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LACUNARY MUNTZ SPACES:
ISOMORPHISMS AND CARLESON EMBEDDINGS

by Loic GAILLARD & Pascal LEFEVRE

ABSTRACT. In this paper we prove that MX is almost isometric to ¢P in
the canonical way when A is lacunary with a large ratio. On the other hand, our
approach can be used to study also the Carleson measures for Miintz spaces M K
when A is lacunary. We give some necessary and some sufficient conditions ensuring
that a Carleson embedding is bounded or compact. In the hilbertian case, the
membership to Schatten classes is also studied. When A behaves like a geometric
sequence the results are sharp, and we get some characterizations.

RESUME. Dans cet article, nous montrons que MX est presque isométrique
a (P, et ce de fagon naturelle, lorsque A est lacunaire avec une raison grande.
Par ailleurs, notre approche permet aussi d’étudier les mesures de Carleson pour
les espaces Miintz Mf{ lorsque A est lacunaire. Nous donnons des conditions né-
cessaires et des conditions suffisantes qui permettent d’assurer qu’un plongement
de Carleson est borné ou compact. Dans le cadre hilbertien, nous étudions aussi
I’appartenance de ce plongement aux classes de Schatten. Nous obtenons des ca-
ractérisations complétes lorsque A se comporte comme une suite géométrique.

1. Introduction

Let m be the Lebesgue measure on [0, 1]. For p € [1,+00), LP(m) =
L?([0,1],m) (sometimes denoted simply by LP when there is no ambigu-
ity) denotes the space of complex-valued measurable functions on [0, 1],
equipped with the norm |[|f|, = (fol \f(t)|pdt)%. In the same way, C =
C(]0,1]) is the space of continuous functions on [0, 1] equipped with the
usual sup-norm. We shall also consider some positive and finite measures
woon [0,1) (see the remark at the beginning of Section 2), and the as-
sociated LP(u) space. For a sequence w = (wy,), of positive weights, we
denote ¢P(w) the Banach space of complex sequences (b, ), equipped with

Keywords: Miintz spaces, Carleson embeddings, lacunary sequences, Schatten classes.
2010 Mathematics Subject Classification: 30B10, 47B10, 47B38.



2216 Loic GAILLARD & Pascal LEFEVRE

the norm ||bl|gp(w) = (32, |bn|pwn)% and the vector space cpp consisting
on complex sequences with a finite number of non-zero terms. All along
the paper, when p € (1,400), we denote as usual p’ = ﬁ its conjugate
exponent.

The famous Miintz theorem ([3, p. 172],[7, p. 77]) states that if A =
(An)nen is an increasing sequence of non-negative real numbers, then the
linear span of the monomials t*» is dense in LP (resp. in C) if and only
if >0 ﬁ = 400 (resp. and A9 = 0). We shall assume that the Miintz
condition Zn>1 % < +o0 is fulfilled and we define the Mintz space M%
as the closed linear space spanned by the monomials ¢*», where n € N.
We shall moreover assume that A satisfies the gap condition: inf,, ()"ﬂ+1 -
)\n) > 0. Under this later assumption Clarkson—-Erdos theorem holds [7,
Thm. 6.2.3]: the functions in M} are the functions f in L? such that f(t) =
> a,t* (pointwise on [0,1)). This gives a class of Banach spaces M} ¢ LP
of analytic functions on (0,1).

In full generality, the Miintz spaces are difficult to study, but for some
particular sequences A, we can find some interesting properties of the spaces
MY . Let us mention that lately these spaces received an increasing atten-
tion from the point of view of their geometry and operators: the monograph
of Gurariy—Lusky [7], and various more or less recent papers (see for in-
stance [1, 2, 4, 9, 10]).

We shall focus on two different questions on Miintz spaces. The first one
is related to an old result: Gurariy and Macaev proved in [8] that, in LP, the
normalized sequence ((pA,, + 1)%15)‘"),1 is equivalent to the canonical basis
of 7 if and only if A is lacunary (see Theorem 2.3 below). More recently,
the monograph [7] introduces the notion of quasi-lacunary sequence (see
Definition 2.1 below), and states that M?% is still isomorphic to ¢’ when
A is quasi-lacunary. On the other hand, some recent papers discuss about
Carleson measures for Miintz spaces. In [4], the authors introduced the
class of sublinear measures on [0,1), and proved that when A is quasi-
lacunary, the sublinear measures are Carleson embeddings for M. In [10],
the authors extended this result to the case p = 2 but only when the
sequence A is lacunary.

In this paper, we introduce another method to study the lacunary Miintz
spaceS' for a weight w and a measure p on [0, 1), we define T  : (P(w) —

LP(p) by Ty, (b) = >, bn tA» for b = (b,) € ¢P(w). The operator Ty,
depends on w, u,p and A, and when it is bounded we shall denote 1ts
We shall see that an estimate of HT]\”

norm by HT]\” can improve

M, ully

ANNALES DE L’INSTITUT FOURIER



LACUNARY MUNTZ SPACES 2217

Gurariy—Macaev theorem, and allows to generalize former Carleson embed-
ding results to lacunary Miintz spaces M} for any p > 1.

The paper is organized as follows: in Section 2, we specify the miss-
ing notation and some useful lemmas. The main result gives an upper
bound for the approximation numbers of T}’ (see Proposition 2.9). In
Section 3, we focus on the classical case: we fix the weight w(p) defined by
wn(p) = (pAn + 1)1 and consider Tw(p) w(p) : P(w(p)) — MY, the
isomorphism occuring in Gurarlnyacaev theorem For p > 1, we prove
that T;\”(p ) is bounded exactly when A is quasi-lacunary. On the other
hand, when A is lacunary with a large ratio, we also get a sharp bound for
H( w(p )_1Hp (see Theorem 3.5 below). Our approach leads to an asymp-
totlcally orthogonal version of Gurariy—Macaev theorem exactly for the
super-lacunary sequences. In Section 4, we apply the results of Section 2
for a positive and finite measure p on [0,1) with the weight w,, = A\ !, in
order to treat the Carleson embedding problem. When A is lacunary, we
give an estimate of the approximation numbers of the embedding operator
it My — LP(p). In Section 5, we focus on the compactness of i, using the
same tools as in Section 4. In the case p = 2, this leads to some control of
the Schatten norm of the Carleson embedding and some characterizations
when A behaves like a geometric sequence.

As usual the notation A < B means that there exists a constant ¢ > 0
such that A < ¢B. This constant ¢ may depend on A (or sometimes only
on its ratio of lacunarity), on p.... We shall specify this dependence to
avoid any ambiguous statement. In the same way, we shall use the notation
A~Bor AZ B.

Acknowledgments. We wish to thank the referee for the very careful
reading of the paper and many suggestions in order to improve its quality.

2. Preliminary results

Let us first give a few words of explanation about our choice of mea-
sures on [0,1). The measures involved (if considered on [0, 1]) must satisfy
1({1}) = 0. Indeed, we focus either on the Lebesgue measure m (satisfying
of course m({1}) = 0) or on measures such that the Carleson embedding
MY — LP(p) is (defined and) bounded, so that testing a sequence of mono-
mials g, (t) = t*» we must have

p({1}) = lim [lgn )7,y < limllgnll7s () =0

TOME 68 (2018), FASCICULE 5



2218 Loic GAILLARD & Pascal LEFEVRE

Moreover, by Clarkson—Erdos theorem, the value at any point of [0,1) of
any function in M¥ can be defined without ambiguity.
We shall need several notions of growth for increasing sequences.

DEFINITION 2.1.

e A sequence u = (uy)y of positive numbers is called lacunary if there
exists r > 1 such that u,y1 > ru,, for every n € N. We shall say
that such a sequence is r-lacunary and that r is a ratio of lacunarity
of this sequence.

e A sequence u is called quasi-lacunary if there is an extraction (ng)g
such that supyen(nr41 — ng) < +00, and (uy, )i is lacunary.

e A sequence u is called quasi-geometric if there are two constants r
and R such that 1 < r < “Z% < R < 400, for every n € N. Such a
sequence is lacunary.

e A sequence u is called super-lacunary if uZ—:l — +00.

Remark 2.2. — Tt is proved in [7, Prop. 7.1.3, p. 94] that a sequence is
quasi-lacunary if and only if it is a finite union of lacunary sequences.

The following result is due to Gurariy and Macaev.

THEOREM 2.3 ([7, Cor. 9.3.4, p. 132]). — Letp € [1,+00). The following
assertions are equivalent
(1) The sequence A is lacunary.
(2) The sequence (ﬁ) in LP is equivalent to the canonical basis
of (P,

In particular, when A is lacunary, we have for any b € cyg

H Z bt ) ~ (Z p)\in: 1) '

and the underlying constants depend on p and A only.

We shall recover and generalize partially this result: for a given sequence
of weights (wy), and a positive finite measure p on [0,1), we study the
boundedness of the operator

w lw) — LP(p)
Tin { b Y bythn

Example 2.4. — In the case of the Lebesgue measure ¢ = m and when
the weights are w,(p) = (pAn, + 1)~! or in a simpler way (if we do not
care about the value of the constants) w, = A !, Theorem 2.3 states in
particular that T}" and T;\U(p ) are bounded on ¢? (w) or ¢#(w(p)), when A
is lacunary.

ANNALES DE L’INSTITUT FOURIER
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Remark 2.5. — In the case p > 1, a (rough) sufficient condition ensuring
the boundedness of T}’ , is

/ (Zw”t’”‘) dp < oo.
[0,1)

Indeed, this comes from the estimate

/ Z apWn v P A (t) dp

0,1 4

\’!ﬂ

w —
7,0, = s sup
a€Byp QEBLP/( )
aEcoo "

< sw / l9(®)] sup
[0,1)

geB ./ a€ Byp
LP () a€coo

Z anwn z P gAn du.

n

For standard weights, w,, ~ A\, and for a quasi-geometric sequence A,
this condition can be reformulated with the help of Lemma 2.10 below as

1 1
—d,u%/ — dpu < o00.
/[0_’1) ]._t [011) ]._tp

Such a condition will be considered later (see Proposition 5.5 below for
instance).

To get a sharper estimate, we introduce the sequence (D A ’5 (n))n defined
for n € N and p > 1, with a priori values in Ry U {400} by

p—1 L
1 1

DVP(n) = / Wy P w, P dp | .
£ (n) (m >,

PROPOSITION 2.6. — Let p € [1,+00). Assume that (DXﬁ(n)) is a

n
bounded sequence of real numbers. Then we have for every b € (P(w),

e
n=0

Proof. — If p = 1 the result is obvious. Assume now that p > 1. For any
t €1[0,1) and n € N, we have

1
P

Z b5 [P (Dx}:ﬁ(n))p

n>0

Le(p)

A i An o7 An
bt =bywi” tP X w, "t

By Holder’s inequality, we get

’ant’\" < (Zbﬂw{f’t“n)p (Zw pt*k)

TOME 68 (2018), FASCICULE 5
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We conclude

p—1
P _1 _1
bt dué/ |bn|pwn.wn7’t}‘" w,, P dp
[S)> > .

= |bu|Pwn DY (n)P. O

Assume that (DX’ﬁ (n))n is a bounded sequence of real numbers. We may
define the bounded diagonal operator

Dy) P (w) — P (w)

acting on the canonical basis of ¢P(w) whose diagonal entries are the num-
bers D)/ (n). In other words T}’ , and Dy"" are bounded, and we have

Ve P(w), TR, (0)lLe) < DO lerw)-

This gives informations about the approximation numbers of T u Let us
recall some definitions.

DEFINITION 2.7. — For a bounded operator S : X — Y between two
separable Banach spaces X,Y, the approximation numbers (a,(S)), of S
are defined for n > 1 by

an(S) = inf{||S — R||,rank(R) < n}.
The essential norm of S is defined by
[IS]le = inf{]|S — K|, K compact}.
It is the distance from S to the compact operators.
We shall use in the sequel the following notions of operator ideals.

DEFINITION 2.8.

e An operator S : X — Y is nuclear if there is a sequence of rank-one
operators (Ry,) satistying S(x) = ), Ry, (z) for every x € X with
> lIRn|| < 4+00. The nuclear norm of S is defined as

|1S||ar = inf {Z [ Rnl, rank(Ry) = 1,3 Ry = S}.

e An operator S : X — LP(u) is order bounded if there exists a
positive function h € LP(u) such that for every x € Bx and for
pu—almost every t € Q we have |S(z)(t)| < h(t).

ANNALES DE L’INSTITUT FOURIER
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e For r > 0 and when X,Y are Hilbert spaces, we say that a (com-
pact) operator S : X — 'Y belongs to the Schatten class 8" if

> (an(9))" < 4oc.

n
In this case, we define its Schatten norm by ||S|s-= (3, (an(S’))T)%.

Recall that nuclear and Schatten class operators are always compact.

Of course, the Schatten norm is really a norm when 7 > 1. The S§? class
is also called the class of Hilbert—Schmidt operators.

We shall be interested in how far from compact (the essential norm) or,
on the contrary, how strongly compact (possibly Schatten in the Hilbert
framework) are the Carleson embeddings.

For technical reasons, we introduce the following notation: for a bounded
sequence (uy), in Ry, we define (u})n the decreasing rearrangement of

(tn)n by
X .
uy = inf sup{u,,n & A}.
N ACN p{ oy g }
|A|=N
We have limy_; 1 o0 uy = limsup,, ,, o Un.
Now, we can state,

PROPOSITION 2.9. — If (ijﬁ(n))n is a bounded sequence of real num-
bers, then we have
(1) an+1(T3,) < (DY) (N).
2) |TY u”l’ < supp,ey Dy ﬂ( n).
3) ||TA p,” < hm Supn—)+oo Dw:ﬁ(n)'
)V
)

(

(

(4 21, ”T;\HMHN S Zn>0 w;EHt/\"HLP(M) :

(5) Ifp =2, for any r >0, [Ty llsr < (2,0 (Djfﬁ(n))r)

Proof. — We first prove (1). For n € N, we denote ¢ : fP(w) — C the
functional on ¢?(w) defined by ¢% (b) = by, for a sequence b = (by,),, € £P(w).
We define also g, € LP(u) by gn(t) = t*». For any integer N and A C N
with |A| = N, we have

1
™

an+1(Ty ) < ||Tx, Z ©n @ gn
neA
By Proposition 2.6, for b € (P(w),
Ty (b Z wr(b Z bt < sug (Dx’ﬁ(n)) 11611 v ()
neA ngA Lr(n) ng

TOME 68 (2018), FASCICULE 5



2222 Loic GAILLARD & Pascal LEFEVRE

and so (1) holds.

Assertions (2) and (3) are direct consequences of (1).

Assertion (4) follows easily from the natural decomposition T’ (b) =
> o on(b)gn and the fact that ||} | = w;, v

For (5): if (iji( ))n & £" then the result is obvious. If (iji n), €07,
we have in particular DXi (n) = 0 when n — 4o0. Since for all € > 0, the
set {n, Dx}i(n) > e} is finite, there exists a bijection 8 : N — N such that
for any n € N, DXi(n)* = D}\”i(ﬂ(n)) We have

ZQNJrl(T;\D,#)T < Z (DXJE(N)*)T = Z (Dw’z(ﬂ(n)))r
N N
Z Dy%(n))" 0

LEMMA 2.10. — Let a € RY. Assume that A is a quasi-geometric se-
quence. Then there are two constants Cp,Co € R such that for any
t €10,1) we have

o) =2 ea ()

Proof. — Since A is quasi-geometric, it is r-lacunary for some r > 1,
so there exists a constant C' = (r — 1)~! such that for any n € N, \,, <
C(An+1 — An). Moreover, there is a constant R > 1 such that A,11 < R\,
and hence we have

A m (A1 — An)* = )‘g+1
where the underlying constants do not depend on n. We obtain

Z/\zt)\” ~ Z(AnJrl _ /\n)at)\n s Z Z (/\n+1 B )\n)aflt)\n

n A, <m<Anpi1

oy Z Z ma—lt)\n

N Ap<m<Api1

For m such that \,, <m < A\,41, we have t™ < t’ < t% and so we obtain
1 @ 1 \“
Aogrn < a1 < R [ B
2 >om s () Sl
m2>=0

On the other hand we have

QA 1 0‘.
;Am 2> me! <H> 0

m2=1

ANNALES DE L’INSTITUT FOURIER
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Remark 2.11. — If A is only lacunary, the right inequality in Lemma 2.10
still holds. Indeed, the above proof can be easily adapted. We can also notice
(N),)n, which contains A,

that there exists a quasi-geometric sequence A’
1

and we have
A rec Ay, .
DR P
neN neN
A new proof of the upper bound part in Gurariy—Macaev theorem (The-

orem 2.3) follows from the next proposition.
PROPOSITION 2.12. — Let p € [1,+00). Assume that the weights are

given by w, = A% or (pA, + 1)7L. If A is lacunary and p is the Lebesgue

measure, then (DX’z(n))n is a bounded sequence.

Proof. — From Lemma 2.10 and Remark 2.11 we get

p—1
1 1
(DYP ()" = N /t“ (Z A,ft’““) dt
keN
1 1
1 \7
<)\;{/ tAn () dt
v > 1ol 1 o
=\ e (—— ) dt+ g th (—— ] dt
el e [ e ()
1 1 1 1 1 1
gA;;/\,';’/ t’\"dtJr)\f{/ (1—t)"#dt
0 -
An ip
<)\n+1+)\n;<p+1- ]
3

From Proposition 2.6, we obtain as claimed

1
. [bal? )
antA S’ (Z )\n ) )
neN p

neN

for any b € cgp, when A is lacunary.
From Lemma 2.10 and Gurariy—Macaev’s Theorem, one can easily get

an estimate of point evaluations on M¥.
PRrROPOSITION 2.13. — Let A be a quasi-geometric sequence and p > 1.

For any t € [0,1), the point evaluation f € My — 6,(f) = f(t) satisfies
1
0. L

H tH(M};) (1 —t)%
1

When A is only lacunary, we only have HétH(Mp)* < —
A (1-t)P

TOME 68 (2018), FASCICULE 5
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Proof. — Since A is in particular lacunary, Gurariy—Macaev theorem
gives

1
Z b ant”\"

n=0

olliagy)- = sup 1£®)]~ sup

S A/[K a€Byp
where the underlying constants depend on p and A. If p > 1, the last term

2o N
is (Zn>0 A tP ’\") " and we conclude with Lemma 2.10.

If p =1, we have for t close to 1 (say t > exp(—1/\1))

1) L~ su Apant™ | = sup At
18l aryy- = 5up | 2 Anant™ | = sup o
- 1 1
< sup st® = ~ -
5>Xo elln(t)]  (1—1)

Moreover, if A is quasi-geometric then there exists some ¢ € (0, 1) (depend-
ing on A only) and some integer n; such that \,, € (6/|In(t)[,1/]1n(t)|) so
that

b) 1
SUp At >\, thne > ~

~ . O
n>0 e‘ ln(t)| (1 - t)

3. Revisiting the classical case

We consider the Lebesgue measure pn = m on [0,1]. We define the oper-
ator
) { wlp) — M}
A b — Y, bt
where the weights w(p) = (wn(p))nen are given by w, (p) = (pA, +1)71 =
[|trn b. In particular, if we denote by (ex)r the canonical basis of ¢*(w(p)),
we have

VEeN, [TV (er)lly = llerllerwe))-

)

Gurariy—Macaev theorem says that T;;U(p is an isomorphism if and only

if A is lacunary. By our Propositions 2.6 and 2.12, we recover that T;\”(p) is
bounded when A is lacunary.

Since HTXJ(U Hl = 1, we focus mainly on the case p > 1. We shall also

prove that T;\U(p ) is bounded if and only if A is quasi-lacunary (for p > 1).
We shall refine the method used in Proposition 2.12 and get a sharper
estimate of the norm. Our approach is different from the original one (which
was based on some slicing of the interval (0,1)). We control the norm with
explicit quantities depending only on the ratio of lacunarity (and p). As a

ANNALES DE L’INSTITUT FOURIER
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consequence, we shall get that for p € (1, +00), the operator T' ®) is an

asymptotical isometry if and only if A is super-lacunary
1,+00) and (q,)n be an r-

LEMMA 3.1. — Let a € (0,400), p € (

lacunary sequence. We have
i L @
a5 g5 P p”
sup < = + =
N In 4 Ik re —1 »” —1
neN pen P re =
k#n
11 1
qﬁqp/ 7 _n—k
Proof. — Let n € N. For k < n, we have Lﬁ+’2k <p (%) <pr
P p’ :
We obtain
1 01 o
n—1 > pl
an G5, P
E: Tn y G <p” E:(nkm\% 1
k=0 \ P P’ k=01 7 ree =
iy 1 be
an q /1 (gn \? /o
5 <v(§) < .

Similarly, when k& > n, we use
For p € [1,400) we consider the sequence (DA)’p (n)) ~defined in Sec-

tion 2, but since we focus on the case p = m and w = w(p), we lighten the

P

notation and write
p—1
(PAk + Uét%) dt)

DY (n) = (/0 (pAn + 1)t (Z
k

2 and A be a (lacunary) sequence such

PROPOSITION 3.2. — Let p >
that (pA, + 1), is r-lacunary. Then we have

1

1 o7

2pr—1 P

TP, < (14 ——— ] .
rerp-1 — 1

I

£ 1

Proof. — For j € N, we denote ¢; = pA; +1 and f;(t) = q;
p—1

We have
p—1
(DY ()" / fu (Z n)
Lr=1(fndt)
Since p — 1 > 1, the triangle inequality gives
®) 11l e
(DY Z I fullzo=1(puary = D (Qn al / t“*“"”“dt) .
k 0

TOME 68 (2018), FASCICULE 5
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For n,k € N, we have

1

1 1

1 1 P p’
7o t)\nJr(p,l))\kdt _ dn qk _ qn 4y, )
i /0 Mt - DA+l BT

By Lemma 3.1, we obtain for any n € N
AN 1
@) ()’ qn 4 2prT
(DA(n)) §Z h+% <1++
beN D ' ree-1) — 1
since p > p’ and the term indexed by n = k is 1. Thanks to Proposition 2.6,
we have

TP, < wmﬂk> O

Let us point out that the operators Tw(p) P (w(p)) — MY C LP(m) are
not defined on the same scale of LP-spaces, since the weight w(p) depends on
p. We cannot apply directly the Riesz—Thorin theorem with T;;”(l) and TX”@)
to estimate the norm of Tj;"(p ) when p € (1,2), even not its weighted version.
The next result gives a bound different from the one in Proposition 3.2;
they coincide when p = 2.

PROPOSITION 3.3. — Let p € [1,2] and A be a (lacunary) sequence such
that (pAn + 1), is r-lacunary. Then we have

1

4 ?
nm®m<@+l ) :
rz —1

Proof. — Our proof is adapted from the classical proof of Riesz—Thorin
theorem, with an additional trick.

Let@z% € (0,1). Wehave%zl—f Asusual for z € C such
that 0 < Re(z) < 1, we define p(z) =1-3 and p,(Z) = - We have

p(#) = p and p'(f) = p’. We fix a = (an)n a sequence in Ry with a
finite number of non-zero terms and a positive function g € Lp/7 such that
llaller(wpy) = llgllpr = 1. Finally we define

Z P”/ I oR p<>dt

neN

This is actually a finite sum, and F' is a holomorphic function on the band
{z € C| Re(z) € (0,1)}. For z € R, we have

zx|<Za”/tp>‘ dt = )\+1
p

neN

ANNALES DE L’INSTITUT FOURIER
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On the other hand, for every real number =z,

/

F(+iz) <Y ait 5/1517(1_%)’\"g(t)%dt

neN

/ Z btV dt

neN

where b,, = a;; and ¥ = (Y,), = (’»‘") . Since (21, +1),, is also r-lacunary
we can apply Proposition 3.2. in the hilbertian case

1
T 4 \° |bn|?

H bnt?]| < (1 + 7 ) < E : -
et 2 rz —1 - 27,[}71, +1

By Cauchy—Schwarz inequality, we get
1
4 3
(1 " ) |
rz —1

Now, the proof ends in a standard way and the three lines theorem gives

Nl=

PO+ i) < g 12 x | D2 bat™ |

6

4 2
rone (i)

From this, we conclude easily that for arbitrary a € ¢P(w(p)), we have

1
w 4 \7
T @l < (14 ) ol =

Now we can give a characterization of the boundedness of T;\”(p ),

THEOREM 3.4. — Let p € (1,+00). The following are equivalent

(1) The sequence A is quasi-lacunary ;
(2) The operator Tw(p) P (w(p)) — MY is bounded.

Proof. — Assume that A is a quasi-lacunary sequence. Using Remark 2.2
there exist K > 1 and lacunary sets A; C A (with j € {1,..., K}) such
that A = Ay U---UAgk. We define the operators

706) . ®(w(p)) — My
b — >, bnt’\"]l/\j (An)
where 1,; is the indicator function of the set A;.
We have TK](” ) = Z]K=1 T0U). Since each A; is lacunary, Proposition 3.2

and Proposition 3.3 (or Gurariy-Macaev theorem) imply that TXJ(p ) s

bounded.
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For the converse, we assume that A is not quasi-lacunary. We denote ¢ =

pA + 1. For an arbitrarily large N € N, the sequence gy is not lacunary

d(k+1)N
dkN

there exists kg such that it is less than 2. For ng = koIN we have

since (Nk)ren has bounded gaps. This implies lim infg_, 4 oo =1,s0

Ano+N X QQnD

Let A ={ng,...,ng + N — 1}. Thanks to the inequality between arith-
metic and geometric means, we have

1T (1.4 w—/ S

JEA
We obtain

dt>/ NPHtth

JEA

w NP NP NP
TP (14))2 > o> >
EjeA N dno+N 2Qn0

On the other hand, H]IAng (w(p)) = 2ojeA qij < %~ Since N is arbitrarily
w(p)

large and p > 1, TA is not bounded. O

The following is a refinement of Gurariy—Macaev theorem for lacunary

sequences with a large ratio.

THEOREM 3.5. — Let p > 1. For any € € (0, 1), there exists r. > 1 with
the following property:
For any A such that (pA, + 1), is re-lacunary, we have

Vaelwp), (1-2lallmwey < [Ty @], < (1 +o)llallo ey

Remark 3.6. — If we denote ¢ = max{p,p’}, the parameter r. =
1\ a(g—1)
(1 + 4qzl> is suitable for Theorem 3.5.

1\ 9(e—1)
Proof. — Let ¢ = max{p,p'} > 2 and r. = (1 + 4‘121) . In order

to lighten the computation below, we shall write w instead of w(p) so that
wn = wn(p) = gy 37
Let a be a sequence with [|a||¢r() = 1. Thanks to the above choice of

re, we have that HTA H (1 + ) # < 14 § either by Proposition 3.2 if
p = 2, or by Pr0p051t10n 33ifp <
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For the lower estimate, we consider a sequence b € ¥ (w) such that
8]l g7 oy = 1. We define W = (), by ¢ = 22 = (p — 1)An. We have

1
7@z, = |
0

+oo

Zp)\ +1

D apbpttnTETA e

n,k

Z |an| |0 | .
. kEN A+ (- +1
k;én

Since [|al|¢r () = 1, we have by duality

anby,
sup { zn: o+ 1 161l e2 () = 1} =1

Denoting (gn)n = (pAn + 1), Young’s inequality gives for any n, k,

o
anwn bkwk

1 L

lanby| = x qr qf

1 1 , 11
< (Ianl”wn + —|ox|? wk> X qhqp
p p

We sum over n and k, and we obtain

1 1

Janl-10x] _ i
Z qn + Qk < ||a|| Sup qn dk
n,kEN P " keN P P
k#n k#n
1
q q5
|b”ev () SUPZ - k
neN P
n#k
Applying Lemma 3.1, this quantity is less than —24— < 5 thanks to the
rd —1
choice of r. again. Finally
€
sup {|| 7% () TE )| 5 [1bller oy = 1} 2 1= 5+

On the other hand, Hélder’s inequality gives

175 @) T5 )], < |75 @], |75 O,

< (143) T2 @I,

because p'¢,, + 1 = pA, + 1 (hence is also an r.-lacunary sequence), so we
may apply the upper bound part for ||T(fj

o Considering the supremum
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over the sequences b, we finally obtain, for any r.-lacunary A and for any
a in the unit sphere of /7 (w),

1-1e w
(1—¢) < H;5<|\TA(a)Hp<(1+s). 0

Before stating the next corollary, let us recall that a (normalized) se-
quence (z,,) in a Banach space X is asymptotically isometric to the canon-
ical basis of ¢? if for every € € (0,1), there exists an integer N such that

1

P
(1—2¢) Z lanlP | < H Z an Ty, (1+4¢) Z |lan|?

n=>N n>N n>N

P

for any a = (an)n € coo-
Equivalently there exists a null sequence (e,,) of positive numbers such
that for every N, we have for any a = (ay,)n € coo

P
(1 —en) Z |an|? < H Z anxn| < (l+en) Z |an|?

n>N n>N n>N

3=

When p = 2, we can also say that such a sequence (x,,) is asymptotically
orthonormal.
We can now prove

COROLLARY 3.7. — Let p € (1,+00). The following are equivalent
(1) A is super-lacunary.
2) The sequence ’?777 in LP is asymptotically isometric to the
l[tAn ]|
P
canonical basis of (.

An

Proof. — Assume that A is super-lacunary: hmnHJroo = +400. As

usual, we denote ¢, = pA, + 1, and f,(t) = qn . We need to

prove that for any € > 0, there exists N € N such that

Zanfn (1+¢) Z |an|P

nzN p n>N

Ht*” o

1
P

(31) (A= | Y lal] <

n>N

for any a = (ayn)n € cgo. For a given ¢ € (0,1) we consider the number r,
given by Theorem 3.5. Since (gy,),, is also super-lacunary, there is an integer
N large enough to insure that qi1 > r-qx when k£ > N and so the sequence

w(:ﬂ)( )

(PAngN + 1), is re—lacunary. We apply the estimate of || T, lp given

by Theorem 3.5 to the sequence a = (anqn) and we get the result.
>

nz
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For the converse, let € € (0,1). From the right hand inequality of (3.1),
we get the existence of an integer N € N such that for any integer n > N,
for any u € (0,1),

[fn + ufpall, < (1 +2)(1 +up)% <(I+e)(1+uP).

On the other hand, Holder’s inequality and || f2~1||,, =1 give

1
1+ wfusr ]y > / (i + wfug) 27 a1

1
=1 +U/ S [ 1At
0

Applying this for u = 5%, we finally get
1

1
| gz ta <
0

and since p > 1, we obtain fol far1f~tdt — 0 when n — +oc.
But

1 1, a1 1
/ frsrfildt = / g agh 1P A dt > g, / PAnidy = 2
0 0 0 An+1

. _PAn+l e @ _
Thus, ot 0 when n — +o00, and A is super-lacunary. O

4. Carleson measures

In this section, p denotes a positive and finite measure on [0,1) and A is
a fixed lacunary sequence. We shall generalize some results of [4] and [10]
using the estimates from Section 2. In particular, we give a positive answer
to a question asked in [10]: if p is a sublinear measure on [0,1) and A is
lacunary, then the embedding operator if, : M L — LP(p) is bounded.

DEFINITION 4.1. — Let p € [1,4+00). We say that

(1) w is sublinear if there exists a constant C' > 0 such that
Vee(0,1), u([1 —e,1]) < Ce.

The smallest admissible constant C above is denoted ||11]|s.
(2) p satisfies (B,,) if there exists a constant C' (depending only on A
and p) such that
C

(B,) VneN, / tPrAndpy < —-
[0,1) An
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(3) p is a Carleson measure for MY if there exists a constant C' (de-
pending only on A and p) such that, for any Miintz polynomial

f(t) =32, ant?,
Iflley < Clflp -

In this case we may define the following bounded embedding

D . M{ — LP(p)
w2

Remark 4.2. — The notions defined above are related as follows:

Ay
Mt e g

(1) Since condition (B,) is equivalent to sup,,q T,

< 400, any
Carleson measure for M} satisfies (Bp).

(2) For p € [1,400), we have
w is sublinear = p satisfies (By1) = u satisfies (B,).

Indeed, since t € [0,1) = tP*» is an increasing function, [4, Lem. 2.2]
gives

1 -1
/ Py < ||M||S/ At < P llplls |
0,1) 0 An
(3) Moreover, if A is a quasi-geometric sequence, and p satisfies (B,)
for some p € [1,+00) then pu is sublinear. It is essentially proved
in [4] in the case p = 1. More precisely, there exists a constant

C > 0 depending only on A and p such that

lulls < C <sup/\n/ t“"du> :
neN [0,1)

The previous remarks suggest a natural question: does (B,) imply that
p is a Carleson measure for M} ?

The answer is not clear in general. In [4, Ex. 6.2], the authors build a
sublinear measure (so it satisfies (B1)) and a sequence A such that p is not
a Carleson measure for M. When A is lacunary, we shall see that condi-
tion (Bp) is almost sufficient for y to be a Carleson measure for M} (see
Theorem 4.5 below) and even sufficient when p = 1 (see Proposition 4.4).

The cornerstone of our approach is the following remark.
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Remark 4.3. — For a lacunary sequence A, we can factorize if, through
0P (w) as follows:

P

My - LP(p)

(T:))x* /

r(w)

where w = (wy,), is a weight satisfying w,, ~ A, !. With such a weight,
the operator T realizes an isomorphism between ¢?(w) and M7: this is a
rewording of Gurariy-Macaev Theorem (Theorem 2.3). The most natural
weight is w, = w,(p) = (pA, + 1)~! but in this section, we are interested
in estimates up to constants (possibly depending on p and A). Of course,
the results are the same with equivalent weights. So, we choose (in order
to simplify) to fix the weight w, = A\ 1.
In particular, by Proposition 2.6 we obtain

0 < TR, < S‘}Lpr(f)(”)’

and for n € N, by Proposition 2.9 we have
an+1(i8) S ans1(T3,) < (D) (n)

where the sequence (Dpr )(n))n is defined as in Section 2 by the formula
(here with our specified weight and since there is no ambiguity relatively
to A in the sequel):

p—1 P
i i
DY (n) = DY"(n) = o thn (Z bY; t’\k> | .

keN
We first treat the case p = 1.

PROPOSITION 4.4. — Let A = (\,), be a lacunary sequence. The fol-
lowing are equivalent:
(1) w satisfies (By) ;
(2) p is a Carleson measure for M.

In this case there exists a constant C' depending only on A such that

i< ¢ (supr, [ eau ).
neN [0,1)

Proof. — (2) = (1) is obvious. For the converse, we apply the factoriza-
tion described in Remark 4.3 : this gives [|i,|| < ||T/7§’),u’|1'||(T/1\U)_1|’1' On
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the other hand, Proposition 2.9 gives [T [[1 < sup, D( )( ) and we get
the result. g

As a corollary, we recover quickly [4, Thm. 5.5] in the lacunary case: the
sublinear measures satisfy (B7), and so any sublinear measure is a Car-
leson measure for M /1\ For the general lacunary case, we have the following
theorem.

THEOREM 4.5. — Let A = (\,), be a r-lacunary sequence. Let 1 be a
positive measure on [0, 1) and p € [1,4+00). We assume that u satisfies (B),).
Then p is a Carleson measure for M3 for any q > p. Moreover, we have

1
liglh<c (supa, [t
neN [0,1)

where C' depends only on p,q and A.

Proof. — Since A is lacunary, we can factorize if, through ¢?(w) as in
Remark 4.3. We obtain

1S (178, supD(‘”( )

The following lemma 4.6 gives the result. ]
LEMMA 4.6. — Under the assumptions of Theorem 4.5, we have

1
ol

5 )
(D@ ()" < C (Sup Ak / tp*’“du> <sup Ak / t”“"du>
kzn [0,1) keN [0,1)

< Csup )\k/ tp)"“d,u,
keN  J[0,1)

where C' is a constant depending only on p,q and r.

Proof. — Since (A) is r-lacunary, for any § € R* we have

1
E: B B 2: B < -8,
A < 1—- @)‘n and A rﬁ 1)\n

k<n k>n

For any j € N, we denote M; = \; f[o 1) tPAidy and M = sup; M; < +oo.
Since ¢ > 1, we have for any A, B € Ry, (A+ B)771 < 297 1(A9=1 + BI71).
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This gives:
(D ()"
1 1 qil
= Afth (Z A,jt“) du
[0,1) keN
1 1 qil
< Ai{t*n(ZAgt*k) dp + A <Z)\ A
[0,1) k<n (0,1) k>n

2235

g—1

We estimate the first term above. If p > 1, Holder’s inequality gives

) 1 ) p'(g—1) )
g e

k<n
q—1
1 1_1
M2\ P(th | Lo’ a=1) m)
k<n

where we used the triangle inequality since p’(¢—1) > p > 1. For
we have f[o,l) P (=D dy, < f[O,l) tPAedp < My, . This gives

If p = 1, the inequality t* < 1 gives directly

1
v

any k < n

qg—1 q—1
/ )\;{t’\"<z/\,§t’\k> dp < MnAnl)\;{<Z>\,3> < M,
0.1)

k<n
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For the second term we treat two cases. First if ¢ — 1 > p, the triangle
inequality gives

q—1
/ Ad A (ZMW) dp
[0,1)

k>n

qg—1
< )‘751 (Z ||/\Igt)\k|L‘11(t*"u)>
k>n
1\ g1
1 1 a=t
=M DM / @D An
k>n [0,1)
1\ g1
1 1 a1
YR DIPY: (/ tmdu>
k>n [071)
q—1
1 11
< <sup Mk) A Z A
k>n k>n
1 —1
< <sup Mk) Al (/\‘”" 1)) = sup M.
k>n k>n

Ifg—1<p,leta= $~ It satisfies & > g and (¢ — 1)a’ = p. We apply
Holder’s inequality:

q—1
1 1
Anthn A dp
/[0,1) ! (Z * )

k>n

<=

where we applied again the triangle inequality. We obtain

q-1 q—1
i 1 1 1i_1 1_1
/ At <§ Agt’“) dp < Myt (SupM” ))\n 2 <§ A )
[071)

k>n
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We finally get

L o
(DLQ)(n))q <MY (sup My ) + sup My O
k<n k>n
COROLLARY 4.7. — If u is sublinear and A is lacunary, then p is a

Carleson measure for M}, for any q € [1,+00).

Proof. — Remark 4.2 implies that the sublinear measures satisfy (B1),
and we obtain

1
il < el 0
The previous fact was proved for p = 2 in [10, Thm. 4.3], and the authors
announced the result for p € (1,2) (see [10, Cor. 5.2]). Unfortunately there
is a gap in the proof of their interpolation result [10, Thm. 5.1] : interpola-
tion is not easy to handle in Miintz spaces because f € M} does not imply
that | f| € M} in general.
Theorem 4.5 has the following interesting consequence.

COROLLARY 4.8. — Let A be a lacunary sequence and p,q € [1,+00)
such that p < q.
(1) If 4%, is bounded, then if, is bounded.

(2) The converse is false in general.

Proof. — If if, is bounded, then u satisfies (B,). Theorem 4.5 implies
that if, is bounded. Assertion (2) is a consequence of the Examples 5.14
and 5.15 below. O

COROLLARY 4.9. — Let q € [1,4+00) and let A be a quasi-geometric
sequence. Then we have

a 1
WHMWO‘M%m>zmm

1
~ sup (/[ ) At du) A sup (DLQ)(TL)),
0,1 n

n

where the underlying constants depend only on q and A.
In particular, p is a Carleson measure if and only if it is sublinear.

Proof. — Since A is lacunary, Remark 4.2(2) and Lemma 4.6 give easily

a 1
mmsm{M/ WM>smg
n [0,1)
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On the other hand, since A quasi-geometric, Remark 4.2(3) gives

ells < sup/ At dp < ]84, O
n

)

5. Compactness and Schatten classes

In this part we are interested in the compactness of the embedding

Z'p.{ My — LP(p)
L o= f

where 1 is a Carleson measure for M.

We now investigate its membership of various classes of operator ideals,
in particular Schatten classes (when p = 2).

As in Section 4, we work with w, = A, '; we consider the operators T
and Ty’ and the sequence D&p)(n) = Dxﬁ(n) associated to this weight.

DEFINITION 5.1. — Let p € [1,+00). We say that

(1) p is vanishing sublinear when lim._,q M = 0;

(2) p satisfies (Bp) when we have

b lim A, P dp = 0.
(bp) N
An
Let us point out that (b,) exactly means that lim,, | M# =0.
Remark 5.2. — Let p be a Carleson measure for M}.
(1) If i, is compact and p > 1, then p satisfies (b,). Indeed, since for
any k € N,
1
LRk A
tr\pthdt = ———— -0 wh — ,
/0 p—— when n — 400

1
for any polynomial g, fol t* \p g(t)dt — 0. Since p > 1 the poly-

1
. . / D .
nomials are dense in LP and so (A t**),, converges weakly to 0 in
1

M?Y. Since the embedding i, is compact, [|A;t*||1s() — 0 when
n — +00.
(2) For p,q € [1,400) such that p < ¢, we have

p is vanishing sublinear == 1 satisfies (b,) hence (by).
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Indeed, by assumption, for any € > 0, there exists 7 > 0 such that
li—n1)lls < e. We have

A tPrdp < X\pP ([0, 1)) + Ay P dp.
[0,1) [1-n,1)
The first term tends to 0 when n — 400 and the second is less than
p -y lls < 5 thanks to Remark 4.2(2).
(3) The conditions in (2) are equivalent when A is a quasi-geometric
sequence. More precisely, for ¢ > 0 close to 0, we have
p([1—e,1))
3

< 3pRA, / tPAndp
[0,1)

where n is the index such that € € (p>\'1+1 , ﬁ} ,and R is a constant

such that Ay11 < RAg for any k£ € N. So if p satisfies (by), then p
is vanishing sublinear.

5.1. The case p = 1.

If Z}L is compact, u satisfies (b;) but the method to prove it is not the
same as for p > 1.

PRrROPOSITION 5.3. — Let A be a lacunary sequence. The following are
equivalent

(1) p satisfies (b1) ;
(2) iy, is compact ;

(3) iy, is weakly compact.

Proof. — Let us prove that (1) = (2). Since A is lacunary, we can fac-
torize Z}L through ¢! (w) as in Remark 4.3: we have z}b = T;\U,u o (T]\“)_l. On
the other hand, u satisfies (b1), so we have D&l)(n) = A f[O,l) tAdpy — 0
when n — +o00. Proposition 2.9 implies that an(T]\"#) — 0 and we get
an(i},) = 0 when n — +oo.

The implications (2) = (3) = (1) are valid for any Miintz space M},
without any assumption of lacunarity for A.

(2) = (3) is obvious.

(3) = (1). We denote H = {\,t*}. Since H is bounded in M}, H
is bounded and by assumption weakly relatively compact in L' (1), hence
uniformly integrable in L'(p) (see [12, Thm. II1.C.12, p. 137]). This means
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that for any € > 0, there exists § > 0 such that for any n € N and any
measurable set A C [0, 1) with pu(A) < d, we have

/ )\nt’\“du < e.
A

Since p({1}) = 0, there exists s € (0,1) such that u([s,1)) < n. We have

/ At dp = / At dp + / At e dpu
[0.1) [0,5) [s,1]

<A™ u([0,1)) + €.
Since \,s* — 0 as n — 400, we obtain that yu satisfies (by). O

Remark. — Without any assumption of lacunarity on A, the embedding

zi is a Dunford-Pettis operator (i.e. maps a weakly convergent sequence
into a norm-convergent sequence) if and only if z,ﬁ is bounded. This is due
to the fact that M} has the Schur property since it is isomorphic to a

subspace of £* (see [11], see also [6] for some extensions of this result).

5.2. The case p > 1.

Let us mention without proof the next remark (the argument is the same
as in Lemma 5.10 below, but we shall not use this result in the general case).

Remark 5.4. — Let A be a quasi-geometric sequence. For p > 1, there
exist an integer K > 1 and C depending only on A such that for any n € N
we have

Chnik / Ak dp < Ay / tPrdp < (DP) (n))".
[0,1) [0,1)

We first give an easy sufficient condition ensuring compactness. This is
closely related to the rough sufficient condition ensuring the boundedness
of if, stated in Remark 2.5

PRrROPOSITION 5.5. — Let A be a quasi-geometric sequence and p > 1.
The Carleson embedding i, is order bounded if and only if

d
/ e
[0’1)1_t

This condition ensures that if, is a p-summing operator (see [5,
Thm. 5.18]), hence compact from M} to LP(u) when p > 1. In the case
p = 1, apply Proposition 5.3.
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Proof. — Since the space MY is separable, il is order bounded if and

only if ¢ +— SuprBMX |f(t)] belongs to LP(u). Now, the estimate on the
point evaluation (see Proposition 2.13) gives the conclusion. |
In the same way as for the boundedness problem, we can “almost” char-

acterize the compactness of i, for ¢ > 1, by testing the monomials.

THEOREM 5.6. — Let A be a lacunary sequence. Assume that p satis-
fies (by,) for some p € [1,+00). Then if, is compact for any q > p.

Proof. — Since A is lacunary, we can factorize if, through (?(w) as in
Remark 4.3: ¢} =T} o (T}\”) ! (recall that T is an isomorphism). Propo-
sition 2.9 gives

I ]le S NITX,]le < limsup D (n).
n—-+o0o

Since p satisfies (b,), Lemma 4.6 implies that D,&q) (n) — 0 when n — 400

and so f, is compact. O
COROLLARY 5.7. — Let A be a lacunary sequence and p,q € [1,400)

such that p < q.

(1) If ik, is compact, then if, is compact.
(2) The converse is false in general.
(3) If u is vanishing sublinear, i, Is compact.
Proof. — If 4f, is compact, then p satisfies (by) and 7f, is compact by
Theorem 5.6. Assertion (2) is a consequence of Example 5.14 or Exam-
ple 5.15 below. At last (3) holds since any vanishing sublinear measure

satisfies (by). O

COROLLARY 5.8. — Let ¢ € [1,+00) and let A be a quasi-geometric
sequence. Assume that p is a Carleson measure for M7 . Then we have

1 1
g 1—e1)\7
[[# ]| = lim sup (/ )\nt’\”d,u> ~ (lim sup M)
n [0,1) e—0 3

~ lim sup D,(Lq) (n),

n—-4o0o

where the underlying constants depend only on q and A.

In particular, i, is compact if and only if p is vanishing sublinear.
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Proof. — We already saw in Lemma 4.6 and the proof of Theorem 5.6
that

n

1
1—¢,1)\¢
5<hmsupu<[56’>> ,

e—0

1
q
3% ]| < lim sup Dfﬂ) (n) < limsup ( )\ntkndu>
n——+00 [0,1)

this part only requires the lacunarity assumption on A

To get the minoration of [|if, || we use [4, Thm. 3.5] which proves

lille = lim i

where p;, is the restriction [ _1 ;). The proof can be easily adapted for
g > 1 as it was noticed in [10, Prop. 2.6] and we have

; q
lille = lim_ Iz, |-
Since A is quasi-geometric, Corollary 4.9 gives a constant C' > 0 such that
1
for any measure v on [0,1): ||il|| > C||v||§. We have

1
. _ q . a
||ZZ||e—n£m ||Z || Cngrfoo ||M|[17%,1)H§
1
1—¢e,1)\¢
_ (hmsupu([fv)) . 0
e—0 3

The following result is an improvement of [4, Prop. 3.2]. It requires no
assumption on the lacunarity of A but a strong assumption on g

PROPOSITION 5.9. — If Supp(u) lies in a compact set of [0,1), then
is a nuclear operator.

Proof. — Assume that Supp(p) C [0,0] with 6 < 1. We fix € > 0 such

that (14¢€)d < 1. Since A satisfies the gap condition, we have the following
classical estimate essentially proved in [7, Prop. 6.2.2]: there exists K. such
that for any Miintz polynomial f(t) = )", apt™, we have
|an| < Ko(L+)* | fllp-

This implies that the functionals

o My — C
L Y apt™ —  a,
are well defined, bounded, and | e} | (1+¢e)*

|
We define g, : [0,1) = C by g,(¢) The functlons (gn)n belong to
LP(p) and we have ||gn|[rr (. < p([0, . On the other hand, for any

< K.
= t*n,
1))6*
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Miintz polynomial f, we have if,(f) = > ;5 e (f)gr. Sof, and 37, o ef ®
gi, coincide on a dense set of M}. Moreover, we have

S e @ grll < Ke((0,1)) 37 (61 + )™ < 400

k

Therefore ¥, is a nuclear operator. (]

5.3. The case p = 2.

From now on we focus on the hilbertian setting.

LEMMA 5.10. — Let A be a quasi-geometric sequence and j such that

zi is bounded.

(1) There exist an integer K > 1 and C > 0 depending only on A such
that for any n € N we have

Chny i / rrEdy < Ay / A ndp < (D (n))”.
[0,1) [0,1)

(2) For any q € (0,+00), we have

1 1
2 2

1D @)alles ~ | | An / 2ed ) |~ || A / Py
(0,1) n [0,1) n

0 0a

where the involved constants depend only on A and q.

Proof. — We first prove (1). For n € N we have

(P )" = St [

t/\”+)\kdu > )\n/ t”‘”d,u
keN [0,1)

[071)

since this last term is the term n = k in the sum. On the other hand, we
assume that A is r-lacunary. There exists K € N such that X > 2 and
since A is quasi-geometric, there exists R € R such that A\y11 < RA for
any k. We obtain

>‘n+K/ t)\nJrKd/i < RK)\n/ tTK/\"du < )\n/ t2And/1,
[0,1) [0,1) [0,1)

Now, we prove (2). For k € N we shall denote mj, = A\ f[o 1)t’\kd,u.

Assume that the sequence (mg)k lies in ¢9. We shall compare ||D£L2)(n)||gq
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1
and ||m2||¢« and shall, in some sense, improve the estimate of Lemma 4.6.
For n € N, we have:

<D/(,L2)(n))2 — Z()\n)\k)%/ t)\n+Ade+ Z()\n)\k)%/ t)\n+)\kd/1/

k<n [0,1) k>n [0,1)

So the number (D,(?) (n)) is less than the n-th entry of the vector
Al(my)k), where A = (A, k)n ks is the matrix defined by

0 ifk<n
Ap i = (1—7”*%)’1 ifk=n
ﬁ if k> n.
Assume first that ¢ > 2. Since A satisfies
2

SlipZAn,k < @ and Sl;pZAn,k < @7
k T n T

we can apply the Schur test: A defines a bounded operator A : (3 — (3

and we have [[Alls < - In particular, for (my) € (% we obtain
\/;

-7

Now we treat the case ¢ < 2. Since 4 < 1, we have

(D))" < <m11 Y mf)

1D ) llex < <21> I(ma) % e

VT k>n r
1N\1 1 g1
< (m%) 1\g + Z ml:) a(k—n)
(l_ﬁ)z k>n r
and we get
. 3 L= alkon)
S <X (o) () X (od)'S (2)
neN n WV keN n=0 r

1
S I(m#),, li%

where the underlying constants depend on r and ¢ only.
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We have then

Nl

(DD ())ulles S (An/ txndu>
[0.1)

whereas (1) implies

ngq

1 1
2

2
<>\n/ tA"d/L) S (An/ t”"du> S DR (m)nlles
[0,1) 0.1)

n 0q n 049

The conclusion follows. O

THEOREM 5.11. — Let A be a lacunary sequence and q > 0. We have
(1) It (D,(f) (n))n € €% then we have

1 lss S 1DE (1)l
(2) If moreover A is quasi-geometric and q > 2, we have
13 lss = (1D (1)l s
where the involved constants depend only on q and A.

Proof. — We first prove (1). As in Remark 4.3, since A is lacunary we

may factorize 72, through £*(w), and we get a,(i2,) < an(Ty ). Proposi-

D (an(i2)? <> (PP (n))”.

n

tion 2.9 gives

Now, we prove (2). As a direct consequence of [5, Thm. 4.7], for any Riesz
basis (f,)n of M3 (i.e. an orthonormal basis up to an invertible operator),
there exists a constant C' > 0 such that

||i;2¢HSq = C (Z ”fnl%z(u))

1
By Gurariy-Macaev theorem the sequence (f,)n = (A2t*), is a Riesz
basis of MK, So we obtain:

A (An /[0 1)t””du>

and Lemma 5.10 gives the result. O

q

a
2

We also have an integral expression for [|i2|sa.
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PROPOSITION 5.12. — Assume that A is quasi-geometric and ¢ > 2. We

have:
1 3
. dp(t
e~ | [ () ) as
0 [0,1) (1 — st)a

Proof. — We denote M,, = A\, f[o 1 t2*»dpu. The previous estimate gives:

1
I2]1se ~ (S ME) = (M)l
o n n)n E%'

On the other hand we can apply Gurariy—Macaev theorem to estimate an

equivalent of [|(My)]],4 . We obtain, using Lemma 2.10,
2 Z 2 2
y ~ q n
i llse ~ ‘ ~ MnAis L% (ds)

1

1 ) 3
= / Z An / trdp(t)Ais™ | ds
o \5 [0,1)

wha
Q=

Q

/01 </[o,1) (1 —dgt(;))3“> @

We get the result since (1 — st) < (1 — st?) < (1 + st)(1 — st) < 2(1 — st)
for s,t € [0,1]. O
Note that the previous estimate shows that, as soon as A is quasi-
geometric, zi belongs to the Schatten class §? if and only if a quantity
depending only on p and ¢ is finite.
As a particular case (¢ = 2), we have a characterization of the Hilbert—
Schmidt embeddings.

THEOREM 5.13. — Let A be a quasi-geometric sequence. The following
are equivalent
(1) 42, is a Hilbert-Schmidt operator ;
(2) f[o,1) dp < +oo.
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In this case we have

1
1 2
-2
~ —d .
AR (Aml_tu>

Proof 1. — We apply Proposition 5.12 in the case ¢ = 2. Fubini theorem

gives
1
) dp(t) 1
e [ e [ o
His = tefo,1) (1 — st)? o1 1—t

Proof 2. — Since order bounded and Hilbert—Schmidt operators are the
same in an L2-framework, Proposition 5.5 gives the result. ]

5.4. Examples

Now we give two examples inspired by [10], showing that in a strong way,
boundedness and compactness of Carleson embeddings on Miintz spaces
M7 depend in general on p and not only on A.

Example 5.14. — Let p € [1,400). We are going to construct a lacunary
sequence A and a measure g on [0, 1) such that

(1) % is not bounded when q € [1, p] ;

(2) 1% is compact when g € (p, +00).

14
Proof. — Note that A cannot be a quasi-geometric sequence (see Corol-
lary 4.9 and 5.8). We shall consider a measure p with the form p =
21@2 ¢k0z, where xy, € (0,1) and ¢ > 0.
We define As = 1, (\y)n>2 such that for any n > 3, A, = nPT1),_;.
Forn > 2 let ¢, = ”pg\oif(”) and z, =1 — %~ We have xf‘f ~ % when
n — +oo, and for n > k we have xﬁ" < (%) X . We check that p does not

satisfy (Bj):

An .
An tPArdp = Z P W
[0,1) k

Hence iﬁ is not bounded.

On the other hand, for ¢ > p, we have

)\n/ tndy = Z )\nckxz)‘" + Ancpzdn + Z )\nckxz)‘".
[0,1) k<n k>n
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We control these three terms. For the first:

>\n )"VL
A 1\ A (1N !
< Pl < ML .
S hwea £ Soutw 3 ()" £ X5 (kq)
k<n k<n k<n
Since k >
term n = k we have \,c,29*" ~ X, n? l;\)g(n) % = IZ%(’;) — 0. For the last
sum, rf < 1 gives
+oo +oo
kP 1 1 An
Swrres 3ol o 5 loslh
k>n k=n+1 k=n+1 Ak—1
log

——>0

M

Thus, p satisfies (by), and using Theorem 5.6, iy, is compact for any
r>q. O

Example 5.15. — Let p € (1,+00). We shall construct a lacunary se-
quence A and a measure p on [0,1) such that

(1) 4f, is not bounded when ¢ € [1,p) ;

(2) i, is compact when ¢ € [p, +00).

Proof. — We consider again a measure p with the form p = Zk>2 ckém.
Let A = (/\n)n>2 with Ay = 1, and for all n > 3, \, npmax{pp I\,

1
Let ¢, = and z, = 1— % We have zf;" ~ 5 when n — +oo7
n

An log(n)

and for n > k we have 23" < (1) X
Let ¢ € [1,p). We check that p does not satisfy (By):

P 1 npP—4
Ao [t > Apenz? ~ Ay = — +00.
/[0 1 a ntnn "Anlog(n)ne  log(n) +oo

Hence i, is not bounded. On the other hand, let us show that the sequence

D) (n) tends to 0 when n — +oo:

(DP) (n ZAncJ (ZA )p_l

JjEN

— 1
1 Z Z 1 1 o
e ( A” Ak) o e (1 —$j>p

i#n
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using Lemma 2.10 and Remark 2.11 for the second term. We first control

the second term. If j > n, s

i <1 gives

7 1
1 1 % L4p AP A \7 1
§ P An E »J J D n el
AR (1—%‘) S 2 it S 2. (A) S 3P

i>n i n 7V log(j

since \; > jp2 Aj—1. Hence this term tends to 0.
An

. . Aj .
For j < n, since x;‘" < (%) ', we obtain:

o 1 p 3 v
ZA%C;J@”( L >p S M{j<1> ’ )\JH;
j<n 1= o A\ log(j) "’
AN\ F 1\ NP
<) ()
j<n Aj J

and since j > = , this term tends to 0 when n — +oo.
To get an upper bound for the part “j = n”, we split the sum in three
terms:

p—1 .\ p—1
AL e (ZA > < Aen (Z)\ ) + ApzPe,
k<n -
+)\pcn:c (ZA )
k>n

For k < n, since z,, <1 and \,_1 > 2p(”_1_k))\k7 we obtain

o )\Pnp o
ot (Sobar) s it ( )

k<n k<n—1

-1 o
< n? /\n—l P < 1
~log(n) \ An nlog(n)

. /
since A\, = A\p,_1nPP .
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_ DAn ~ Apn? _ 1
For the term n = k, vae have \,zP ¢, o og(n) = Toa(m) 0. For
k > n, since zp¢ < (L)*, we obtain
p—1 L A\ P
1 1 nP— -5 1 1\ *n
AL cpan Z AP g < An” Z AP | =
" kn ~ log(n) E\n
k>n k>n
1 Ak p-1
AN AR R
<) G
n
k>n n
A

and this term tends to 0 since =™ — +oo. Indeed one might invoke
Lebesgue domination theorem. In a simpler way, for n large enough and
k > n, \i/\, is large enough to ensure

1 2k _q Ak _q
M\ 7 /1) 1\ 2 1
An, n n 2k

since A\, = k*\, > 2(k + 1)\,; and this suffices to conclude.

Thus, D,(f’ ) (n) — 0 when n — +o00. Since A is lacunary we can factor-
ize i, as in Remark 4.3. We have if, = T}’ o (T;\”)_1 (recall that T is
an isomorphism) and Ty . 1s compact thanks to Proposition 2.9. Hence
Corollary 5.7 implies that ¢/, is compact for any ¢ = p. O
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