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ON THE CECH BICOMPLEX ASSOCIATED
WITH FOLIATED STRUCTURES

by H. KITAHARA and S. YOROZU

1. We shall be in C°°-category. Let M be a paracompact connected
^-dimensional manifold with a foliation ^ of codimension q , and
let ^U = {U^} be a simple covering of M such that each U^ is
a flat neighborhood with respect to ^ . Then there exists a decom-
posable q-form w = w1 A . . . A wQ on each U^ and, by Frobenius'
theorem, there exists a 1-form 17 on eaclwU^ satisfying dw = w A 17,
where d denotes the exterior differentiation and A the exterior
product. The 1-form 17 is an interesting object; it is well known
that T? ^(dr])q defines a de Rham class in H^^M.R) ([I] , [2],
[3]). Our aim is to show that 77 itself defines a certain cohomology
class, that is,

THEOREM A. - ((-I^-V^OT? defines a D-cohomology class
in H^C^^A^M^D) depending only on Si.

The above theorem was announced in [4], where it contained
misstatements.

THEOREM B. — Supposing M admits filiations ^ , ̂  comple-
men tally transversal to each other, 17 defines a D'-cohomology class
in H^C^CUiA^M^.D'KCf. [5], [6], [7]).

2. Since M has a foliation ^ of codimension q, the tangent
bundle TM of M has an integrable subbundle E with fibre di-
mension n-q. Let Q = TM/E be a quotient bundle with fibre
dimension q. Choosing a suitable Riemannian metric on TM,
we obtain an isomorphism TM ^ E ® Q (Whitney sum).



218 H- KITAHARA AND S. YOROZU

Then

dW = ^ dt[ A w7 4- ^ t\ dw1

i ]

=2:(^-1:^) A W 7 ,

/ v A:

and on the other hand

dw1 = ^ w^ A (^

I(-S^)AW/-.

/ fc

Thus

-S^^-S^+l:/^
*: ^ fc

where ^ are functions on LL H U^
Let / s^ 0 \ denote the inverse matrix o f /^ - 0 \ .

M) ^^ ^0 ^>'b o

Then

Z ̂  ̂  ̂  = - S ̂  ̂  + S ̂  ̂  ̂  - S ̂  ̂  ̂
/^ / /,fc Afc

and we obtain

W=- S^^J+S^ - I ^/j.^.
» ij / i, j , k

From (4), dtj = ̂  ^ w^ . . Thus, by (3), we obtain ̂  ̂  = S ̂ '
Ar T T

Therefore we obtain ^ = T? on U^HU^ and 77 € C0'1 (CU;A*(M)).
Q.E.D.

THEOREM B. — Supposing M admits foliations ^,^' complemen-
tally transversal to each other, 17 defines a D'-cohomology class in
H1 (C^CZl ; A*(M)), D') w/z^ rf is defined by ^.
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We may suppose that "il = {U^} is a simple covering such that
each U^ is a locally trivial neighborhood of the bundle Q —^ M.

Let V0' denote a local connection on Q l r j , and let oj^
.a

(resp. 12^) denote a connection form (resp. a curvature form) of
V^ on U^. Let A^ be a canonical p-simplex in RP^1 (with coor-
dinates (^o, ^ , . . . , t ) ) . We define a connection form 0;̂  ...a
on U^...^ x A^ (U^.,^ = U^ 0 U^ H . . . 0 U^) by

c^o...^ = ^0^0 + . . .+ ^^p

= (l _ ̂  - : . . - t p ) ̂  + r^ + . . . 4- t^
and let ?2^ a denote a corresponding curvature form on
^o-p^- ' p

For the set A^(U^...a x A^) of all fc-forms on VaQ...a x A ^ ,
f : A^CU^ a xA^)—^A^-^CU^ ^ ) denotes the integra-

^PJ 0 ' " p 0 ' " p

tion along the fibre. Then we obtain Stokes' theorem

to d= (-IT d o f + fo /*
A^ ^PJ ^PJ

where / : U^ ^ x bA? ——> U^ ...a x Ap denotes the inclusion.

We consider Cech bicomplex C^^U ;A*(M)) : Let
CP'^ == n A^(U^ ^ ), and let D ' l C ^ — ^ ^+1^ denote

OiQ...Oip 0 P

the ordinary simplicial differential and D" = (- \)P d: C^^ —^ C"^^
the de Rham differential. A multiplication-; 6^ ® C^''^'—> C P ^ ' ' ^ '
is defined by.

(^ • ̂ k-..̂  = (-D-'^o...^ <..,̂  - S...̂  <...̂  •

For ^CU ;A*(M)) = ^ 6''̂  and D = D' + D": C^ -^C^1),
p+<?=fc

we obtain a graded algebra (C^CU ; A*(M)), D, •).

T.et I*(g(,) denote a graded algebra of invariant polynomials
on a Lie algebra gl^. A caracteristic homomorphism

7: I*(flI,)—>C<*)(<U;A*(M))
is defined by

^=^^Y'^k~'> ^ei^)p
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where
(̂ C ;̂ = ,J ^o-"p' • • • ' ^o-v> •

Then we obtain,

LEMMA 1 (Cf. [8]). - For ^ G 1 )̂,

(_1)[P(P-1)]/2 ^-^! . )P,2^-p
v 7 fc ! ^lv)ao•••ap

f dt^ A . . . A dtp A ̂ (̂  - G^o . ̂  - ^ao - • - <^ - ^OQ . ̂ ^.p^)

A p <A;

0 ' p > k

where I\...^ = ^0...^ - S ̂  A (a;a, - ^ao) •

Remark. — j induces the Chem-Weil homomorphism
7*: I*(g^)—>H*(6^,D)^^H*(M).

The following lemma is easily proved.

LEMMA 2. - Let w 1 , . . . , W'7 be 1-forms on U^ such that
w1 A . . . A w^ =^ 0 on Va. P^r w = w1 A . . . A w^. TTz^z (i) fl/^rf
(ii) are equivalent:

(i) 7%^ exists a (q,q)-mqtrix (<^1) of 1-forms on Uo: ^cA
rtar dw1 = S w7 A (^f .

(ii) r/zere exists a 1-form r] on \Ja such that dw = w A T? .

Remark. - The existance of the matrix (<^f) doesn't depend
on choice of q 1-forms w1,. . . , wQ on Ua .

Remark. — In the proof of this lemma, we obtain

^(-i)9-1 S^ - a)i
Let r(-) denote the space of all sections of bundle. The Bott

connection ^ : F(E) x F(Q) —> F(Q) is defined by
v^z = 7r^([x, z]) x E F(E) , z e F(Q)

where Z G F(TM) such that 7i^(Z) = Z and TT : TM —> Q. Let
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^/. ^} (1 < i < < ? , ^ + 1 < a < n) be a local basis dual to {w1, w°}
on U^ satisfying ^ ^ r ( Q j ^ ) and ^ ^ r ( E | ^ ) with respect to
the isomorphism TM ^ E ® Q . Hereafter, we suppose that the indices
run the following ranges : 1 < ;, /, k , . . . < q, q + 1 < a, b, . . . < n.
We define a connection ^a on U^ by

V^Z = V^Z + S XQ(ZO^ + S Z'^(XQ)^ (2)
» i,k

where X=Xg + Xp G F(E |^) ® r(Q[u^) and Z= ^Z^,er(Q|u ).
/

We put V^ <?, = ^ G;'̂ . (X)e, , that is, ,̂ denotes the connection
i

form of V" on U^.

LEMMA 3. - < .̂ = î : o« U^.

Proo/ -Weput VXE e/ = S ^(XE) ̂ , then
f

^/X) == o5;:(XE) + ^'(XQ ) . Now we obtain

dw' (e,, €,) = -^ {e,(w'(e,)) - e, (w'(ej) -w' ([e,,<?,])}

=-^-S;(^).

On the other hand,

dw'(e,,e,)= (Sw^^)^,^))
^

=-^^).

Thus we obtain ^(Xg) = ^(XE ) . Therefore, for any
X.G r(TMj^), c^,(X) = ^(XE) + ^(XQ) = ^(X). Q.E.D.

LEMMA 4. — // we consider the connection V0'0 defined by
( 2 ) on U^ and a Riemannian connection V0 1 OM U^ , then, for
^i e I1 <91,), (7^i )^^ = ((-)'7- l /2 f f )»? . 1
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Proof. — By Lemma 1,

(Wi)^! = / dtt A ^1(0;^ -co^)
A1

""^(^i-^o)-
Since ^ £ 1̂  (g(g) is defined by
det(XL, -(l/2ir)X) = ̂  <^(X) X^ , X € a1, and trace (a;^.) = 0 ,

we obtain (7^1 )<^Li ^ (l/27r) trace (c^oy) • By (!) and Lemma 3,

(Wi)^ = ((-D^'^ir) T? . Q.E.D.
From this lemma, we obtain
THEOREM A. - ((—l) ' t ~ l /27r )T? defines a D-cohomology class in

H2 (6" (11 ; A* (M)), D) depending only on S>.

Proof. - If 7^1 € 6<2) (11 ; A*(M)) is D-closed, then particular
object (7^1 )^^ is D-closed and, by Lemma 4,

((-ly-'^TOT?^ C^CUiA^M)) define a D-cohomology class in
H2 ((^ ('U ; A* (M)), D). Now we prove that 7^1 is D-closed.

(D(7<Pi))^\ = (D'(w.) + D"(7^))^

-(D^,))^ +(D"(7^))Lo2./
= «Wi )2,2 - ̂ i )So2 }+(-!) (^(7^i ))^, .

From Stokes' theorem,

(-Dd. /^(n^,,)- f°d^(n^^)- /^.(ft,^)
A 1 A1 3A1

and the left side of this is equal to (—l)^^^!),^ , the first term
of the right side vanishes and the second term of the right side is equal
to ^(^i)-^"^- Jhusd'^^^=^(^al)-{P^ao)•
From this and (7^1 )^2 = ̂  (Sl ̂ ), we obtain

(D(Wi))^i = {^(^)-^ (^)}

+(-l){<Pi(n^)-^(S2^)}
= 0 .

From (7^1 ) '̂2 = ^i(^oo) and do^(n^) = o , we obtain

(D(7^))^3 =(D"(7^.))^3

=(-l)o(rf(7^))o^
= 0 .
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Now, from lemma 1, (7^) e 6°.2 4- ^u . Thus we obtain

(D(7^))^^^3 -O
and

(D(7^))^., =(D'(7^))^^
= ^1(^02) ~"^l(°^i) -^(^^^(^ao)

-^(^i)-^! (<^o)

= 0 .

Therefore we obtain D(7<^ ) = 0. Q.E.D.

3. For q 1-forms w 1 , . . . , w^ on U^ (w1 A ... A w^ =^ 0) we
may choose n—q 1-forms w^',..., w" on V^ such that

W 1 A . . . A W ^ AW^'^1 A . . . A W " ^ 0 On U

Thus we obtain expressions

^ == S ̂  ̂  + I ^a ̂  -
A: a

^ = S ̂  ̂  + S ̂  ̂  •
A: a

Using same letters ^ , T? to simplify, we put

^ =11^^ ° and T? = S ̂  ^a (3)w"
a a

on U- .

Hereafter, we suppose that the^manifold M admits foliations ^, ̂
complementally transversal to each other and that ^ (resp. ^ ' ) is of
codimension q (resp. n - q). Then we may consider that w1 ,..., wq

are defined by ^ and that w^ 1 , . . . , w" are defined by ^ .

Let 1-forms w', w0 , ( '̂, T? on U^^ correspond to 1-forms
w1, wa , ̂ ?, T? on U^ respectively. Then we obtain

LEMMA 5. - On U^ n U^ (^ ^) , rf = 77 .

Proo/ - On U^ H U ^ ^ , we may put

w1 = S rj w7 , w0 = ^ ̂  w\ (4)
/ b
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Proof. - We take 7?^ (resp. 7^) for 77 on U^ (resp. 77 on U^).
Then we obtain

^ - ^o = ° on u^ n ua! -
and

^^-^-^o'0-
Thus T? is D'-closed. Q.E.D.
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