Let § be an open bounded connected
subset of R?, and assume that the boundary of S has no
characteristic point. Then (1.5) holds for 1 < p < oo,

If $ has characteristic points, regularity assumptions on £
are needed to guarantee (1.5). The next theorem treats this case.

An open wedge in the plane is an open connected set bounded
by two intersecting straight lines.

DEFINITION. — The open set S CR? is said to satisfy an
interior wedge condition at x° € 38, if there exists a neighbourhood

V of x° and an open wedge T with vertex at x° such that
VvNnNIrce.

THEOREM 1.5. — Assume that S is an open bounded connected
subset of R% which satisfies the interior wedge condition at every
characteristic point. Let 1 < q < oo, Then (1.5) holds.

Note that in this theorem regularity conditions on 02 are
imposed only near a finite number of points, and that g is allowed
to be equal to 1, whereas Petersen, Smith, and Solmon [7] require
082 to be essentially Lipschitz continuous and assume 1 <gq <oo,
The method of Petersen et al. is based on the theory of so-called
very strongly elliptic systems of partial differential equations. On
the other hand, our proof of Theorem 1.5 depends only on Theorem
1.2 together with a very elementary integral inequality (Proposition
5.1).

The assumptions of Theorem 1.5 are essentially the weakest
possible. If g = oo, Lipschitz continuity of the boundary does not
suffice to imply (1.1). For 1 < g <o examples show that one
cannot replace the wedge in the wedge condition by a cusp of the form
{(x;,%x,);0<x, <x}+°} for any positive €. We will present
these and other counterexamples in Section 7 below.

A characteristic feature of the two-dimensional case is that the
kernel of Q, is particularly simple.

PROPOSITION 1.6. — Assume that S is an open connected subset
of R? and that A has m elements. Then kerQ, consists only
of polynomial functions of order at most m — 2.



214 J. BOMAN

Proof. — Let U= (u,,...,u,), u,€L(Q,a"), Q, U=0,
i.e. Zu, =0. Since D,y u, = 0 we have for each u

(0 Dp)u, =0 (1.6)

in the sense of the theory of distributions. But u, is essentially a
function of one variable ; thus (1.6) means that its derivative of order

m — 1 is zero, i.e. u, is a polynomial of degree at most m — 2.

We now turn to the case of three dimensions. We begin with a
counterexample, which clearly shows the radical difference between
two and three dimensions.

THEOREM 1.7. — There exists an open bounded strictly convex
set L CR3® with C° boundary and two vectors a*€S*,v =1, 2,
such that for each q, 1<q <o, LY ,a') +LY(Q,a?) is not
closed in LY(S2).

This theorem is proved in Section 7. An essential property of
the set §2 constructed here is that part of 3§2 looks like the surface
x; = x? + x3 near the origin, i.e. one of its principal curvatures
vanishes at one point. It is therefore natural to conjecture that (1.1)
must be closed if this never happens. Our next theorem states that
this is indeed the case, at least if £ is convex ; it suffices even to make
the curvature hypothesis at the (finitely many) characteristic points.

THEOREM 1.8. — Let §2 be an open bounded convex subset of
R® whose boundary is of class C*, let a*€S*, v=1,...,m,
and let 1 < p <o, Assume that both principal curvatures of 052
are non-zero at every characteristic point. Then

Y LUQ,d") isclosedin LI(Q). 1.7

v=1
The property (1.1) of £ (relative to A) is somewhat related
to P-convexity (relative to a differential operator P) studied by
Hoérmander in [4], chapter III. It is interesting to compare for instance

the conditions on § in our Theorem 1.8 (Theorem 1.7) and
Hoérmander’s Theorem 3.7.4 (Theorem 3.7.3).

The contents of this paper revolve around three central themes :
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1. The constructive formula (2.1) for a solution of the equation
P, f=G, ie for a function f with prescribed projections
(Theorem 1.1). The formula gives a solution whose support is
slightly larger than the minimal convex set whose projections are the
supports of the given data g, . As a consequence the dual statement
(Theorem 1.2), which is deduced in Section 3, involves the space
L? () instead of LY(2). By the simple localization principle
of Corollary 1.3 one obtains the corresponding result for L%(2)
provided © C R? and the boundary of & is smooth.

2. A study of the case where £ CR? and the boundary is
non-smooth. The main point here is Proposition 5.1; it is an
elementary lemma, which generalizes the following statement for
functions of one variable: if 1 <p <o and

o —k+1
Y [ Ir@—cPar

k=1

for some constants ¢, , then fE€L?(0,1).

3. The three-dimensional case. Using a localization argument
(similar to the one used above in the proof of Corollary 1.3) we
show that' the proof of Theorem 1.8 can be reduced to the situation
when all the given directions 4" lie in one plane, say the plane
xy = 0. Then we are led to study a family of two-dimensional
problems on the domains £, = {(x,,x,); (x,,x,,2z) €8} and
prove some estimates for the solutions of the equation Q,U = v;
the point of these estimates is that they are uniform with respect to
the parameter z. These estimates are proved in Section 4. They
are deduced from analogous estimates for the dual equation
P, f=G, which are proved in the second part of Section 2. In
Section 6 we put the pieces together and complete the proof of
Theorem 1.8.

2. Construction of solutionin L?(Q2) to P, f=G.

In this section we will give a proof of Theorem 1.1 together with
an estimate for the solution of the system P, f= G, whichis essential
for the proof of our main result Theorem 1.8.
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The proof of Theorem 1.1 can be outlined as follows. The first
step is to study carefully the case when m = 1. This amounts to
constructing a right inverse of the operator P,. This is done in
Lemma 2.1. By means of induction over m one reduces the proof
of Theorem 1.1 to thecase g, = ... =g, _, = 0. Next one observes
that G=(0,...,0,g) E(kerQ,)* implies that g = Sg, for
some g, With compact support, where S is a certain differential
operator (Lemma 2.2). If E is the right inverse to P,, constructed
in Lemma 2.1, the solution to our problem can be written

f=D41 Daz...Dam_l EgO' (2.1)

Then it is obvious that P, f =0 for ¥ <m — 1, and an easy
computation shows that P,, f=g.

We will now construct the right inverse of the operator P,.

We will take £ = R”, and note again that p,(R") = R"/L, can

be identified with any hyperplane H, perpendicular to a. We may

assume that a=(0,...,0,1). For x €R", writex = (y,x,),
and identify H, with R""'. Write D; = 3/dx;, D=(D, ....,

D,_,), D*=D{l...Dj"7!, a=(a,...,0, ,).

LemMA 2.1. — Let K be a compact subset of R", let € >0,
and let 1 Sp <. Then there exists a right inverse E, = E,_
of P, with the following properties :

(A) if h€LP(H,) and supph Cp,(K), then f=E,Z( hELP(R"),
P f=nh, and supp fCK, =K + {x;|x| < e€};

(B)YE,n is C° as a function of x,, and E, preserves
regularity with respect to the y-variables in the following sense :
if D*nE€LPH,), then D*D,(E.h)ELE(R"), r=0,1,....

Proof. — Take a locally finite partition of unity 1=2X ¢, on
R"~! such that ¢, €C” and diam(supp ¢,) <e€/2. Take
YEC™(R) such that [ ydr=1 and suppy C[—e/4,¢/4].

Whenever p,(K) and supp ¢, have some point in common, say z, ,
we choose a number v, such that (z;,v,)E€K. Then we set

E ,h=f, where f(y,x,)=h(p) X ¢.(») ¥(x, —v,). Since K

k
is compact the sum is finite. It is obvious that all the assertions of
Lemma 2.1 hold.
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LEMMA 2.2. — Let A= {a"},_, be a finite set of distinct

elements of S"~', write H, = H,m , let g€ELP(H,,), and assume
that G=(0,...,0,g)€(kerQ,)"'. Denote p,@)EH, by
bw,v=1,...,m— 1. Then there exists a (unique) function
g, ELY(H,,) such that

Dyi Dy2...Dym-18, = 8. (2.2)

The support of g, is contained in the convex hull of the support
of g.

Proof. — Note that b” #0, since @’ #a™ for v <m. Again
we assume that 4™ =(0,...,0,1) and write x =(y,x,),
where y =p,(x)€EH, = R""!. In particular o’ = (b* ,a,).
We note that some b” may be parallel although no two @’ are
parallel. After renumbering the b and changing g, by a multi-
plicative constant we can write (2.2) as

D' ...D}k g, =g, (2.3)
where X rp=m-— 1 and b',...,b* are pairwise non-parallel.

It is easy to see that the existence of g, satisfying (2.3) is

equivalent to (2.4)

[regy+mydi=0, yeR, 0<s<r,—1, p=1,..k;

for if (2.4) holds, then g, can be constructed by successive integr-
ations. Let us fix one u, say u = 1. After a rotation of the coordi-
nate system in R"™! = H, we may achieve that b! is parallel

to (1,...,0). Then (2.4) reads

[ ety .y, Ddr=0,0<s<r, —1. (29
The assumption that (0,...,0,g) €(ker Q,)" implies that
me go, dx =0 (2.6)
m
whenever ¢, € C”(R"), D,» 9, = 0, and Z 9, =0.
v=1

Our assumption that p,,(a”) is parallel to b' for r, values of v,
say 1 <v<r,, implies that a',...,a"t and @™ all lie in one
two-dimensional plane N. Let 6", »=1,...,r, and 6™ be
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nonTzero vectors in N, 6 orthogonal to a”. If s<r;, — 1 there

r1
are constants ¢, such that (x,0™) =xi = % ¢,(x,0"°. Here
v=1
(,) denotes the inner product in R". Then D, ¢, =0, if
¢,(x)=(x,0"Y . The same is true if ¢, is multiplied by an arbitrary
C” function of x,,...,x,_,, ie.

@, (x) =Lx 0" Y(x,,...,x,_,), xER", v=1,...,r,, v=m.

Applying (2.6) and letting { vary we obtain (2.5), which completes
the proof.

Proof of Theorem 1.1. — The spaces LP(2) and LZ(L,) are
LF-spaces in the sense of Dieudonné and Schwarz [1], i.e. inductive
limits of Frechet spaces. Theorem I page 72 in [1] implies that a
continuous linear operator between LF-spaces must be a homomorphism
if it has closed range. Therefore it is sufficient to prove that
imP, = (kerQ, Y. We identify L? (£2) with a subspace of L (R")
in the obvious way. Let G = (g, ,...,8,,) E(ker Q)" ,g, ELZ(Q,).
We use induction over m. The case m = 1 is trivial (c.f. Lemma
2.1.). By the induction assumption there exists f, € L?(£) such that
P, f, =g, forv<m. We seek f, so that f=f, + f, solves our
problem, ie. P, f, =0 for v<m and P, f, =g, — P, fo =k, .

It is clear that (0,...,k,)E(kerQ,)" . Thus the problem is
reduced to the specialcase g, = ... =g, _, =0.
To consider this case assume again that &" =(0,...,0,1)

and write g, =g. Let g, be the function constructed in Lemma
2.2.If & is convex, p,, (£2) is also convex, so it is obvious that
supp g, Cp,, (82). If § is a connected subset of R?, then P, (82)
is an interval (possibly infinite), hence convex, so again we know
that supp &, Cp,, (§2). Choose a compact set KCQ such
that p,,(K)Dsuppg,, and choose €>0 so small that
K.=K+ {x€ER";[x|<e}CQ. Let E = E. ,m be the right

—1
inverse of P,, constructed in Lemma 2.1 and set f= (r:!__ll D,» )Eego .

To see that fE€LP(R") we observe that D,, = D,» +4) D,,
where a” = (b”,a}), hence f is a linear combination of terms of
the form

R, ,_,(D)DEE,g,), 2.7
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where R,,_,._; (D) denotes any product of precisely m — k — 1
of the operators D,,. But (IID,,)g, = g E€LP(R"™'), hence
the function (2.7) belongs to L?(R") by (B) of Lemma 2.1. This
proves that fE€LP(R"). It is obvious that supp fCK, and that
P,f=0 for v<m. To see that P, f=g we again write f as
a linear combination of terms of the form (2.7). Then each term for
which k> 0 is mapped to zero by P, . Taking into account the
definition of g, we see that the term corresponding to k = 0
is nothing but E_g, which is clearly mapped to g by P, . This
completes the proof of Theorem 1.1.

The next theorem gives an estimate for the solution constructed
in Theorem 1.1. As usual A denotes a finite set of distinct elements
of 8" 1.

THEOREM 2.3. — Let K be a compact subset of R", let
1<p<oo, and let 0<e <diam(K). Assume that g, € L”(H,,),
supp g, Cp,(K), and that G=1(g ,...,g,) € (ker QA)l. Then
there exists € LP(R") such that

suppf CK, =K + {xER";|x| <€}, P, f=G,
and a constant C depending only on A, such that

di K 2
"f"p < Ce1t1/p (_Ln:_(___))m

"_l\
2 g, - (2.8)
v=1

It is natural to begin the proof with a closer study of the inverse
operator E_ constructed in Lemma 2.1.

LEMMA 2.4. — The operator E, of Lemma 2.1 can be construct-
ed so that the following estimate holds. If Q, is an arbitrary product
of s directional derivatives with respect to the y-variables, if
diam(K) =d =€, and f(y ,x,) =f=E_h, then

IQ,D}, fl, <C, ,e " 1*1/P (d/e)* lIQ,All, .
For the proof we shall need a couple of lemmas.
LEMMA 2.5.— Let ¢, be a collection of continuous functions

on R" ' such that not more than N of the ¢, are different
from zero at any point of R*"™!, and sup lp, (¥)| <B. Let
ylk
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gELP(R" 1Y), YyELP(R), and let v, be arbitrary real numbers.
Writing x = (y ,x,), yER"™, set

B x) =8 § 00 Y&, — o).
Then f€LP(R") and !

lFll, < BN ligll, I¥ll, - (2.9)

Proof. —By the assumption and Minkowski’s inequality for

. 1/p
each fixed y we have (flf(y,xn)l” dx,,) <|g(y)|BN|N/||p,
which immediately gives the assertion.

Proof of Lemma 2.4.— Let Q, = ,Ijl Dy, where

»* €R"!\{0} and some b” may be equal. We may assume that
[6*| =1 for all v. Define f=E_ & asin the proof of Lemma 2.1.
Q, D}, f can be written as a sum of 2° terms of the form

Qe 1(¥) ¥ Q, 8, (¥) Dy, ¥(x, —vy), (2.10)
k

where Q, is a product of ¢ of the D,,. It is possible to choose
the partition of unity {¢,} in the proof of Lemma 2.1 so that
diam(supp ¢,,) < €/2, and sup|Q,¢, I<C,e”", r=12,...,
where C, is independent of € and k. Similarly, ¥ €C”(R)

can be chosen so that f ydt=1, supp ¢ C[—€/4,€/4], and

sup ID" Y| < C,e " !. By means of Lemma 2.5 the L?-norm of
the function (2.10) can be estimated by a constant times

C, e " NIQ,_,hll, C e~ 1*1/p i, - (2.11)
Since supp 4 is contained in a ball of radius < d we have by well-
known estimates [|Q,_,kll, < d’ [IQAll, .

Inserting this inequality in (2.11) and summing over ¢, assum-
ing d =2 e, we obtain the estimate of Lemma 2.4.

Proof of Theorem 2.3. — As in the proof of Theorem 1.1 we
consider first the case g, =...=g,_,=0. Set g, =g. Itis
enough to estimate the LP-norm of the expression (2.7). By Lemma
2.4 this quantity can be estimated by
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Cp €K1 (d]e)" * IR, iy £, - (2.12)

Since R,,_,_, is a product of m —k — 1 of the factors D,,,
I<v<m-—1, we have g=S, R, _,_,8,, if S, denotes the
product of the remaining k factors. Furthermore we use the
estimate (IR, _,_; g Ilp <Cdr ||gllp , where C depends only on
the length of the &Y, hence only on A. Inserting this estimate
in (2.12) and summing over k gives with a new C

I£l, < Ce= "1 (dfey™~ llgll, .

In order to prove Theorem 2.3 in the general case we use induc-
tion over m. The case m = 1 is already settled. By the induction
assumption we can choose f; such that suppf, CK_,P,f, =g
forv<<m—1, and

14

p—1
1,1, < Ce P (d/e)™ =" Y g, Il . (2.13)

v=1

Here and in what follows we denote by C different constants
depending only on A. By the special case already treated
we can then choose f, such that P,f, =0 for v<m—1,

P,f,=¢8,—P,fi=k,suppf, CK,,, and
Ifoll, < Ce P (dfey™ " lIkll, . (2.14)
By (1.2) we have
IP,, fill, < (diam K)' 7'"Pyif 1, < QD' 'Pfl,,

hence
UKl < g, ll, + IR, fill, < lgyll, + QAP (If1l, .(2.15)

Set f=f, +f,. Clearly P, f=g, for all v. Combining (2.13),
(2.14), and (2.15) we obtain the desired result.

3. Therange of Q, in LY ().

We will now study the map

loc

(OJE i L. (2,) — LI (), 3.1
v=1

(uy,...,u,)— Zu,, which is the adjoint of the map P,

studied in the previous section. By means of functional analytic
arguments we will deduce Theorem 1.2 from Theorem 1.1.
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Denoting by X* the dual space of X we have the isomor-
phisms (p~! + g1 =1)

L2(Q) =LY (Q)* for 1 <gq<oo,

loc @) = Lg(ﬂ)* for 1 <p <oo

If the dual spaces are provided with the strong dual topology, these
isomorphisms are topological. Since P, obviously is a homo-

morphism from LP(2) onto LP(R,) we have the topological
isomorphism L?(Q2,) = L? (ﬂ)/kerP

LemMMA 3.1. — For arbitrary open SLCR" and 1<p<o
the annihilator in () of kerP, CLI(Q),p~'+q'=1,
is LI (2 ,a).

loc

loc

Proof. — 1t is obvious that the annihilator in question contains

(2,a). To prove the converse inclusion assume f€LI ()

loc loc

and that f fedx =0 for every pEkerP, C®(); here ®D(Q)

denotes the space of infinitely differentiable functions with compact
support in . If £ is convex every such ¢ is equal to D, Yy for

some Y € M(§2) . Thus _/fDa Ydx = 0 forall y €ED().

But this means that D, f = 0 in the sense of the theory of distribu-
tions, hence fELY (2,a) if  is convex. For a general & this
argument shows that f is constant a.e. on each component of
Q NL for almost every line L parallel to a. Applying the hypo-
thesis to suitably chosen ¢ €kerP, C®(£2) one easily proves that
f must actually be globally constant on £ NL. We leave out the
details.

By virtue of Lemma 3.1 we have the following natural topo-
logical isomorphisms for p~! + 47! =1
L”(Q )= LY (2,a)* for 1<gq<oo,
<

Q,a)=L2(Q)* for 1 <p<oo,

loc

Proof of Theorem 1.2 for 1 < q <o, — LetX and Y be locally
convex topological vector spaces. Assume that T: X —> Y is a
homomorphism, and let T* be the adjoint map from Y* into X*.
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Then it is known that im T* must equal (ker T)*, the annihilator
of kerTC X. In fact this follows directly from the Hahn-Banach
Theorem. Now take for 1 <p < oo

X=12(Q), Y= 0 L2Q,),
v=1

and T=P,. Then T*=Q, asin (3.1), p~' +¢~!' = 1. Since
P, is known to be a homomorphism by Theorem 1.1, we conclude
that im Q, = (ker P,)*, which implies that imQ, is closed.
By the open mapping theorem Q, must be a homomorphism.

To treat the case ¢ = 1 in Theorem 1.2 we must deduce inform-
ation about T from assumptions on T*, which is somewhat harder
than the other way round. But in this case we can rely on a theorem
about mappings between Frechet spaces (Theorem 21.9 in [5]).

THEOREM 3.2. — Assume that X and Y are Frechet spaces and
T is a continuous linear mapping from X into Y. Then the follow-
ing conditions are equivalent .

(i) im T isclosedin Y
(ii) T is a homomorphism
(iii) im T* is weak* closed in X* .

End of proof of Theorem 1.2. —In Theorem 3.2 we take
X = vlj‘ L, (2,a%), Y=L.L (R), and T=Q, . ThenT* = P, ,

loc

so we know by Theorem 1.1 that im T* is weak* closed in X*.
This proves that T = Q, has the properties (i) and (ii) as claimed.

4. Estimates for solutionsin LY(R2)" of Q, U =1v.

The estimates given in Section 2 for solutions of the equation
P, f=G will now be translated into analogous estimates for the
adjoint equation Q, U = v. These estimates are all local in the
sense that the solution U is estimated on a certain set in terms of v
on a somewhat larger set. However, for convex 2 C R? with smooth
boundary it is possible to deduce global estimates in L%(£2)-norms
(Proposition 4.3) by means of the simple argument of Corollary 1.3.
These estimates are crucial for the study of the three-dimensional
problem.
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Let £ be a bounded open subset of R”. We will work with
the Banach spaces LP(2)"”, 1<p <o, The norm in L?(Q)™"

m

is WEN, = ) (fn Iﬁ,l"dx)”p for F=(f1, - sfn),
v=1

fLELP(Q). For G=(g,...,8,)ELY )", p ' +q'=1,

and F as above weset (F,G) = ﬁ ‘/;2 f, 8, dx.
v=1

In this section we will always assume that 1 <p <o and
that p~! + ¢! = 1.

Let E be a subspace of LP(2)" . We denote by E' the
space of all G €LY(22)™ such that (F,G) =0 forall FEE.

LEMMA 4.1. — Assume that E is a closed subspace of L(2)™ ,
and let VELY(Q)" . Then

inf {IV —Hll, ;HEE}
=sup {I(V,¢)[; ¢ EE' CLP()" , ligll, = 1}.
Proof. — Let X be a Banach space, X* its dual, E a closed

subspace of X, E' its annihilator in X. Let x €X and §EX*.
Then it is well-known that

and sup {In(x)[;n €E", Inll < 1} = inf{llx —yll;» €EE},
sup {IE(V) ;Y EE, Iy I <1} =inf{ll§ —nll; n €E*}.

Moreover we note that the dual of L? (2)" is isometrically isomorphic
to LI(Q)" for 1 <p <o, These facts imply the assertion of the
lemma.

The next proposition is a dual version of Theorem 2.3. Recall
that im Q, 1is equal to the space of solutions of the equation
(”I'jl Do) v =0 (see the remark after Theorem 1.2). For € >0

we write Q= {x€Q;d(x,002)>¢€}; here d(x,X) is the
distance from x to theset X .

PROPOSITION 4.2. — Let $S2 be a bounded convex subset of
R”, let 1<qg<o and 0<e<diam(2). Let v ELI(Q) satisfy

(uﬁl D,» )v = 0. Then there exist a constant C depending only
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on A = {a"}},, and functions u, such that Zu, =v and
m 1/q diam (£2) yn2+1 1q
q < ——l
(vgl fn‘ ‘uyl dx) \C( € yn (\/ﬂ‘lvlq dx) )

Proof. — By Theorem 1.2 and the remark following it there exists
V=_(@,...,v,), v, EL (2 ,d"), such that Zv,=v in Q.

Then v, € LY(QF) and hence V€E€LY(Q°)™ . Considering Q, as
m
an operator from vI=Il LY(Q°¢ ,a%) to L¥(Q°) and identifying the

domain of Q, with a subspace of L7(Q2°)" we may consider
ker Q, as a subspace of LI(2°)" . SetE = kerQ, . We are going
to estimate inf{||V — Hllq ;HEE} by means of Lemma 4.1 here
the norm refers of course to the space LY(£2¢). Take an arbitrary
6=(@py,...,9,) EEL CLP(Q)". Extending ¢ by zero
outside Q¢ we get an element of L?(R")™ , which is also denoted
¢, such that supp¢ C Q. It is easily seen that the element
$ =P, ¢,,...,P, ¢,) belongs to (kerQ, )* in the sense of
Theorem 1.1 and Theorem 2.3. Thus by Theorem 2.3 there exists
Y €ELP(R") such that supp y CQ,P, ¢ = ¢, and
1 m
il < C (ﬂf“:ﬂ)mz et Y B, 0. (4D
v=1

Since [P, p,ll, < diam (2)'/4 llg,ll, , we deduce from (4.1) that

i, < c(*dia‘:(m)'"’“

with the corresponding function v, ELY(Q;) we now get

ligll, - Identifying v, ELY(Q°,a")

v.o=3 foea=3 [ orea

v=1 v=1
= p>=:'1 ‘/f;f, v, P, ydy =»/s; (f:‘l vv)n[/dx =»/s; vydx =@, V{).
Taking account of (4.1) we finally obtain
d Q) \m
VLl = K, 9l < ([ I ax )" o(——— SN o,

for ¢ €EE' CLP(Q°)™. The assertion of the proposition now
follows from Lemma 4.1.
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For a convex domain £ C R? with smooth boundary we can
now easily deduce an estimate on the entire domain §2 of solutions
to Q, U=v. The argument needed is only a quantitative version
of the proof of Corollary 1.4.

PROPOSITION 4.3. — Assume that S CR?* is convex and
bounded, that the boundary 382 of S is of class C*, and let «
be the maximal curvature of 02. Let 1< g <o, let vELI(Q),
and (IIDp)v =0 in K. Then there exist u,ELY(Q,d")
such that Zu,=v, and a constant C depending only on
A = {a"})_,, such that

(i f;, lu, 17 dx)l/q < C(x diam (Q))™**! (fn ol dx)l/q '
p=1

Proof. — For given € >0 and a € RA\{0} let V(e,a) be the
set of all x € such that the line through x parallel to a intersects
Q°. Thus V(e,a) is that part of & where a function in LY(R2, a)
is determined by its values on £°. An easy geometrical argument
shows that |2NL|<2|Q°NL| for any line L intersecting
Q%€ ; here | | denotes length. Hence we have the estimate

f IF19 dx <2 f If 1 dx 4.2)
V(2e,a) ne

for fELY(Q,a). Now choose € so small that all the sets
Q\V(2€,4d”) are disjoint. Another elementary geometrical consider-
ation shows that it suffices to take € so that cos(y/3)=1—«k 2e€,
where < is the minimum angle between different a”. In figure 2
we have drawn the “extremal” case, in which 0§2 is a circular arc
with radius 1/k. By Proposition 4.2 and (4.2) we infer that u, can
be chosen so that (setd = diam(£2))

(_/;(26 ) u, 19 dx)llq < C(dk)ym*! (_/;Ivl"dx)l/q. 4.3)

The rest of the argument is parallel to the proof of Corollary
1.3. Set F, = Q\V(2€,a”). Since the F, are disjoint, we have
F, CQ\F,=V(2e,a") for v#p. Using the identity

u, =v— 3% u, we get with a new C
=
v
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(jl-:“ lu“ [ dx )Uq < (j;z lo|? dx )l/q * pz';:u <~/;’(2e,a”) Iupl" dx )l/q

< ( fn v dx)”" . (4.4)

Combination of (4.3) and (4.4) gives the desired estimate.

1/k

B, (2¢)

Y A’Y a?

B,(2¢)

Fig. 2

5. The range of Q, in LY(Q),Q CR?.

In this section we will complete the proof of Theorem 1.5. It
remains to consider the case when 0§2 has characteristic points.
The main step is to treat the case when £2 has one ‘“‘corner”, i.e.
€ looks like a wedge near one point. Let I' be a bounded or
unbounded wedge. A basic idea is to introduce a new norm on
L) by factoring out polynomials on a sequence of overlapping
dyadic parts of the wedge. Since functions in L%(I',a) actually
depend only on one variable, we can formulate the lemma that
we need in terms of functions on R, = {t;¢ > 0} rather than T'.

Let 1<q <o, let P, be the set of polynomials in one
variable of degree at most r, and set

L={2"<t<2"%}, k=0,t1,....
We will consider the factor space L?(I,)/P, for each k. Moreover
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for oreal>—1 we introduce the Banach space S%'° of
sequences V= {v} oo v, ELII)/P,, such  that
Uy — Ugyy = 0 in LY, NI, )/P,, and

bas k 1/q
WV, = IVllg »6 = g Y 2% logaqe, <o,

=00

If we think of v, as functions in LY(I,) rather than elements of
the factor spaces L%(I;)/P, these conditions mean that
U, — Vg4, €P, forall k and that

S 2 inf [ (v, — R dr <o, (5.1)

- nep, Yk

Let L7°°(R,) be the Banach space of functions v on R, such

that (lvll, , =

‘/om t? lv ()9 dt% 1 < oo, Then there is a natural

continuous linear map n:L?°(R,) — S?'? defined by the
sequence of restrictions and projections

L*°(R,) Du — u, ELY(I,)/P,, k=0,+1,....

PROPOSITION 5.1. — The map n is surjective, if 1<q<eo
and 0> —1.

If u€L?”’(R,) and n(u) = 0, then u must be a polynomial,
hence u = 0. Thus n is injective. By the Closed Graph Theorem
n must be an isomorphism of Banach spaces. In other words, the
expression (5.1) is a norm on L%7(R,), equivalent to the
usual one.

Denote by LI _ (R,) the set of functions u such that u(¢)
belongs to L? over every compact subset of R, . An arbitrary
element of S?'° can by its definition obviously be represented by
a function in LI  (R,). Thus Proposition 5.1 is equivalent to the
following statement.

PrOPOSITION 5.1' —Let 1<qg<o and o>—1. There
exists a constant C depending only on r,q, and o with the
following property. If u €L} (R,) and

Y 2 inf [ ju—hPdr<C, <o, (5.2)
hEP, Vi

k=—o
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then there exists h €P, such that u —h € LY(R,) and

L7 o —nor ar<ce, .

Remark. — The spaces L7'°(R,) and S?'° make of course
good sense for g = oo; in this case the parameter ¢ is immaterial
and we may choose g = 0. However, Proposition 5.1 is not true
in this case. To see this take r =0 and u(z) =logt. Then
u€L”(R,), but (k—Dlog2<u(s)<(k+ 1log2 on I,
hence inf sup |u(¢) —c| =log2 forall k.

c tElg
Proof of Proposition 5.1 — Choose h, €P, such that
Y bi <o, where b, = iz’“’ fx,, lu—hy 19 de "

We will choose h = lim A, . To prove that this limit exists,
observe that k==

f he—h @ del
LN Ik _ g k k-1

l/q lq
— q —_— q
< §kamk_l hy, —ul dti + Zf[kmk_l hy_, — ul dtt

<b, 27% 4+ p,_ 27* Dol

Since h, —h,_, €P,, there is a constant C, depending only on
r, such that
sup |h, —hy_, | <C, 2799 (b, 27%N 4 p,  27K-Dolay
e N lie—1 (5.3)
Extend h, to R, . Then the estimate (5.3) is valid on (0,2*) with
anew C,. Thus

o

lhy —hI < Y Ihj—h_,| <C, ¥ 27/, (5.4)
k+1 k

on (0,2%). Now
mo — hlq o S ko — q
fot lu—h9 dt <2 _};2 flk lu — h|9 dt.

Replacing u —h by u —h, + h, —h in the k™ term in the
sum and using Minkowski’s inequality for sequences we get
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%fo‘” ¢ lu — hie dt;l/q <2l (3 a)"

— oo

+ 2°/"§§" 2 [ |n, — I dt%l/q.
-~ Ig

To estimate the last term we use (5.4) and obtain

ko _ Ya _ kola kla ¢ S H=ifo+1)ig
(2 flk i = hie dr) " < 2%l 2Ma c, o b,
—C S g-ile+1)
=C, ¥ 2 Jo+1)/q bres-
i=0
Denote the expression on the left hand side by A, . Using
Minkowski’s inequality for sequences we get

i ()\Z)l/q <Cr i 2—i(o+l)/q( ; bL,-)l/q

G ( i ba )n/q .

k /=0 k=—oo
= 1 — 2—(0+1)/q

This completes the proof.

The link between Proposition 5.1 and Theorem 1.5 is provided
by the next lemma. Its proof depends only on Theorem 1.2 together
with the fact that the wedge is invariant under dilation.

LEMMA 5.2. — Let a' = (0,1), let T be a wedge with vertex
at the origin, whose closure except the origin is contained in the
half-plane x, > 0, and let 1 < q <. Assume u = Zv, €L,
v, EL] (I',a"), v=1,...,m. Then v, (x;,x,) =w(x;)
satisfies(5.2) for 6 = 1 and r =m — 2, ie.

$ 2 it [ w@—hEdi<eo. (55

Proof. — Let K, and K,; be compact subsets of I such that

K, CCK,. From Theorem 1.2 we know that Q, is a homo-
morphism in the topology of L% (I'). This implies that

loc

inf '/l;o v — A dx<Cj;(l |9 dx.

hEPy o
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By homogeneity this inequality holds with the same C if K, and
K, are replaced by AK, and AK,, A>0. Let I'y and T,
be two smaller wedges with vertex at the origin such that
'y CCT; CCT (in an obvious sense), choose

Ky =Ko(k) =Ty N{(x,,x,); 2! <x, <2¥*'},
K, =K, (k) =T, Nn{(x;,x,); 2% <x, <2¥*%},

and sum over k from — o to oo, The sum on the right hand
side can be estimated by a constant times /;‘ lu? dx, hence is finite.

For v =1 the sum on the left is larger than a constant times the
expression in (5.5), since v, is independent of x, . Thus the lemma
is proved for 1 <gq <o, The argument is easily seen to be valid
for g =9 as well; in this case (5.5) should be interpreted as

sup inf sup|w —h|<oo,
k hEPy, _o I

Remark. — The statement of the lemma is valid with
obvious modifications if I' is replaced by a bounded wedge, say
{x€Tl;|x|<8}; we simply restrict the summation in (5.3) to
k < k, for some suitable %, .

Proof of Theorem 1.5. — Assume that u €L?(2) belongs to
the closure of X L%(2,a”). By Theorem 1.2 u = Zv,, where
v, ELY (2 ,d”). We have to prove that each v, €LI(2). It is
enough to prove that v, €L? in a neighbourhood of an arbitrary
point of the boundary of §2. By the proof of Corollary 1.3 it
remains only to consider a neighbourhood of a characteristic
point, which we may assume to be the origin. Let V; be an open
disk with radius § and center at the origin. By the wedge condition
there exist an open wedge I' with vertex at the origin anda 6 > 0
such that I'NV,CQ. Fix an arbitrary u,l<u<m. We
need to prove that

v, ELI(Q N V). (5.6)

We have to distinguish between different cases with regard to
the position of 2 relative to the direction g . Let m, be the line
through the origin with direction &*,v=1,... ,m. If m,
intersects £, (5.6) follows immediately from v, €L] (82 ,a").

loc

Thus we assume that m, does not intersect Q. If a* is parallel
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to one of the edges of I' we choose I' somewhat smaller, so that
m, N = {0}. Then we combine Proposition 5.1 with Lemma 5.2
and the remark following it to conclude that v“EL" (TN V).
At this point we have used the assumption ¢ <oo. If 7, N Q2 = {0},
this immediately implies (5.6).

There remains the case when m, intersects an Vs at points
other than the origin, but w, is disjoint from $ (see fig. 4).
By the argument given so far v, [? must be integrable over
(2N Vg\Z, where Z is any open wedge containing ¢* . But if
2 is sufficiently small we know already that v, ELY(Q NZ NV,)
for all v # u. Hence the identity Zv, = u €LY(Q) implies (5.6),
and the proof is complete.

In the proof of Theorem 1.5 we used only the ‘“negative half”
k < 0 of the mapping n in Proposition 5.1. Using the full strength
of that proposition we can prove results for certain unbounded
regions. However, we have not investigated unbounded regions
systematically, so we will give only one result of that kind here.

ProPOSITION 5.3. — Let T be an (unbounded)open wedge in

R, andlet 1<q<eoo. Then ¥ L9I',a*) isclosed in LI(I).
v=1

Proof. — We may assume that the vertex of I' is the origin.
Then we observe that LY(I",q) = {0}, if a€T'. Thus we may
assume a4’ €T for all ». Denote by P,(a) the set of polynomial
functions in R? of degree at most r which are constant on all
lines parallel to a. Arguing as in the proof of Theorem 1.5 using
Proposition 5.1 and Lemma 5.2 we conclude that there exist
h,€P, _,(@) so that v, —h,€LYT) and Zv,=u. Then
Z(w,—h)=Zv,—Zh,=u—Zh,, sothat Zh, ELI('). But
Zh, is a polynomial, hence Zh, = 0. This proves that
u=2ZXZ(@,—h,) and thus completes the proof of the proposition.

6. The range of Q, in L7(R2),Q2 CR>.

This section is devoted to a proof of Theorem 1.8. We will
actually prove the following statement, which implies Theorem 1.8.
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PROPOSITION 6.1. — Assume that S satisfies the assumptions
of Theorem 1.8 and let 1 < q < o, Assume that u = Z u, € LY(Q),
u, €LY (2,a%), v=1,...,m. Then there exist v, €LY(Q,a"),
such that u =Zv, .

To prove that this proposition implies Theorem 1.8 we argue
as in the proof of Corollary 1.3. Assume that u €L%(2) belongs
to the closure of X LY(2,4"). By Theorem 1.2 u must lie in
Z L% .(22,4”). But this means that the assumptions of Proposition
6.1 are fulfilled, and the conlusion of that proposition is our assertion.

An important difference between the two-dimensional and three-
dimensional cases should be noted here. In the proof of Corollary
1.3 we could assert that the functions u,, a priori assumed to belong
to L% (2,a"), were actually in L%(Q). In Proposition 6.1,
however, we cannot assert this, but must choose new functions v, ,
which belong to L%(£2,a”). The reason is of course that in the
two-dimensional case all solutions u, €LI (,4") of Zu,=0

are polynomials (Proposition 1.6), which is not the case in higher
dimensions.

Our first step is to solve locally the problem of constructing
the functions v, in Proposition 6.1. We formulate this step as a
lemma. Recall that the wu, are automatically in L? near non-
characteristic points of the boundary, so we need only consider a
neighbourhood of a characteristic point.

LEMMA 6.2. — Assume that S) satisfies the hypothesis of
Theorem 1.8 and let 1<q <. Assume that u€L¥(Q),
u=Zu,,u, €LY (Q,d"), and let x°E€3Q be a characte-
ristic point. Then there exist a neighbourhood (relative to )
w of x° and functions z, €LY (Q,a") such that z, =u, in
Q\w , Zz,=u in K, and the restriction of z, to w belongs
to LY (w) foreach v.

Proof. —Let A, be the set of all a* €A = {¢”}}_, that are
parallel to the tangent plane to dw at x°. We may assume that
A, is the set of the k first elements of A. Then there exists a
neighbourhood w, of x, such that u, €L¥(w,) for v >k, ie.

=

m
u, =u— Y u, €L w,).
1 k+1

g

14
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We may assume that x° = (0,... , 0), the tangent plane at x°
is x; =0, and that Q C {x;x; > 0}. We are going to choose
w={x€Q;x; <8}, where §>0 is so small that wC w,.
For fixed r€(0,8) we consider the region

Q,= {0, ,x,);(x;,x,,)EQ}.

m
Set u— Y u,=w. By Proposition 4.3 applied to £, CR?

k+1
and A, we can find v} €LY(R,,a") so that Z¥ ! =w’,
where wi(x, ,x,) = w(x, ,x,,#), and (assume ¢ <oo, the
case ¢ = oo is similar)
tq < t1q =
Lt|v,| dx\CLtlwl dx,v=1,... k. 6.1)

We claim that C may be chosen independent of ¢. This follows
from Proposition 4.3 if we show that k, diam(£2,) is bounded for
small 7; here k, is the maximal curvature of the boundary of £2,.
But this is an easy consequence of the hypothesis about the
principal curvatures of 9§22 at x°. To complete the proof we set
z, =u, in all of Q for v>k, z,=u, in Q\w for v<k,
and z,(x,,x,,t) =vi(x,,x,) for (x,,x,,)€Ew for v<k.
Then z, € LY(w) by virtue of (6.1), and the lemma is proved.

End of proof of Proposition 6.1. — Choose, for every characte-

ristic point x’,i=1,...,N, functions z!, according to
N
Lemma 6.2. Set wj =2z, —u, and v, =u, + Y w,. Then

i=1

v, ELY(Q,d”) and Z v, = u, which proves the theorem.

7. Counterexamples.

Our first example shows that the statement of Theorem 1.5
is not valid for g = oo, not even for convex $£2. The second
example treats the case 1< q <o and shows that one cannot
weaken the assumptions of Theorem 1.5 by replacing the wedge
condition by a Lip(a)-condition for any «a < 1. Finally we
construct the example announced in Theorem 1.7, which shows that
the curvature hypothesis on 09£2 in Theorem 1.8 cannot be
omitted.



ON THE CLOSURE OF SPACES OF SUMS OF RIDGE FUNCTIONS 235

In the first two examples we shall take A = {a', 4%},
a' =(1,0), a®> =(0,1). For abbreviation we shall write
Eq =LIQ,a') + LI(Q,ad?).
The closure of Eq in L%() will be denoted Eq. In the first
example we take
Q= {(x;,x);x, <x, <2x,,0<x, <1/4}, and

f(x, ,x,) =logilog x, | —log|log x, | ,x €.

PrOPOSITION 7.1. — fEE_ , but f&€E._.

Proof. — Since any representation f=f, +f,,f, €EL”(,a"),
differs from (7.1) by an additive constant, we see at once that
f¢E,. Next observe that f(x)— 0 as x — (0,0) in £,
hence fEL™(S). To see that fEE_ define f, in Q by
f(x)=f(x) for x, >e, f(x)=0 for x, <e. Then
f.(x,,x;)=u (x,)—u(x,) +v(x, ,x,), where u(t)=log|log¢|
for t > €,u,(t)=loglloge|for t <e, and v, (x, ,x,) =log|logx,|
— log |log e| in the region {xEQ;‘xl <e<x,}, and v, =0
elsewhere in . Then v, — 0 and f, — f in L™ (), which
proves the statement.

Remark. — In [7], p. 154, the function f(x,,x,) = log(x,/x,)
is claimed to have the properties of Proposition 7.1. However, it is
not true that f€E_ . To see this, assume g = h(x,) + k(x,)€E,_,
and ||f —gll. < (og2)/4. Then

KQTT) — k@ F) =g@7F 2R —g(27F,279)

> (7%, 27y —F(27% , 27%) — (log 2)/2 = (log 2)/2 .
But this implies that k(x,) —> o as x,— 0, which is a
contradiction.

We now turn to thecase 1 < g <oo. Let § be any real number
> 1 and choose

Q= {(x,,x,);x, <x, <x, +x‘jli ,0<x, <1},
and f(x, ,x,)=x;*—x;%,x€Q, where a=(1+ 38)/2q.

PROPOSITION 7.2. — For 1< q<o we have f€ I_Bq , but

fEE, .
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Proof. — The functions fi(x) =x;* do not belong to LY(Q),
hence f ﬁEEq . Next we claim that f€ L9(2). By a straightforward
computation

— 1 _1-«a P _ —a
fn|f(x)|qu-f0 x! "fol (1— (1 + D" drdx, .

The inner integral has the order of magnitude (x‘:'l)"+l as
x,— 0. Hence the condition for convergence of the outer
integral becomes 1—ag+ @ —1)(g+1)>—1, which is
satisfied for the value of «a that was chosen. It still remains to show
that fEE,. Set f.(x)=/f(x) for x; >e,f,(x) =0 for x, <e
and write f)=u(x,)—u(x;) +v,(x; ,x;), where
u ()=t for t>e, u(t)=0 for r<e. Then v, =x;°
on the region D, = {x €Q;x, <e<x,} and v, = 0 elsewhere.
It suffices to show that v, —> 0 in L9(2) as e —> 0. The area
of D, is <e€?# and |v,| <e™®, hence llvll, < e %*26/a | which
tends to zero as € —> 0 for our value of «.

We will now go back to the three-dimensional case and prove
Theorem 1.7. The idea of the construction is that the two-dimensional
sections £, of §2 (see below) are very narrow and close to the
line x, =x, for small ¢, hence the function (7.2) is integrable to
q'" power although the g; are not.

Proof of Theorem 1.7. — Take a' = (1,0,0), a* = (0,1,0).
Set Y(x,,x,)=(x, —x,)* +(x; +x,)*. Choose £ bounded
and strictly convex with C” boundary so that 9§ near the origin
has the form x; = y(x,,x,) and £ lies in the region
x3 > Y(x,,x,). For z>0 let &, be the two-dimensional region
QN{xy =z}. For small z,8, is an ellipslike domain with
length and width proportional to \“/? and \/Zz, respectively. Assume
first that 1 <q <oo. Set f(x)=x;%x, —x,;), xEQ, where
a=(3+ 14¢g~')/8. Then fELY(R), since

Lo dx<4fo' z-2a 1/ _/;\/;t"dtdz

= ilfo‘zl/w(qn)/z—aq dz
q
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Setting f,=f for x;>e€,f,=0 for x;<e, we have f. €
L'(Q,a") +L9(Q,a®) and f,—> f in L%(Q) as e — 0,
hence f belongs to the closure of LY(2,a') + LY9(2,4?). On
the other hand, we claim that f&L%(Q,a') + LY(Q2,a%). We
have the decomposition

FX)=x3%x, —x;%x;, =g,(x, ,x;) —g,(x,,x3), (7.2)

where g, are constant in the g”-direction. Since any decompo-
sition of this kind differs from this one by a function of x, only
(see Proposition 1.6), it is enough to prove that g, ¢ LY(R). In
fact, for some ¢ >0, § >0,

5 1 zl/4
f g, 19 dx = ¢ f z=%4 z1/2 f t9dt dz
[ 0 ()

— ¢ fs z—aq+1/2+(q+1)/4 dz
q+1Yvo
[
= ¢ f 2“1—4/8 dz = oo,
q+ 1Y

Finally, if g = o, we take a = 3/8 and define f in the same way.
The proof for this case is obvious.

8. Generalizations.

It seems very plausible that Theorem 1.8 can be generalized to
the case Q2 CR",n>3. This would mean that (1.1) is closed
for arbitrary bounded convex £ C R" with boundary of class c?,
whose principal curvatures are all different from zero at every
characteristic point. If this condition is satisfied, the set of characte-
ristic points is a finite union of n — 3-dimensional submanifolds of
02. In fact, if B, is the set of points of 82 where the tangent
plane is parallel to 4" , then the characteristic set is equal to the
union of all B, "B, , v#u.

In the special case when £ is a ball in R" we can prove that
(1.1) is closed by means of a reasoning similar to the proof of
Theorem 6.1 together with an induction over n; what makes this
case simple is that the intersection of a ball and a plane is always
a ball, and hence estimates like those of Proposition 4.3
automatically hold for families of such intersections.
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One can generalize the problem by replacing the directions
a® by subspaces H, of arbitrary dimension k, 1<k<n—1.
Let us write €LY ,H), if u€LY) and u is constant
almost everywhere on QX NE for almost every translate
E=x+H of H. Let {H'}]_, be a finite set of such
subspaces. The question is whether

3

LY, H,) isclosed in LY(£2). (8.1)

1

np

14
The case when
def
H, + H, = {x +y;x€H,,y€H,} = R" whenever v #u (8.2)

has been treated by a number of authors. Petersen et al. [7] show
that (8.1) holds if 1<p <o, (8.2) is satisfied, and 082 is
Lipschitz continuous (their result is in fact more general than this).
Lars Svensson [10] proves a similar result for the more general problem
where the family of translates of a subspace is replaced by the
family of level sets of a smooth mapping from R” to R¥,
I1<k<n—1. If (82) is not satisfied one can construct an
example based on the idea of Theorem 1.7, where  is strictly
convex, 0§2 is infinitely differentiable, and (8.1) does not hold. On
the other hand, it is natural to expect that the non-vanishing of the
principal curvatures again guarantees (8.1).
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