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BILINEAR LOCAL CONTROLLABILITY TO THE
TRAJECTORIES OF THE FOKKER-PLANCK
EQUATION WITH A LOCALIZED CONTROL

by Michel DUPREZ & Pierre LISSY (*)

ABSTRACT. — This work is devoted to the control of the Fokker—Planck equa-
tion, posed on a smooth bounded domain of R?, with a localized drift force.
We prove that this equation is locally controllable to regular nonzero trajecto-
ries. Moreover, under some conditions, we explain how to reduce the number of
controls around the reference control. The results are obtained thanks to a stan-
dard linearization method and the fictitious control method. The main novelties
are twofold. First, the algebraic solvability is performed and used directly on the
adjoint problem. We then prove a new Carleman inequality for the heat equation
with a space-time varying first-order term: the right-hand side is the gradient of the
solution localized on an open subset. We finally give an example of regular trajec-
tory around which the Fokker—Planck equation is not controllable with a reduced
number of controls, to highlight that our conditions are relevant.

REsUME. — Ce travail est consacré au controle de 1’équation de Fokker—Planck,
posée sur un domaine borné régulier de R%, avec un terme de dérive localisé. Nous
démontrons que cette équation est localement controlable aux trajectoires régu-
lieres non nulles. De plus, sous certaines conditions, nous expliquons comment
réduire le nombre de contrdles autour du controle de référence. Les résultats sont
obtenus a ’aide d’une méthode de linéarisation standard et la méthode de controle
fictif. Les principales nouveautés sont les suivantes. Premiérement, la résolubilité
algébrique est effectuée et utilisée directement sur le probléme adjoint. Deuxie-
mement, nous démontrons une nouvelle inégalité de Carleman pour ’équation de
la chaleur avec terme du premier ordre dépendant du temps et de ’espace : le
membre de droite est le gradient de la solution localisée sur un sous-ouvert. Pour
finir, nous donnons un exemple de trajectoire réguliére autour de laquelle I’équation
de Fokker—Planck n’est pas contrblable ave un nombre réduit de controles, pour
souligner que nos conditions sont pertinentes.
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1622 Michel DUPREZ & Pierre LISSY
1. Introduction and main results
1.1. Introduction

Let 7 > 0 and let Q be a bounded domain in R? (d € N*), regular
enough (for example of class C*). Denote by Q7 := (0,7) x Q and X :=
(0,T) x 0€2. We consider the following system

Oy = Ay + div(uy) in Qr,
(1.1) y=0 on X,
y(0,-) =y° in Q,

where 30 € L2(Q) is the initial data and u = (u1, ..., uq) € L>=((0,T) x Q)4
is the control.

It is well-known (see for instance [22, Theorem and Proposition 3.1]) that
for every initial data y° € L?(Q) and every control u € L>((0,7T) x Q)4
there exists a unique solution y to System (1.1) in the space W (0, T), where

W(0,T) := L*((0,T), Hy(2)) N H*((0,T), H () — C°([0,T]; L*(Q)).

Equation (1.1), introduced in [30], is called the Fokker—Planck equation.
When the Fokker-Planck equation is posed on the whole space RY, it is
strongly related to the stochastic differential equation (SDE)

{ AdX, = 3% wi(X,)dt +dW, in (0,T) x R,

(1.2)
X(0,-)= X" in RY,

where W, is the standard multi-dimensional Brownian motion starting from
0. System (1.2) describes the movement of a particle of negligible mass,
with constant and isotropic diffusion, under the action of a force field u =
(ul, ce ,ud).

Under some regularity conditions on the drift term U, it is well-known
that, by the Itd Lemma, the probability density function p associated
to (1.2) verifies

(13) { Oyp = %Ap+ div(up) in (0,7) x RY,
1.3
p(

Oa ' ) = pO in Rda

where p? is some initial probability density function (see e.g. [41, Sec-
tion 5.3]). By definition of a probability measure, we have p® > 0 a.e.
and fRd p? = 1. Then, we can easily prove the preservation of these proper-
ties during the time: any solution p of System (1.3) verifies also p(t,-) > 0

a.e. and fRd p(t,-) = 1, for any ¢ € [0,7] and hence remains a probabil-
ity measure. We refer to [42] for more explanations on the Fokker—Planck
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CONTROL OF THE FOKKER-PLANCK EQUATION 1623

equation, notably in the case of nonlinear drift terms or non-constant and
anisotropic diffusion.

However, in the case where we impose Dirichlet boundary conditions as
in (1.1), the derivation of the Fokker-Planck equation from a SDE is more
complicated: the Brownian motion has to be replaced by an “absorbed” or
“killed” Brownian motion, see e.g. [10, p. 31-60]. Moreover, the total mass
of the initial condition is not conserved anymore, meaning that the proba-
bility of remaining inside € decreases in time, and the solution to (1.1) is
not a probability density function anymore. We refer to [22, Section 2] for
a discussion on the relevance of Dirichlet boundary conditions in this con-
text. Neumann boundary conditions (that would restore the conservation
of mass) are beyond the scope of the present article (see the last item of
Remark 2.7 for more explanations).

The controllability properties of the scalar linear heat equation in the
case of a distributed control on an open subset and Dirichlet boundary
condition are now well-understood (see notably [32] and [23]). The bilin-
ear controllability seems to have been less explored. The equation (1.1)
has been studied in [7], in the whole space and with controls localized
everywhere in space and time. Concerning bilinear control when the bi-
linear term div(uy) is replaced by uy with u € L>((0,T) x Q), we refer
to [8, 9, 27, 28, 26, 29, 34, 40, 45, 46].

Optimal bilinear control of parabolic equations has previously been stud-
ied. A first result was proved in [1], where a close fourth-order in time
model is investigated, with controls depending only on time. This result
has been extended to second-order parabolic equations firstly in [4] in the
one-dimensional case, then in [5] in the multi-dimensional case, still for
time-varying controls. For equation (1.1) (in a slightly more general form),
the case of space and time-varying controls is treated in [22]. Notably, for a
drift term that is affine in the control, the authors prove the existence of op-
timal controls for general cost functionals, and derive first-order necessary
optimality conditions using an adjoint state. The controllability of the con-
tinuity equation, i.e. System (1.1) without diffusion, has been investigated
in [18, 19].

The paper is organized as follows: in Section 1.2, we present the main
results of the article (Theorem 1.1, resp. Theorem 1.3, which provides a
result of local controllability to the trajectories with d controls, resp. a re-
duced number of controls around the reference control) and some remarks.
Section 2 is devoted to studying a linearized version of (1.1). In Section 2.1,
we prove a new Carleman estimate (Proposition 2.6) for solutions of the

TOME 72 (2022), FASCICULE 4



1624 Michel DUPREZ & Pierre LISSY

linear backward heat equation with first-order terms. The main novelty
is that the local observation term is the gradient of the solution of the
adjoint problem (2.4), which has already been proved in [16] for constant
coeflicients. Moreover, we can put as many derivatives as we want on the
left-hand side of our Carleman estimate, which will be needed for the rest
of the proof. In Section 2.2, we explain how to remove some components
of the gradient in the Carleman inequality. To demonstrate that, we use
an argument of “algebraic solvability” (as introduced in [11] in the context
of the stabilization of ODEs and in [15] for the study of coupled systems
of PDEs), based on ideas developed by Gromov in [24, Section 2.3.8]. This
procedure has already been used successfully in [2, 16, 17, 14, 33, 43, 44].
The main novelty compared to the existing literature is that the algebraic
solvability is performed directly on the dual problem. Moreover, we can get
rid the high order derivatives of the right in order to obtain the final Car-
leman estimate (2.35). In Section 2.3, we use some arguments coming from
optimal control theory in order to derive from our observability inequality
the existence of regular enough controls, with a special form, in appropri-
ate weighted spaces. In Section 3, we go back to the nonlinear problem by
using a standard strategy coming from [37] together with some adapted
inverse mapping Theorem. To finish, in Section 4, we give an example of
a trajectory around which the local controllability does not hold with a
reduced number of controls.

1.2. Main results

Let (g,@) be a trajectory of (1.1), i.e. verifying
8,5@ = Ay + le(@) in QT7

(1.4) on X,

7=0
7(0,-) =3 € L)\ {0} in Q.
1.2.1. Controls with d components

We first state a result of local controllability to the trajectories for Sys-
tem (1.1) with a control containing d components:

THEOREM 1.1. — Let w be any nonempty open subset of ). Assume
that the trajectory (y,u) with @ = (Gy,...,uq) of System (1.4) is regular
enough (for example of class C* on (0,T) x ). Then, System (1.1) is
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CONTROL OF THE FOKKER-PLANCK EQUATION 1625

locally controllable with localized controls, in the following sense: for every
e > 0 and every T > 0, there exists n > 0 such that for any y° € L?(2)
verifying
(1.5) ly° = 7°ll 2y <,
there exists a trajectory (y,u) to System (1.1) such that
y(T) =y(T),
u =1+ v for some v € L*((0,T) x Q)%
Supp(v) C (0,T) x w,
[Vl oo 0,7y x )8 < &,

~
ly —dllw o, <e.

Remark 1.2.

e The regularity assumptions on (7, %) can be improved, notably it
is enough that the reference trajectory is C" for some r € N* large
enough, on an open subset of (0,7") X w.

e If 4 = 0, the only solution to (1.1) is y = 0, whatever u is, so that
the only reachable state at time T is 0. As a consequence, n > 0
has notably to be chosen small enough such that 3° # 0.

e From the results given in [6], as soon as y° > 0, then any trajectory
to System (1.1) remains non-negative (see also [22]). This fact differs
from the usual linear heat equation with internal control (see [38]).

e We can also remark that we do not assume any relation between
the control domain w and the support of . In particular, they can
be disjoint.

1.2.2. Controllability acting through a control operator

In this section, we give a result of local controllability to the trajectories
to System (1.4) with a control acting through a control operator B €
Mgm(R) with m € N* such that m < d.

We first introduce some notations. For j € {1,...,m}, we call B} € R¢
the j-th line of B*, and

(Bj - V) : ¢ € C*(R%,R) = Bj(V¢) € CF(R%,R).

TOME 72 (2022), FASCICULE 4



1626 Michel DUPREZ & Pierre LISSY

For (a1, ...q;) € N, we introduce the following operator:
(B* - V)erram :qh € C°(RYR) — (Bf -V)... (B} -V)...
a1 times

(B}, -V)...(B: -V)y € C(R%R),

m

., times
and the family of R? given by
M(u)(t,z) ={Bj,..., B,y U{((B*-V)*i(t, x))icq1,....ay, » € N", o0 # 0}.
We have the following controllability result.

THEOREM 1.3. — Let m € N* (with possibly m < d). Under the hy-
pothesis of Theorem 1.1, assume that there exists some (tg, zo) € (0,T) x w
such that

(1.6) rank(M (@) (tg, zo)) = d.
Then, System (1.1) is locally controllable with localized controls, in the
following sense: for every ¢ > 0 and every T' > 0, there exists 1 > 0 such
that for any y° € L?(Q) verifying
lly° —?OHLZ(Q) <7,

there exists a trajectory (y,u) to System (1.1) such that

y(T) =y(T),

u =+ Bv for some v € L*((0,T) x )™,
Supp(v) C (0,T) X w,

N

HU”LOO((O,T)XQ)"L S

ly = 3llwor <e

Remark 1.4.

e Remark that if B = I, (i.e. we control every component of the
gradient of u), condition (1.6) is automatically verified for ¢ = 0,
whatever u is. Hence Theorem 1.3 contains the result given in The-
orem 1.1. Thus we will only give a proof of Theorem 1.3.

e In Section 4, we give an example of trajectory which does not satisfy
condition (1.6) and for which the local controllability to the trajec-
tories does not hold. It highlights that Condition (1.6) is relevant.
Even if the authors think that Condition (1.6) is not optimal, find-
ing a necessary and sufficient condition remains an open problem.
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e We can also remark that condition (1.6) is local on w. Notably,
contrary to Theorem 1.1, if m < d, we necessarily have that the
control domain w and the support of @ intersect.

Example 1.5. — We give an explicit example, to explain better condi-
tion (1.6). Let us assume that we want to control only the m(< n) first
components of the gradient, i.e.

1 0 ... 0
0 1
: . 0
B=1og ... 0 1|&Mun®).
0
0 ... ... 0

For a = (a1, ... aym,) € N™, we have
(B"- V) () = 052 . 08 (),
We deduce that

M(@)(t,z) = {e1,...,em}
U{(ag) ... 0grui(t, @))ieqs

Tm

ap,a € N a # 0},

,,,,,

where the vector e; is the i-th element of the canonical basis of R,

We observe that there exists (¢p,z9) € (0,T) X w such that the rank of
the family M (@)(to, zo) is equal to d if and only if there exists (tg,zo) €
(0,T) x w such that the rank of the family

{05} ... 0gmui(t, x))ictmtt,....ap, « € N a # 0}

is equal to d — m.

2. Null controllability of the linearized system

In what follows, we always assume that the trajectory (g, @) of (1.4) ver-
ifies the hypothesis of Theorem 1.1. Consider the following linear parabolic
system

Oy = Ay + div(ay) + div(fu) in Qr,
(2.1) y=0 on X,
y(0,-) =¢° in Q,

TOME 72 (2022), FASCICULE 4



1628 Michel DUPREZ & Pierre LISSY

where y° € L2(Q2) and 6 € C*°(Q) is such that
Supp(d) C w,
(2.2) =1 in wo,
0<0<1 inQ,

for some non-empty open subset wg which is strongly included in w. The
goal of this section is to prove the null controllability of System (2.1), with
less controls than equations and regular enough controls in a special form.

Remark 2.1. — Notice that the null controllability of (2.1) is equivalent
to the null controllability of the “real” linearized version of (1.1) around
(7, u) given by

Oy = Ay + div(ay) + div(ya) in Qr,
(2.3) y=0 on X,

y(0,-) =" in Q.

Indeed, since the solution of (7, @) of (1.4) is in C*°((0,T") x ), as soon as
7° #0,0n (0,T)xw, g ({0}) is a closed subset of (0, T") x w, which cannot
be (0,T) x w since it has a finite d-dimensional Hausdorff measure in R4+!
(see [25]). Hence, (0,7) x w \ 7~ '({0}) contains a nonzero open subset,
there exists some subset (T7,7T%) X @ of (0,T) x w such that [g| > C > 0 on
(Th,T>) X @, that we can assume to be exactly (0,7T) X w without loss of
generality. Hence, for any ¢ € {1,...,d}, one can solve (in u;) the equation
Ou; = yu; by posing

~ Gui
U; = .

Y
Remark that u; enjoys the same regularity properties as u;.

2.1. Carleman estimates

Let us consider the following adjoint system associated to System (2.1)

—0pp =AY +u-Viy in Qr,

(2.4) Y=0 on X,
(T, ) = in Q.
First of all, we will introduce some notations. We denote by |-| the

euclidean norm on RM | whatever M € N* is. For s, A > 0 and p > 1, let us
define the two following functions:

exp((2p + 2)AlIn°[lso) — exp[A2pIn°loc +1°(x))]

(2.5) alt,z) == (T — )

ANNALES DE L’INSTITUT FOURIER
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and

_ expA2p[n° [l +n°(2))]
(26) §(t7 .’13) T tp(T _ t)P

with k > 0 and w; some open subset verifying w; CC wp. The proof of the
existence of such a function n° can be found in [23, Lemma 1.1, Chapter 1]
(see also [12, Lemma 2.68, Chapter 2]). We will use the two notations

(2.7) a(t) == maxa(t,z) and & (t) :=min&(t,z),
e e

for all t € (0,T). Notice that these maximum and minimum are reached at
the boundary 0f). For s, A\ > 0, let us define

(2.8) I(s, \ju) == s>\ // e 23y 1 s\? // e 2|Vl

Let us now give some useful auxiliary results that we will need in our
proofs. The first one is a Carleman estimate which holds for solutions of
the heat equation with non-homogeneous Neumann boundary conditions:

LEMMA 2.2. — There exists a constant C > 0 such that for any u° €
L3(Q), f1 € L3(Qr) and fy € L*(Xr), the solution to the system
—8tu — Au = f1 in QT7

%:fQ OHET,
w(T, ) =u’ inQ

satisfies

I(s,\;u) < O [ 3\ // e 2503y s\ // e e, 12
(0,T) xw1 Sr
_~_// 6—230(']012)
T

Lemma 2.2 is proved in [21, Theorem 1] in the case p = 1. However,
following the steps of the proof given in [21], one can prove exactly the
same inequality for any p € N*.

for all A > C and s > C(TP + T?P).

From Lemma 2.2, one can deduce the following result:

TOME 72 (2022), FASCICULE 4



1630 Michel DUPREZ & Pierre LISSY

LEMMA 2.3. — Let f € L*(X7), G = (g1,..-94) € L>=(Qr)? and h €
L?(Qr). Then, there exists a constant C > 0 such that for every p! €
L?(Q), the solution ¢ to the system

—Op=Ap+G-Vo+h inQr,
dp
o =

o(T,) =" in Q

f on X,

satisfies

I(s,\ip) < C | s°A* // 250352 —&—sA// (2t g2
(O,T)le S
+// eZsah2> ,

The proof of Lemma 2.3 is standard and is left to the reader (one just has
to apply Lemma 2.2 and absorb the remaining lower-order terms thanks to
the left-hand side).

We will also need the following estimates.

for every A > C and s > s = C(TP + T?P).

LEMMA 2.4. — Let r € R. Then, there exists C := C(r,wy, Q) > 0 such
that, for every T > 0 and every u € L?((0,T), H'(2)),

sr+2>\r+2 // 6_2SQ£T+2U2
T
< C ST)\T // 6—23a§r|vu|2 +Sr+2)\r+2 // 6_28a§T+2u2
T (O,T)le

for every A > C and s > C(T?).

The proof of this lemma can be found for example in [13, Lemma 3] in
the case p = 9. However, following the steps of the proof given in [13], one
can prove exactly the same inequality for any p € N*.

To deal with more regular solutions, one needs the following lemma.

LEMMA 2.5. — Let zy € H}(2), G € C®(Q7)? and f € L*(Qr)™. Let
us denote by R := —A — G - V and consider the solution z to the system
Oz =NANz+G-Vz+f inQr,
z=0 on X,
2(0,-) = 2o in €.
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Let n € N. Let us assume that 2o € H*"*Y(Q), f € L?((0,T), H>*(Q)) N
H™((0,T), L*(Q)) and satisfy the following compatibility conditions:

go := 29 € Hé(Q),
g1:=£(0,-) = Rgo € Hy(Q),
(2.9)

n = 8tn_1f(07 ) = Rgn_1 € Hy(Q).
Then z € L*((0,T), H*2(Q)) n H"*1((0,T), L*(Q)) and we have the
estimate
21|22 ((0, 1), H2r 42 (Q))nEP+1((0,T), L2 ()
< C(Ifllz2 (0,1, 2 ())nE" ((0,1),22(2)) + 201 2041 (02)) -

It is a classical result that can be easily deduced for example from [20,
Theorem 6, p. 365].
We are now able to prove the following crucial inequality:

PrOPOSITION 2.6. — Let p > 0 and N € N with N > 3. Then, there
exists p > 2 and C > 0 such that for every y° € L*(), the corresponding
solution v to System (2.4) satisfies

(210) A2 // e—2sa—2usa* (S£)|VN+1’¢|2 +...
T

+ )\2N+2 // e—2sa—2,uso¢* (S£)2N+1|vw|2
T

+ >\2N+2 // 672504*72/15(1* (55*)2N+1W1‘2
T

s // e BBt (s N Wy
(0,T) xwo

for every A > C and s > s = C(TP + T?P).

Such a Carleman inequality seems new to the authors in the context
of non-constant coefficients (proved in [16] in the case of constant coeffi-
cients). The main improvement comes from the fact that the observation
is a gradient of the solution ) on wy (and not the solution itself). We are
also able to introduce as many derivatives of ¥ as we want in the left-hand
side, as soon as u; is regular enough.

TOME 72 (2022), FASCICULE 4



1632 Michel DUPREZ & Pierre LISSY

Remark 2.7.

e Notice that the proof proposed here relies on the fact that the lower-
order terms in equation (2.4) are of first order, and would fail in the
presence of lower-order terms of order 0. Indeed, in the first step of
our proof (inequality (2.13)), some terms that cannot be absorbed
will appear.

e Notice that inequality (2.10) automatically implies that any solu-
tion ¢ of (2.4) lives in high order weighted Sobolev spaces. This is
not a surprise since we know that away from the final time t = T,
any solution of (2.4) is regular.

e Remark that the proof provided here would fail for Neumann bound-
ary conditions, since the argument in our last step, based on a
Poincaré-like inequality, is not true anymore. It is not clear to the
authors how one can adapt it in this case.

Proof of Proposition 2.6. — The proof is inspired by [13] and is quite
similar to [16]. Let 1 > 0. In all what follows, C' > 0 is a constant that does
not depend on s or A (but that might depend on the other parameters,
notably p, N, n, T, 1) and that might change from inequality to inequality.
We assume without loss of generality that N is odd (the case N even can
be treated similarly).

Let ¢ the solution to System (2.4). We introduce the following auxiliary
functions:

(2.11) P = e_usa*, 1 = pi.
Then 17 is solution of

—0pp1 = Apy + - Vo1 — Opip in Qr,
(2.12) Y1 =0 on Y,

wl(Ta):O in Q.
We remark that ¢ := V¥4, (the operator V applied N times, or in other
words, all the derivatives of order N of v, ordered for example lexico-
graphically) satisfies the system
~0ip=A¢+ LN, Gy Vin +7- Vo — 9ipi Ve in Qr,
9¢ _ 99

on ~ On on ET’
o(T,-)=0 in Q,
where, for any i € {1,..., N}, G; is an essentially bounded tensor of appro-

priate size, whose coefficients are depending only on u; and its derivatives
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in space up to the order i. Applying Lemma 2.3 to the different components
of ¢, we obtain the following estimate

(213) 1I(s,)\;0) < C | sA //ET —2s07 5*

// 25a|ap va|2
(I

(In

N
+// 672sa Z |Vi1/)1\2 + 83)\4 // 672sa£3‘¢|2
QT i=1 (07T)><OJ1

(I1T)

The rest of the proof is divided into four steps:

e In a first step, we will estimate the boundary term (I) by some
global interior term involving 1, which will be absorbed later on
(in the last step). We will also absorb the term (II) under some
conditions on p.

e In a second step, we will estimate the term (III) by some local terms
involving V1 and its derivatives on wy, and get rid of the third
term of the right-hand side.

e In a third step, we will estimate the high-order local terms created
at the previous step by some local terms involving only Vi1 on wy.

e In a last step, we will use some Poincaré-like inequality in order to
recover the variable ¢ in the left-hand side and bound the global
interior term of the right-hand side involving ¥, by an interior term
involving V1. We will conclude by coming back to the original
variable 1, in order to establish (2.10).

Step 1. — Let 6 € C2(Q) a function satisfying

9 -~
%:0:10118(2.

An integration by parts of the boundary term leads to

s)\/ —2sa” / —s)\/ —2sa” / —V(b Vo
o0 o0 0

—s)\/o e 25, /AqSngS V0+s)\/ e—m*g*/QV(vé.w)-w.
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1634 Michel DUPREZ & Pierre LISSY

00 |?

Hence

T
s)\/ 6_28(1*5*/
0 a0 | On

Using the interpolation inequality

T
< CA/ e sl vz 1 [ a ()
0

1/2 1/2
11020y < Cllnll 2o o 101 s o

and Young’s inequality ab < % + bqi, (% + % =1) for a,b > 0 and ¢ = 4,
we deduce that for any ¢ € R, we have

T . a¢ 2
2.14 )\/ e 25 sf*/ —
( ) 0 a0 | On
T

<OA [ e ) Wl sy 564 s

T
< C)\/ e 2(14p)sa” (Sf*)MHwH%N%(Q)
0

T 4(1 c)
FOX | e () T W v -
Consider the function g := p51), where
(2.15) Py = (s€,) T e~ (IHmsa”

The function 15 is solution to the system
—O0ih2 = Atpy + - Viho — Oy(p3)Y  in Qr,
P =0 on X,
Yo (T,-) =0 in Q.
Using Lemma 2.5 for ) (remark that the compatibility conditions (2.9) are
verified, since ¥o(7T,-) = 0 and 8/ p3(T,-) = 0 for any j € N), we deduce
that

(2.16)  [[¥2llL2((0,7), B2 +2(Q))nEH+1((0,T),L2(2))
< CllOe(p2) ¢l L2((0,7), 127 (@)™ ((0,7),L2(9))

forn=1,2,...,(N +1)/2. The definitions of £, and a* given in (2.7), the
definition of p} given in (2.15) lead to

) TS
(2.17) OF 3] < C(se) T HEH s lame
for k € {1,...,2+3} (we recall that C can depend on p). Remark that for
any k <[, we have

(2.18) |0F p3| < C10;p5|.
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Combining (2.16) for n = (N — 1)/2, (2.17), (2.18) and the equations
satisfied by 1 and 1, we obtain

4(1 c)

T
(219) A / o2 (s )2 o

T * 4(1—c) N
<o ( J A e T

’ —2(1+p)sa* 209 4042y 1o
+ o (&) 3 Pl v -1 ) | -

In the right-hand side of (2.19), we would like to estimate the term

T
— C)
/0 e 20’ (ge VETIAT )2 o

This can be done using exactly the same process by introducing some
appropriate auxiliary weight that multiplies ¢ or ¥9 as in (2.15), using
Lemma 2.5 successively for n = (N —1)/2,...,0, (2.17) and (2.18). At the
end, by gathering all the inequalities, we obtain

T
(2.20) A / em2msa’ (s V2 2 o

T
< C)‘/O o~ 2(1+p)sa” (sf) 9 N1 AL ||¢HL2(Q

Applying the same technique also leads to

(221) A / 204050 (56, )16 2

T
<OA [ ematme (e e S

From (2.14), (2.20) and (2.21), we deduce that

2

9¢

T
2.22) A —2(tp)sa’ ge
(2.22) /0 e se. [ |22

o0

T
= </ e 20’ (g YHTTANFIR SR 2

T
_ " * c N+3
+/O e~ 2(1+p)sa (85*)4 +N+3+4 ||¢|%2(Q)>_
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Since we would like the powers in the right-hand side to be equal, it is
natural to impose that

N+3 41— N+1
ter N3 T3 400 p gy ML
p 3 p
i.e.
2.23 - .
223 o=

Thus, using (2.22) and (2.23), we deduce that

T *
(2.24) A / e 25 sg, /
0 [019)
2N(p+1)+5p+3

T
<O / e 200’ (ge YIRS 2 o
0

2

9¢
on

From (2.13), (2.24), the first line of (2.17) and the definition of ¢; given
in (2.11), we already deduce that

I(s,\ ) <C [ s3)\* // e 23Ny 2
(0,T)xw1
* 2N (p+1)+5p+3
“// e (s6) T |ef”
Qr
N ) ,
+// 672sa2|v2,¢)1|2+// 62sa(sf*)2+P|vN1/}1|2>.
Qr i—1 Qr

By definition of &, given in (2.7), it is clear that & < £. Hence, taking p
large enough such that 2 + 127 < 3 (i.e. p = 2), s, A large enough and using
the definition of I(s, \; ¢) given in (2.8), we deduce that we can absorb the
last term of the right-hand-side, so that we obtain

(2.25) I(s,\;¢) <C <33A4 // e 2503 TN oy |2
(0,T) xw1

s 2N(p+1)+5p+3
+>\// R C 7 [t |
N .
_|_// 672saz |vzw1|2> )

i=1

ANNALES DE L’INSTITUT FOURIER



CONTROL OF THE FOKKER-PLANCK EQUATION 1637

Step 2. — We apply Lemma 2.4 successively with
(u,r) = (VN 11,3), ..., (u,7) = (Vop1,2N —1).

We obtain a sequence of inequalities of the form

35)\6 // 6_25a§5|VN_1’¢1|2
< C (83)\4 // e—?sa§3|vN¢1|2
Qr

+55)\6 //(;) . G_QSQ§5VN_11/)1|2> ,
s 1) Xwy

82N+1)\2N+2 // 6_23“§2N+1|V1/)1\2
T

< C (SQNI)\ZN // 672sa€2N71|v2¢1|2

+82N+1)\2N+2 // ef2sa£2N+1‘vw1|2 .
(0,T) xwy

We deduce by starting from the last inequality and using in cascade the
other ones that

(226) 35)\6 // e—250¢§5‘v1\/—1,¢)1|2

4o g g2NFL)2N 2 // e 252N+ gy |2
T

< C S3>\4 // e—?sa§3|vN¢1|2 +85)\6 // e—28a&-5|vN—1w1|2
T (0,T) xw1

44 2NHLy2N+2 // e2sa£2N+1v,¢)1|2> '
(0,T) xwy

Combining (2.25), (2.26) and using the definition of I(s, A\, ¢) given in
(2.8), we deduce that we can absorb the first term on the right-hand side
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of (2.26) and obtain

SA2 // 672sa€|vN+1L/)1‘2+.._+82N+1/\2N+2 // 672sa€2N+1|vw1|2
Qr T

N—-1
<C )\// o250 (85*)2N(p+21;+5p+3|¢1‘2 + // o250 Z |Vi¢1|2
T Qr i=1
+S3)\4 // €—2sa£3|va1|2 +S5)\6 // e—2$@£5|va1|2
(0,T) xw1 (0,T) xwy

Gy 2NHLy2N+2 // e2sa£2N+1vw1|2> '
(0,T) xwy

Absorbing the second term of the right-hand side, we deduce that for s, A
large enough, we have

(2.27)  s\? // e 2| VN Ty |2 -

+ S2N+1>\2N+2 // 672sa£2N+1|v¢1|2
T

<C )\// 72 (s6) T gy 2 4 500 // e =2V |7
QT (O,T)le

T S2N+1)\2N // e2sa£2N+1vw1|2> .
(0,T) xwy

Step 3. — Now, we consider some open subset ws such that w; CC
we CC wp. We consider some function § € C*(Q, R) such that:

* Supp(f) C wa,
° Q:lon wi,
e §€0,1].

Some integrations by parts give

53)\4 // 6725a€3|va1|2
(0,T)xw1

S 33)\4 // 0672sa§3‘vN¢1|2
(0,T) xwa
< OsPA // (19(6e25€3) VN g | VN |
(O,T)Xwg

o253 [T Ly TN g )
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From the definition of £ and « given in (2.5) and (2.6), we deduce that
(2.28) |V (0e252¢3)| < Cshe25¢h,

Combining this estimate with Young’s inequality, we obtain that for any
e > 0, there exists C. > 0 such that for any s and A large enough, we have

(2.29) s*A* // e 23Ny |2
(0,T) xw1
< C (653)\4 // e—2$0¢§3|vN,¢1|2
(0,T) xwa
—l—ES)\Q // e—25af|vN+1w1‘2
(O,T)XLIJQ

+CES5)\6 // e—2sa€5vN—1w1|2> .
(0,T) xwa

Combining (2.27) and (2.29), we can absorb the local terms in |V *1¢);|?
and |V |? to deduce

8A2 // 672sa€|vN+1¢1‘2+.._+82N+1/\2N+2 // 672sa§2N+1|vw1|2
T T
<¢ A// e (56,) T |y 2
T
+ 85)\6 // ef2sa§5|vN71wl|2 W
(O,T)X(UQ

4 82N+1)\2N+2 // e—23a£2N+l‘V1/)1|2 .
(O,T)XWQ

We can perform exactly the same procedure on the terms

55)\6 // 6725a€5|vN711/)1‘2’”"
(0,T) xwa

sQN—l)\QN—Z // e—250¢§2N—1|v2w1|2
(O,T)XwQ
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in order to obtain the following estimate:
(2.30) sA? // e IR LA

T

+82N+1>\2N+2 // 672sa§2N+1|v,¢1|2
T

=¢ (A // 720 (56,) T gy 2
T

+ 82N+1)\2N+2 // 6725(152N+1‘vw1|2 )
(07T)><LU()

Step 4. — Since the weight (s&£,)2V~! does not depend on the space
variable, s, is bounded from below by a positive number, and using the

definition of o* and &, given in (2.7), the following Poincaré’s inequality
holds:

(231) W //Q S R T
T
sen / / e B (s€.) PN T |2

< C)\2N+2 // 672sa(sg)2N+1|vwl|2'

Combining (2.30) and (2.31), we deduce that for s large enough
(2.32) A2 // e 25| VN L |2 - -
Qr
=+ )\2N+2 // E_QSQ(S£)2N+1|V¢1|2
T

e [ e g ety
T

. 2N (p+1)+5p+3
<C (A / / o290 (g, ) IRy 10
Qr

+)\2N+2 /AO . 62504(8&-)2N+1vw1|2> .
»4') Xwo

We now fix p > 2 large enough such that

2N(p+1) +5p+3
2p

< 2N +1,
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which is clearly possible since %Z)W — N—&—% asp—ooand N > 3
(so that N +5/2 < 2N +1).

2N (p+1)+5p+3

Using that e~ 2% (s&,) 2 < Ce252(56)2N+1 | we deduce by ab-
sorbing the first term of the right-hand side of (2.32) that

% // e () [ VN Ly [ 4 - 4 ANH2 // €250 (5) 2N+ 7y |2
e A A Ca
< C)\2N+2 // 6_280[(85)2N+1|V¢1|2~
(O,T)XUJO

Going back to ¢ thanks to (2.12), we deduce (2.10). O

2.2. Algebraic resolubility

In this section, we will derive a new Carleman inequality, adapted to the
control problem with less controls we want to prove.

LEMMA 2.8. — Let m € N* such that m < d — 1. Assume that the w is
regular enough (for example of class C*).

Consider two partial differential operators £y : C*°(R?) — C*°(R%)™
and Lo : C°(R%) — C>°(R?) defined for every ¢ € C*(R?) by

L1 :=B*(Vp) and Lop := 0o+ Ap + (T - V).
Assume that (1.6) holds, and let ¢ € N such that
(2.33) rank({Bj,...,B}}
U{((B™ - V)*u(t, 2))ieqa,...ap, @ €N, a # 0, [lal1 < q}) =d.

There exists an open subset (t1,t2) x @ of (0,T) X w and there exist two
partial differential operators My : C®(RH)™ — C*(R%)? (of order 1 in
time and ¢+ 1 in space) and My : C®(R) — C°>°(R%)? (of order 0 in time
and ¢ in space) such that

(2.34) MioLi+MsoLs =V in Cm((tl,tg) XUNJ)

Proof of Lemma 2.8. — 1If ¢ = 0, necessarily, by condition (1.6), we have
m = d and we can take M; = (B*)~! and My = 0. We assume from now
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on that ¢ € N*. Let j € {1,...,m}. We call £{ the j — th line of £;. We
remark that

(B; - V)Lap — (0 + D) Lip — (- V)Lip
= (B; - V)@ V)p — (@ V)(B} - V)¢

d
= (@-V)(B} - V) + Y (B} - V)ur)ep — (@- V)(B] - V)

k=1
d
= > (B} - V)m)oke
k=1

=: L],

Now, for some [ € {1,...,m}, the same computations easily give
d
( Z B V ’U,k 8k£1(p
k=1

d
= (B - V)(B; - V)ur)oee = L3
k=1

Continuing this procedure, we can easily create two partial differential
operators My (of order 1 in time and ¢ + 1 in space) and My (of order 0
in time and ¢ in space) such that

M (L1(9)) (o, 20) + Ma(L2(9)) (o, x0) = M (@)(Vp)(to, o),

where M (@) (o, xo) is a matrix composed by d independent vectors of the
family M (@)(to, zo) with ||a||1 < ¢ (which is possible since (2.33) is ver-
ified). By continuity, there exists an open neighbourhood (t1,t2) X @ of
(to, o) in (0, T) x w and C' > 0 such that |det(M (w@))| > C on (t1,t5) X @.
We call M( )71 (¢, x) the inverse ofM( )(t, z) for (t,z) € (t1,t2) xw. Then,
it is clear that M; := M(ﬂ)*lﬁ/{vl and My = M(ﬂ)*l//\/lvg verify (2.34)
and have C* coefficients on (¢1,t3) X @. O

We now have all the tools to deduce our final Carleman inequality:

PROPOSITION 2.9. — Assume that Condition (1.6) and the hypotheses
of Proposition 2.6 hold. Then, for all n € (0,1), there exists p > 2, C > 0
and K > 0 such that for every ¢° € L?(Q), the corresponding solution v
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to System (2.4) satisfies
—2K Nt1
@35) [ w2+ [ T ol 4k 108 0
Q Qr
+ VY2 4+ [V}
< CelIT / / TEHT | B (V).
(0,T) xwo

Proof of Proposition 2.9. — Let w; some open subset strongly included
in wg. Combining Proposition 2.6, Lemma 2.8 (that is still true by replacing
wp by wi), and the fact that any solution ¢ of (2.4) verifies by definition
Lo = 0, we deduce that, for any ¢° € L?(f2), the corresponding solution
1 to System (2.4) satisfies

)\2 //Q e—2$a—2usa* (8§)|VN+11/J|2 4.
T
+ )\2N+2 // 67250472#504* (S§)2N+1|v¢|2
T
+ )\2N+2 // 672504*72;450? (Sg*)2N+1W}‘2
T

< C)\2N+2 / : 56—28(1—2”8(1* (S§)2N+1 |MlB*(V’(/)>|2,

where M is a linear partial differential operator of order 1 in time and
g+ 1 in space, and 6§ € C* (), R) such that:

e =1 on w,

e Supp(f) C wo,
e §€0,1].
We first remark that

/ fe2s0m2mse (s0) 2N | My B (V)|
Qr

q+1
<o [ e e (Z (VBT + |8tvf3*wl2)> |

i=0
Using that ¢ verifies (2.4), we can deduce that

)\2N+2/Q 96—2304—2;4304* (Sf)2N+1 |M1B*(Vw)|2

q+3
< CA2N+2/ 96—25a—2pso¢* (S£)2N+1 (Z Ile*VwP) .

QT =0
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Some integrations by parts give

)\2N+2/Q 56—2304—2“304* (Sf)2N+1 |VB*<V¢)|2
<oz [ ez (g4 B (v [Pyl
Qr

w o [ e g 5 (9] 9,

Let € > 0. Young’s inequality gives
sz [ ez (g2 ()] |75
Qr
oo [ gm0 (v
(0,T) xwo

+ E)\ZN—Z // e—ZSa—Qusa* (S§)2N_3 |V3¢|2
(O,T)Xw()
and also, by (2.28),
AQNH // V(e (s)* ) 1B (V)| V20
< C)\2N+3 / : ge—Qsa—Qusa* (85)2N+2 |B*(V¢)| |v2,¢}|

<ot [[ e (16240 B vy
(0,T) xwo

rext //(0 I G
,4') Xwo

Thus, by taking € small enough, we deduce that

)\2 // 672sa72psa* (56)|VN+11/J|2 NI
T
+ )\2N+2 // e—2$a—2usa* (s§)2N+1|V1/)|2
Qr
+ )\2N+2 // 672505*72#504* (55*)2N+1‘¢‘2
T

conie [ e (g (v
,4') Xwo

q+3
+ CA2N+2/ 96—25a—2pso¢* (S£)2N+1 (Z IVlB*V’LMQ) .

Qr =2
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By iterating this process for i = 2,...,q + 3, we can get rid of the sum in
the right-hand side and obtain

)\2 //Q e—2$c¥—2usa* (8§)|VN+11/}|2 4.
T
+ )\2N+2 // 67250472#504* (8§)2N+1|v¢|2
T
+ >\2N+2 // 672504*72;4301* (sg*)2N+1W}‘2
T

< C)\2N+2+4(q+2) // e—2sa—2usa* <S§)2N+1+4(q+2) ‘B* (V’(/J>|2
(O,T)XW()

We deduce that

)\2 // e—2(1+;l,)sa*(S£*>|VN+1,¢|2+“_
+/\2N+2 // 672(1+u)sa* (Sg*)2N+1|v,l/)|2

oz [ et (g Nty
T

g CA2N+2+4((I+2) // e—Qll,sa* (85*)2N+1+4(q+2) ‘B*(V¢)|2
(0,T) xwo
where £* = maxg £. Defining

- {a*(T/2> on (0,7/2),

o on (T/2,T),
i {E*(Tﬂ) on (0,7/2),
RS on (T/2,T),
B {5*(T/2) on (0,7/2),
& on (T/2,T),
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then, for s and X large enough, using usual energy estimates,

2 [ et g oy
T
pa [ ey
T
+X2N+2 // 6*2(1+N)M55* (Sg*)2N+l|,¢|2
T

< 2N +2+4(q+2) // o—2psE" (S~*)2N+1+4(Q+2)
(0,T) xwo

Fixing s and A, using (2.5) and (2.6), and remarking that 5* does not
depend on p, we deduce that there exists R > 0 such that for any pu > 0
large enough

// R (g +|¢|}<C//OT)XwOe W B (V).

We remark that the fact that ¢ verifies (2.4) enables us to add all the
derivatives in time on the left-hand side. Hence, we can conclude by fixing
n € (0,1), introducing K = (u — 1)R (for p > 1), and taking p > 0 large
enough so that

[B* (V).

(u—nl)R > (24 )R,

which is always possible since the ratio (u —1)/(2 4 u) tends to 1 as pu —
0. O

2.3. Regular control

Our goal in this section is to construct regular enough controls. Remind
that 0 is defined in (2.2).

PROPOSITION 2.10. — Let r € N. Assume that Condition (1.6) holds.
Under the hypotheses of Proposition 2.6, System

Oy = Ay + div(ay) + div(#Bv) in Qr,
(2.36) y=0 on X,
y(0,-) =4¢° in €,
is null controllable at time T, i.e. for every y° € L*(Q), there exists a
control v € L?*(Qr)™ such that the solution z to System (2.36) satisfies
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2(T) = 0 in Q. Moreover, we can choose v € L*((0,T), H>*2(Q))™ N
H™1((0,T),L?(2))™ with
[0l L2 0,1y, Er2r+2 )y m a2 ((0.17), 2 () < CeX/T Y0 L2

where K is the constant in (2.35).

Proof of Proposition 2.10. — Let k € N* and let us consider the following
optimal control problem
1 k
minimize Jy,(v) := =||p~/%v||? m + f/ |2(T)|?dz,
(2.37) 2 B@o™ T Jg
vel :={weL*Qr)™: p~*w e L*(Qr)™},

where p = e<T_—2£§p (for the K > 0 given by Proposition 2.9 with N an
even number to be chosen later and some fixed 1 € (1/2,1)) and z is the
solution in W (0,T') to

Oz = Az+ Bv in Qr,

y=20 on X,
y(0,-) =¢° in Q,
where
= A+ div(u-
(2.38) A=A+ divia),
B :=div(B0-).

Here, U is endowed with its natural weighted L2-norm.

The functional J;, : i — R is differentiable, coercive and strictly convex
on the space U. Therefore, following [35, p. 116], there exists a unique
solution to the optimal control problem (2.37) and the optimal control vy
is characterized thanks to the solution z; of the primal system by

Oz = Az, + By, in Qr,
(2.39) 2z =10 on Y,
26(0,-) = ¢/° in 0,
the solution ¢ to the dual system
—0Oipr = A"y, in Qr,
(2.40) =0 on X,
er(T,-) =kzi(T,-) inQ

and the relation

v = —pB* in ,
(2.41) {k PP Pk Qr

v €EU.
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The characterization (2.39), (2.40) and (2.41) of the minimizer vy of Jj
in U leads to the following computations:

1, 1
Ji(vk) = — 5 (B 0r, k) L2(Qrym + 5(2k(T), 01(T)) L2(0)

2 2
1 T 1 T
:*5/ <S0kaB'Uk>L2(Q)+§/ {2k, Oror) L2 ()
(2.42) 0 2
+ (Oezk, Pr) L2} + 5(310’ ©r(0,-)) 20
1
= §<yo,@k(0,')>L2(Q)~

Moreover, using (2.35) and the expression of p, we infer
(2.43) ek (0, )| 20y < Ce™/ ™| 0h| L2(@ym-

Now, using the definition of Jj, the expression (2.42), the inequality
(2.43) and the Cauchy—Schwarz inequality, we infer

k(0,7 20y < CeX/ T T (k) < CeX M (|1 (0, ) L2 () 18° ]l L2 (92)
from which we deduce
(2.44) k0, ) L2y < CeX/ ™1y 2oy
Then, using (2.42) and (2.44), we deduce
(2.45) Tr(ve) < X |[y0)122 -
Furthermore, we have (see [35, p. 116])
Izkllw 0,y < C ([IBukll 2o,y -1 + 18° 1 £2(0)) »
(2.46) <O (I 20l 2@ + 10l )
<O+ Ce™ ™)yl 20,

where C' does not depend on y° and k. Then, using inequalities (2.45)
and (2.46), we deduce that there exist subsequences, which are still denoted
Vk, 2k, such that the following weak convergences hold:

vy v inl,
zp =z in W(0,T),
2(T) = 0 in L*(9).
Passing to the limit in k, z is solution to System (2.38). Moreover, using the

expression of Jj, given in (2.37) and inequality (2.45), we deduce by letting
k going to oo that z(T) = 0 in Q. Thus the solution z to System (2.38)
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with control v € U satisfies z(T') = 0 in  and using (2.45), we obtain the
inequality
P
lollz < CeX T 3] 72 ).

1 > 1, using the definition of the norm on U, we also deduce that

Since p~
1oll32(gpym < CEFT 1012 ).

Now, let us explain why the controls are more regular. First of all, using
the fact that ¢y, verifies (2.40), we deduce that for any j € N,

1B*0or(t, )72y < ClOT or(t, llia(), V€ (0,T).

Hence, for each i € {1,..., % — 1} and k € N, using inequalities similar
to (2.17) and (2.18), we deduce that for any € > 0, there exists C' > 0 such
that

100812 gy = / /Q 3 (| - PB*oxl)?
(2.47) <c //Q P2 onl? + -+ 107 )
T

< C// P22 {lorl® 4+ 07 w2}
T

Now, we fix ¢ > 0 small enough (with respect to n) such that 2—26—% >0
With this choice of €, we infer that 52_25_% < 1. Hence, using (2.47)

together with (2.35) and (2.45), we deduce that, for each i € {0, ..., 5 -1},
10tve]l € L*(Qr) and

. —2K .
||8ka||%z(QT)m < C// e {2 + -+ + [0 o2}
Qr

2K * 2
<o [[ s o)
T
< Cllolf < CX ™ (19072

1B*0] bk (¢, )I72() < CNOT T dlt, Ty, Vi€ (0,T),
Thus, extracting one more time a subsequence if necessary and letting &
go to +o0o, we deduce that for each i € {1,..., % -1},

. P
100l L2 (Qrym < Ce?K/T ||y0||2L2(Q)-
We similarly deduce that, for each ¢ € {1,..., N — 2},
[V 0llz2(@uymrixa < Ce2 Iy 7.

The proof is completed by setting r = % + 1. O
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3. Controllability to the trajectories

Let » € N. We use the strategy developed in [37], modifying it slightly
to fit our case. Usual interpolation estimates (see [36, Section 13.2, p. 96])
show that

L*((0,T), H**2(Q)) N H™1((0,T), L*(2))
< L*((0,T), H**2(Q)) N H'((0,T), H*" (%)),
from which we deduce
L2((0,T), H*2(Q)) N H™((0,T), L*(Q)) — L>=((0,T), H*" (Q)).
Now, there exists R > 0 large enough such that by Sobolev embeddings,
we have
L2((0,T), H*®2(Q)) n H*((0,T), L*(Q)) — L>((0,T), W>(Q)).

Hence, from Proposition 2.10 and Remark 2.1, for any y° € L?(2), there
exists a control v € L®((0,T), W1>°(Q))™ such that the solution y to
System (2.3) satisfies y(T') =0 in Q and

V] Lo ((0,7), w15 (2)ym < CeK/TpHZ/OHL?(Q),
where K > 0 is the constant given by Proposition 2.9 with N = 2R and
p = 2 is given in Proposition 2.6.

Letting the system evolve freely a little bit if needed, we may assume
without loss of generality that ¢ — 7° € H (). Indeed, by the regularizing
effect, it is very easy to deduce that for any solution (y,u) to (1.4), there
exists some C(T) > 0 such that for any solution (y,0) to (1.1) on [0, Z],
we have y (2) =5 (%) € H} () and

T T
v(5)-7(3)]| <o -Plie.
(@)

Hence, if [|[y° — 5%/ 12(q) is small, so is [|y(Z) — 5(Z)|l a1 (), so that the
condition (1.5) is sufficient for our argument to be valid.
Following [37, p. 24], we introduce the cost of controllability given by

y(t) = Cef e (0,T),

and the following weight functions
pr(t) = e R . te[0,T]

and

polt) = T IT=07 ~ PG f [T (1 B 12) 7T} ,
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extended on [0,7(1 — q%)] by

o-n(o(o-3)). e<pr(e- )

for some parameters ¢ > 1 and « > 0 to be chosen later on.
We remark that pr and pg are non-increasing, that they verify pp(T) =
po(T) = 0, and are related by

pult) = (T =0+ Tr(la = DT - o). te |7 (1- %) 1]

We introduce for some 5 > 0 the weight function

B
p(t) =e T-OFFT.

We remark that

pr < Cp, po < Cp, |p|po < Cp?,

as soon as > 0 is chosen small enough, precisely
e

(3.1) B < e
We introduce the following spaces:
F = {f € L*((0,T) x Q), pi € L*((0,T) x Q)} ,
F

—u 2 E %) 1,00
L{{ eL((O,T)xQ),pOEL ((0,T7), W )}

and
Z = {z € L*((0,T) x Q),% € H'((0,T),L*) n L*((0,T),H* N H&)} ,

endowed with the weighted Sobolev norms naturally induced by the defi-
nition of these spaces.

Following [37, Proofs of Propositions 2.5, 2.8] in the spirit of [31, Sec-
tion 7.2 and Appendix 5], it is easy to obtain the following result.

PROPOSITION 3.1. — For any 2° € H}(Q) and any f € F, there exists
v € U such that the solution z of
Orz = Az + div(uz) + div(fyBv) + f  in Qr,
z=0 on X,
2(0,-) = 2° in Q,
verifies z € Z (and hence z(T) = 0).

To conclude, we use the following inverse mapping theorem:
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THEOREM 3.2 (see [3]). — Let X and Y be Banach spaces and let M :
X+ Y be a C* mapping. Consider xo € X and yo := M(xq) € Y. Assume
that the derivative M'(xq) : X + Y is onto. Then, there exist n > 0, a
mapping W : By(yo) C Y — X and a constant K > 0 satistying:

W(z) e X and M(W(z)) =2z ¥z € By(yo),
{|W(2) —xollx < Kllz—yolly V=z€ Byyo)
Proof of Theorem 1.3. — We are looking for a solution in the form
y(z,t) =7g(z, t) + w(z,t), wu(z,t) =1(x,t)+ 0(x)Br(z,t),
(

where (y,u) and (g, u) are solution to the Systems (1.1) and (1.4), respec-
tively. Then (w,r) is solution to

N(w,r) := 0w — Aw — div(aw + §Bry + 0Brw) =0 in Qr,
w=70 on X,
w(0,-) =y° ~7° in Q.
We introduce the following spaces:
X = {(w,r) € Z x U such that dyw — Aw — div(uw + 0Bry) € F},

endowed with the norm

[(w, r)llx = llwllz + lI7ller + [[0rw — Aw — div(ww + 0Bry)| 7,
and the space

Y =F x Hy(%),
endowed with the norm
G20y = £z + 120 (-

Introduce the mapping M given by

M X — y
(w,r) — (N(w,r),w(0,")).

Let us determine what are the conditions on ¢, a, S ensuring that M is
well-defined. It is clear that

< [(w, )l x-

Pllcojo,1),H ()

[w(0, )z @) < lwllcogor), 1) < C H

Now, we remark that by definition of the space X', we have

|0iw — Aw — div(Tw + 0Bry)|| 7 < |[(w, 7)| x-
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Hence, the only difficulty is to treat the bilinear part div(fwBr). We
remark that

div(6wBr)
PF

w

1

Pr

<C

L2((0,T)x Q)

1

PE

L ((0,T),Wt>=()) L2((0,T),H' (%))

We can impose that p?> < Cpr and p3 < Cpr as soon as

(3.2) a <28 and ¢ <2

r

Remark that these conditions are compatible with condition (3.1).
PO 1l Lo ((0,1), W= (2)) H p
< Cl(w, 7)]%-

Hence, under conditions (3.1) and (3.2), we deduce that
div(fwBr)
‘ PF
We conclude that under these conditions, M is indeed well-defined and
continuous. Moreover, we remark that M (0,0) = (0,0) and M is of class
C! as a sum of a continuous linear function and a continuous quadratic

function. Furthermore, Proposition 3.1 exactly means that M’(0, 0) is onto
(see Remark 2.1), when

w
<C

L2((0,T) %)

L2((0,T),H'(2))

«

(3.3) e <1
and n € (0,1) is chosen as
a
= g2rte’

Conditions (3.1), (3.2) and (3.3) can be summarized as follows:

§<B< e > <1 and ¢*P? < 2,

which is satisfied for ¢ = (3/2)1/(2p+2) > 1 (remind that p > 2, so that
2p+p>=22p+2>1), «a =1and g = 7/12. Theorem 3.2 leads to the
conclusion. d

4. Example of a non-controllable trajectory with a
reduced number of controls

In this section, we give the example of a trajectory which does not satisfy
condition (1.6) and for which the local controllability to the trajectories
does not hold.

Consider w € L*°(Q7)™ which is independent of the time variable and
will be determined later on. Assume that for each 7° € L%(Q) \ {0} the
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following system is locally controllable to the trajectories with a control
operator B to be chosen later on:

Oy = Ay +div(zy) in Qr,
(4.1) 7=0 on X,
7(0,-) =7° in Q.

Then, for any € € (0, 1), there exists u € L= (Qr)™ such that

Oy = Ay +div(uy) in Qr,

y=20 on Y,
y(0,-)=(1—e)y° in Q,
y(T,-) =9(T) in €,

where u = u + Bv with Supp(v) C (0,T) X w. We remark that (z,w) :=
(y — g, yv) is solution to

Orz = Az + div(uz) + div(Bw) in Qr,

z=0 on X,
4.2
(4.2) 2(0,-) = e in Q,
2(T,-)=0 in Q.

We deduce that the linear control system (4.2) is null controllable at time
T > 0, then approximately controllable at time 7" > 0. It is well known
that the approximate controllability of System (4.2) on (0,7) implies the
following property, called the Fattorini-Hautus test (see e.g. [39]) : for every
s € C and every ¢ € H2(Q) N H} (),

—Ap—u-Vo=sp in

(4.3) . .
B*Vo=0 inw

}:><p=().

Now, we give an explicit situation in contradiction with (4.3). Consider
Q= (0,m)%, B* = (1,0) and s = 25 (w and u will be chosen later on). The
goal is to find a nontrivial solution ¢ € H2(Q2) N H () of

—Ap—T-Vo=25p in,
(4.4) 4 P P .
Oz, 0 =10 in w.

We introduce two functions f and g defined on 2 and given by

f(z1,22) = sin(3xy) sin(daa), g(x1,22) = ¥ (—sin(bag) + cos(5x2)) .
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Remark that f € C*°(Q) and g € C*°(Q) are chosen in such a way that

—Af=25f on {2,
—Ag = 25g on €2,
02,9 =0 on €,
(45) f=0 on 0f2,
135 =9G1%.
VIi(35) =V 1)

Now, let us consider some cut-off function y € C§°(R?) such that x €
[0’1]3 X =0 on R\ [%a%] XR\[%?%] and x = 1 on [%v%] X [%’%]
For a parameter h € (0,1), we call

o T or—7/2 T xo—7/4
Xn(T1,22) -—X(2+ 5 ;4+ 5 .

Note that xj is supported in

Vo |F_hmom hm) |m _hmow hm

T2 T 2T g 17 82|
verifies

w hwm w hrw w hw w hr
4. =1 s <55t o —— =+ —| =W,
0 et ]
and
C

(47) |Xh| < 17 ‘8$2Xh| < E on Rz,

for some C > 0 independent on h. Now, we introduce

(4.8) on=xng+ (1 —xn)f.

We remark that for any h € (0,1), @5, # 0 since it coincides with f outside
Vi, # 0 and with g on W), # (. Moreover, one has

(4.9) Oastpn = O, Xn (9 — f) + Xn0zy9 + (1 = Xn)0n, f-
By the two last lines of (4.5) and Taylor expansions, for h € (0,1), we have
(4.10) |f =9l <Ch? |84, f = Bzy9l < Choon Vi,

for some C' > 0 independent on h. From (4.7), (4.9) and (4.10), we deduce
that
10200 = Ona 9| <10z Xallg = I+ |1 = Xal 02,9 = Or, f| < Ch o0 Vi,

for some C' > 0 independent on h. Since
T

Oy <7a7):4 0,
29\35° 7 >
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we deduce that there exists hy > 0 small enough such that, 0,,¢n, = C on
Vi, for some C' > 0. Accordingly to (4.6), we choose w = W}, and

(07 O) in (07 7T)2 \ (Vho \ Who)7
25pn, +Apn
(0, = =F255)

otherwise.

Remark that @ is well defined: by construction, 0.,¢n, = C where
—App, — 25pp, # 0 (which is included in Vi, \ Wh,).
Moreover, @ is of class C* on Q. To conclude, we remark that by (4.5)
and (4.8),
7Agoho —u- vgpho = 2590h0 in Qa

Yhe =0 in 09,
8951%0}10 =0 in w,
¥ny # 0.

Hence, we obtain a contradiction with the Fattorini-Hautus test, which
concludes our proof.
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