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CHARACTERISTIC CAUCHY PROBLEMS
AND SOLUTIONS OF FORMAL POWER SERIES

by SunaoOUCHI

1. Introduction and preliminaries.

Let C714"1 be the (n 4- 1)-dimensional complex space. For
the point in C^1 we make use of the notation

Z = ( Z Q , Z I , . . . , Z , , ) = ( Z Q , Z ' ) .

We employ the notation 3 .̂ = -^-. 3^ == (3^, 3^,..., 3^) = (3^, 3^)

and (3, )a = (3,/° (3 '̂ = (3^° (3^)^,.... (3^)^ , where multi-
index a = (OQ, cq , . . . , c^) = (OQ, a ' ) is an (n + l)-tuple of non-
negative integers. For multi-index a, | a | = OQ + a^ + ... + a^ .
We denote the dual variable by £ = (So, S i , . . . , U = (So» S'). For
a linear partial differential operator a ( z , 3^) we denote by a ( z , {)
its total symbol and by P.S. (a) ( z , S) its principal symbol. We
denote by ®(S2) the totality of holomorphic functions in a domain
S2. For a real number a, [a] means the integral part of a. For
two natural numbers a , b , (a, b) means the greatest common diviser.

Now let us consider Cauchy problem

L(z , 3,) u(z) = {(3,^ - A(z , 3,)} u(z) = f(z),

(3^)^(0, z')^(z'), 0 ^ i < k - l ,
(1.1)

where

A(z ,3 , )= ^ A,(z,3,.) (3 V (1.2)
/=o
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and its order is m and its coefficients and f(z) belong to ©(ft)
for a neighbourhood ft of z = 0 and u ^ z ' ) (Q < i < k - \) are
holomorphic in f t ' = = f t n { z o = 0 } . We can easily find out a formal
solution of the form

00

u(z)= S u^(z) Wln\ , (1.3)
M=0

where i^(z') (n > fe) are successively and uniquely determined
from (1.1). It follows from well-known Cauchy-Kovalevskaja theorem
that whenever m < k , u(z) converges and is a unique holomorphic
solution of (1.1). When m > k , u(z) does not always converge, that
is, generally u(z) is a divergent series (see Mizohata [5 ]).

The purpose of this paper is to give an analytical interpretation of
u(z), when m > k. One of the results in this paper is the following:

Under some condition on L(z, B^) , there is a function Mg(z)
holomorphic in a neighbourhood U of z = 0 except on {ZQ = 0}
such that

L(z ,3 , )Ms(z)==/(z) in U - { z o = 0 } (1.4)
and it has the asymptotic expansion

u^(z) - u(z) = i ii^z) (ZoW , (1.5)
ns0

as ZQ ——> 0 in the sector S = {zo ; a < arg ZQ < b}, where (b - a)
is less than a constant determined by L(z , 8^).

Some of results in this paper are announced in Ouchi [8].
Now let us give some definitions and lemmas to state the results

in detail. The proofs of these lemmas will be given in § 2. We write
A(z, 8^) in the form different from (1.2):

m i
A(z, a,) = S I a^(z, a,,) (a.) '-6 , (i.6)

1 = 0 fi=^

where a^^z , $') is homogeneous in {' with degree C , fl, j (z , {') ̂  0
and if a^(z , {') = 0 for all £, we put ^ = + oo. We have

A,(z ,a^)= ^ ^fi^^z')- (1.7)
(/»,C),/l-fi=i

Let us define some quantities associated with L(z, B^). To do
so let us expand A,(z, ^) and ^ g(z, ^) with respect to ZQ ,
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A,(z,S')= S \,(z',ii')W, (1.8)2d ^1,7 (z » 5 ) Y^O^
y=o

^fi(^) = Z ^(z\0 (^o^- (1.9)
/=0

From (L7) we have

A,^(z',r)= S ^,(z',r). (1.10)
Oi,fi),/i-fi=/

Set M/j = ord A,y(z',3^) and

rf, = m i n { ( £ + 7 ) ; ^ ( z ' , r ) ^ 0 } ( z>< ; ) ,
d , = 0 .

If Sf = + oo, we put d, = + oo. Let us define

(1.11)

P= m a x { l , ( M , ^ + / ) / ( f e - ? •+ / ) ; 0 < f < A; - 1 , />0}.(1.12)
We have

LEMMA LI. -

(i) V ^.,(° ̂ ', S') ^ 0, then d, = 5/.
(ii) L(z,8^) ^ non-characteristic with respect to the surface

{ZQ = 0} if and only if j3 = 1 .

In the following of this paper we assume that the surface {z^ = 0}
is characteristic, that is, m > k . Let us define other quantities
Of (0 < i < £ + 1), which we call characteristic indices. Consider
the set of points P = {P^ = (/, d^); k<f<m}. Let P be the
convex envelope of the set P. The lower convex part of the boundary
of P consists of segments S/ (1 < i < S ) . We denote by A the
set of extremal points (vertices) of 2^ (1 < i < £). Put

A = { ( / / , d / , ) : i = 0 , !,...,£},
where m = JQ > j\ > ... > y\ = k (see fig. 1.1).

DEFINITION 1.2. -The i-th characteristic index a, of L(z,3^)
is" defined by

OQ = + 00 j

^ = (^,_, -^)/(//-i ~A) , 1 < i < K , ( (1.13)
^e+i = 1. )
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^Oo^/o^^5^

^/l^)
2.

'(A^:

(7^)/

^^ Fig. 1.1.

w

o/(l < ^ < £) is the slope of the segment 2,. We put
7o^ ^°°'
7/ = ^c+i-^c+i-/ - D » 1 < f < £ ,
7fi+i = 1 .

(1.14)

Remark 1.3. — a^ is a generalization of the irregularity of
characteristic elements in Komatsu [4]. Characteristic indices can
be more generally defined. They will be investigated elsewhere.

We have

LEMMA 1.4. -
(i) -h oo = OQ > a^ > .

(ii) + °° = 7o > 7i > .
(iii) j3 = 7i .

..> a^ == 1,

. .>7f i+i = 1,

Later we shall deal with functions of several complex variables
which have an asymptotic expansion with respect to one of them.
Let S = S(a, b) = {ZQ € C1; a < arg ZQ < b} be a sectorial domain
in C1 and U = {z eC"^ ; \ZQ \ < ̂  , |z,| < r , 1 < ; < n} be a
domain in C^1. Put U'= {z 'EC"; |z/ |<r} and

U s = { S n ( | z J < r o ) } x U ' .
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DEFINITION 1.5. - Let f(z) be holomorphic in Ug . A formal
00

series ^ d^(z) (z^Ai! , where a«(z) (72= 0 ,1 , . . . ) are holo-
n=o

morphic in U , is said to represent f(z) asymptotically in Ug, if
for any N N

Izol-^ f(z)- I ^(z)(ZoW (1.15)
n==0

^d5 ^o zero uniformly on any compact set in U', as ZQ tends to
zero in S.

The asymptotic relationship of the definition is usually written
in the form

Az) - Z fljz) O^W , as ZQ ——^ 0 in Us. (1.16)
n=0

By expanding a^(z) with respect to Z Q , we have

f(z) - ^ b^(z1) (ZoW as ZQ—^ 0 in Ug. (1.17)' n
w = 0

In the following of this paper we often use expansions such as (1.16).
For asymptotic series of functions we refer to Wasow [11]. We only
give a proposition concerning differentiation of asymptotic series.

PROPOSITION 1.6. - Suppose that /(z) is holomorphic in Ug
and possesses an asymptotic expansion of the form (1.17). Then
we have „
W' f(z) - S Oz-)^ b^z) (ZoW , as Zo —^ 0 in Us (1.18)

n=0

and for any proper sub sector So of S

(^/(z) - t 0^ b^^) (ZoW, as Zo—^ 0 in U^.
M = o (1.19)

'"̂ /
By ®(S2 — {ZQ = 0}) we denote the set of holomorphic func-

tions on the universal covering space of Sl — [ZQ =0}. Later we shall
use functions of (n + 2)-variables (z , X). By Q(Sl x (| X| > A)) we
denote the set of holomorphic functions of (z, X) on the universal
covering space of f t x ( | X | > A ) . By C(rf ,0) or simply C(6) we
denote a path in X-space defined as follows: Set

( C-(d , 6) = {X = r exp0'(- TT 4- 0)); d < r < 00}
< C°( r f ,0 )= { X = d e x p 0 p ) ; -TT + 0 < p < 7 r + 0} (1.20)
( C^rf , 0) = {X = r exp(f(7r + 0)) ; d < r < 00} .
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C(6) == C-O/^UC^rf^UC^e) is a path which starts at
ooexpO' t -Tr+O)) , goes to rf exp(z(-TT + 0)) onC-( r f ,0 ) , goes
around the origin once on C°(d,0) and ends to ooexp0'(7r + 0))
on C^d,^).

Now let us state some of results.

THEOREM 1.7. -Let S = S(a,b) be a sector with
(6-fl)<7r/(afi- l)=7r(7i-l)

and 0i be a number with (TT + b — a)/2 < 6^ < (vy^/l,
7i == ^/(^ — 1) . T^ACT r/w^ are a neighbourhood V of z = 0
awd/Mwc^o^

^o.s^). ^i,s^) e ®(U - {zo = 0))
^cA rta^

L^ ^z) ^o.s(^) = Az) + ^i.s^),
^o^2) ^^(^) . 05 ZQ —^ 0 w Ug, (1.21)
^i.s^)^^ fl5 zo —> ° in us•

Here g^2) is represented in the form, if largz^ 4- Q \ < ir/2,

8i,s^)= f exp(Xzo)Gis(z,X)rfX, (1.22)
C(0)

where G^g(z , X) G ®(U x ( |X| > 1)) and satisfies

sup IG^z^KAexp^lXI1771) (1.23)
zSU '

and if | arg X + (a + b)/2 \ < 6^ ,

sup | G^CZ , X) | < A exp(- c | X \lhl). (1.24)
z€EU

A, c' 47id c are positive constants.

Remark 1.8. - It follows from well-known Borel-Ritt theorem
for asymptotic series that there are u^^(z) and g ^ s ( z ) satisfying
(1.21) for arbitrary S, but it is important in Theorem 1.7 that g^ g(z)
is represented in the form (1.22) with the estimates (1.23) and (1.24)

Now let us give an exact solution. To cancel g ^ ^ ( z ) , we put
a sufficient condition on L(z ,3^):

Condition I. ( ? ,^ )ep (i>k), and for ( f , d / ) G A (necessa-
rily ri, = Sf)

a^A*/0'^0- (L25)
i>k
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THEOREM 1.9. -Suppose that L(z,3^) satisfies condition I.
Let S = S ( a , b ) be a sector with (b -a) < 7r/(o^ - 1). Then
there is a function u^(z)^e(V - {ZQ = 0}) in a neighbourhood
U of z = 0 such that

L(z,9,)^(z)=/(z) ,
u ^ ( z ) ^ u ( z ) , as ZQ —> 0 in Ug. (1.26)

We give an application of Theorem 1.9. Let us regard the operator
L(z,8^) as an operator L(x ,3^) with analytic coefficients on a
domain Sl^ = ft H {Imz = 0} in R^ by the restriction. We
denote by x the point in R"'1'1 . We consider a characteristic Cauchy
problem in ft^ ,

L(x,a^(;c)=/0c), )
(9^)iu(0,xf)=u,(xf), 0 < i < k - l , l (L27)

In general (127) is not solvable. But we have

THEOREM 1.10. -Suppose that L(x, 9y) satisfies Condition I
and f(x) and u ^ ( x ' ) (0 < i < k —-1) are analytic in x and x9 res-
pectively in a neighbourhood of the origin. Then Cauchy problem
(1.27) has a solution u(x) in a neighbourhood V of x = 0,
which is C°° in V and analytic in V — {XQ = 0}. Moreover u(x)
has estimates

l(^o)ao^)a^(;c)l<Aclal(ao!)71 (^!) ^ ^V,(1.28)
where A and C are independent of a.

In the following sections we shall use operators with a parameter
X in order to prove Theorem 1.7 and 1.9. Let us summerize what
we shall need. Let M(X ; z , 8^) be an operator of the form

M(X;z ,3 , )= 2 X^-M^z^^ .M^Cz^J^O, (1.29)
r=0

where M^(z ,3^) is a linear partial differential operator'of order
ty defined in ft . Let us define quantities i/, (0 < i < m^ + 1)
associated with M(X ; z , 3^). Consider the set of points

P(X)={(r,r,); 0 < r < w } .

Let P(X) be the convex envelope of the set P(X). We assume that
the upper convex part of the boundary of P(X) consists of segments
2,(X) (Ki <m') (see fig. 1.2).
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2/\)

N^W

^"'^)

OT
Fig. 1.2

We denote by A'(X) the set of vertices of segments 2((\) (K(<W')
Set A'(X) = {(r,, ^.); f = 0,1,. . . , w'}, where w = ro > r, > r^,.
Put VQ = + oo and

r, = max {- (^ - ̂ )/(r,_i - r.), 1} . (1.30)
We may assume that

»/i>^>...>^> l=^,i, 0<m^<m'.
We set A(\) = {(r,, ̂ ); 0 < ;• < m^.

DEFINITION 1.11. - ^ (0 < i < WQ + 1) defined by (1.30) is
said to be the i-th ^characteristic index of M(X ; z , 8,).

LEMMA 1.12. - Let ( r , t,) = (r,, t^ G A(X). TAen if f > r ,

(t, - t,)/(f - r) < - Vf (l.3l)
and if ) <r

O/-/,)/(/ -r)>-v^. (i.32)

We shall use Lemma 1.12 to show next theorem. Now let us
consider an equation for M(\; z, 8^),

M( \ ; z ,3 , )V(z ,X)=G(z , \ ) , (1.33)
where G(z, X) G ®(S2 x (| X | > A)). Set M(X) = sup |G(z , X) |.

zen
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We shall not construct an exact solution, but construct a function
V(z ,X) which satisfies (1.33) asymptotically as X——> oo in some
sector.

Let ^ =P,A?,, p , , ^ E N , (p / , ^ )= 1.

THEOREM 1.13 - Suppose that P.S.(M^) (0, f) ^ 0 and
0 < 6 < TT^ /2 . TACT r/z^? arc a function

V(r ;z,X)E©(^x( |X|>A)) , n D S2o,

wrt a parameter r> 0 and a constant r > 0 dependent on 9 such
that for 0 <r <r
M(X; z , 3^) V(r; z , X) = G(z, X) + expC-rX1^1) H(r; z , X ) , (1.34)

sup |V(r ;z ,X) |<AM(X) exp(c' IXj1 7^1) , (1.35)z£no
flMdi/ |arg\|<0,

sup |V(T;Z, \ )KAM(X) exp(c|z| \\\llvi). (1.36)
zG&2o

^ere H(T ; z , \) € ©(^o x (| X | > A)) and satisfies

AM(X) expCr^1^'^-0 6 IXI17"'^), <7,^ > l ,

AM(X) (1 + | XI)14, q^ = 1. (ij7)
|H(r ;z ,X) |<

Constants b, c ' , c , A and N are independent of r .

In this paper we only consider an operator L(X; z ', 9,) induced
from L(z,3,),

k
L(z , 3,) exp(Xz,,) V(z , X) = exp(Xzo) E X'-L^z , 8,) V(z, X)

'•=0
= exp(Xzo) L(X; z, 8,) V(z , X). (1.38)

In view of (1.6), we obtain

Lr(z ' 9I) = (s) (^P^'ir! ^'•^' ̂ ) ̂ "•^ • <1-39)
(-p>r

We can also define A(X) = A(X, L) and v^ = v,(L) for L(X; z , 3,)
as above. Put A(X, L) = {(r;, f,J; Q ^ i ^ k y } . Now we have

LEMMA 1.14. -Suppose that L(z,3,) wrts/i^ Condition I.
Then k^ = i, where S. is that in Definition L 2.
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A(X , L) = {(< - 5,, s,) ; 0, s,) C A} , P.S. (L,.^) (z, S) = ̂ .(z , $')

and ^_,(L) = 7e+i-, (= ^/(o, - 1)) (1 < i < i).

Let us state the contents of the following sections. In § 2 we
shall give proofs of lemmas in § 1. In § 3 we shall show how to
construct the function UQ g(z) in Theorem 1.7. In § 4 we shall
investigate equations with a parameter X and construct solutions
with singularities on { Z o = 0 } for L(z,3^). In § 5 by making
use of results obtained, we shall show how to construct u^(z) in
Theorem 1.9. In § 6 we shall give estimates of functions constructed
in § 3 and § 4. In § 7 we shall study functions defined by integrals.
Asymptotic expansions of functions will be investigated. By applying
them, we shall complete the proofs of theorems.

2. Proofs of lemmas in § 1.

In § 2 we shall prove Lemma 1.1,1.4,1.12 and 1.14.

ProofofLemma 1.1. —
(i)From the condition a^(0, z ' , ^ ) = a ^ ^ z ' ^ ' ) ̂  0 we

have d^ = s ^ .
(ii) fS = 1 holds if and only if M, ̂  4- / < k - i 4- / . Hence

M, • < k — i. This implies {zo = 0} is non-characteristic.

Proof of Lemma.1.4. —
(i) follows from lower convexity of P. (ii) is obvious. Let us

show (iii). First we show j3 < 7^ . Suppose that M, . = J?o . By
putting HQ = j"o 4- S,Q , we have

(^o./o + ̂ )l(k ~ io + /0) == (£0 + /o)/(eo + 70 "~ ho + k) •(2-0

If Ao < fe, we have (^ + j^l^ -h ^ - ̂  + k) < 1 < 7i . It
HQ > k , then from (1.10) we have cL < S.Q 4- j^ . Hence we obtain
(»o + 7o)/(^o ~ fe)> ̂ o/^o - k) > ̂  = 7i/(7i - 1). So in view
of (2.1), we get (M,^ ,̂  + /o ) / ( f c - z'o + /o) < 7i. This implies
0 < 7i .

Next we show j3 > 7^ . Let J^, j\ and ^ be integers such that
V^^S^O, ^,c . , (z ,^)=0 for fi+j<i,+j\ and
^/(<i - k) = (ft, + ;\)/0\ - k) = Oe. Since
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^i-^/i -max^;^^,^)^, A = £ + z \ -^}>^,
we have

^ > (^I-CP/I + /i)/^ - f! + £! + A)
>(£i +/i)/(fc-^ +61 +/ i )=7i .

This completes the proof.

Proof of Lemma 1.12. — (1.31) and (1.32) follow from upper
convexity of P(X).

Proofof Lemma 1.14. — Put
A = {0-, 5,); k < i < m, 5, ^ + 00} U (0, 0) U (m, m).

Let A be the convex envelop of A. In view of Lemma 1.1 the set
of extremal points of A consists of A defined for L(z , 3^), (0, 0)
and ( m , w ) . So from geometrical consideration of A and (1.39)
we have A(X, L) = {(i — 5,, 5,); (i, S{) E A} and

P.S.(L,,^) (z , {) = a^.(z, S')
(see fig. 2.1.). Let A = {(7,, s^); 0 < i < S.} and

A(X,L)= {(r,,^.); 0 < z < f i } .
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We have /, = /g_, - .̂ and ^ = ̂ . Thus we get

vi = ̂ i-. ~ V.)/^-< - V. -Ai.i-, + ̂ ,_,)
:= °t+i-(/(oe+i-( -1) = 7(.

3. Construction of solutions I.

In § 3 we construct the function Uy g(z) in Theorem 17
We only show construction of u^(z). Estimates of functions
appearing in construction and asymptotic behaviour of them will
be investigated in the later sections. In the sequel we denote u^ g(z)
by Uo(z) and assume M/Z') s 0 (0 < i < k - 1) and

S= {z^ec1; |argZ(,|<^}, u < ir(j^ - 1)/2.
We seek for u^z) in the form

"o(z) = 2m ^(0) exp(xz^ ̂ z ' ^ (A. (3.1)
where

W(z, X) = \(*-P)/P y*^ exp(- X1/^) w(z . ?) d?. (3.2)

Here we recall that 7, = a^/(a, - 1) = p/q , 6 = (q - l ) / p , p and
<7 are natural numbers with ( p , q) = 1 and r is a positive constant,
which will be determined later. The path C(0) is defined in § 1.'

Now let us give an equation which w(z,?) satisfies. Our cal-
culations are formal, but by obtaining estimates we shall be able to
justify them. First we introduce some notions. Let v(^) be holo-
morphicin {?€C 1 ; |? |<R}. Define

rfy
v^) = { ~^} v{(Vr(r)=(^-)\(?), s>0,

(^yv(S) = ^O^r* v(fl df, s < 0.
JQ a

(3.3)

DEFINITION 3.1. -A linear operator H(z,?,^,^.) is said to
be an Integra-differential operator on Sl x { | ? | < R}; (0 < R < oo),
if it has the form

H ( z , ? , a , , a ^ = Z H ^ ( z , ? , a , ) o ) / , (3.4)
l /KJ

where H,(z , ?, 3^) (|/| < J) a^ /w^r partial differential operators
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in n with coefficients holomorphic in Sl x { |? | < R}. // coeffi-
cients of H^ (z , ?, 3^) ( I / 1 < J) are polynomials of ?, H(z, ?, 3^, 3^)
K .and ro 6^ an integro-differential operator of polynomial type.

DEFINITION 3.2. - Let v(z , X , ?) be holomorphic in
^ x { | X | > A } x { | ? | < R } .

(i) A function A ( z , X , ^ ) ^ said to belong to Err.(i;), if
h (z , X , ?) Aa^ a^ expression

N

A ( z , X , n = = S ^H^z^^^a^^^X,?), (3.5)
71=1

where H" (z , ?, 3,, 3? (n = 1, 2 , . . . , N) ar<? integro^ifferential
operators of polynomial type and h^ (n == 1, 2 ,..., N) ^^ constants.

(ii) ^ function f(z , X) i5 ^afd ro 6eto^ ro Err (i;, cX0) (a > 0),
if there is a function h(z, X , ?) E Err (i;) ^cA rt^

/ ( z , X ) = A ( z , X , ? ) ^ ,

where if a = 0, |c | < R a^d if a> 0, R = + o o .

We need some properties of functions defined by integrals. Put

V(z , X) == X<1/^-1) F^ exp(- X1/^) i;(z , ?) ̂ , (3.6)
^o

where i;(z , ^) is holomorphic in ^2 x { |^ | < R} and if 6 > 0,
R = + o o , if 6 = 0 , 0 < r < R . Let us recaU 5 = = ( ^ - l ) / p . 5

We have

LEMMA 3.3. -
{ - ( l / p - \ ) ( ^ ) - P +(l/p)(^p-P+ l?}t;(z,?)

-O/PXa^r^1^^,?). (3.7)

Proof -By expanding t;(z,?) with respect to ?, we have
only to show this lemma for functions ^m {m = 0,1 , . . . ) . We
have
- (1/p ~ 1) O^r" + ( l / p ) (^r^1^1

== - (l/p ~ 1) ̂ /(m + p) ... (m + 1)
+ ̂ Ipdn + p) (w + p - 1) ... (w + 2)
= ̂ ^(w +p -1)... (rn + 1) = (Sip) O^P^^ .

Hence we get
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PROPOSITION 3.4. -

(i) Let (Bj.)" u(z , 0) = 0 /or 0 < h < p - 1. TTien

XV(z , X) = X<1/"-1) y6 exp(- \>/^) OpP i,(z, ̂  ̂

+ exp(- rX^) V, (z , X). (3.8)
(ii)

9V /•T^6

- ax"= x(l/p-l) «4 exp(- xl/pr) (?/p) (^?)'p+l "^' ̂  ̂
+ exp(- rX^P) V^z , X). (3.9)

Here Vi (z, X), V,(z , X) G Err (v, rX6).

Proof. - (i) follows from integration by parts (ii) follows from
Lemma 3.3.

Now let us give an equation for w ( z , ?). Let J be an integer
such that ft > max {(M;, + f)/(k - i + /•); 0 < i < k - 1 , / > J}.
We fix J.. We have

A,(z ,$ ' )= S'A.^z'^'KZoy+A^z,^) ( z ^ . (3.10)
/=o

In the following we use (3.10) instead of (1.8). So we denote
A^(z',{') ( 0 < / < J - 1 ) by A^(z.S')

and put M ( j = o r d A ( j ( z , 8 , , ) . Recall that the initial values
u,(z') (0 < i < k — 1) are assumed to be zero.

By Leibniz formula we get
O^V exp(Xzo) W(z , X)

=exp(Xzo)2 (̂ -̂ 77, ^O^y-^z.X). (3.11)

Hence we obtain ^
L(z , 3,) (exp(Xzo) W(z , X)) = exp(Xzo) ^ ^ _ . , , ^(S,,/-'

-S1 t A^(z,a,,)(zoY t ———— ^o y- w(z,x)
(=0 /=0 s=0 ( l - S ) . S .

= exp(Xzo) L(X;z ,8 , ) W(z ,X) . (3.12)
Thus, from (3.1) and (3.12), we have

1 /.
L(z,9,)Mo(z) = —— J exp(Xzo)UX;z ,a , ) W(z,X)cfX.(3.13)

ZfTil, C(0)
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By integration by parts with respect to X , we have
1 CL(z , 3,) M(,(Z) = ^- j^ exp(Xzo) L(X, 3^ , z , 9,) W(z , X) dX,2w 'c(a) (3.14)where

A:!
^'^'^Jo (^^ ^V (3.15)

k-l
-f t A,,(z,a,,)(-a,)/ ^ i!

^(^J'-1
,,o 0--^! '^oi=0 \f=0

Since we assume that W(z , X) has the form (3.2), we can apply
Proposition 3.4. Thus we have
L ( X , 3 ^ , z , 3 , ) W ( z , X ) -.rt"

= x<l/''-») ̂  exp(- x17^) ^(z, a,, a,) w(z, ?) ̂
+exp(-TX^)Vi(z,X), (3.16)

A;!
where

,-7 Ozo^-O?)^S(z , 8, , 3^) = ^
^o ( k - s ) \ s \ (3.17)k-i

-S S ^(z.a^x^)1-''^
(=0 ( /=0

[ ̂  (7^7 (^^^^o)'-
and V^z^eErrd^rX6).

On the other hand

/(z) = ~^ L. ̂ P^o) ̂ p~l ̂  f^ exp(- X1/^) /(z) ̂2ir( ./c(9) ^ «/o (3 18)

+ —— f exp(Xzo - TX"/") /(z)A d\.2m «/c(tf)
Consequently we obtain an equation for w(z , <;),

Az,a,,a? w(z,?)=/(z) . (3.19)
Hence, if w(z,?) satisfies (3.19), we shall have

L(z , a,) i<o(z) = /(z) + g,(z), (3.20)
where ,

gl(z) = Jr-M. ^P^o) ̂  (z,\) d\ (3.21)v'<.tf}

and Gi (z , X) exp(rX^) € Err (w , r\6).
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Let us construct a solution w(z , ?) of (3.19) in the form

w(z , ?) = £ w^(z) rW/^ + 1 ) . (3.22)
n=k

Substituting (3.22) into (3.19), we have

^'^) w(z^= ̂  (i (̂ T <v-^"^)
-t^ d^W (̂  A^^)(V-^,,(Z))

0<;S<( ^"^(rip + 1) = 6,,,o/(z), (3.23)
where S,^ is Kronecker's delta. Since w^(z) = 0 for »<<: , we
have

""^'-^(T^'V"'"'"--'2'

+ S1 2 ———— 7———— ̂  • '>••' C..''"' "'.*.-,(z)
/=0 0<j</ {<n 1 ) ' \ l ~ S ) l S l u

0</<J +5^o/(z). (3.24)
Thus we can determine w^(z) successively from (3.24).

PROPOSITION 3.5. - There are constants A and C fl/irf a
neighbourhood Sl^ of z = 0 such that for z Eft^

|wJz)|<AC" F(^4- 1 ) , / ? = = ^ =p/^ = ag/(ae - 1 ) . (3.25)
This proposition will be proved in § 6 with other estimates.

In view of Proposition 3.5, we can show convergence of w(z ,? ) .

PROPOSITION 3.6* —
(i) // q > 1, then w(z ,?) is an entire function of ? and

there are constants A and b such that

|w(z,?)l<Aexp(6|? |^-1)) for zCSl^ (3.26)

(ii) // q = 1 , then w(z,?) ^ a holomorphic function of ^
in {? ; l ? l < R o } for some Ro .

Proof. - Recall that 7^ = j3 = p/^ > 1 . It follows form Pro-
position 3.5 that for z G (2^ there is a constant B such that

\w^(z)^/r(np + 1)| < AC^dinp/q) + 1) |?|^/r(7ip -h 1)
<A(B|rl)^/^(^(i-^ l)4-l).
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Hence if q > 1, we have for a constant b

l w ( z , ? ) | < A ^ (B|?|)"P/r(«p(l -^-i) + l )
n=0

<Aexp(6|?|^-1)). (327)

If q = 1 , by putting R(, = (2B)-1, we can show that w(z,?)
converges on {? ; I ? I < R()} and is holomorphic and bounded.

Concerning Vi(z , X) = exp(r |X |̂ ) G^z , X) (see (3.21)) we
have

PROPOSITION 3.7. - There are constants A, C and h such that
for z <= ̂  and |X| > 1 , if q>\,

|Vi(z,X)|<A(l + 1X1) " exp^T^-^IXI1/'') (3.28)
and if q = 1

|Vi(z,X)|<A(l + |X|)\ (3,29)

where b is the same constant in Proposition 3.6.

Proof. - It follows from Proposition 3.6 that there are constants
N(5) and C^, such that

W)^r)i<S c-<l+'^)ex^•^-l)) (.>^
(c^ o?= i , in<Ro) ,

in a neighbourhood Hy of z = 0. Noting that
Vi ( z ,X)eEr r (w ,TX 6 )

and if q > \, exp(b\^1^-l^[^6 = exp(6r^-1) |X|1^) we
have (3.28) and (3.29).

From these propositions, Uy(z) is well-defined. By varying 0
in the path C(ff), we can show that u^z) e ©(ft,, - {z<, = 0}).
Thus we have

PROPOSITION 3.8. - u,(z) G ©(^ - {z, = 0}) ,„ a neighbour.
hood S2o of z = 0 and satisfies

L<z•^.)uo(^)=/(^)+^(z), (3.31)
wAere '

^l(z) = ̂ c«») exP(xzo - r^) Vi (z , X) d\, (3.32)
a«rf Vi(z, X) satisfies (3.28) or (3.29).
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In § 7 we shall show that UQ^Z) ^ u(z) and g^(z) ^0 , as
ZQ——^ 0 in S = S(a,b) after determination of r.

4. Equations with a parameter X .

In order to get Theorem 1.9 we have to cancel g^ (z) in Theorem
1.7. In other words we have to find out a function (7(z) so as to
satisfy L(z , 3^) i7(z) = g^(z) and I7(z) ^ 0 as ZQ —^ 0 in some
sector. As mentioned in § 1, to do so we investigate equations with
a parameter X . In § 4 we construct V(z ,X) in Theorem 1.13.

m

Now let M ( X ; z , 3 J = ,̂ X ^ M ^ z , ^ ) be an operator
r = o

with a parameter X . Let us recall A(X), ^ (0 < i < m^) and
ty = ord M^(z, 3^) (see § 1). Assume that

P.S.(M,) (0 , ( )^0 for some (r, ^) E A(X). (4.1)

So there exists a segment 2/+i(X) with (r, t y ) = (/•/, t y ) . Now
consider an equation

M(X; z , 3,) V(z , X) == G(z , X) (4.2)

under the assumption (4.1). Let us construct V(z ,X) in the form

V(z , X) = X"'' S vn(z ^x) so as to foi^ally satisfy (4.2). We may"n
n=0

assume that P.S. M,(0, {) ̂  0, S = (0,0 ,..., 0 ,1) and z ' 1 denotes
(ZQ, Z i , . . . , z^_^ ) . Let us define i^(z,X) as follows:

M,(z,9,)v^ Z X^ r M,(z ,^ , ) l ;o=G(z ,X) ,
^r (4.3)o

0, )^o(^",0)=^(z"), 0 < A < r , - l ,
n

M,(z,8 , )^+Z X/-'-M/(z,3,)^+S X^'-M^z.a^^.^^O
/>r f<r

(4.3),
(Q.)hv^z",0)=0, 0<h<t,-l,

where k ^ ( z " ) (0 < A < ty — 1) are holomorphic in a neighbourhood
of z" = 0. We seek for <;„ (z , X) of the form

r,,0,X)= S i^(z,X)X1. (4.4)
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So substituting (4.4) into (4.3), we determine i^,(z,X) in the
following way:

M.(z,a,)v,+]L M^(z,a,)i;^_^+^ M,(z,a>,_^
J>r f<r ,

=^6^G(Z,\),

(^ ̂ .O^. 0) = 5»,o 5,,o V^'), 0 < A < t, - 1 . (4.5)

Equation (4.5) has a unique solution i;^(z, X) holomorphic in z
in a neighbourhood ^ of z = 0, which is independent of n
and s in view of Cauchy-Kovalevskaja theorem.

Let us estimate ^ , (z ,X) . Put M(X) = sup |G(z ,X) | . We
have, by using X-characteristic indices ^ and ^i26""

PROPOSITION 4.1. - There are constants A, B and C ^ a
neighbourhood ^ of z = 0 ^cA rtar /or z € ft^ , y ^ > 1 ,

l^(z,X)|<AM(X)BW + 5C"|z|N<^)^(w^ 4- l)/r((72 +.?) ̂  + 1),
(4.6)

where N(n , s) = max {[(^ - ̂ ) ̂  + i/, 5], 0} ffMrf if i = 0 ,

^ , (z , X) = 0 , s =^ — n ,
| ^_^(z ,X) |<AM(X)C"r(Wi +1) .

The proof of Proposition 4.1 will be given in § 6. It follows

(4.7)

00

immediately from Proposition 4.1 that i^(z , X) = ^ ^ /z , X) X5

converges. Put s=-n
00

v,(z,\)= S "n,/z^). (4.8)
w=max(0,-j)

We have

PROPOSITION 4.2. - t^(z , X) converges absolutely and uniformly
in z E^IQ and for i > 1 estimates

| i5,(z,X)|<AiM(X)B?|z|^l/r(^ +1 ) , s>0 (4.9)
a/irf

|^(z ,X) |<A,M(X)B^r( |5 |^i + 1), 5 < 0 (4.10)
hold for some constants A^ CTC/ B^ .
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Proof. - Let 5 > 0 . We have for z G ̂  ,

^ |f^(z,X)| < AM(X) B^ |z|I^l( S (BC)'1 Izl^/-^!^Z
=0 ' (.w=0M=0 ^.WssO

x r(w^i 4- l ) /^ ( ( /^+5)^+l ) )<AM(X)Bf |z | l ^ l ^(^4• ir1

xj^crizi^-^^rc^-^)^!^
<AlM(X)Bf | z | l w / ] ^(w/+ ir1.

Let s = - A < 0 . We have

S li^(z ,x)i < AM(X) B^ ^ q r(w/^ + i)/r((^ -h)^ + i)
»l=-^ W=/l

^ A x^r^ \ D/I<AiM(X)B^r( |5 |^i +1).
Thus a fonnal sum

VCz.^X-^ ^ ti/2,X)X*) (4.11)
^=—bo

formally satisfies equation (4.2). By making use of V(z, X), we
can prove Theorem 1.13 in § 1. First let us introduce auxiliary func-
tions f^) (-00 < / < oo) used in Hamada [I], Wagschal [10] and
others:
^(^(-ly^ra/iK^Tn, ; < ~ i ,
/o(?)=log?/27rf (4.12)
/y(?) =r(log ? ~ (1 + 1/2 + 1/3 + ... + 1//))/(2^ r(; 4-1)), / > 1 .

Let us remark an important relation d^+i(?)/rf? = ^(?). Let us
put v^ = p^lq^^ , p/+i, q^ e N, (p^, <?^^) = 1 and put
^i = (^+1 ~ l)/P/+l • In the following of this section we denote
Pi+i' ^/+i an^ ^/+i simply by p, q and 5 respectively.

Define
00

h(z , \, ?) = Z i5-,(z , X) {-^-^"/((s - l)p)! , (4.13)
t=i

" - (z ,X,r)=§ t5_,(z.\)4_^p(?) (4.14)
»=i

and

We have
V+(^,\)= ^ ^(z.X)^. (4.15)

*=o
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LEMMA 4.3. - There exist constants A, K and ? such that if
< ? > ! ,

|A(z ,X,? ) |<AM(X) expCKl?!^-1)) (4,16)
a/ic?

| i r (z ,X,?) |<AM(X)(l + |logn) expOcI?!^-1)), (4.17)
if q= I , for r e^eC^ i rK?}

|A(z ,X ,? ) |<AM(X) (4.18)
and

| iT(z,X,r) |<AM(X) (1 + |log?|). (4.19)

Proof. — In view of (4.10), we have
00

S l^(z,X)| i n^ -^P / r^ -Dp+lXAiMCX)} SB^^-DP
J=l (^i

xr(5(p/^) + i ) / r (o - i )p+i )
< A^M(\) j ̂  BI i?^-1^ r((^(9 - i)/^ + i)rij.

^=1 /

Hence, if q > 1, we have (4.16) and if q r = 1, by putting
? = (IB^)-1^ we have (4.18). By the similar way we have (4 17)
and (4.19).

LEMMA 4.4. -V'''(z,\) converges and there are constants A
and c such that for z G^

I V^z , X) | < AM(X) exp(c |z | | \\xlvi). (4.20)

Proof. - In view of (4.9), we have

S |i5,(z,X)| IXI^A^X) 1 B ^ l ^ l ^ ' I X I V r ^ + l )
J=0 JT=O

<AM(X) exp(c|z| IXI1^).

Now let us define another path C(r]). C(T?) is a path which
starts at ? = 77 and goes around ? = 0 once on | ? | = 1771 .

LEMMA 4.5. -
(i) The following equality holds:

^ exp(~ X^?) i;-(z , X, ?) </? = f\xp(- X^?) A(z , X , ?) ̂ .
(n) ° (4.21)
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A A

(ii) Z^/ |argX| < 0 , 6 <jrv^/2. Then there are positive
constants f and K dependent on 6 such that if T > r > 0 ,

^ |/^ expt-X^^z.X,?)^ <KM(X)|X|-^ . (4.22)
"o I °

sup
2^0 I^O

Proof. -
(i) By the relation f_ f^) df = ^T?(^//!)d? for / > 0 ,

we have (4.21). ^ °
(ii) If f l = l , then 8 = 0 and (ii) is clear. Let q > 1 and

put ? = tr\6, 0 < ^ < 1 . Since | arg X| < 6 < Tr^+i/2 ,
there is a c > 0 such that Re X1/^ < trc |X|^P . Therefore
from lemma 4.3, we have

f^ exp(- X^?) A(z , X , ?) d? (4 23)

< AM(X)T|X|6 f1 exp((- rrc + (tr)^-1^) \\\^)dt.^o
There is a r > 0 such that (trc)/2 > (tr^^^fc for 0 < r < T.
Thus we have, if r > r > 0,

^ exp(-X^nA(z,X,?)rf?\f:
< AM(X) T | X|6 f ' exp(- rrc I X|^/2) dr < KM(X) | Xl-^ .

Now let us prove Theorem 1.13. Put

V(r; z , X) = X-'- ^ v,(z,X)X*
t=o . (4.24)

4.^1/p-r-iJ exp(-X l/P^)t,-(z,X,n^,
C(TX6)

where r > 0 and if ^ = 1 , T < ? . r will be determined later. We
have

V(r;z,X)=XV-^ ^ 4.exP<-xl/p?)^^.x)^-(^)pW^
j = o -VTA' ;

+^t/p-,-i ^ ^ expC-X^O^z.X)/.^^^?)^^^)
5 =—oo C(r^ )

By operating M(X ; z , 3^) to V(r; z , X), we have, by integrations
by parts and Lemma 4.5 (i),

M ( X ; z , 3 , ) V ( r ; z , X ) = 1, + I ^ , (4.26)
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where

I,=X^-- S ̂ ^(-^n £ M,(z,3,)t3^,X)
,=0 "C(T\6) /=Q

x/-(^DpO)! ̂  (4.27)
and /

L=X^-^ -^ / exp(-XV^) 2 M/(z,B^(z,X)
J=—oo <-(TA. ) .^Q

x /-(,+,+i)p(r) j ̂  + exp(- TX^P) H(r; z , X). (4.28)

From (4.13) and (4.14), H(r; z , X) G Err (h > rX6). Hence we obtain

I, + 1^ XV'——^ /^exp(- X^) ^ M/(z. 3,) ̂ _^, X)

x ^-(.+r+i)p(?)) ^ + exp(- TX^P) H(r; z , X) . (4.29)
It follows from (4.5) that

m

S M .̂ (z , 3,) v,_^,(z , X) = 6, o G(z , X). (4.30)
/=o

So we have

M(X;z,a,)V(r;z,X) (43^

= xl/p~r~l 4^)exP(-xl/p?)G^^)/-(^)p(?)^
+ exp(- rX^P) H(r; z , X) = G(z , X) + exp(- TX^P) H(r; z , X).

This implies (1.34) in Theorem 1.13. It follows from Lemma 4.3 ~ 4.5
that there are positive constants a, b, c , A and r such that for
r with O < T < T and (z ,\)eSly x { | X | > A}

|V(r ;z ,X) |<AM(X) exp^lXI1^1) (4.32)
and if | arg X I < 9 ,

|V(T;z,X)KAM(X)exp(c|z| W1'"'). (4.33)

Since H(r; z , X) £ Err (h, T\6), it follows from Lemma 4.3 that

AM(X) exp^r^-1)) \\l"'i+l), q = q^. > l
|H(r ;z ,X) |< (434)

AM(X) (1 + IX^ , q = q^ = 1 .
Thus we have Theorem 1.13.
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Now let us construct solutions with singularity on the characte-
ristic surface {ZQ = 0} for L(z,^). Let us return to Proposition
4.2. Assume that P.S.(M^) (0 , j) ̂  0. Put i = WQ in (4.9) and
(4.10). Since ^o+i = l ? we have

| t^(z,X)|<A^M(X) Izl^oVn^-hl), s>0, (4.35)
and

|^ (z ,X) |<A^B^M(X)( |5 | ! ) , 5 < 0 . (4.36)
Let us define, by using v^(z , X) for i = m^,

l;(z) =^) exp(xzo) v+(z ̂ "^^ (4j7)

+ S f exp(Xzo)l;_/z,X)X- r-^(X)dX.5=1 "ccey
We set conditions on M(X) and f(\) in order that v ( z ) converges:

Condition II.
(i) ^(X)E®(C1 - { | X | > A } ) .

(ii) For any a, b (b > a) and any e > 0, there is a constant
C(a, b , e) such that for X G {X; a < arg X < b JX| > A}

|M(X)|
< C ( a , 6 , e ) exp(e|X|). (4.38)

1<P(X)1

Then we have

THEOREM 4.6. - Suppose that P.S.(M^) ( 0 , j ) ^ = 0 a/id
Condition II holds. Then v(z) defined by (4.37) is a function in
Q(Sl^ ~{ZQ = 0}) for a neighbourhood fti of z = 0.

Proof. - From (4.35), (4.36) and (4.38) we have for
X G { X ; ^ < a r g X < 6 , [ X | > A }

I V+ (z , X) ^(X) | < C(a, b , e) exp(e | X|) (4.39)
and

|5_,(z , X) ^(X)| < C(a, & , e) exp(e|X|) B ^ 5 ! , s > 0. (4.40)

It follows from (4.39) that the first term of the right hand side of
(4.37) converges. By the method similar to that used in Ouchi [6,7]
(see also § 7 in this paper) we can show from (4.40) that v(z)
converges in a small neighbourhood ^ of z = 0 except on
{ZQ = 0} and belongs to ©(^ -{ZQ = 0}).
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We apply Theorem 4.6 to the operator L(X;z ,8^) induced
from L(z,^) (see (1.38)), that is, we put M(X;z, 3,) = L(X; z, 3^).
Hence m^ = £, ̂  = 1 and ^ = a ^ / ( a ^ - I ) (see § 1).
P.S. (M^) ( 0 , ^ ) ^ 0 impUes that

P .S .L,_^(O.S)=^_^(0, j ' )^0 , i ' = ( 0 , 0 , . . . , l ) . (4.41)

THEOREM 4.7. - Suppose that Condition II and (4,41) hold,
Then v(z) defined by (4.37) for L(X;z,^) satisfies

L(z,9,)v(z) = g^(z) (4.42)
and

(^)hv(zff^)=k^ztf) </?(Zo), 0 < A < m - ^ - l , (4.43)
v^here

8^) = J^^^exp(Xzo) G(z , X) ^(X) rfX (4.44)
and

^(Zo) = f exp(Xzo) X-" (^(X) rfX . (4.45)
"C^)

Proof. — We have

L(z , 3,) i;(z) = f e x p ( X z ^ ) L(X; z , 3,) V^z , X) X-^(X) rfX
^C^)

+ I .L exp(Xzo) L(X; z, 9,) v_,(z, X) X-^-^ ^(X) d\
^=1 '-i8)

= ̂ /^ exP(x^o) G^ > X) ^(X) rfX = g ( z ) (4.46)
and w

(^y .(.",0) =^^ exp(X^) (^y V-(z",0,X)X-^X)^

+^ / exp(Xzo) (^)''v_,(z",0,X)X-r-•'^(X)rfX
^=1 •'c(a) ^z^

= k^(z") [ exp(Xz,,)X-'-^(X)rfX. (4.47)
•'C(fl)

Remark 4.8. -

(i) In the construction of V(z,X), the initial values k ^ ( z " )
( 0 < A < f , - l ) in (4.3)o may depend on X . So, by assuming
that ^(z",X) satisfies Condition II, we can generalize Theorem
4.6 and 4.7.

(u) We have g^(z) € 0(Sl^ - {z^ = 0}) and

^(^©((^-{z^O}).
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So Theorem 4.7 is an existence theorem of solutions with singularity on
characteristic surface {z^ = 0} of the equation L(z, \)_v(z) =^(z).
By choosing <^(X) or ^(z",X) suitably (see § 7 in Ouchi [7])̂ , we
have many solutions. This is a generalization of Hamada, Leray and
Wagschal [3] and Persson [9].

5. Construction of solutions n.

In this section we shall construct ~u(z) so as to satisfy
L(z,3^) u(z) =^(z) (5.1)

and
u(z) - 0 as ZQ -^ 0 in Ug^ , (5.2)

where S(o;) = {z^eC^ |argZp| <cj}, a; < 7T/2(a^ - 1). If such
^(z) exists, Ms 00 = ^o(z) -i7(z) is a desired solution of Theorem
1.9. We shall apply the results in § 4 to the operator L(X;z ,^ )
induced from L(z , 9,). We find out u(z) under Condition I. Let 0,
(1 < i < £) be positive numbers such that @i > ̂  > ... > 0g > 7r/2
and ^ < ?r7,/2 . First let us recall what we shall need. L(X; z , 3^)
is an operator with a parameter X defined by

L(X; z , 9,) v(z , X) = exp(- \Zo) L(z , 9,) (exp(Xzo) v(z , X))
k

= S X%.(z,a,)i;(z,X), (5.3)
1 = 0

A(X , L) = {(z - 5/, 5/); (i, 5/) E A} , (5.4)

^ = Vi = afi+l-,/(o^fi+l-, - 1), 1 < i < i2.
7 i > 7 2 > - . . > 7 c > 1 = 7 c + i ,

(5.5)

P.S. (L,_^.) (z , f) = ^^.(z , $') for ( f , 5,) E A (5.6)
and Condition I implies

^,(°^)^0 for a , ^ , ) G A . (5.7)
^(z) is represented in the form

gl(z) = X^)6^^ Gl(z^) r fx. (5.8)
where G^(z , X) E©(^ x { | X | > 1}) and f o r ( z , X ) e n i x { | X | > 1}

IG^z^KAexp^lXI^7 1) (5.9)
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and if | arg X | < 6^ ,
| G i ( z , X ) | < A expC-clXI1771) (5.10)

for positive constants A, c ' and c.
e

Now we construct 'u(z) in the form i7(z) = ^ ^,(z), where
r

^•(z) "J^^P^o)^^)^ 1 < ^ < £ - 1 , (5.11)^c0}
and the form ^g(z) will be given after construction of U{(z)
(1 < i < £ — 1 ) . By applying Theorem 1.13 which was discussed
in detail in § 4, we have

PROPOSITION 5.1.̂  Suppose that £ > 2 . There are functions
V ^ ( z , X ) , G 2 ( z , X ) e ® ( ^ x { | X | > 1}), ^3 n^, suchthat

L(\,z,9,) Vi (z ,X) = Gi(z ,X) - 63(2, X), (5.12)
therefor (z , X) G^ x { | X | > 1}

IVi(^)l i/.
^Aexp^lXI1772) (5.13)

I^^^X)!
and if |argX| < 6^,

|Vi(z,X)| < Aexpt-AIXI1 7 7 1) (5.14)
aMd

I G^z, X) | < Aexp^AIXI 1 7 7 2 ) . (5.15)
Here A, b' and b are positive constants.

Proof. - Set M(X) = sup |Gi(z ,X) | . By Theorem 1.13 there
2^1 ^

are functions V^(r; z , X), H^(r; z, X) E ©(^ x { | X | > 1}) suchthat

L(X; z, 3,) Vi(r; z, X) = Gi(z, X) + exp(- rX1772) H^r; z, X) (5.16)
and the following estimates hold:

For ( z , X ) e n 2 x { | X | > l } ,

IVi(r;z,X)| ,.
<AM(X) exp^lXI1772) (5.17)

|Hi( r ;z ,X) |

and if |argX| < 6 ^ ,

lV i ( r ; z ,X) |<AM(X) exp(rf|z| IX]1771) (5.18)
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H ( r - z X)l < I AM(X) exP<'£^'2/(<2-l) ^1/T2). <?2 > 1 ,n,^T, z , \)\ ̂  \ /c IQ\
(AM(X) (1+1X1)^ ^ = 1 . ^•1^

Put G^T; z, X) = - exp(- rX^72) Hi(T; z , X) . In view of (5.10)
and (5.19), if | a rgX|<^, there exist r = T; and a constant
c, > 0 such that

IG^T, ; z , X)| < A exp(- c, IXI^2) . (5.20)

From (5.10) and (5.18), there is a small neighbourhood ̂  of z = 0
such that if | arg X | < 0,

IVi^z^KAexp^lXI1^1). (5.21)
Hence, by putting

V i ( z , X ) = V i ( r 2 , z , X ) and G,(z,X) = G^r, ;z ,X) ,
we have (5.12), (5.14) and (5.15). (5.13) follows from (5.9) and (5.17).

By repeting above arguments we get

PROPOSITION 5.2. - Suppose that 02. There exist functions
V,(z,X) (1 <(•<£-!) and G,(z,X) (!<;•< S.)(=Q(^x{ |X|>1})
such that
L(X; z, 3,) V,(z, X) = G,(z, X) - G(+I (z, X), 1 < i < £ - 1 , (5.22)

wherefor (z ,X) en, x { | X | > 1}
|V,(z,X)|

^Aexp^'IXl1^1) (5.23)
\G^•l•l(z .A) I

awrfy |argX|<0^ ,

IV^z^KAexp^lXI^) (5.24)
(OTC?

|G(^.l(^,X)|<Aexp(-6|X| l / ' ) f (+ l). (5,25)
Here A, 6' and b are positive constants.

Now by using V,(z,X) in Proposition 5.1 and 5.2, we define

"' (z) = ̂ (a)®^^ ̂ ' ( z • x) d x ' » = 1, 2 ,..., £ - 1 . (5.26)
— B-1

Then u(z) = ^ «,(z) satisfies
(=1
— &~l /*

L(z, 9,) i;(z) = ̂  y exp(Xzo) L(X; z, B,) V,(z, X) d\.
(=1 '-C(9)
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Hence we obtain
L(z,3^)'i7(z) = -^(z) + g ^ ( z ) , gf(z) = f exp(Xzo) G^(z ,X)dX.

^W (5.27)
Finally we have to find out u^(z) so as to satisfy

L(z , 8^) Mg(z) = ^(z) and ^g(z) ~ 0 as ZQ —> 0 in S(o?).
From Theorem 4.7, we have

PROPOSITION 5.3. - There is a function Mg(z) E ©(ft^ - {z^ = 0})
for a neighbourhood Slo of z = 0 such that

L(z,3^)^(z) =^(z) (5.28)
and ^fi(z) is expressed in the form
u^(z) =f^ ^ exp(Xzo) V^(z ,X)X-'- rfX ^

+1 / exp(Xzo)^;_,(z,X)X-r-^\,
J = = l C(0)

w/z^ V^z.X), t;_,(z,X) (5= l , 2 , . . . ) G ® ( n o x { | X | > l } ) W
/or (z, X) e n^ x { | X| > 1} there are positive constants A, B ^ , b'
and b such that

IV^z^X) ! < A exp^'IXI1778) (5.30)
and

|^(z,X)| < ABf(5!) exp^'IX)1778) (5.31)

and if |argX| < O g ,
|V^(z , X) | < A exp(- & IXI1778) (5.32)

a»d
li^/z^KAB^Oexp^&IXI1778). (5.33)

Proo/ — Gfi(z ,X) satisfies the condition of Theorem 4.7. So,
putting fc^(z") = 0 (0 < h < m - s^ - 1) in (4.43), we can get
Mg(z) ^in the form of (5.29). In view of (4.35) and (4.36), we have
(5.30) ~ (5.33).

c
Thus ~u(z) = ̂  Uf(z) satisfies L(z , Q^)'u(z) = ̂ i(z). The

/=! -—
asymptotic behaviour of u(z) will be investigated together with Uo(z)
in § 7. Estimates (5.24), (5.32) and (5.33) are useful to study asym-
totic behaviour of u^(z) (1 < i < £) as ZQ —> 0,
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6. Estimates.

In § 6 we shall prove Proposition 3.5 and 4.1. We employ the
method used in Hamada [2], Hamada, Leray and Wagschal [3] and
Wagschal [10]. Several propositions will be given without proofs.
We refer the details of this method and proofs of the propositions
to these papers or Komatsu [4].

Let a(z) and b(z) be formal power series. a(z)<^b(z)
means that each Taylor coefficient of b(z) bounds the absolute
value of the corresponding coefficient of a(z). In the following
of this section we assume that 0 < r < R' < R .

PROPOSITION 6.1 (Wagschal). — Let @(t) be a formal power
series in one variable t such that @(t) » 0 and (R' — t) @(t) » 0 .
Then for the derivatives ©^(t) (/ = 0,1 , . . . ) we have

@^(t) « R'Q^d) (6.1)
and

(R - r)-1 e^O) « (R - R')'1 e<^(r). (6.2)
In the sequel let us put

/ = pzo 4- z, + ... 4- ̂  (6.3)

with a constant p > 1 to be determined later and assume that @(t)
satisfies the conditions in Proposition 6.1.

PROPOSITION 6.2 (Wagschal). - Let

B(2,3 , )= S b^z)(9,r (6.4)
\a\<m fOiQ<mQ

be a linear partial differential operator with coefficients b^(z) holo-
morphic on {z e C""1'1; |zJ < R}. Then there is a constant B inde-
pendent of Q(t) and p > 1 such that if

u(z)«@^(t), (6.5)
then

B(z , 3,) u(z) « Bp ° O^'^O). (6.6)

PROPOSITION 6.3 (De Paris). - Let
C(z,3,)= ^ Ca(z)(Q,r (6.7)

\a\<d,QiQ<d
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be a linear-partial differential operator with coefficients c^(.z) holo-
morphic on {zGC""'"1; \z,\ < R}. Then there are constants p > 1
and B, independent of @(t) such that if

v(z) « 0(/+d>(/)

u^z')«@^h\t)\,^, 0<h<d-l,
(6.8)

then the solution u(z) of the initial value problem

satisfies

^ylu(z)=C(z,^)u(z)+v(z)

0,̂  M(O , z') = M^(Z') , 0 < h < d - 1 ,

MCzX^BlO^). (6.10)

Set

ow(t)= (r^ ' ^> 0 :

(6.11)
0.

./... 1 /•f
0 ( ( ; )(^=—,———: f\t-s)-k~l9(o\s)ds, k<0.

(-k - 1)! '/o

If ^ > 0 , 6^(t) satisfies the conditions in Proposition 6.1. We
have

PROPOSITION 6.4. —

d) (A^ff(k)(t)=e^(t).
dt'

(ii) // 0 < t < r/2, then

( 1 O^(t) | < (2/r)fc+l k ! , fc > 0;
(6.12)

( {ff(~k)(t)\<2t'c/r(k\), k>0.

(iii) // R' > 2r and k < 0, then
21*'1

(R - O-1 ̂ ^(^ « ,———— ^^(O. (6.13)
(,K — ir)

(iv) £^^ c > 1 a^rf s and j be nonnegative integers, then

nJ'e^^a) « ̂ 0<kwI+^)(^). (6.14)

Since we do not find the proof of (iv) anywhere, we prove it.
It follows from
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ntQd^^(t) = ^([cn] +s)\/(r-t)(lcn^s^

_^_ n'([cn]+s)\ «,/^i^)/.
(r - ty (r - r)^"!^1 '• / •

Since O^^t), k<0, does not satisfy the conditions in Pro-
position 6.1, we employ

©t( f )= (R^T) 0(<;)(/) ( k = o ' * 1 , ± 2 , . . . ) . (6.15)

For ©fc(/) , we have

PROPOSITION 6.5. -
(i) // k < h,

O^O) « ©^-^(t) (6.16)
( i i ) / /A:>0 ,

6^)(t) « Q^a) « ———— 6^(1); (6.17)
(.K — r)

(w) If k<0 and R'>2r,
•J\k\

0(f^)(t) «@y(t) « _ 6^(t). (6.18)

Now we show Proposition 3.5 and 4.1.

Proof of Proposition 3.5. — First let us recall the equations
which w^(z) (n = 1 ,2 , . . . ) satisfy;

t-1 JU
"^k^) = - S ( k - s ) l s \ (^o)t-IW"+^z)

'X1 o^or-7^ (T-̂ b ̂ '^v-^-/2)
0</<J +5«.o/(z). (6.19)

We show by induction on n that there are constants M and A
such that w»(z)«MA»0<(""l>(f). (6.20)

We note that «;„ (z) = 0 for 0 < n < k - 1. Now let us assume that
(6.20) is valid for 0 < w < N + f c — 1 . Hence we obtain, by Propo-
sition 6.2,
(3, ^w^/z) ^^MA^Bed^)^-^)

«MAN+t- lB0< ( ("+fc>p])(/), ( 0 < ^ < f c - l ) ,
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and
A,^(z , a,,) (Q^y-'w^^z) « MA^-^^^-^^^-^O),

where M^ = ord A, ^(z , B^) . So it follows from (6.14) that
N!

A^(z , 3,0 (B^^w^., « MA^-W^O),(N- / ) ! / !

where AN = [(N + 5 -/)j3] 4- M^ 4- i -s + /. In view of the defini-
tion of j3 (see 1.12) we have h^ < [(N + s -/)j3] + i - s 4- j3(A; - i + /)
and AN < [(N + fc)^]. Hence we have (6.20) for n = N + k . Thus
it follows from (6.12) that there are constants M and C and a neigh-
bourhood n^ of z = 0 such that |w^(z)| < MCT(wj3 4- 1) for
zE^.

Proof of Proposition 4.1. — Let us recall that ^ ^(z , X) (n > 0,
5 > — 7t) satisfy

M,(z , 3,) ̂  ,(z , X) + Z M,.(z , 3,) ̂ ,,,^(z , X)
j>r

+ Z M,(z , a,) i^_^_,^(z , X) = 6^0 S^G(z , X) ,
f<r

(B^y* ̂ ,(z", 0 , X) = 6^o 8,.o ̂ (^). 0 < A < ^ - 1 , (6.21)

and sup |G(z , X) | < M(X) and ord M,(z, B-) = t,. We show byzen / /

induction on n and s that

^s^ > x) « AM(X) K"^^ ̂ ^^l (^. (6•22)
where r = ZQ 4- z^ + ... + pz^ . Obviously

v^(z,\)«AM(\)@m(t).

Assume that (6.22) is valid when 0 < n < N — 1 and when n = N
and — N < 5 < S — 1 . It follows from Proposition 6.2 and (6.16) that

^ M^.(z , B^) i^N.s-y+r^ A)
/" « Z AM(X) B-S-.-C-D O^^W (6.23)

« '£ AM(X) B"«-'"C" D e^^""*8""-""-8-'""'"^).

From Lemma 1.12, if /' > r ,
((N + S - / + r)Vt} > [(N + S)pj + t, - t,.



164 S. OUCHI

Thus we get

S M,(z,9,)i,^_^(z,X) <<AM(X)BN+s-^CNEQaN^17',)(?).
/>'' '(6.24)

On the other hand

S ^(z,^)^-^/^-/^^^^) (6.25)

« AM(X) BN.S ^ c^D O^^^^^r).

From Lemma 1.12, if / < r ,
[ (N-T-+ / )^J<[N^J+^-^ .

Thus we also have

S M^(z, 3,) t^_^,s-^(z, X) « AM(X) B^C^E 0 :̂̂

(6.26)

Hence it follows from Proposition 6.3 that (6.22) is valid for n = N
and s = S. We have from (6.18)

^(^X) « A,M(X) B^C" 0<l^]-^+^(,). (6.27)

So if [w^J > [(n +5)^],
|^,(z , X)| < A^M(\) B^C^ F([w^J - [(^ + s) v,] + 1) (6.28)

and if [m^.J< [(/! +5)^],

I i^(z , X) | < A, M(X) Bf^C^ | z i^^l-l^i 1
x r([(^ + s)^] - [w^J + l)-i . (6.29)

We can easily obtain (4.6) in Proposition 4.1 from (6.28) and (6.29).
We can also have (4.7) by the same way. This completes the proof
of Proposition 4.1.

7. Asymptotic behaviour of functions defined by integrals.

In § 7 we study asymptotic behaviour of functions which
appeared in the previous sections. We shall complete the proofs of
Theorem 1.7, 1.9 and 1.10. Let us recall that S(o;) denotes a sector
{ Z o G C ; largZoKo;} and the path C ( d , 6 ) , simply C(0), is defin-
ed by (1.20). We denote by Sl^ a domain {z E Sl; | arg ZQ\ < a;}.
We shall first study the functions u^z) (1 < z < £ - l ) and next
u^(z) and finally ^(z).
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Now set
hm(z) ^fc(e) ̂ P^o)^"" 'HO;, \)d-\ ( w £ Z ) , (7.1)

where H(z,X) e®(n x { |X | > A}), ft = {z ec"^; jzj < R}, and
satisfies the following conditions:

(i) For any a , b (b > a) and any e > 0, there is a constant
C ( e , a , b ) such that for (z , X) en x {X ; |X| > A, a < arg < b}

I H(z, X) | < C(e , a , b) exp(e | \|). (7.2)

(ii)_There are constants H, c > 0, 7 > 1 and (^ with
7T7/2 > 6 > 7r/2 such that for { \ ; | X| > A, | arg \| < J}

sup |H(z , \) | < H exp(- c | Xl'^). (7.3)

Now we define a path C(d, 6) as follows: Put for 7r/2 < 6 < v
C-(d, Q) = {\ = s exp(- i9) ; d < s < °°}
C°(d , B) = {X = d expOp); - 6 < p < 6} . (7.4)
C-"^^) = { X = s exp(;0); r f < s < ° o }

and C ( r f , & ) = C - ( r f , 0 ) U C O ( d , 0 ) U C + ( r f , 0 ) . C(rf,0) starts at
°°exp(-(0) on C ~ ( d , 9 ) , passes on C°(d,e) and ends at ooexp(;0)
on C^{d,Q) (see fig. 7.1). C(d,6) is a deformation of C(d,0).

Fig. 7.1.
Under the condition (i) and (ii), we have

PROPOSITION 7.1. -
(i) h^(z)^Q(^-_{z^ = 0}).

Suppose 0 < o> < 6 — 7r/2 . Then
(ii) ^(z) ~ 0 as z. 0 in nw >
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(iii) there are positive constants A, B and C which depend on
a? such that for z € i2^ , if m > 0 ,

K^ ^(z)| < HA'^B^ r((m + ^0)7 + l)r(|a' | + 1) (7.5)
and if m> OQ,
IO^A.^Z)! (7.6)

^HA^B^IZoF""0 (J ^ exp^CIZor1^-0),

wA^ H m ^7.5^ and (7.6) is the same in (7.3).

Proof. — By varying 6 in the path C(9), we have (i). Let us
show (ii) and (iii). Suppose that TT >J> Tr/2. Put 0 = 0 in C(0).
By deforming C(0) to C(L, 6 ) , where L is a constant such that
L > A, we have

lim h-, (z) = f X^1 H(z, X) d\ (7.7)
20 ~^? ^ "C(LJ)z^es^)

uniformly in z 'e i2', ft' = {z' € C" ; |z /1 < R} . By deformation
of the path C(L,0) to a path lying in the domain {Re\>0} ,
(7.7) is zero.

Let us show (iii). We have
Wh^(z) .„ (7.8)

= f exp(Xzo) I ("<>) X^-^,)00'̂ .)0' H(z , X) \d\.
"C(L,B~) »°o x 0 >

Let m > 0. Then we have for z € i2^

|(V ̂ (z)| < H f B^1-^1 (^°) r(|a| - £ + 1) j
/! _exp(-c|X|l^)|X|m+)^-l |cfX|

"C(L,9)
<HA"'+lBlal^((w +ao)7+l ) r ( | a ' |+ 1). (7.9)

Let m>dQ. Put L(£) = (w-£ + D I Z o F 1 + ^l^or^'1"'0.
where rf > 0 will be determined later. We have

-o
L

e=o
|(^,)aA^(z)l<H Z (^B^ ' - '^ rda l -K+l) ^^^

x f. .LW-^-^expdXzol-clXI' / 'QlrfXI.^(LW.a)
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Let us estimate a function IL(z ,X) = expdXzJ —c\\\1^). We
have for X€C°(L(£), 6)

\H^(z,\)\<em-s^ expCrflzor^-D-cLOe)1^) (7.11)
^gm-t+i expO/jzJ-1/^-1) -crf^lzol-1^-1)).

So we choose d so small that it satisfies d — cd11^ < — C < 0.
Thus we have for X€C°(L(£),0)

IH^z^K^-241 expC-CIZol-1/^-1)). (7.12)
For XeC*(L(£),0) and z£ i2y , we have ReXzo < -a|X( |Zol
and

IH^z^KexpC-alXzol-AlzJ-1^-1)), f t >0 . (7.13)

Therefore, it follows from (7.10), (7.12) and (7.13) that there are
A = A(CL>) , B = B(u) and C = C(co) such that

l(V^(z)|

< HA'0" B"^ \^^m~ao exp^Clzol-^^0) IQ !<1 ! .
(m - dy)!

(7.14)
Next suppose Q > v . If | arg Zy + 6 « w/2 , the expression

(7.1) holds. By using it and choosing L(fi) as in the above arguments,
we have (ii) and (iii) in Proposition 7.1.

Let us apply Proposition 7.1 to the functions u,(z) (1 < ( < £)
constructed in § 6. Recall that

M,(z) = ( exp(Xzo) V,(z , X) d\, (1 < i < £ - 1), (7.15)
^0(9)

where
|V((z,X)|<Aexp(c' |X| l / 1 f '+ l), 7 , = f ( , (7.16)

and if | arg X| < 6^ , v/2 < 6,^ < v^/l,

|V((^,X)|<Aexp(-c|X| l /7Q (7.17)
and
ttfi(z) = f exp(Xzo) V^ (a., X) X-'' d\ n i o\

" € ( 0 ) . (7.18)

-'-S jT exp(X^(,)i5_,(z,X)X-t-rrfX,
^=1 '-C9)where

| V ^ ( z , X ) | < A exp(c' IXI^c), (7.19)

|i;_,(z,X)|<AB^! exp^'IXI1776) s>0, (7.20)
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and if |arg X| < 0g , 7r/2 < 0g < 7r7g/2,

IV^z^KAexpt-clXI1 7 7 6) , (7.21)

I iL,(z , X) | < AB's! exp(- c I Xl1776). (7.22)

Here z E Sl, |X| > 1 , ^ > ̂  > ... > 0g > 7r/2 and ^ and c
are positive constants.

For Uf(z), 1 < f < £ — 1 , we have

PROPOSITION 7.2. - Let o)^ be a number mth
0<^, <6^, -7r/2.

r/z^
( i )^(z)-0 and g^(z) - 0 ^ z ^ — — ^ 0 m zei2^

(ii)/^ zCSl^,

| (^,)a^(z)|<AB I a l^(ao7, + l ) r ( | a ' |+ 1). (7.23)

Proof. - Proposition 7.2 follows from Proposition 7.1 (see (5.25)
and (5.27)).

For ^g(z), which belongs to ©(^2 — {z^ = 0}), we have

PROPOSITION 7.3. - There are constants r ^ , A , B and C such
that for z C Sl^ mth 0 < c<;g < 0g - 7r/2 and |zo I < ro

1^)1 < A exp(-C [Zor^7^^) (7.24)
a^d

|(^,) a^(z) |<AB I a l^(ao7e+ l ) r ( | a ' |+ 1 ) . (7.25)

Proof. - Put

^(z) = /. exp(Xzo)V^(z,X)X- rrfX (7.26)
and c(e)

u^^) = / exp(Xzo) v_,(z , X) X-'-^dX . (7.27)
C(0)

It follows from Proposition 7.1 that (7.24) and (7.25) hold, if we
00

replace ^g(z) by u^(z). So we have only to consider ^ M g ^ ( z ) .
We have, from Proposition 7.1, for z € i2^g 5= l

\u^(z)\ ̂ AB^ \z^-1 exp(-C IZoF1^"0). (7.28)
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00

Hence if [zj <^ = 1/2B, ^ 1^(^)1 converges. Thus we have
5=1

(7.24). Let us show (7.25). In view of (iii) in Proposition 7.1 we have

\Wu, (z)|< ^^^l^ 'D^^^^-^^+l) , ^>s,
A.B^C'^lzol^^da'ID^D/ra.-^+l) ,^^, .

(7.29)
Hence, there is an ^ such that for z G S2o>g+^ n { |zJ < ̂ }

SlOz^^^Kf A . B ^ C ^ ' d a ' I D ^ D r a a o - ^ ^ + l )
5=1 5=1

+ S A.B^c '^ izor^d^lO^O/r^-^+i)
5>ao

^AB'^'n^^g 4-l)r( |a' | + 1). (7.30)
Thus we have (7.25).

Next we investigate the function ^o(z). To do so we study
asymptotic behaviour of functions defined as follows. Put

V/ (T ;Z)== 27r7 f exp(Xzo)X l/p- l ^(r;z,X)rfX, (7.31)
where

^T\°

^(r;z,X) =J exp^X^?)^^,?)^. (7.32)

Here 6 = ( < ? - l ) / p , p , ^ E N , p > < ? , (p , q) = 1 , 0 < r < r ,
and

^,?)= S ^(z)^/^)! , (7.33)
yi=0

where ^(z) is holomorphic in Sl such that for z^-Sl

| (^,)a^(z)|<MA"B l a l^(/2j8+ |a| +1) , p = p / q > I . (7.34)

We choose r in order that $(z,?) converges. Put
w

^(^ ?) = I ̂ (^) ^Knp) \ (7.35)
M=O

and

^(z ' ?) = I ^(^) r^^^p) ! . (7.36)fn
n=m+l
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LEMMA 7.4. - There are constants M, C,c and f such that

MBIalC'"+l F(w^+ |a| + 1) |?|("'+OP (7.37)

io r $2 (z, ?) i < • exp(c i?^"0)/1^ +1) ̂  > i ,
z m ' MBl a lC'"+ l^(w^+|a|+ l)|?|('"+l)P/^(mp+l),

i n < ? , <? = i .
A-oo/: - We have from (7.34)

KV^^nKMBi0 1 £ A"r(^+ i a | + i ) i r i » p / r ( w p + i )
n=w+l

^MB'^'A^1!?!^^)^ ^ A;+w+l^((w+1)^)
n=0

r((wj3+ | a |+ i ) i ? i^ / r ( (^+ i )p ) r (wp+i ) .
So, there are constants c and f such that (7.37) is valid.

LEMMA 7.5. - For any a? with 0 < co < 7r(j3 - 1)/2, z/
Zo——^ 0 in S2^ ,

2^^)exp(xzo)xl/p"lrfx^ exP(-xl/p?)^(^?)^—* 0.

Proof. — We have

F exp(- X1/^) ̂ (z , ?) d? = exp(- rX1^) <l^(z ,X), (7.39)
T\

where $^(z,X) is a polynomial of X"1^. By varying 0 in C(6)
or deforming C(0) to C(0) with a? + Tr/2 < 0 < 7Tj8/2 , we have
(7.38).

Put
V/W(T ;Z )= 27n/ ^(^o)^'"1^/^ exp^X1/^)^,?)^

and

^(r;z) = 2^ •{(^P^0^1^"1^^' exP(-xl/p?)^(^?)^

Wehave ^(r; z) = ̂ (r; z) 4-^(r ; z) (see(7.31)).

LEMMA 7.6. - For any co wiTA 0 < a? < 7r(j3 - 1)/2,
w

^(r;z)- ^ ^(z)(zo)^! ^ ZQ —> 0 m zE^. (7.42)
w = o
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Proof. — We have
1

^n(r; z) = T- / exp(XZ(,)X1^-1 d\ /"exp(- X1/"?) <^(z, ?) ̂
Z7TZ C(0) ^ 0 ^

-rexpt-X^U^Cz,?)^
T\

- 2^ ̂ ."'̂  (JIL "̂"")

~ X1/^1 ̂  exp(- X1/^) <^(z , ?) ̂  rfX

= ̂  ̂ (z) (^^^ ! -- ̂  ̂ "^o) ̂ l/p'1 ̂
n=0

(Fexp^x^n^cz,?)^).
^

Hence from Lemma 7.5 we have (7.42).

LEMMA 7.7. - Suppose that jarg \| < 6 with T T / I < 6 < 7rj3/2
and q > 1 . Then there is a TQ = To(0) ^c/z ^A^

f^ exp(~X1/^ + cl?!^-^) |?|<W+1>P |̂ |

<Kr(wp + DC'" ixr^'1'^17^, W G N ,
holds for some constants K wrf C dependent on TQ .

Proo/ - Put ?(r; r) = rrX6 (0 < r < 1) and
A(?)= -ReX^+cl?]^-!).

We have^ A(r(T; r)) = - ̂ rReX 1^ + c(rr)^<^1) |X|1^ . Since
|arg X| <0 < 7rj8/2 , there are TQ = To(0) and d > 0 such that
^ ( ? ( T O » ^)) ^ — r f l X l ^ ^ r for 0 < t < 1 . Hence there are constants
K and C such that

j^expO^To; t)) aro^^ro W^^^dt

<(^)(m+l)p+l ]^(^l)(m+l)+6 J'^xpC-rflXI1/^) t^^Pdt
»1

,(w+l)p+l [^j(<?-l)(w+l)+6 ^ evr^r_^IMl /^^ ^(w+1

<K|X|~(w+l+l/p)Cm^(wp + 1) .

LEMMA 7.8. - For a^ cj w^A 0 < a? < 7r(j3 - 1)/2 , there
are constants r^ =r^(cx;) , M and A ^c/z that for z€?2^ a^rf
w >ao

w—an+l
K^^^i^)^^1^^81"^^'^ I^I-H) Izol " • (7.43)
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Proof. - Take 0 such that n/2 4- a? < 0 < 7rj3/2 . If ^ > 1,
by putting r = T^ = 7^(6), we have from Lemma 7.4 and 7.7

1(V^(^)1 (7.44)
< KA^B^l Izol"'^1 r(mj3 + |a| + 1) / [^-(^o^) ̂  ^

where C is a deformation of C(9) in { | a r g X | < 0 } . Hence we
have (7.43). If q = 1 , we also have (7.43).

In view of Lemma 7.6 and 7.8, we have

PROPOSITION 7.9. - For any a? with 0 < a? < 7r(j3 — 1)/2 ,
there is a r^ = r^(cj) such that

^(Ti ;z)- t ^(z)(Zo)^! ^ Zo—'0 ^ ^E^. (7.45)
yi=0

In the following we fix r = r^ . Now we show

PROPOSITION 7.10. - There are constants M and C ^c/z r/2^
/or z E ̂  wr/z 0 < o; < TTGS - 1)/2 ,

1(3^ V/(Ti ; z)| < MC^naojS + 1) r(|a'| + 1). (7.46)
Proposition 7.10 is used to show Theorem 1.11. To show propo-

sition 7.10 we give lemmas. Put

\ ̂ o) = —— fexp^zo)^-1'1/^ r ex^-X1/^)^/^)! ̂ .
27Tl Jc J7X!> (7.47)

LEMMA 7.11. —

r X^^exp^ X1/^) ̂ Knp) !)rf? (7.48)
"r^6 / np \

= exp(- rX1^) ^ (T^^rP-^np - s) !
( 5=0

^roo/ — By integration by parts, we have

r X^/P exp(-X1/^) (r^C^)!)^
•w

X71

^T^6

"TX0

WZ

- f^{(- a^"^1 exp(- X1/^)} O^/C^)!) ̂
^TX6

= 2 {(-a^-'exp^X1/^)}^-^^-^)! ,
c-n s=TAk
5 = 0
np

= Z ((rX^^-^p-.OOexp^rX1^).
5=0
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LEMMA 7.12. - For any w with 0 < co < ir(j3 — 1)/2, there are
constants A=A(co) and B=B(co) such that for ZoeS(o))n{|zo| <!}

( AB^rW-n) +1) ( £ > T I ) ,
IW^K (7.49)

( AB^" r(p(n - S.) + I)-1 (fi < n).

Proo/ - Choose the path C so that ReXz,, < 0 and ReX1/" > 0.
By taking C = C(0) or C(6) for suitable 6 , we have from Lemma
7.11

Hc.^o)l „„
<M S fexpC-TclAl^axi8-"-1^-^/^--.?)!)!^!.

^=o c

Hence we have (7.49).
Put for a nonnegative integer £

^,6^1 > 2 ) ^ (7.50)
= —— [ X^1/"-1 exp(Xzo) rfX r^ exp(- X^Pn <(z, ?) ̂

2ffi ^(e) "o

O ' = l , 2 ) .

LEMMA 7.13. - Let £ < m. Then for
zen^,. 0 < y < ff(j3 - 1)/2 ,

lO^^KAB^n^+f i -^+l ) (7.51)

holds for some constants A = A(c>^) a«d B = B(o?).

Proo/ - We have

^(r,,z)

= J- f exp(Xzo) X^1/"-1 dX j ^exp(-Xl/''r) <(z, ?) cf?
27r^ ^c^) ^ o

-r expC-X^D^^z,?)^!
"TiX0 )

= -1- /' exp(Xzo) ( 2 ^(z) X"-"-1)^- ^ ^(z) I,,»(zo)
2W( •'C(ff) ^n^o "=0

= S ^)Ks - C)! - 2 ^(z) It.«(zo). (7.52)
s=9. n=0
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Therefore, it follows from Lemma 7.12 and (7.34) that

I ̂ e^i ̂ ) I < Z MA^ F(sp + l ) / ( s - 6) !
5=c

c
+ S MA^r^+oc^rcoz—^+i)

n=0

m

+ Z M A ^ r c ^ + D c f ^ r a w - £ ) / ? + i ) - i
n=B+l

^^gm+Ep^^ + g _ ^ + ̂

LEMMA 7.14. - Let S. < m. Then for
zen^, 0<co<ir(j3-l)/2,

^2m,s('rl,z)\<ABm^^(mp+fi-m + 1) (7.53)

holds for some constants A = A(co) a/irf B = B(w).

Proo/ - We have, from Lemma 7.4 and 7.7, for a suitable defor-
mation C of C(0)

^2n,,ll(T^,z)\<KDm f |exp(Xz,,)| IM6-"1-2^ F(wj3 + 1)

^AB^r^mft+i-m + 1 ) .

Proof of Proposition 7.10. - First we note that

^i^)= ̂ Tl•'z)+^(T^,z).
Put w == a,,. We have

(^a ̂ (r.;z) = -^^ (^)^X-V- exp(Xz^X

^'^r^o^^^^cz.n^. (7.54)
In view of Lemma 7.4,7.13 and 7.14 it follows that

K^^Tiiz^AB^nc^+iyraa'i+i) for z en&«j '
Now we apply Proposition 7.9 to Uy (z):

"o(z) = 2^4)exp(xzo)xl/p-l<A^TlA6exP(-xl/^)w'<z^)^'
where (7-55)

oo

H<Z,?)= ^ wJz)?"P/(^)! (756)
W = f c
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and for z in a neighbourhood U of z == 0

l(^,)aw„(z)|<AB' lCT(^+ |a| + 1 ) . (7.57)
Hence we have

Uo(z) - ̂  n^(z) (zo)"/w! as ZQ —> 0 in Us. (7.58)
n^k

Since L(z , 3^) ^o(z) -/(z) - 0 and u^z) = O^z^) as z^—— 0
in Ug , it follows from uniqueness of solutions of formal power series
that UQ^Z) ~ u(z). Thus this completes the proof of Theorem 1.10.

Finally we show Theorem 1.11. Put
S+(co)= {zEC^IargZoKu}

and
S_(u) = {z G C^ ; |arg ZQ - TT| < a;} with 0 < a; < 7r(7c - 1)/2 .

Then it follows from Theorem 1.10 that there are functions ^+(z)
and u_(z) such that u+(z), u^z) E ®(U -{ZQ = 0}),

L(z,3z)^(z)=/(z) (7.60)
and

M+ (z) ~ u(z) as ZQ —^ 0 in Ug^^ ,
(7.61)

u_(z) - i2(z) as ZQ —> 0 in Ug_(^ .

Define ^(^) as follows
( ^(^lo^i for ^o> °»

u(x) = R (7.62)
(^-(^)|^i ^ ^ o < 0 .

^(x) defined by (7.62) can be extended as a C°° function up to
{XQ = 0} . Thus we have for x e V = U H {Im z = 0} ,

( L(x,9^)u(x)=f(x)
(7.63)

( Oxo)^(0,jc')=^(^), 0 < £ < f c - l .

In view of Proposition 7.11, we have the estimate (1.28) of u(x).
This completes the proof of Theorem 1.11.
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