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BEHAVIOR OF BIHARMONIC FUNCTIONS ON
WIENER’S AND ROYDEN’S COMPACTIFICATIONS

by Y.K. KWON, L. SARIO, and B. WALSH

In the theory of bending of thin plates the biharmonic functions
play an important role ; their local properties have been studied by
several authors (cf. Bergman-Schiffer [1], Vekua [9], Garabedian [3]).
The main purpose of the present paper is to establish some global
properties of biharmonic functions in terms of Wiener’s and Royden’s
compactifications of a smooth Riemannian manifold (see also Nakai-
Sario [4], [5]). For notation and terminology we refer the reader to
the monograph Sario-Nakai [7].

1. On a smooth Riemannian manifold R of dimension n = 2,
consider the Laplace-Beltrami operator

1
Au = g‘f —
\/E ti =1 ax (\/_
where x = (x!,...,x") is the local coordinate, (g¥) the inverse

matrix of the fundamental metric tensor (g;), and g the determinant
of (g;).
A C*function u on R satisfying the equation

A%y =AAu=0

is called a biharmonic function on R. In view of a theorem of de Rham
[6, p. 149], every biharmonic function is smooth. We denote by W(R)
the family of all biharmonic functions on R.

As an example of a simple biharmonic function we give the
function v of the following
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LEMMA. — If the volume of R is finite and R is hyperbolic, then
the function

v(x) = ‘/; glx, y)dy

is biharmonic on R. Here g(x, y) is the harmonic Green’s function on
R with singularity at y, and dy the volume element of R.

Proof. — For an arbitrary x €R choose a real « = a, > 0 so
large that the set

A={y€Rlglx,y)>a}

is relatively compact in R. If g, (x, y) is the Green's function of A,
then

o<v(x)—ng,.(x.y)dy =fA [gCe, ¥) — galx, M]dy +
+ f g(x, y)dy <avol(A) + avol(R — A) = a vol(R) .
R-A

Since j; galx,y)dy < _/; g(x, y)dy <oo, y(x) is well-defined

on R. In view of the fact that Ay = — 1 (see Theorem 3 below),
we can draw the desired conclusion.

We remark in passing that the finiteness of the volume of R is
not necessary for v(x) to be defined on R. In fact, take

R={x=0" x)IxI*=&"+x»)*<1}
with the metric tensor 8y = a-nt 8,., , Where r = \/(x‘)2 + (x2)2.

It is easy to see that vol(R) = oo and

e+ 2
€

1 1
v(x)<-€-log +§alog(2+£)+l~loge<°°

for any x€ER and 0<2e <1 — |x]|.

2. Throughout the following discussion we assume that the ma-
nifold R has finite volume. Let N(R) be the Wiener algebra, which
consists of bounded continuous harmonizable functions on R, and
N; (R) the Wiener potential subalgebra, i.e. the subfamily of functions
fE€N(R) whose harmonic projections mf on R vanish identically (cf.
Sario-Nakai [7]).
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THEOREM. — Let v be an element of the Wiener potential subal-
gebra Ng(R) such that Av is bounded. Then

v(x) =—f gy, x) Av(y) dy
R
on R,

Proof. — For a regular exhaustion {R,,} of R, let g,,(¥, x) be
the Green’s function on R,, and {B,} a sequence of parametric balls
about x €R, such that B, CR, and the sequence {B,} shrinks down
to x as I &> oo, Then the Green’s formula yields

j; v(y) * dg,, (¥, x) — 8, (¥, x) xdv(y)=

(R, —B))
=—f gm(y,x)Av(y)dy .
Rm'_Bl
On the other hand

J,

and

Em(y, %) *x dv(y) =— f Em(y, %) x dv(y) > 0
(R, —B)p) 0B,

as | > oo,

[ e 0aMdy > [ gu(r, 1) Av()dy as 1> oo,
R, -B; R,,

In view of j;n v(y) * dg,,(y,x) > — v(x) as [ = oo, we obtain
1

V(x)=—faR v(y)*dg,,.(y,x)—j; gm(y, x) Av(y) dy

for all x€R,,.

Consider v,, € H(R,,) such that v,, =» on R — R,,. Then we
may assume that the sequence {v,} converges to zero uniformly on
compact subsets of R (cf. Sario-Nakai [7]), and

Vp(x) =— j;R v(y) * dg,,(y, x)

m
on R,,. Thus Lebesgue’s dominated convergence theorem yields

y(x) = — fR gy, x) Av(y) dy

on R as desired.
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3. For the sake of completeness we include the proof of the
following well-known theorem, which establishes a right inverse of the
Laplace-Beltrami operator on bounded smooth functions :

THEOREM. — For any function f€ C*(R) NB(R) ,

A, [ e dy = fe)
for all x € R.

Proof. — Fix a point x, € R, and construct a function h defined
on a neighborhood U of x, in R such that Az = f on U (de Rham
[6, p. 151]). Choose an open neighborhood V of x, with VCU, and
a function g €ECj(R) with p|V=1, 9| R-U=0,and 0 <p < 1.

Then A(hy) =f on V, and hy € Ng(R) with its obvious extension
to R.

By Theorem 2 we have

(he) ) = = [ gCx, ») Alhy) (») dy
R

on R. In particular on V,
heo) = (o) ) = — [ 8Gx, ) AGhg) (1) dy

=— [ 6. NGO ) - fMdy - [ gx, M) dy .

R R
Moreover
FGo) = (AR (x) = — [, [ g(x, ) f() dYl,es,
R

as asserted, because the first integral on the right is harmonic on V
(cf. Constantinescu-Cornea [2, p. 15]).

Remark. — The boundedness of Ay in Theorem 2 and of f in
Theorem 3 was used only to assure the existence of their Green’s
potentials. Although these potentials do exist under milder conditions
we do not intend to seek the most general statements.

4. For a bounded measurable function f on R, set

CH® == [ g, NF)dy
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on R. It is easy to see that I'f is harmonizable on R. If f belongs to
the family B(R) of bounded continuous functions, then I'f is conti-
nuous and therefore the operator

I': B(R) > N(R)

is well-defined whenever I'l is bounded.

Set WBB, (R) ={u €W(R)|u, Au are bounded}, and denote by
HB(R) the class of bounded harmonic functions on R.

THEOREM. — Let I'l be bounded on R. Then the decomposition

WBB, (R) = HB(R) ® THB(R)
is valid

Proof. — In view of Theorem 3 it is easily seen that

HB(R) + ’'HB(R) € WBB,(R)

when I'l is bounded. Since every function in I'HB(R) vanishes on
the Wiener harmonic boundary Ay, the maximum principle for HB-

functions yields
HB(R) NTHB(R) = {0}.

Thus it remains to show that every u € WBB,(R) has the desired
decomposition.
Let w : N(R) > HB(R) be the harmonic projection (cf. Sario-
Nakai [7]). By Theorem 3, the function
u(x) — (mu) (x) — [TA@u — 7u)] (x)

is a bounded harmonic function on R. Furthermore it vanishes on
the Wiener harmonic boundary Ay and therefore on R. Thus

u=mu+ I'Au
on R as desired.

COROLLARY. — Suppose T'l is bounded on R. Then for any
m =1, dim WBB,(R) = 2m if and only if the cardinality of the
Wiener harmonic boundary Ay of R is m.

Proof. — It is known that the cardinality of Ay is m if and
only if dim HB(R) = m.
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Let {u,,...,u,} be a basis of the space HB(R). In view of
Theorems 3 and 4, it is seen that the set {u, ,...,u,, ;Tu,,...,Tu,}
forms a basis for the space WBB,(R).

Throughout the rest of our discussion we shall assume that the
function T'1 is bounded on R.

5. Denote by NN,(R) the family of functions f on R with f,
AfEN(R), and by NgyN;,(R) the family of functions g on R with
g, Ag € N5 (R)'

THEOREM. — The following biharmonic decomposition of the
class NN, (R) is valid :

NN, (R) = WBB,(R) ® NygNs,(R) .
Proof. — Note that for any v € N;j(R) with Ay bounded,

v(x) =— f‘; glx, y) Av(y) dy = (T'Av) (x)

on R (Theorem 2).
Let f€NN,(R). By the direct sum decomposition

N(R) = HB(R) @ Ny(R) ,

f=u, +v, for u, €EHB(R) and v, € Ns(R). Thus the above remark
yields v, =T'Av, on R. Since Av, = Af=u, + v, for some u, € HB(R)
and v, € Ny(R), v, =Tu, + I'v, on R and therefore

f= (@, +Tuy) + Ty,
on R.

To show the uniqueness of the decomposition, suppose that
u € WBB, (R) N N4N;, (R). Since Au € HB(R) N Ng(R), Au =0 on
R and therefore u € HB(R) N N4(R) = {0} as desired.

This completes the proof of the theorem.

6. We turn to the integral representation of the WBB ,-functions
on R.

Let P(x, t) be the harmonic kernel on R x Ay with P(x,, #) =1,
and p the harmonic measure on Ay centered at the fixed point x, € R.
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As immediate consequences of Theorem 4 we state the following
results.

THEOREM. — Every u € WBB,(R) has the integral representation
w@ = [, P00~ [[ | 56RO, 0 du( dut dy
on R.

THEOREM. — Let f and h be bounded u-measurable functions on
Ay . Then the function

u) = [, P, 0f@0 o - ff g6, PO, 0RO du dy
XAN

is biharmonic on R. If f and h are continuous at t, € Ay, then
limxek,x_),o u(x) = f(t,) and limeR’x_)to Au(x) = h(t,).

7. A function u € WBB,(R) is called WBBA-mim'mal on R if
u¥F0, u=0, Au <0, and for any v € WBB,(R) with 0 <v <u,
there exists a constant ¢, with v = ¢, u on R.

The WBB,-minimal functions have the following characterization
in terms of Ay.

THEOREM. — If u is WBB,-minimal on R, then there exists an
isolated point t € A such that either u,(x) = P(x, t) u(t), u, =0, or
u, =0, u,(x) = P(x, t) u(t) where u, = mu and u, = — Au.

Proof — By the proof of Theorem 4, we have u = u, — I'u,
on R. Since 0<—Tu, <u, the WBB,-minimality of u yields
—Tu, =c,u =c,u, — c,Tu, for some constant ¢, . Since I'u, =0
on Ay, c,u; =0 on Ay and therefore on R in view of the maximum
principle for HB-functions. If ¢, = 0, u, = 0 and «, is a HB-minimal
function. If ¢, # 0, then u, = 0 and — I'u, is WBB ,-minimal.

It remains to show that u, is HB-minimal whenever — I'u, is
WBB ,-minimal. Let w € HB(R) be such that 0 <w < u, . Since — I
is a positive operator, we have 0 < — I'w <—Tu, and therefore

F'w—cuy)=0
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on R for some constant ¢. The assertion follows by virtue of Theorem 3.

8. Finally we turn to the study of biharmonic functions in con-
nection with the Dirichlet integrals of these functions and their
Laplacians.

First we establish :
THEOREM. — For a function f€ C”(R) N B(R),

DA = ff g, 0 F)dxay .

Proof. — Let {R,,} be a regular exhaustion of R and g, (x, »)
the Green’s function for R, . Define g,,(x, ) = 0 on

R-R,))xR,UR, x(R—-R,).
Set

V(X)) = — j;g,,.(x, »fry)ay .

Then v,, =0 on R — R,, and the Green’s formula yields
0= j; V) # @, (x) = D) + fR v, (¥) Av,, (x) dx .
m
Since Av,,(x) = f(x) on R, , we have

Dr0p) == [ ¥ £00) dx
= [ eI f@ axdy<ifIZ [ gx,»)axdy.
R xR R xR

Therefore we may assume that the sequence {Dg(v,,)}, converges.
By Fatou’s lemma and Lebesgue’s convergence theorem we obtain

Dp(Tf) < lim Dy = [ g6, f0)f(3) drdy <o
m —»co x

On the other hand A(I'f — v,,) =0on R, and v,, =0 ondR,, .
Let A, € H(R,,) be such that 4, |dR, = 'f€ My(R). Here M;(R)
is the Royden potential subalgebra which consists of limits of uni-
formly bounded functions in the Royden algebra M(R) with compact
supports which converge uniformly in compact subsets and in the
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Dirichlet norm. The sequence {4,,} converges to zero uniformly on
compact subsets of R and Dy(h,,) = 0 as m — oo (cf. Sario-Schiffer-
Glasner [8]). Since

DTS ~ k) = Dx) = [[  gnCx, )G F(1) dixdy
we have
Jim Daf =) = [[ gGx, ) 1) f3) dxdy .

In view of
| V/Dr(TF) — /Dr(Tf — h,,)| < /Dgh,) = 0,

we conclude that

De) = ff &G, )0 f () dxdy .

9. Let WCC,(R) be the family of all biharmonic functions
u € WBB,(R) such that ¥ and Au are Dirichlet-finite.

By virtue of the above theorem we have a counterpart of
Theorem 4 :
THEOREM. — The decomposition
WCC,(R) = HBD(R) ® THBD(R)

is valid.

COROLLARY. — For any m 2 1, dim WCC,(R) = 2m if and only
if the cardinality of the Royden harmonic boundary Ay of R is m.

Let MM, (R) = {fEM(R)|AfEM(R)} and
Ms;M;a(R) ={g €EMs(R) | Ag € M;(R)} .

As in Theorem 5 we have :

THEOREM. — MM, (R) = WCC,(R) + M;M;,(R) .

We remark that the integral representation of WCC,-functions
along Ay is also valid, and that a characterization of WCC ,-minimal
functions, similar to that in Theorem 7, can be given in terms of the
Royden harmonic boundary.
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