ANNALES DE L’INSTITUT FOURIER

ANDRE UNTERBERGER

JULIANNE UNTERBERGER
Holder estimates and hypoellipticity

Annales de 'institut Fourier, tome 26, n°2 (1976), p. 35-54
<http://www.numdam.org/item?id=AlF_1976__ 26 2_35 0>

© Annales de I’institut Fourier, 1976, tous droits réservés.

L’acces aux archives de la revue « Annales de l'institut Fourier »
(http://annalif.ujf-grenoble.fr/) implique 1’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIF_1976__26_2_35_0
http://annalif.ujf-grenoble.fr/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Fourier, Grenoble
26, 2 (1976), 35-54.

HOLDER ESTIMATES AND HYPOELLIPTICITY
by A. and J. UNTERBERGER

When one has proved an estimate of the kind

lul,, < C(lul, + 1Puly),

in order to show that this implies the sought after regularity
theorem, there still remains to be carried a shift in the s/,
possibly a localization, and a regularization: a secondary
objective of this paper is to help in this humble task.

Our chief concern will be with « Hélder estimates », a kind
which was introduced by F. John [7] and used also by L. Hér-
mander [4,5]. As a comparison between theorem 5.1 in [4]
and theorem 3.1 in [11] may suggest, there 1s an obvious link
between Hélder estimates and Carleman estimates of a rather
loose type.

The main tool in this paper is a generalization of theorem
2.4.1 of L. Hérmander [3], another generalization of which
was systematically used by A. Unterberger [10, 11].

To illustrate on a well-known example the flexibility as a
tool of Holder estimates, especially when induction is needed,
we give a new proof of L. Hérmander’s theorem on hypoelliptic
second-order operators [6], somewhat inspired by that of
J. Kohn [8], but slightly shorter, and perhaps easier to gene-
ralize, as an example will show.

1. Mollifiers, regularization and Sobolev-norms.

We use mollifiers associated with multiple symbols ¢(z, 7, y)
by the formula

Op(e)u(z) = f o(z, n, y)e ¥ O== Vu(y) dy dy.

The authors take this opportunity to thank Aarhus University for the wonderful
hospitality they enjoyed during the academic year 1974-75.
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We always assume

(S) ¢ i1s a C* function on R?*, and for all multi-
indices «;, 8,2, and every M > 0, there exists

C > 0 such that
|D&DED 9 (2, n, y)l < C(1 + |=])~¥
for all (z, n, y) € R®".

On the subject of multiple symbols, the reader may consult
K. O. Friedrichs [2], or H. Kumano-go [9], or K. Wata-
nabe [12], or forthcoming lecture notes by A. Unterberger
at Aarhus University.

As is well-known, one may also write

Ople)u(z) = [ §(x, E)a(E)er=eD de,
where the symbol

3w, ) = f dzf o(x, & + ¢, & + z)e~2=@0 4

belongs to S=*, the usual notation for a class of symbols of
order — oo; it is then clear, using an integration by parts,
that Op(e) operates continuously from the space &'(R")
to the space <(R").

We also consider, for t > 0, the one-parameter family
of mollifiers Op(s,), where oz, 1,y) = 9(z, tn, 3).

The main reason for the introduction of these mollifiers
is the following commutation theorem :

Tueorem 1.1. — Let ¢ satisfy (S); let X be a first-order
differential operator whose coefficients are defined and C in an
open subset Q of R*; let Q' be a relatively compact open
subset of Q, and assume that there exists a compact subset L
of Q with the following property:

for every y € Q', the set of x € R" such that o(z, n,y) # 0

for some n € R" is contained in L.

Then there exists ¢ satisfying (S) such that, for every
ueé'(Q), and every t > 0, one has

[X, Op(eq)]u = Op(d)u.
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Proof. — First note that for every w e &'(Q’), the support
of Op(p)u is included in L, so that [X, Op(p,)]u is well
defined and has its support contained in L; changing X
outside L, it is no loss of generality to assume that the
coefficients of X extend as functions in £(R"); also,
one may assume that u e 2(Q').

Let X =Y aki—{— b. One has
k bxk

Op(e)Xu(z) = 3 [ ola, tn, yle0==Da,(y)ui(y) dy dn
+f ?(@, tn, y)e¥o-=b(y)uly) dy dn

and, after an integration by parts, the first term may be
written as

3 f e~ 2™ 0==Dy(y) dy dy [—gi (@, tn, y)au(y)

k

+ 2imnela, o, Y)euly) — ol tn, ) 2 <y)]-

With the straightforward expression for X Op(¢)u(z),
one gets

[X, Op(e)Ju(z) = [ e=2=o-=u(y) dy dx
| 3 @) 3% (@ ) + al) 02 (@, 19, )

+ 2in 2:. (a(®) — a(y)) m(, tn, y)

+ 3 ol ) g3 () + (8a) — blye(as tn, ) |
With smooth functions c¢;, chosen such that

alz) = aly) = 3 eule )@ — u)

hewnever y € Q' and z €L, one may, after an integration
by parts, rewrite the bothering term in the middle as

Fo)
= % [ eyl 4) 5o (u (e, y)uty) dn dy,
5



38 A. AND J. UNTERBERGER

which proves Theorem 1.1 if we choose

Homy) =3 al@) 37 (@ 1 9) + aly) o (@ 9,9

- % Ckk(x’ y)<p(x, N, y)
0
- 2 cﬂf(xa y)"‘k b‘:- (.’17, N, y)

Jk ¥
[
+ 3 o@ 1 9) 5t 0) + (4a) — by)e(s, 1, y).
Remark. — If X 1is reduced to its zero-order term b,

and b(z) — b(y) = Zdj(=, y)(x; —y,), one may also write
[X, Op(¢)] = tOp(xs), with

_ 1 9
X(x7 N, y) - 2”: ; dj<x7 y) b'l)j (x> N, y)

Tueorem 1.2. — Let ¢ satisfy (S), and seR. Then

(1) for 0 <t <1, Op(e,) remains in a bounded subset of
the space of continuous linear endomorphisms of H*(R") with
the operator-norm topology.

(i1) for every u e H*(R"), Op(e,)u converges in the space
H:(R"), as ¢t - 0, tothe product of u by the function ¢(z,0, z).

Proor. — As, for 0 < ¢ < 1,
|D¢DEDs(o(2, tn, y))l < CHFI(L 4 ¢|m])1F < C(1 4 |=)~18),

with a constant C independent of ¢, the simple symbol
associated with ¢, remains in a bounded subset of the space
of symbols S° which proves (1).

When ¢ — 0, ¢(z, tn,y) converges in the standard (local-
type) topology of C*(R3*") to ¢(z,0,y), which is a multiple
symbol of the operator of multiplication by ¢(z, 0, z); toge-
ther with the already remarked boundedness of {¢,} 1in the
space of multiple symbols of order 0, this suffices to imply (i1) :
this easy, but useful, argument i1s implicit in all treatments
of pseudo-differential operators, when a reduction to compactly
supported (possibly multiple) symbols is needed; it is stated
explicitly, for instance, in R. Beals and C. Fefferman ([1],
corollary, p. 4).
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The next theorem generalizes theorem 2.4.1. of L. Hor-
mander [3].

Taeorem 1.3. — Let ¢ satisfy (S), and seR, meR.

Assume that for some o > s, and all multi-indices «,, B, a5,
the estimate |D%DED%o(z, u, y)| < Cln|°~*l is valid for
some C >0, and all (z,7,y) with |n| < 1. Then there
exists C; > 0 such that for every u e ¥(R"), one has

1 dt
[ r10p(eguit, 5 < Callultin

Assume moreover that for a certain open subset Q of R,
there is no point (x,7m) with € Q and neR' 73 # 0,
such that ¢(x, An, ) = 0 for every 1 > 0.

Then, for every compact subset K of Q, there exist two
constants Cy > 0 and C3 > 0 such that, for every u e Px(Q)
one has

1 dt
et < Co [ E*10plo)ul} § + Cllultin- .
0
Proof. — It is no loss of generality to assume

s<c<s—|—~%—-

One has [Op(¢)uln = |A"Op(g)ul, with

m _Amm
A _<1 W) .

| DEDIDS(o(x, tn, y))| < Ceolq|°IF),

t~°@, remains in a bounded subset of the space of (classical)
multiple symbols of order o, so that ¢=°[A™, Op(e,)] remains,
for ¢ > 0, in a bounded subset of the space of operators of
order m 4+ o — 1; with some constant C > 0, one may then
write, for every ue £ (R"):

As

t dt t dt
[ A, Ople)Tulr < € [ e ultg,
0 0

< Gy u”§+m—%'

In this way, the proof of Theorem 1.3 is reduced to the case
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when m = 0. One has

Op(e)*u(z) = [ 9(y, tn, 2)e=250==Du(y) dy dx,
and [|Op(e)ul® = (Op(¢,)*Op(e)u, u), with

Op((p,)*()p(:pt)u(m)
= [ 3, tn, 2)oly, 65, Je-tro-= 0K Nuz) dy dn d d,

so that Op(e,)*Op(p,) 1s an operator with multiple symbol
b(z, v, y,&,2) of a type considered by Watanabe [12] and
possibly, previously, by Kumano-go [9], a paper which was
unfortunately unavailable to us.

Then
1o s o dt
[ =*10p(edul 5 = (Ru, u),

0

where R is the operator with multiple symbol
L dt
e, 9,87 = [ ¥y, tn, 2ely, ¢, 2)
0

On R?, let 1 =8(n,&) + ay(n, &) + as(7, &) where B € 2(R?"),
«; and o, are two C” functions whose supports do not
contain the origin and which are moreover homogeneous of
degree 0 for |£|2 4 |n|2 > 1, and satisfy the following two
conditions : || > L&l on the support of «;, and |&| > ||

2

on the support of «,.
Then, with obvious changes of variables, one may write
r(z,n,9,8, )
=pﬂ _(1_;3)]; ey [T "I'“?j;

dt

1 —
= B(7, &) ‘/(" t=*o(y, tn, T)e(y, t&, z) T

— (=8, &) [ oty tn, ooy, 5, 9) 5
o 2s ® —25, " - & _('2
+ ay(n, &) =] fo ¢ (P<y’t|nl x>@<y,t|n| Z>t
dt
t

+ (£ [ t—%(y, e x><p<y, tl%’ )
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With the notations of Watanabe, it i1s clear that the first
two terms are multiple symbols in the class S;5~=, and
that the last two terms belong respectively to S¥° and

9%, sothat R is a pseudo-differential operator of order 2s:
the first part of Theorem 1.3. follows.

Also, the simple symbol defining the same operator as the

myltiple symbol r(z, v, y, &, z) differs by an error term in
1

821 from r(x, &, x, &, z) = f | o(x, t&, x)|? d{; a function
0

which, up to an error term in S, may be written for large
© @ 2
tlas [ tele o =1 [ el (e o)
0 t 0 |€| t
The second part of Theorem 1.3 is then a consequence of
the (non-sharp) Garding inequality.

2. How to derive classical estimates from Holder estimates.

Hoélder estimates are, generally speaking, estimates of the
kind p(u) < C(g(w))®(r(u))*~?, where p,q,r are semi-norms
on a vector space, and 0 < 8 < 1; more factors may be
allowed.

On this subject, the reader may consult the papers of
F. John and L. Hérmander mentioned in the introduction.

As, unless 3 =0 or 1, the right-hand side of a H¢lder
estimate is generally not a sublinear function of u, such an
estimate may carry a lot more information than it seems. As a
first example, let us show that an estimate

p(u) < Clul?luli >,

assumed to be valid for every u e 2(R"), is almost as good
as an estimate p(u) < Clluls+a-os-

It 1s clearly weaker, due to the logarithmic convexity of
the function s+— |u|,, and as a matter of fact, strictly
weaker in general, as the elementary estimate

[u(O)® < [ul Tuls,

valid for ue 2(R), together with the fact that the Dirac

—1
measure on R does not belong to H™ 2(R), shows.
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However, let us introduce, for seR and keR, the
semi-norm | |, , defined, for ue 2(R"), by

lul2e = [ (1 + 1824 + Log (1 + |E)*a(E)® dé.
Then one has the following result :

ProrosiTion 2.1. — Let 8 € ]0,1[ and s, < s;; let
s =38s; + (1 — 8)sy;
let k> % There exists a constant C > 0 depending only
on n,38, s;,s, and k such that, for every semi-norm p on
D(R") satisfying  p(u) < |uld|u|=® for every ue 2(R"),
one has, for every ue 2(R"):

p(u) < Clul

Proof. — By Hahn-Banach’s theorem one may assume
that p(u) = [{f, u)| for a certain fe H-*(R"); one may
in fact even assume that fe 2(R"): for let ¢ e 2(R?*)
satisfy ¢(0) =1, and let, for 0 < ¢ < 1, R. be the pseudo-
differential operator with symbol {(ex, cg). Then, as ¢ — 0,
R.f converges weakly to f, and <(R.f, u) = {f, ‘Ru),
where the operators ‘R, are uniformly bounded either as
endomorphisms of H®*(R") or as endomorphisms of H%(R").

Thus assume that for some fe 2(R") and all ue 2(R")
one has |<f, up| < Julzluli>.

We want to show that for some constant C depending
only on n,3,s,,s, and k, one has

Il -« < C.

By Young’s inequality, one has, for every u e 2(R") and
t>0:

[<Fy wyl? < ] B39 = 90Dy 200 -Keems0] ] 22
< BrEe-demwpult 4 (1 — g)Eul,

hence
teI<f, up P < dBEHIuf2 4 (1 — 3)ee+)|u| 2.

Added in proof: Prop. 2.1. is a consequence of (IV.1.1) in Lions-Peetre : Sur une
classe d’espaces d’interpolation, IHES n° 19, 1964.
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- Let ¢ € 2(R") be real valued and satisfy ¢(£) = 0(|€|°) as
|€] > 0 for some sufficiently large ¢ and, with

w(@) =t (—f—)

and ¢,(r) = ¢,(— ), apply this inequality to

u=<‘§‘*q>‘*?

and integrate from 0 to 1 with respect to the measure
1\ dt
log - + One gets

2 1 \—2k dt
S (rog ) ge 10
0

1
—2k
<a [ <1og i) pesg, » T2 &
. t r
1

2 —2k d
(=9 [ (tog ) eeste o 718 5
0

2y

By theorem 1.1 of [11], the right-hand side is less than
alfl2, —x for some constant ¢; depending only on n, ¢, s,
s, 8 and k.

Using this theorem again, and with constants depending
only on n, 9, s, 8;, 8 and k, one has

1L -
T At —2k 2
<ol [*(0g 1) " e, %] + e,
1

<o <f o) df) < s CHEENE %‘)

+ alflL,,

1

2 1\~%* dt
o [ (log ) tloce 145 + alfi
0

Now, obviously, |f]-, < 1. Hence

—$s

"fué—s, —k < 0401"f“2—s, —k + Cs:
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1
and |f]|%, - < ; [0401 + (cic? + 4c) 2], which concludes
the proof of Proposition 2.1.

The next theorem shows how regularity theorems may be
proved via Holder estimates (which may 1n some instances be
easier to prove than standard ones): its principal defect is
that we have to assume that P dominates, in a certain sense,
some operators Q, which are not intrinsically attached to P,
but depend on a certain representation of P.

Let P belong to @,, the free associative algebra over G
on m generators X, ..., X,. Adding a new generator @
free from the Xjs, one has the identities
X oo X @] =X, .. X [ X, (D]

+ X, ... [ e )X + - F+ [X, 91X, L X
Also
X, oo X [X, 91X

iy ip)

- Xy,
=X XX, 01X X X,

F X XX X ek, X,

tr+q )

from which it is easily seen by induction that there exists a
finite number of elements Q, of @, such that one has the
1dentity

P(Xy, ..., X)), @]
= % [ [ ify - [ ] ‘]]Qk(Xla ] Xm)

Note that the « degrees » of the Q,’s are strictly less than the
degree of P, so that, enlarging the set {Q,}, one may
assume that a like identity holds with P replaced by any
of the Q,’s.

Now one may, in these identities, substitute operators for
the letters X, ..., X,, ®, provided that all the words
containing at most once the letter ® be well-defined as
operators.

Taeorem 2.2. — Let the operator P be expressed as
P(Xy, ..., Xg), where the X;’s are smooth first-order diffe-
rential operators in an open subset Q of R™.
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Let the differential operators Q, be expressed as Q,(Xy, ..., X)n,
and assume that whenever R s either P or one of the Q,’s,
one has formally, as just explained, the following identity with
complex coefficients depending on R:

1) [RXy, ..., X,), @]
= Zay[Xi, [Xiy -0 [Xio @] ... 7] Xy, -y X0

Assume that for some relatively compact subset Q' of Q,
there exist real numbers s, s;, ry, ry, s and r', a finite set
{n}, numbers By u Bap Yiw Ye,u all > 0 and satisfying

Biu T+ Bop+ Yo+ Yeo,p =1, and a number C > 0 such
that, for every ue 2(Q'), one has

lulle + % | Quull- < G % lwl G #lul b ¥ Pulfe ] Pul fr &

Then, if for every w one has

(B1,p + Ba,p)s’ + (Yl,p. + Yz,p)"' > By, uS1 + B, pSe
+ Y1,u + Y2, ul2y
the operator P s hypoelliptic in Q'.

RemaRrk. — Due to the logarithmic convexity of the function
s+— |luf,, 1t would not be a greater generality to allow s, s,
r, and r, to depend on u.

Proof of Theorem 2.2. — Let ¢ > 0 be the minimum for
all p of

(@1,9 + Bz,y)sl + (Yl,p. + Yz.p)”' — B1,pS1
— @2,932 — Y1,pl1 — Ye,ple-
We are going to show first:

for every € R and every compact subset K of Q'
there exists C > 0 such that, for every u € 2¢(Q’), one has

(2) lull g + % 1 Quutll s < C["u"s'+‘r-—s + llPu“r'+‘c-—a]'

There exists a finite decreasing sequence ((2,)1<4<, of sub-
sets of {Q,} with the following two properties:

(1) 2, = {Q,}, and 2, contains only constants.
(n) for every ¢ < p — 1, and every R €2, an identity
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such as (1) holds, where in the right-hand side occur only
elements of 2,,,.

For convenience, we set 2,4; = {0}.

For the typographer’s benefit, we delete everywhere the
sign 2 as well as the subscript p in the following proof

of (2). Also, we discard temporarily the terms for which either
Bl‘l‘ﬁz:O or 'Y1+Y2“——0.

Let
— _ B.B2 — _ Y1Ye ,
Pl ey TR T,
s 3131 + ‘5232 r — Yin + Yz"z
B1 + B2 Y1+ Yo
and

3 = (B + B2)(v1 + Yo)(r —r' — s+ ).

By the hypothesis of Theorem 2.2, for every ue 2(Q')
and all values of the parameters A > 1 and ¢ > 0, one has,
with a constant C > 0 independent of u,x and ¢:

lul2 + X 22 ¥ |Qu|2

1<9<p Qe9

2pPPs ‘_26_—? 10 20 23__2@
< C <)\6.+{3,t Bit+PBe ||uu§?.> <M3-+3=t Bt e "uugg,)

—2y4 2743 2Y+ 27sd
i Y1+Ye " Pu" 2Ty Y1+Ys " Pu” ,2_32 .

Using the concavity of the logarithm (1.e. Young’s inequality

with exponents —1_’ _1— ! and i)’ one gets
1 Bz Y2
3) fulz+ X 22 ¥ [Quj
1<9<P Qe9,
2p _2B_ 25 g&_ 23
< C 37\pc+p: [t Bt BitBe "u"?l_I_th Be+Be "u"?’]
2_‘( 2% 2Y 25
R P, - g T ||Pu1|2§

Observe that

B, B I
e TR R T8 Tt b

=8+ B +B)s—8)F+ (11t r)r—7r) < —¢
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and
3 . Y 3

y
r+—— =r e
N TR T 2

=71+ By + B)(s — &) + (v1 + Yz)(r —r)<r —e

Now choose ¢(z, 7, y) = a(z, y)|n|?°e"F, where o is a
large integer and the smooth function « is such that «(z, y)
is zero for all y when =z 1is outside some compact subset
of Q') and «(z,z) =1 for all z in some neighbourhood
of K.

Applying Theorem 1.1, whenever R 1s P or one of the
Q. ’s, one has, for some nice mollifiers ¢} and every t > 0

(4) [R, Op(e)] = 2 Op(($:))Q

where, moreover, if Re 2, (1 < ¢ < p), only Q,’s belon-
ging to 2,,; occur in the right-hand side.

On the other hand, observe that in the last part of Theo-
rem 1.3 one may obviously replace the error term GCgju|®
by C, u|2x. however large N. Ty

Applying the estimate (3) with u replaced by Op(e,)u,
and integrating from 0 to 1 with respect to the measure

Py _‘%t_, one gets, applying Theorem 1.3 and choosing p’

as the maximum of all the numbers p :
' B + B
there exist two constants 2 > 0 and C > 0 such that,
for every ue 2x(Q') and every A > 1, one has

() h[llu|l§'+r+ PRSI IIQullﬁun]

1SISP Q€9
—GC 3 2 ¥ |Qut+
1<9<P Q€

< Cglz”'llullf'ﬂ—e + [Puf? e + ng I Quﬂh—.-s%-
€ 1

This yields (2) if A 1is chosen large enough.

However, we did not take into account the terms for which
Y2+ v2=0 or B, 4B, =0, and one may verify that,
though the preceding proof takes care also of the terms with
Y1 + v2 = 0, it is not adapted for terms with B, 4 B, = 0.
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Noting that in this case r, NI G ST g,
Y1 Y2
we get on the right-hand side of (5) terms of the form

C”"[UPU/”?"H—E + Qez " Qu"r+r—=]

As on the left-hand side of (5) we have a term h\2 Z 1Qu|?.-,
Qe9

it 1s obviously enough, in order that (5), hence (2), "be valid,

that one may write, for some p’:

A% Z 1Qu|? 4z < C [7\ E 1Qul e + 227 uld e s]
(07-39) Q€e9

But now, d being the order of the operator P, this is a

consequence of the estimate, valid for ¢ € 2(R") and every

A>0:

"V“r '+T—¢ < C(Al 2p"V"r+1: + )\2(p—p)u‘,”s T~ d+1)

in its turn a consequence of the logarithmic convexity of the
function s+ |¢|,.

Thus (2) 1s proved in general.

Finally, assume that for some u e &'(Q), some v e R and
some open subset Q" of Q', uw i1s H{* in Q" Pu 1s

oo™ and Qu is H g™ in Q" for every Q€ 2;; then
we shall show that w is Hf,¢® in Q” and that Qu is H[}"
in Q" for every Qe 2, which will prove Theorem 2.2 by
induction.

For every compact subset L of Q" there exists a compact
subset K of Q” and a smooth functlon a(x, y) with support
in K X K such that «(z,2) =1 for all x in some neigh-
bourhood of L. Choose this time ¢(z, 1, y) = a(z, y)e ™",
so that the distribution «(z, z)u(z) is the weak limit, as
t—>0, of Op(p)u; also, for every Qe 2, «(z,z)Qu(x)
is the weak limit, as ¢ - 0, of Op(¢)Qu. Thus it suffices
to show that, as ¢t - 0, Op(e,)u remains in a bounded subset
of H*+*(R") and that, for every Qe 2,, Op(¢,)u remains
in a bounded subset of H"™*(R"). One may apply the esti-
mate (2) with uw replaced by Op(¢,)u, and use the identi-
ties (4) to express the commutators with Op(¢,): note that
the formula given in the proof of Theorem 1.1 shows that the
mollifiers ¢} also have their (z, y)-supports contained in

K x K.
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Using the first part of Theorem 1.2, one gets immediately
that Op(¢)u remains in a bounded subset of H*+*(R"). If
R e 2, we also get that Op(p,)Ru remains in a bounded
subset of H"+*(R"), provided that we know already that all
the Qu’s are Hi® in Q" when Qe 2,,, so that this
last part is proved by induction on ¢, starting from ¢=p+ 1.

This concludes the proof of Theorem 2.2.

3. A short proof of L. Hormander’s theorem
on hypoelliptic second-order operators.

Let P——2X1+X0+f, where the X;’s (j > 0)
iz

are C* real vector fields on an open subset Q of R", and
f isa C* complex-valued function on Q.

Denote by #,(p > 0) the set of all iterated brackets
(X, [X, ... [X, X,W] .]] with 0 <gq < p.

In [6], L Hérmander proved the followmg theorem : Assume
that condition (H) holds:

(H) For every compact subset K of Q, there exists p > 0
such that at every point of K the linear space of all
vectors is generated by the set of values at this point of
the fields belonging to #,.

Then P 1s hypoelliptic in Q.

We shall prove that for every compact subset K of Q,
there exist 8 €]0,1] and C > 0 such that the following
two estimates hold for every u e 2(Q):

(1) luly < Cluly + 1Pul)*=*lul®(Jul + [Pu])®>.
(2) for every j = 1

IXjuli-s < C(luly + 1Pul)**lul®®(lul + [Pu])>.

This will imply the result by Theorem 2.2.

In the following estimates, claimed for u e 2x(Q), the
constant C may depend on K; as Xj= —X; 4 a;, a; a
C” real-valued function, an obvious integration by parts
yields

(3) Re(Pu, u) = j};l I Xjul®* + Re(u, (g 4 f)u),
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where g 1s a function depending only on the X;’s, so that,
adding if necessary a constant to f, we may assume without
loss of generality that

(4) Re(Pu, u) > J;l I Xgul® + lul®

Lemma 3.1. — For any three real vector fields A, B;, B,:

| Re(Au, B;Bau)| < C{|ul(IBu] + [Baul)
+ [Au| [ [By, Bo]ul }.

Proof. — Neglecting small terms, one has
Re(Au, B,B,u) = Re(BiAu, Byu) ~ — Re(B;Au, Byu)
~ — Re(AB,u, Byu),
and

Re(Au, B,B,u) ~ Re(Au, B;B,u) ~ — Re(AB,u, B,u)
~ Re(B,u, AB,u).

Lemma 3.2. — For any two real vector fields Z,, Z, :

|Re(PZyu, Zyw)| < C{(luly + |Puly)((Re(Pu, u))® + | Zyul)
+ ng 11X ZoJull [1[X;, Ze]ul }.
Proof. — Re(PZ,u, Zyu) = Re([P, Z,|u, Zyu)+Re(Z,Pu, Z,u).
The second term is less in absolute value than C|Pu|,|Zu].

Also

Re([P, Z,]u, Zyu)
= — 2Re ¥ (X;[X,, Z;]u, Z,u) + Re(Tyu, Z,u)
>
—2Re 3, (X}, ZJu, X,Zqu) + Re(Tyu, Zyu),

Jjz1

where T, and T, are first order differential operators, and
one uses Lemma 3.1 and (4).

Lemma 3.3. — For every real vector field Y, and j > 1:

1
2

1
11X Y]ul < Clluly + IPuly)® (Re(Pu, w)® + | Yul)
Proof. — We first remark that for every real vector field Z:
(%) IX/Zu] < C(luly + | Pul)

1
2
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and
(6) 1ZXu] < C(luly + 1Puly);
for (6) 1s an obvious consequence of (5), and

2 1X/Zu]® < Re(PZu, Zu) < C(|ul; + [Puli)]ul,

by Lemma 3.2. Now
NXp Y]u|® = (X, Yu, [X), Y]u) — (YXu, [X), Y]u),
and
Re(X;Yu, [X;, Y]u < C|Yu| [ul, — Re(Yu, X;[X,, Y]u)
< CIYu|(luly + [Puly)
by (5). Also
— Re(YXu, [X), Y]u)
< CIXu| ful, + Re(Xju, [X;, Y]Yu)
< Gl Xull [ul, :Re([Xp Y] Xu, Yu)
< CG{(Re(Pu, w)) ® [uly + 1 Yul(luly + 1Pul1)},
by (6).

Lewmma 3.4 — [Xou| < Cluly + [Puly)® (Re(Py, u))?)?.
Proof. — | Xeu|t=(Xou, Pu) + > (Xou, X3u) — Re(X,u, fu)
< Clul(lul;, + [Puly) + 3 Re(Xeu, X2u),

Jjz1

and by Lemma 3.1:

1

Re(Xou, X2u) < Clul,| Xu] < Clul,(Re(Pu, u)) 2.
Lemma 3.5. — For every real vector field Y :

I[Xo, Y]ul < Clluly + Pul)((Re(Pu, w))* + | Yul i
Proof. — Let Z = [X,, Y].
1Zu)® = (XoYu, Zu) — (YXou, Zu).
We have
Re(X,Yu, Zu) < — Re(Yu, XoZu) + C| Yu [ul,,
and

— Re(YXyu, Zu) < C| Xou| |ul,+ Re(Xou, ZYu)
< C(I Xoul + [ Yul)luls — Re(XoZu, Yu).
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Using Lemma 3.4, Lemma 3.5 is reduced to estimating
— Re(X,Zu, Yu) by the right-hand side of the claimed ine-
quality. Now

— Re(XoZu, Yu) = — Re(PZu, Yu)
— 3 Re(X3%Zu, Yu) + Re(fZu, Yu),

jz1

and the third term is trivial; the first one is taken care of by
Lemmas 3.2 and 3.3.
Also, by (5)

|Re(X3Zu, Yu)| < |Re(X;Zu, X;Yu)| 4+ C(lul, + [Pul,)] Yul,
and
|Re(XZu, X;Yu)| < [|X,Zu| | X,Yu|

< (Re(PZu, Zu))* (Re(PYu, Yu))?.

Finally, by Lemma 3.2:
|Re(PZu, Zu)| < C(luly + [Pul,)?,
and by Lemmas 3.2 and 3.3 :
|Re(PYu, Yu) < Cluks + |Puly)((Re(Pu, w)* + | Yul).
Proof of (1) and (2). — As | Xjul;-5 < [ Xuli-?Xul? (2)

is a consequence of (6) and (4).
If Fe#,(p >0), (4) and Lemmas 3.4, 3.3 and 3.5 show
by induction that

IFu] < C(luly + |Puly)*=*""((Re(Pu, W) ? e,

Together with the hypothesis (H), this obviously implies
(1), which completes this proof of L Hérmander’s theorem.

Remark 1. — Using, in Lemma 3.4,

1 1 1 1
[(Xou, Pu)| < Clu| 1 [Pufy < Clul ®[ul#|Pul *|Pul,
2

1
2
and triviel modifications elsewhere, one may easily improve
estimates (1) and (2) to

luly + 2 | Xjulli-s
iz1 —3

= 4
2 (lul 4 1Pul)®,

1=% &
< Cluf2® ful ® (July + [Pul,)
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for which the « gain » ¢ occuring in the proof of Theorem 2.2

2
18 3 rather than 8—

2 2

Remark 2. — X being an integer > 1, the preceding
proof applies equally well to the (principal type) operator
on R?%:

0 . D )
=(—= — i) (= + ia®
Q <bx1 bx2> <bx1 T ox >
2 . 1) .0 D
=(2) + }_b_ 4l a2y ;22
ox,; o 0T, 0, 0x; 0%,

With X, = bi and X, — 2 bb

Z Zo

(aXm))‘Xz ==

, so that

07,

the starting point is the identity
— Re(Qu, u) = [ Xuu|* + [Xeul* — Re(niX,yu, zi7'u),
which yields

1

I Xqul 4 [ Xoul < Cllul d (lul + 1Qul)*.

With Z;, = b—ba;’ Z, = gz;- (7, k =1, 2), sothat Z; commutes
i k
with the bothering therm Lb—z-% of Q, Lemma 3.2 is
1 2

proved to be valid for Q 1in a straightforward way, and so
1
18 Lemma 3.3, when in both lemmas (Re(Pu, u))? is replaced

by Ju| 2(Huﬂ + | Qul])
With § = 2-* one then gets, by induction :

Tuly + 1 Xquli—s + [ Xeuli-s N N
Clluly + 1Qul)*=?lul ® (lul + 1Qul)®.

Finally, despite the presence of the term — @ ;2% i Q,
0z, 0,

the proof of Theorem 2.2 applies in this case too provided we

take only mollifiers o¢(x, n,y) of the form a(z,, y,)d(n)

6
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(with ¢ € 2(R?)), so that Op(e,) will commute with g?x—,
1
and 5% will not occur among the Qs.
2
In this way, we prove only global hypoelhptlclty In strips
a < x, < b, but hypoellipticity follows since Q 1s elliptic
for 2, # 0.
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