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GROWTH OF HOMOLOGY TORSION IN FINITE
COVERINGS AND HYPERBOLIC VOLUME

by Thang T. Q. LE (*)

ABSTRACT. — We give an upper bound for the growth of homology torsions
of finite coverings of irreducible oriented 3-manifolds in terms of the hyperbolic
volume.

RESUME. — Nous donnons une limite supérieure pour la croissance des torsions
homologiques de revétements finis de 3-variétés orientées irréductibles en termes
du volume hyperbolique.

1. Introduction
1.1. Growth of homology torsions in finite coverings

Suppose X is a connected finite CW-complex with fundamental group
IT = m(X). For a subgroup I < II of finite index let Xt be the covering
of X corresponding to I', and ¢;(I") be the size of the Z-torsion part of
H;(Xr,Z). We want to study the growth of ¢;(T").

A sequence of subgroups (I'y)52; of II is nested if I'y11 < T'y, and it is
exhaustive if (), T'y, = {e}, where e is the unit of II. It is known that the
fundamental group of any compact 3-manifold is residually finite [14], i.e.
it has an exhaustive nested sequence of normal subgroups of finite index.

We will prove the following result and some generalizations of it.

THEOREM 1.1. — Suppose X is an orientable irreducible compact 3-
manifold whose boundary 0X is either an empty set or a collection of

Keywords: Homology torsion, covering, Fuglede-Kadison determinant, hyperbolic
volume.
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612 Thang T. Q. LE

tori. Let (I'y)32, be an exhaustive nested sequence of normal subgroups of
IT = m (X) of finite index. Then

) Int;(Ty) _ vol(X)
lim su < .
PRt [IT: T'y] 67

Here vol(X) is defined as follows. If the fundamental group of X is finite,
let vol(X) = 0. Suppose the fundamental group of X is infinite. By the
Geometrization Conjecture of W. Thurston proved by G. Perelman (see
e.g. [6, 7]), every piece in the Jaco—Shalen—Johansson decomposition of X
is either Seifert fibered or hyperbolic. Define vol(X) as the sum of the
volumes of all hyperbolic pieces.

1.2. More general limit: trace limit

For any group G with unit e define a trace function trg : G — Z by
trg(g) = 1if g = e and trg(g) = 0 if g # e. This extends to a C-linear map
trg : C[G] — C. Here C[G] is the group ring of G with complex coefficients.

Assume X is a 3-manifold satisfying the assumption of Theorem 1.1,
with TT = 71 (X). Let G be the set of all finite index subgroups of II. For
any I' € G, II acts on the right on the finite set T'\II of right cosets of T,
and the action gives rise to an action of II on C[I'\IT], the C-vector space
with base I'\II. For g € II, define

trr\n(g) = tr(g[,H(C:[l;}H]) )

where tr(g, C[T'\II]) is the trace of the operator g acting on the vector space
C[I'\IT]. Note that when T is a normal subgroup of II, then G :=T'\II is a
group, and trp\r(g) coincides with the above definition of trg(p(g)), where
p(g) is the image of g in the quotient group G.

Suppose (T'x)32, is a sequence of subgroups of II of finite index, i.e.
FkGg.WesayFkﬁlifforanngH,

kl;rgo trpam(g) = tru(g).

For example, if (I'y )72 ; is a nested exhaustive sequence of normal subgroups

of II of finite index, then 'y 1
We have the following stronger version of Theorem 1.1.

THEOREM 1.2. — Suppose X is an orientable irreducible compact 3-
manifold whose boundary 0X is either an empty set or a collection of tori.

ANNALES DE L’INSTITUT FOURIER



TORSION GROWTH 613

Then
) Int;(T') _ vol(X)
1.1 lim sup <
( ) GoI'—1 [H : F] 61
Here limsupgsr_,, f(I), for a function f : G — R, is defined to be the
infimum of the set of all values L such that for any sequence I'y, € G with
T 5 1, one has limsup,_, . f(T'x) < L.

CONJECTURE 1.3. — Suppose X is a an orientable irreducible compact
3-manifold whose boundary 0X is either an empty set or a collection of
tori.

(1) Let GN be the set of all normal subgroups of II of finite index. One
has mt () vol(X)
. nty VO
Gt T om
(2) (Weaker version) One has
. Int;(I')  vol(X)
gsT—1 [:T] 6m

Similar conjectures were formulated independently by Bergeron and
Venkatesh [5] and Liick [21].

It is clear that the left hand side of (1.1) is non-negative. Hence we have

the following result.

COROLLARY 1.4. — The strong version of Conjecture 1.3 holds true for
3-manifolds X satisfying the assumption of Theorem 1.2 with vol(X) = 0.

For example, if X is the complement in S® of a tubular neighborhood
of a torus link, then the strong conjecture holds for X. A 3-manifold X
satisfying the assumption of Theorem 1.2 has vol(X) = 0 if and only if X
is spherical or a graph manifold.

A statement similar to Corollary 1.4, applicable to a large class of man-
ifolds, was proved in [21].

1.3. Branched covering

We can extend Theorem 1.2 in the following direction. Suppose K is a
knot in S® and X = $3\ N(K), where N(K) is an open tubular neigh-
borhood of K. For a subgroup I' < IT = 7 (X) let Xp be the branched
I-covering of 3, branched along K. This means, Xt is obtained from Xp
by attaching solid tori to 0 Xr in such a way that any lift of a meridian of
K bounds a disk in Xp.

TOME 68 (2018), FASCICULE 2



614 Thang T. Q. LE

THEOREM 1.5. — Suppose K is a knot in S®. For a subgroup I’ < II =
71(S® \ K) let Xp be the branched T'-covering of S3, branched over K.
Then R

In | Tory H (X1, Z 1(X
lim sup n | Torz Hy (Xr, Z)| < vol( )
gar—1 [IT: T 67

Here | Torz Hy(Xr,Z)| is the size of the Z-torsion part of Hy(Xr,Z).

1.4. On trace convergence

In the case when (I'y)?2 ; is a nested sequence of subgroups of II of finite
index, the definition of 'y, — 1 was introduced in [10]. Even when (I'x)52
is not nested, T'y, %1 if and only if the representations py, : II — C[I'\IT]
with £ = 1,2,..., form an arithmetic approximation of Il in the sense
of [10, Definition 9.1].

For a discrete group II, there exists a sequence (I'x)2; of subgroups of
finite index such that ', — 1 if and only if IT is residually finite.

It turns out that the limit I', L 1, for not necessarily nested sequences,
is closely related to known limits in the literature.

The case of normal subgroups. — When each of I'y, is a normal subgroup
of II of finite index, i.e. I'y, € GV, the definition of Ty, LN simplifies.
Suppose (I'y)?2; is a nested sequence of normal subgroups of II of finite
index. Then I'y, - 1 if and only if Ty = {e}, ie. (T'k)72, is exhaustive.

More generally, suppose (I'y)72; is a not necessarily nested sequence
of normal subgroups of II of finite index. Then T’y My 1 if and only if
Noo_y Ure,,, T = {e}. This means, T, 5 1 if and only if for every non-
trivial g € 11, g eventually does not belong to I'.

Relation to sofic approximation. — Suppose 'y is a sequence of sub-
groups of finite index of II. Then T’ 5 1 if and only if ¥ = {o3}32,
where oy, is the map from II to the permutation group of I'\II, is a sofic ap-
proximation to II. For the definition of sofic approximation see [8]. Sofic ap-
proximation has been important in dynamical system theory. Sofic groups,
which are groups having a sofic approximation (not necessarily coming from
actions on cosets), were introduced by Gromov in 1999.

Relation to Benjamini—Schramm convergence. — Suppose X is a hy-
perbolic 3-manifold. Raimbault observed that I'y 41 if and only if Xp,
Benjamini-Schramm (BS) converge to the hyperbolic space H? in the sense
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of [1]. The notion of BS convergence was introduced in [1] for more general
sequences of manifolds, not necessarily coverings of a fixed manifold.

1.5. Growth of Betti numbers

Suppose X is a connected finite CW-complex with fundamental group
II. For a subgroup I' < II of finite index let b;(T") be the j-th Betti number
of Xr.

If (T'x)%2, is an exhaustive nested sequence of normal subgroups of II,
then Kazhdan [15, 12] showed that

. bi(Xry) _ @, ¢
1.2 1 AN VYRR AP
(1.2) msup R T S (X),

where b§2)()~( ) is the L2-Betti number of the universal covering X. For
the definition of L2-Betti number and L2-invariants in general, see [20].
Liick [18] then showed that one actually has a much stronger result

(1.3) TLAIC.SVY R (X).

Farber extended Liick’s result (1.3) to the trace convergence, I'y, RN
(no normal subgroups). The following is a special case of [10, Theorem 9.2]:
If (Tx)72 , is a sequence of subgroups of II of finite index such that I'y, L 1,
then

(1.4) im0 @) (X).

Theorem 1.2 is an analog of Kazhdan’s inequality for the growth of the
torsion part of the homology, and Conjecture 1.3 asks for analogs of Liick’s
and Farber’s equalities. In general, the question about the growth of the
torsion part of the homology is considered much more difficult than the
similar question for the free part of the homology; it is closely related to
the difficult question of approximating the Fuglede-Kadison determinant
by finite determinants, see [20, Question 13.52] and the discussion there.
There has been little progress in this direction. At the moment of this
writing, there is even no known example of a hyperbolic 3-manifold (closed

or cusped) and a sequence ' 4 1 such that limg_, 0 lriéll(}:’]ﬂ) > 0.

TOME 68 (2018), FASCICULE 2
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1.6. Abelian covering

In the abelian case, results on the growth of the torsion part of the
homology are much more satisfactory, as below. Proofs of results on the
growth of the torsion part of the homology are more complicated than
those on the growth of the Betti numbers.

Suppose X — X is a regular covering with the group of deck transfor-
mations equal to Z". Here X is a finite CW-complex. We choose generators
21,..., 2y of Z" and identify Z[Z"] = Z[zE, ..., 2F"].

Let G in this case be the set of all subgroups I' < Z" of finite index. Again
Xr is the corresponding finite covering, and b;(I") and ¢;(T"), for I € G, are
respectively the rank and the size of the Z-torsion part of H;(Xr,Z). In
this abelian case, I'j, s equivalent to limy_, o (I'x) = 0o, where (T'),
for I' < Z", is the smallest among norms of non-zero elements in I'.

In this case, we have a positive answer to an analog of Conjecture 1.3,
as follows. For any j > 0,

. Int (XF) ~
1.5 limsup —2———= = u(A(H;(X,7))).
(15) timsup 2L = w(A(H,(%.2))
Here u(f), for a non-zero f € Z[zfﬂ, ...,z is the Mahler measure of f,
and A(H;(X,Z)) is the first non-trivial Alexander polynomial of H;(X,Z),

.,z ]-module. For details and discussions of re-

lated results, see [17]. The proof of (1.5) in [17] uses tools from algebraic
geometry, commutative algebra, and also results from algebraic dynamics
and cannot be generalized to non-commutative cases.

For an arbitrary finite CW-complex with fundamental group II and a

considered as a Z[27!, ..

fixed index j, we don’t know what would be the upper limit of the left
hand side of (1.5), with Z™ replaced by II. Only when X has some geomet-
ric structure, like 3-dimensional manifolds, do we have results like Theo-
rem 1.2.

1.7. Related results

The growth of torsion parts of homology of coverings or more generally
bundles over a fixed manifold has attracted a lot of attention lately. For
related results see e.g. [1, 4, 5, 9, 23, 24, 25]. Probably C. Gordon [11] was
the first to ask about the asymptotic growth of torsion of homology in finite,
albeit abelian, coverings. Recently R. Sauer [27] gave an upper bound for
the growth rate of ¢;(I"), for closed aspherical Riemannian manifolds, but
the bound is not expected to be sharp like in the one in Theorem 1.2.
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1.8. Organization

In Section 2 we recall the definition of geometric determinant, introduce
the notion of metric abelian groups, and use them to get an estimate for the
torsion parts in exact sequences. In Section 3 we recall the definition of the
Fuglede-Kadison determinant and prove an upper bound for growth of geo-
metric determinants by Fuglede-Kadison determinant. Finally in Section 4
we give proofs of the main results.

1.9. Acknowledgements

The author would like to thank N. Bergeron, M. Boileau, N. Dunfield,
S. Friedl, W. Liick, J. Raimbault, A. Reid for enlightening discussions,
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“Low dimensional topology and number theory” (2009), Columbia Univer-
sity conferences “Geometric Topology” (2009 & 2013, see [16]), and the
author would like to thank the organizers of these conferences for inviting
him to talk. The author is partially supported by NSF grant DMS-1105678.

2. Geometric determinant, lattices, and volume in inner
product spaces

In this section we recall the definition of the geometric determinant, in-
troduce the notion of metric abelian groups, and establish certain results on
upper bounds for torsion parts in exact sequences. For a finitely-generated
abelian group A let rk(A) and ¢(A) be respectively the rank of A and the
size of the Z-torsion part of A. For a ring R let Mat(n x m, R) denote the
R-module of all n x m matrices with entries in R.

2.1. Geometric determinant
For a linear map f : Vi — V5, where each V; is a finite-dimensional

inner product space the geometric determinant det’(f) is defined to be the
product of all non-zero singular values of f. Recall that x € R is singular

TOME 68 (2018), FASCICULE 2
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value of f if z > 0 and 22 is an eigenvalue of f* f. By convention det’(f) = 1
if f is the zero map. We always have det’(f) > 0. It is easy to show that
det’(f) = det’(f*).

Since the maximal singular value of f is the norm || f||, we have
(2.1) det’(f) < [|f||7<) with convention 0° = 1.

If M € Mat(n x m,C), we define det'(M) = det’(f), where f : C* — C™
is the linear operator defined by M, and C™ and C™ are standard Hermitian
spaces.

Remark 2.1. — The geometric meaning of det’ f is the following. The
map [ restricts to a linear isomorphism f’ from Im(f*) to Im(f), each is
an inner product space. Then det’ f = | det(f’)|, where the ordinary deter-
minant det(f’) is calculated using orthonomal bases of the inner product
spaces.

LEMMA 2.2. — Suppose g is a generator of a cyclic group A of order .
Define an inner product structure on C[A] such that A is an orthonormal
basis. Let A act on C[A] by left multiplication. Then det’ (1 — g) = I.

Proof. —Let f=1—g. Then f*=1—¢ ', and f*f=2—-¢g—g¢ ' Let
¢ = exp(2mi/l). Since ¢*, with & = 0,1,...,] — 1, are all eigenvalues of g,
the eigenvalues of f*f are 2 — (¥ — (7% = |1 - ¢¥|?, with k =0,1,...,1— 1.
Excluding the 0 value, we have

-1

det'(f) = [[Ja=¢H| =1,

j=1
where the last identity follows since for any complex number z one has

-1 -1

=1
H(Z—Ck)=sz: 1

j=1 k=0

~

(The above holds since ¢*, with k = 1,...,1 — 1, are roots of Zzljll) O

2.2. Volume of lattices

We recall here some well-known facts about volumes of lattices in inner
product spaces.

Suppose V is a finite-dimensional inner product space. In this paper, any
discrete finite-rank abelian subgroup A C V will be called a lattice in V.

ANNALES DE L’INSTITUT FOURIER
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Note that we don’t require A to be of maximal rank as in many texts. For
a lattice A C V with Z-basis vy, ..., v; define

vol(A) = [det ((vi,v;)! ;_1) ['/* > 0.

i,j=1
That is, vol(A) is the volume of the parallelepiped spanned by a set of basis
vectors. By convention, the volume of the zero space is 1.

It is clear that if A; C Ay are lattices in V' of the same rank, then
VOl(Al)
vol(Ag)

Let V and W be finite-dimensional inner product spaces. Suppose A is
a lattice in V of rank equal the dimension of V and f : A — W is an
abelian group homomorphism such that the image Im(f) is discrete in W.
The kernel ker(f) and the image Im(f) are lattices in respectively V and
W. Note that f extends uniquely to a linear map f :V — W, and we put
det/(f) = det/(f). We have

(2.2) [A2/A| =

(2.3) vol(ker f) vol(Im(f)) = det'(f) vol(A).

2.3. Metric abelian groups

A metric abelian group is a finitely generated free abelian group A
equipped with an inner product on A ®z R. An integral metric abelian
group is a metric abelian group A such that the inner product of any two
elements =,y € A is an integer.

Suppose A is a metric abelian group. Then any subgroup B < A inherits
a metric from A. Besides, if A is an integral metric abelian, then the induced
metric on B is also integral.

What we will use is the following obvious property of an integral metric
group: If A is an integral metric group and B < A, then vol(B) > 1.

The following is a basic example. Suppose X is a finite CW-complex.
The cellular Z-complex C(X) of X consists of free abelian groups C;(X),
which are free abelian groups with bases the sets of cells (of corresponding
dimensions) of X. We equip C;(X) with a metric such that the mentioned
basis is an orthonormal basis. All these metrics are integral.

Suppose a : A — B is a group homomorphism between metric abelian
groups. Then a ®id : A ®z R — B ®z R is a linear map between finite-
dimensional inner product spaces. We define

det’(a) := det/(a ®z id).

TOME 68 (2018), FASCICULE 2
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2.4. Torsion estimate

Recall that for a finitely-generated abelian group A, t(A) is the size of
its Z-torsion part.

LEMMA 2.3. — Suppose F, Fy are integral metric abelian groups.

(1) If a : Fy — F» is a group homomorphism, then
4) t(coker(ar)) < vol(Im(a)) < det/(c) vol(Fy).
5) t(coker(a)) vol(ker(a)) < det’ () vol(F}).

(2) If iy 2, Fy, - A — B is an exact sequence, where A and B are
finitely-generated abelian groups, then

t(A) < t(B) det'(B) vol(F}).

Proof.
(1). — Let Ima = ((Im«a) ®z Q) N Fy, where both (Im o) ®z Q and F;
are considered as subsets of F» ®7 Q. Then (2.2) shows that

vol(Im(«))

(2.6) t(coker(a)) = vol(Tna)

< vol(Im(a)),

where the last inequality follows since vol(Im «) > 1 due to the integrality
of the metric. By (2.3),

~det/ () vol(Fy)
~ vol(ker(a))

which, together with (2.6), proves (2.4).
(2). — First we observe that if

vol(Im(c)) < det/ (o) vol(FY),

0— A — Ay - A3 — 0
is an exact sequence of finitely generated abelian groups, then
t(A2) < t(A1)t(As3).
From the assumption we have the following exact sequence
0 — coker(8) - A — B’ — 0,
where B’ < B. By the above observation,
t(A) < t(B') t(coker B) < t(B)t(coker B) < t(B) det'(3) vol(Fy),

where the last inequality follows from (2.5). This completes the proof of
the lemma. ]

ANNALES DE L’INSTITUT FOURIER
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2.5. Torsion of a matrix

For a matrix M € Mat(m x n,Z) let t(M) := t(coker M), where M is
also considered as the homomorphism Z"™ — Z" given by x — M.

PROPOSITION 2.4. — Suppose M € Mat(m x n,Z).
(1) Let M* be the transpose of M, then t(M) = t(M™).
(2) One has t(M) < det(M).
(3) Suppose (C,0) is a chain complex of free finitely generated Z-
modules. Then t(H;(C)) = t(coker 0;11).

Proof. — We first prove (1). Note that ¢(M) is equal to the greatest
common divisor of all the minors of M of size r where r = rk(M), see [28,
Section 4.2]. From here we have t(M) = t(M™*).

(2) is a special case of (2.4). For (3), notice that the torsion part of either
H;(C) or coker 9;41 is equal to Im 0;1/Im 0;41. O

3. Fuglede-Kadison determinant

We recall here the definition and establish some properties of the Fuglede-
Kadison determinant. We will introduce the Fuglede-Kadison determinant
only for a class of operators which we will need in this paper. For a detailed
treatment of the Fuglede-Kadison determinant, the reader should consult
the book [20]. We prove that the Fuglede-Kadison determinant of a ma-
trix with entries in Z[II] serves as an upper bound for the growth of the
geometric determinants of a sequence of finite matrices which approximate
the original matrix well enough. This extends a result of Liick.

Recall that IT is the fundamental group of a finite CW-complex.

3.1. Fuglede-Kadison determinant of a density function
For simplicity we use the following definition which is more restrictive
than the one in [18].

DEFINITION 3.1.

(1) A right continuous function
F :[0,00) — [0,00)

is called a density function if

TOME 68 (2018), FASCICULE 2
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(a) F is increasing (i.e. F(\) < F(XN) if A < X), and
(b) There is a constant K such that F is constant on interval
(K, 00).
(2) A density function F is said to be in the determinantal class if
the integral [,y In(\)dF exists as a real number. If F is in the
determinant class, define its determinant by

det(F) = exp ( /0 b In(\) dF> .

+

If F' is not in the determinantal class, define det(F') = 0.

(In probability theory, a density function is also known as a cumulative
distribution function.)

Let K be the number in Condition (1b) of Definition 3.1. If F'is a density
function in the determinantal class, then one has (see [20, Lemma 3.15])
K F\) -~ F(0)

dh.
. )

(3.1) Indet(F) = (F(K) — F(0)) In(K) — /
0
For an increasing function F' we define
Ft(\) = lim F(A+¢).
e—0+t
If F:[0,00) = [0,00) is a not necessarily right continuous function satis-

fying conditions (1a)—(1b), then F*, which is F' made right continuous, is
a density function.

3.2. Von Neumann algebra of a group and trace function

Let ¢(I1) be the Hilbert space with orthonormal basis II. In other words,
¢2(IT) is the set of all formal sums Y7 1 ¢gg, With ¢ € Cand Y-y |eg]?* <
o0, with inner product (g, ¢') = &, 4. For every positive integer n, (¢2(II))"
inherits a Hilbert structure, where

<(x17"'axn)’(ylv"'vyn» = Z<xj’yj>'

We will consider (£2(IT))" as a left II-module by the left multiplication.
By definition, the von Neumann algebra A/(IT) of II is the C-algebra of
bounded TI-equivariant operators from ¢2(II) to ¢2(II).
For f € N(II) its trace is defined by

tr(f) = (e, f(€)),

ANNALES DE L’INSTITUT FOURIER
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where e is the unit of IT. More generally, suppose f : (¢2(I1))" — (¢£2(I1))"
is a bounded Il-equivariant operator, define its trace by

tr(f) =) (ej. fej),
j=1

where e; = 071 x e x "7 € (F2(ID))™.

3.3. Fuglede-Kadison determinants

Suppose B is an n x k matrix with entries in C[lI]. Let R : (¢2(I1))" —
(¢2(I1))* be the bounded Z[I]-linear operator defined by x — xB. Then
(R)*Rp = Rpp+, where (Rp)* is the adjoint operator, and B* is ob-
tained from B by the transpose followed by the conjugation map on C[II]
given by > ¢ig; — Zc_igi_l, with ¢; being the complex conjugation of ¢;.
We define the norm ||B|| = |R 5|

Let {P(A),A € [0,00)} be the right continuous spectral family of the
positive operator Rpp- : ((2(I1))" — (¢3(11))",x — xBB*. The spectral
density function of B is defined by

F(\) = Fg()\) == trn(P(\)).

Then F : [0,00) — [0,00) is a density function (Definition 3.1). We say
that B is in the determinantal class if F' is in the determinantal class.

Define
detr(B) = +/det(F).

When B is in the determinantal class dety(B) is a positive real number.

3.4. Relation between Fuglede-Kadison determinant and
geometric determinant

Any matrix B € Mat(n x k, C) (with complex entries) can be considered
as an element of Mat(n x k, C[II]), where IT is the trivial group, since C[II] =
C. In this case, tryy is the usual trace, B is always in the determinantal class,
and (see [20, Example 3.12])

(3.2) detry(B) = det(B).

For A > 0 the spectral density function Fg(A) is the number of eigenval-
ues of Rpp+ which are less than or equal to A, counted with multiplicity.
The density function Fp : [0,00) — [0,00) is a bounded, right continuous,
step function, and Fp(A\) = nr(B), which is the number of rows of B, if
A > || B||*. Besides, F(0) = dimker(Rp).
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3.5. Universal bound for norm

Suppose B € Mat(n x k,C[II]). For any I" € G let Br : C[['\I[]" —
C[I'\IT}* be the induced C-homomorphism defined by z — xB. We always
equip C[I'\II] (and consequently C[I'\II]") with the Hermitian structure in
which T'\IT is an orthonormal basis.

One can easily find a universal upper bound for the norm of all operators
induced from one acting on Z[IT]"™.

LEMMA 3.2. — Suppose B € Mat(n x k,C[II]). There is a constant K
(depending on B) such that |B|| < K and ||Br|| < K for any I" € G.

Proof. — When T' is a normal subgroup, the statement was proved in [18]
with K = nkmax; ;|B;j|1, where for an element z = ) cqg € C[II] one
sets |1 = D |cg]. The easy proof in [18] also works for our more general
case. ]

3.6. Upper limit of growth of determinants

Suppose B € Mat(n x k, Z[II]). In [18], Lick shows that if (I, )m,>1 is
an exhaustive nested sequence of normal subgroups of II, then
Jimn sup Indet’(Br,,)
m—oo  [IL: Ty
We will show that a similar result holds if the sequence (Br,,)m>0
is replaced by a sequence of matrices that approximates well enough the

< In detH(B) .

matrix B.

DEFINITION 3.3. — Let B be a matrix with entries in Z[II]. A sequence
(B, Nm)m>1 Is said to tracely approximate B, if each B, is a matrix with
complex entries, each N, is a positive number, and there exists K > 0 such
that all the following conditions are satisfied.

() 1B, |Bnl < K.
(2) For every polynomial p(z) € Clz] we have trp(p(BB*)) =
lim tr(p(Bm By,))
m— oo Nom .
(3) If F is the spectral density of B and Fy, is the spectral density of
By, then F(0) = lim,;, oo 229,

THEOREM 3.4. — Suppose a sequence (Bp,, Ny)m>1 tracely approxi-
mates a matrix of determinantal class B € Mat(n x k, Z[I1]). Then
Indet’(B,,
lim sup Indet (Brm) < Indetr(B).

m—r 00 Nm
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The proof is a simple modification of Liick’s proof and will be given in
Appendix A. Actually, the definition of trace approximation is constructed
so that Liick’s proof works.

As a corollary, we get the following special case.

THEOREM 3.5. — Let B € Mat(n x k,Z[II]) be of determinantal class
and (I'y,)m>1 be a sequence of subgroups of finite index such that I, .
Then (Br,,,[II: T'y])m>1 tracely approximates B. Consequently,

I
lim su In det (Bpm )

< Indet(B).
7rL—>oop [H : F} H< )

Proof. — Let K be the number appeared in Lemma 3.2, then we have (1)
of Definition 3.3.

Let p(z) € C[z]. Then (p(BB*))r,, = p(BmB,). Hence we have (2) by
the definition of I',, .

The conclusion of (3), which is a generalization of [18, Theorem 0.1}, is a
special case of [10, Theorem 9.2]. See Equation (1.4). In [10], the results are
formulated for the case of a chain complex coming from universal covering
of a finite CW complex, but the proof there works for the general case when
the boundary operators have entries in Z[II]. O

3.7. Perturbation of a sequence of matrices

The following statement shows that in many cases, a small perturba-
tion of a sequence (B, Nm)m>1 tracely approximating B gives another
sequence which also tracely approximates B. For a matrix B let nc(B) and

nr(B) denote respectively the number of columns and the number of rows
of B.

PROPOSITION 3.6. — Suppose (B, Npm)m>1 tracely approximates a
matrix B with entries in Z[II]. For each m > 1, assume d,, is a posi-
tive integer, and B, is an upper left corner submatrix of a matrix A,,
which has integer entries (i.e. By, Is obtained from an integer matrix A,,
by removing several last columns and several last rows). Also assume that

o there exists L > 0 such that ||A,,|| < L for all m,
o nc(Ay) —nc(Bn) < dp and nr(A,,) — nr(By,) < dp,, and

o
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Then the sequence (Ap,, Nu)m>1 also tracely approximates B. Conse-
quently,

/!
(3.4) lim sup Indet’(Am) < Indetp(B).
m—0o0 N77L
Proof. — Replacing L by a bigger number, we can assume that K < L,
where K is the number appeared in Definition 3.3 of (B, N,,). We will
prove (1)—(3) of Definition 3.3 hold for (A4,,, N;,), with K replaced by L.
(1) clearly holds, since |B|| < K < L and ||4,,] < L.

Let us prove (3). For any matrix A with complex entries,
(3.5) F4(0) = dimker(R4) = nr(A) — rk(4).

Let F,,, G., be respectively the spectral density function of B,,, A,,. Since
B,, is a submatrix of A,, and the size difference is < d,,, we have

|nr(By,) —nr(Ap)| < dm, 0<1k(Ap) —rk(By) < 2dy,.
From the above inequalities and (3.5), we have

|G (0) — Fry (0)] < 3dy, -
Combining with (3.3), we have lim,, oo GT(O)
proving (3). "

Let us prove (2). The idea is as follows. Since entries are integers and
| Al < L, on each row or each column of A,, there cannot be more L?
non-zero entries. From here we will show that for all indices i except for a
small set, (p(BmBy,))ii = (p(AmAZL,))ii. This will show |tr(p(B,,B},)) —
tr(p(A,,A%))| is small compared to N,,.

Let go to the details. Let Z; = {1,2,3,...} and let Mato(Z4+ x Z4,C) be
the set of all Z; x Z,; matrix (with complex entries) with finite support,
i.e. all entries are 0 except for a finite number of them. Each matrix o €
Matg(Z4 X Z4,C) is a linear endomorphism of the standard Hilbert space
%, and hence one can define its norm [|a||. We define tr(a) = >_, a;, which

is finite due to the finite support. Let R;(a) and C}(«a) be respectively the
i-th row of v and the j-th column of «.
Suppose a, o’ € Matg(Z4 x Z4,C). Let

Diff(a, o) = {i € Z+ | Ri() # Ri(c/) or Ci(a) # Ci(a/)}.
We write p(a,a’) < (d, L) if |||, |[¢’|| < L and | Diff (o, o’)| < d.
LEMMA 3.7. — Suppose a, §,a/, 8’ € Matg(Z4 x Z4,C) and p(a,a’) <
(d,L), p(B,B') < (d, L).

(a) For ¢y,ce € C one has p(cia+ caf3, 10’ + c28') < (C1d, C1), where
Cy1 = C1(L, c1,¢2) is a constant depending only on L, cq, co.
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(b) Ifthe entries of a, &', 8, 8" are integers, then p(a3, o’ ") < (Cad, C3),
where Cy = Cy(L) is a constant depending only on L.

Proof.
(a). — Let C; = max(2, (|e1] + |e2|)L)). It clear that [|cia + 2] <
(ler] + |e2))L) < Cy. Since

Diff(cia + co8, 10 + e28") C Diff (o, ') U Diff (5, 8),

we have | Diff (cia + 28, c1/ + ¢28’)| < 2d < C1d. Part (a) is proved.

(b). — Let Cy = 4L* + 2. Tt is clear that ||aB|| < L? < Cs. Similarly
[’ B]] < Ca.

Let Iy = Diff (e, &'), J1 = Diff (8, ’). By assumption, |I1],|J1| < d. For a
subset S C Z, denote S¢ =7, \ S.If i € (I1)¢ and j € (J1)° then ij-entry
of af is

(aB)ij = Ri(a) - C5(B) = Ri(a') - C;(B) = (&' B')s5 -
This shows af and o/’ have the same (I7)¢ x (J1)¢ submatrix, which is
denoted by ~.

Since ||af|| < L?, the norm of each row or each column is < L?, which
implies on each row or on each column there are at most L* non-zero
entries. It follows that in any collection of d rows (or d columns) of a3, all
the entries are 0 except for at most dL* of them. From the (I1)¢ x (J;)¢
submatrix v we can recover the full matrix a8 by adding back less than d
columns and less than d rows. In these d columns there are at most dL*
non-zero rows, and let Is be the set of indexes of those none-zero rows. We
have |I| < dL*. Now if i € (I;Ul5) then R;(af3) is the O-extension of R; (7).
Similarly, there is a subset I} C Z, with |I4| < dL* such that if i & (I;UI}),
then R;(a/f’) is the 0-extension of R;(y). Hence if ¢ ¢ (I; U Iy U I}), then
Ri(af) = Ri(a'8).

Similarly, there are subsets Ja, J§ C Z4 with |Ja|,|J5] < dL* such that
if j & (J1UJ2UJy), then Cj(apf) = C;(a/f).

Let I = L UL UI;UJy UJyUJ). Then |I| < 2d + 4dL* < dCy. We
have R;(afB) = Ri(¢/3') and C;(af) = Ci(o/f') if i ¢ I. This implies
Diff (a8,a’B") C I, and

| Diff (B, a’B")| < |I| < dCs .
This completes the proof of the lemma. O

Let us continue with the proof of (2). For a finite matrix « let & €
Mato(Z4 x Z4, C) be its O-extension, i.e. (&);; = o; if o;; exists, otherwise
(&);; = 0. The map av — @& is linear and preserves the trace, the norm, and
the matrix product. Since A,, is obtained from B,, by adding less than
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d,, rows and then less than d,, columns, and on each row or each column
there are no more than L? non-zero elements, we have

| Diff (B, Am)| < dup + 2L%dy, = dpy (2L% + 1).
It follows that
p(Bmy A) < (d(2L% +1), L), p(Biy, A3) < (dm(2L% + 1), L).

Applying part (b) of Lemma 3.7 repeatedly to products of E;, Eﬁ, Z;, Zi,
then applying part (a) of Lemma 3.7, we see that there is a constant
C = C(L,p) depending only on L and the polynomial p, such that

p(p(BmB;;l)ap(AmA:n)) < (Od'rm C)

The absolute value of each entry of either p(ﬁfn) or p(m;‘n) is less
than C since C is an upper bound for the norm.

From the definition, if ¢ ¢Diff(p(B/m§fn),p(m;)), then (p(BmB))ii =
(p(AmAL))ii. Since |D1ﬁ’(p(B/m§,’;l),p(m;“n))| < Cd,, and the absolute
value of each entry is less than C', we have

| tr(p(BiBy)) — tr(p(AnAL))| < 20(Cdyy) = 2C%d,y,.
Since lim,;,— 00 dim /Ny = 0 and tr(a) = tr(@), we conclude that

tr(p(BmB:@)) tr(p(AmA:n))

Jim = = Jim e = (p(BBY)),
which completes the proof of (2). O
Remark 3.8. — Since det’(A,,) does not change if one permutes the

rows or the columns of A,,, Inequality (3.4) still holds if in Proposition 3.6
we replace the assumption “B,, is an upper left corner submatrix of A,,”
by the weaker assumption “B,, is a submatrix of A,,”. (Actually, one can
also prove that Proposition 3.6 holds under this weaker assumption.)

3.8. Hyperbolic volume and Fuglede-Kadison determinant

Suppose X is an irreducible orientable compact 3-manifold with infinite
fundamental group and with boundary 0X either empty or a collection of
tori. We define now good presentations of II = m1(X) and their reduced
Jacobians.
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First assume that X # (). Then X is homotopic to a 2-dimensional
finite CW-complex Y which has one zero-cell. Suppose there are n two-
cells. Since the Euler characteristic is 0, there must be n 4+ 1 one-cells,
denoted by aq,...,a,+1. Then IT :=1I; (X ) = I1; (V) has a presentation

(3.6) M= {a1, - ,an,Gnt1 | T1,---,Tn),

where 7; is the boundary of the j-th two-cell. We call such a presentation
a good presentation for II if a, 11 is an element of infinite order in II. For
a good presentation (3.6), define its reduced Jacobian to be the square
matrix

87‘1' "

J = € Mat(n x n,Z[I]),

8aj A
i,

where g;l is the Fox derivative.

Now assume that X is a closed oriented 3-manifold. Assume X = HUH'
is a Heegaard splitting of X, where each of H and H' is a handlebody of
genus g. There is a graph G C H with 1 vertex and g loop-edges a1,...,aq
such that H is a regular neighborhood of G. Similarly there is a graph
G' C H' with 1 vertex and g loop-edges a7, . .. ,ay such that H' is a regular
neighborhood of G’. There is a collection { D1, ..., Dy} of properly embed-
ded disks in H' which cuts H’' into balls such that D} meets a} transversally
at 1 point and does not meet a for j # i. We assume that a, and ay are
non-trivial in 71 (X). A presentation of II = 71 (X) can be given by

(3.7) I={a,....a9|71,...,7g),

where r; is given by the boundary of D., see e.g. [13]. We call such a
presentation a good presentation of w1 (X), and define its reduced Jacobian
to be the square matrix

or; \9!
7= (F2)  eMatlg— 1) (s - 1,200,
daj ), i
We quote here an important result which follows from a result of Liick
and Schick [22] (appeared as Theorem 4.3 in [20]) and Liick [20, Theo-
rem 4.9].

THEOREM 3.9. — Suppose X is an irreducible orientable compact 3-
manifold with infinite fundamental group and with boundary either empty
or a collection of tori. Let J be the reduced Jacobian of a good presentation
of II = 71 (X). Then

Indetr(J) = vol(X)/67.
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Proof. — In the proof of Theorem 4.9 of [20] appeared in [19] it was ex-
plicitly shown that Indetr(J) = —p® (X), where p(® (X) is the (additive)
L2-torsion of the universal covering of X.

By [20, Theorem 4.3], p?(X) = —vol(X)/6r. Hence Indet(J) =
vol(X)/6m. O
Remark 3.10. — In the formulation of [20, Theorem 4.3] there is an

assumption that X satisfies the conclusion of Thurston Geometrization
Conjecture, which is redundant now due Perelman’s celebrated result. Be-
sides, there is a requirement that the boundary of X be incompressible.
But if a torus component of X is compressible, then X must be a solid
torus, for which all the results are trivial.

4. Proofs of main results
4.1. Growth of functions

Recall that G is the set of all subgroups of II of finite index. Suppose
f,9: G — Ry are functions on G with positive values. We say that f has
negligible growth if

limsup (F(T)Y/ I < 1.
Gar—1

We will write f < g if f/g has negligible growth.

4.2. Chain complexes of coverings

Suppose X is a connected finite CW—complex with fundamental group II,
and X is its universal coverlng Then X inherits a CW-complex structure
from X, where the cells of X are lifts of cells of X. The action of I on X
preserves the CW-structure and commutes with the boundary operators.
Let C(X) be the chain Z-complex of the CW-structure of X. Then C;(X)
is the free Z-module with basis the set of all j-cells of X. We will identify
C;(X) with Z[M]", a free Z[II]-module, as follows.

We assume that

(i) X has only one 0-cell €, and

(ii) for any j-cell e of X with j > 1, one has ¢* = x.((1,0,...,0)),
where x. : DI — X is the characteristic map of e. Here D = {z €
R/, ||lz|| < 1} is the standard unit j-disk.
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Choose a lift € of . Condition (i) shows that for every j-cell e there
is a unique lift é defined by using the lift of the characteristic map which
sends (1,0,...,0) to &. Let ef,..., e{,/j be an ordered set of all j-cells of
X, then

and we use the above equality to identify C;(X) with Z[IT)".

We will write an element x € Z[II]"* as a row vector = (1,...,%s)
where each x; € Z[II]. Note that Z[II]" can be considered as a left Z[II]-
module or a right Z[II]-module. We will consider Z[II]"™ as a left Z[II]-
module unless otherwise stated. If B € Mat(n x m, Z[II]) is an n X m matrix
with entries in Z[II], then the right multiplication by B defines a Z[IT]-linear
map from Z[II]™ to Z[II]™, and every Z[II]-linear map Z[II]™ — Z[II]™ arises
in this way.

The boundary operator 9; : C;(X) — Cj_1(X) is given by a n; x nj_;
matrix with entries in Z[II]; by abusing notation we also use d; to denote
this matrix. The chain complex C(X) has the form

aX%:<~aZMW“§3ﬂmW£QEmW1%~-

-%mmmﬁsmmma%@.

The 2-skeleton of X gives a presentation of the fundamental group
(4.1) (X)) ={a1,...,an | T1,. .., Tm),

where a; is the represented by the 1-cell e}, and r; is the boundary of the
2-cell e?, written as a product of a;’s. In this case, 91 is the n x 1 matrix
whose i-entry is 1 — a;, and 0 is the m X n matrix whose ij-entry is g; ,
see [28, Claim 16.6].

Suppose I < IT is a subgroup and Xt is the corresponding covering. Then
Xr inherits a CW-structure from X, and its chain Z-complex is exactly
Z[T\I] ®zm C(X). Here we consider Z[I'\II] as a right Z[II]-module.

In general, if C is a chain complex over Z[II] of left Z[II]-modules and
I' < II, then we denote by Cr the chain Z-complex Z[I'\II] ®zm C.
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4.3. Circle complex

Fix a non-trivial element a of a residually finite group II. Let S be the
following chain Z[IT]-complex

0 — 2z -2 z[m) 2 0,

where 9, = 1—a. For every I € G, one has the Z-complex St = Z[I'\IT]@z
S. We provide Z[I'\II] with a metric such that I'\II is an orthogonal lattice.
Recall that b;(Sr) is the rank of H;(Sr).

LEMMA 4.1. — Suppose a has infinite order as an element of II.
(1) One has
. bo(Sr) .. b1(Sr)
4.2 lim su = lim su =0.
(42 gorot [IT]  gorost [H: 1)
(2) The function T' — det’(1 — ar) is negligible.
Proof.
. — dince the order of a is infinite, the group (a) is an infinite cyclic
(1) Si he order of a is infini he group (a) i infinite cycli

subgroup of II. By decomposing IT as the disjoint union of cosets of (a),
it is easy to see that the L2-Betti numbers of S are 0. Alternatively, the
L?-Betti numbers of the circle are all 0, and hence the L?-Betti numbers
of § are 0 by the induction theorem, see [20, Theorem 1.35(10)]. Hence
Lemma 4.1 (1) is a special case of the main result of Farber [10].

Actually, (1) is much simpler than the full result of [10] due to the simple
nature of S, and here is a direct proof (supplied by J. Meumertzheim). Let
ar denote the action of a on Z[I'\II]. The chain complex Sr has the form

0 — Z[T\IT] =% Z[T\IT] — 0.

From the Euler characteristic consideration, one has by (Sr) = bo(Sr).

The element ar acts on C[I'\II] by permuting the basis I'\IL. Suppose as
a permutation, ar has d,(ar) cycles of length n, with total d = d(T") :=
> dn(ar) cycles. From H;(Cr) = ker(l — ar) one can easily see that
b1(Sr) = d. We have

(4.3) I1:T] = ndy(ar).

The trace of ar is equal to the number of cycles of length 1, i.e.

(4.4) [IL: T trp\ii(a) = tr(ap, C[I\II]) = dy(ar).
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Using (4.4) and counting the number of cycles of length 1 of (a™)r, one
has

[M: T)trpyn(a™) = di((@™)r) = > nda(ar).

n|lm,n>1

In particular,
(45) d (CLF) [H F] tl‘r\n( )
For all positive integers [ we have

b1(Sr) _ >, dnlar)

[II: T [II: T

_ Zln:1 dn(ar) + Zn>l+1 dn(ar)
[IT: T [IT: T

- zl: trrym(a™) N > nsie1 dnlar)
h > dn (ar)

l
trF\H (a”) 1
< .
; n N [+1

Taking the limit, using the fact that limsupgsr .4 trr[\rﬁl(f]ln) =trr(a”) =0

by (4.3) and (4.5)

(since a™ # 1), we have

. b1(Sr) 1
Gt o] S Tt
Since this is true for all I, we have (4.2), which proves (1).
(2). — Let N = N(T') := [II : T']. Recall that by (Sr) = d(I"), the number
of cycles of ar.

Claim 4.2. — The function (N(I")/d(T"))*™) on G is negligible.

Proof of Claim 4.2. — By part (1), d/N — 0 as I -5 1. It follows that
(N/d)@/N) - 1 asT %, 1. This proves Claim 1.
Let ar have d cycles of length [q,...,l4. Lemma 2.2 shows that

det’(1 — ar) Hl
Since Z?Zl l; = N, the arithmetic-geometric mean inequality implies

det’(1 —ar) = < (N/d)?

HSR

which, in light of Claim 1, proves that det’(1 — ar) is negligible. O
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Remark 4.3. — Concerning the assumption on the order of a, we have
the following. Suppose X is an irreducible 3-manifold whose fundamental
group II is infinite. Then II does not have any non-trivial torsion element
(see e.g. [3, (C3) Section 3.2]), i.e. if a € II is not the unit, then the order
of a is infinite.

4.4. Proof of Theorem 1.2 for the case 90X # ()

Proof. — Suppose X satisfies the assumption of Theorem 1.2 and 0X #
(). As in Section 3.8, choose a finite 2-dimensional CW-complex Y homo-
topic to X which gives a good presentation for II:

H=<a1,...,an,an+1|r1,...,7’n>.

Let C = C(Y) be the chain Z-complex of the CW-structure of the uni-
versal covering Y of Y. As in Section 4.2, C has the form

C= (0 Sz 22zt 2z - o),

where J5 € Mat(n x (n + 1),Z[I]) is the n x n + 1 matrix with entries
(02)ij = g%; and 01 € Mat(n+ 1 x 1, Z[II]) is a column vector with entries
(01); = 1—a;. The reduced Jacobian J, defined in Section 3.8, is the matrix
obtained from 0y be removing the last column, which will be denoted by c.

Then C = C(Y) is the middle row of the following commutative diagram

0 —— 0 —— zo 2 zm % 0

| : fa ]
0 —— zmpr —2 zmp+t —2 zm —2 o
| Ja l” | |
0 — z[» —2— zm 0 —%50

where ¢ : Z[II] — Z[I]"*! is the embedding into the last component, and
p : Z[I"*t! — Z[]™ is the projection onto the first n components. Each
row is a chain Z[IT]-complex. Denote the chain complex of the first row and
the third row by respectively K and Q. The operators dy on the diagram
indicate how to index the components of the complexes. For example, Q1 =
Qy = Z[I]".
The sequence
0=-K—=C—=-Q—0
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is split exact in each degree. Hence, for every I' € G, one has the following
exact sequence of Z-complexes

(4.6) 0—=Kr—=Cr— Qr—0.
Note that Cr is the chain Z-complex of Yr, and its homology groups are
the homology groups H,(Yr,Z) = H,(Xr,Z). We provide Z[T'\II] with the
metric in which T\II is an orthonormal basis. It is clear that this metric is
integral, see Section 2.3.

The short exact sequence (4.6) generates a long exact sequence, part of
it is 5

HQ(QF) —F> Hl(’C[‘) — Hl(CF) — Hl(QF)
Note that Hy(Qr) < (Qr)2 = Z[T\I]™ inherits an integral metric from
Z[T\I]". Similarly, H;(Kr) < (Kr); = Z[T'\II] inherits a integral metric.
Applying Lemma 2.3 (2) to the above exact sequence, we get
(4.7) t(H1(Cr)) < det’(Br) t(H1(Qr)) vol(H2(Qr)).
Since H1(Qr) = coker(Jr) and Hs(Qr) = ker(Jr), by Lemma 2.3(1), we
have
t(H1(Qr)) vol(Hs(Qr)) = t(coker(Jr)) vol(ker(Jr)) < det’(Jr).

Using the above inequality in (4.7), and ¢;(T") = ¢(H1(Cr)), we get

(4.8) t1(T) < det’(Br) det’(Jr).
Claim 4.4. — det’(Br) is a negligible function on G.

Proof of Claim 4.4. — We estimate det’(Sr) by using upper bounds for
the rank and the norm of Sr. First, the rank of Or is less than or equal to
rank of its codomain, which is b1 (Kr).

The connecting homomorphism 3 is the restriction of 3 : Z[II]"* — Z[II]
given by B(z) = x - ¢, where ¢ is the last column of d,. It follows that
I18rll < 1Bl < v for some constant v not depending on I' (see Lemma 3.2).
By (2.1),

det’(Br) < v (),

By Lemma 4.1, lim by (Kr)/[I1 : T] = 0. It follows that det’(Sr) is negligible.
This completes the proof of the claim. O

From (4.8) and the above claim, we have
tl(F) S] det’ JF .
Hence

. Int, () . In det’(Jr) vol(X)
lim su < limsup ——— < Indetp J = ,
gar—>l1) [II: 1] gaF—>I1) [IT:T) 1 6
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where we use Theorem 3.5 in the second inequality and Theorem 3.9 in the
last equality. g

4.5. Proof of Theorem 1.5

Let X = §3\ N(K), where N(K) is a small tubular open neighborhood
of K. Then 0X is a torus. We will use the notations of Section 4.4. We can
further assume that a,,1 represents a meridian of K.

Suppose I € G. Let p : X1 — X be the covering map. Then p~1(0X) con-
sists of tori, and p~!(a,1) is a collection of simple closed curves C1,...C)
on p~1(0X). From the definition, H,(Xr,Z) = H,(Xr,Z)/U, where U is
the subgroup of Hy(Xr,Z) generated by C1,...,C;. The curves Cy,...,C;
are made up from all the lifts of a,41.

The exact sequence (4.6) gives rise to a long exact sequence

(49) HI(K:F) l}Hl(CF)—)Hl(QF)—)Ho(K:F)

Recall that we use the identification C; = Z[IT]"*! via C; = @;L;l Z1M]-a;.

Correspondingly, the identification Iy = Z[II] is via K1 = Z[I] - Gpt1-
Under these identifications, one has U = Im(y). Hence, from the exact
sequence (4.9), one has the following exact sequence

0 — Hy(Xr,Z) — Hy(Qr) — Ho(Krp). ..
Since Hy(Kr) is a free abelian group, the above exact sequence implies that
Torz(Hy (Xr, Z)) = Torz(H:(Qr)).
Applying (2.3) to the map Jr : Z[T\I]" — Z[['\IT]", we get
| Torz (H (Xr,Z))| = | Torz(H1 (Qr))]
det’(Jr)

N vol(ker(Jr)) vol(Im(Jr)) < det'(Jr).

Here Im(Jr)) := (Im(Jr) ®z Q) N Z[T\II]™.
Theorem 3.5 and Theorem 3.9 show

In | Torg (Hy (Xt, Z In det/(.J (X
lim Stlrlp ul orz[l(_[ :II(‘] r.2))| < lim Stlrlp n[l_?:(F]F) <lIndet(J) = VO6(7r )
Gar—1 Gar—1

This completes the proof of Theorem 1.5.
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4.6. Heegaard splitting and homology

Assume that X is an oriented connected closed 3-manifold and X =
H U H' is a Heegaard splitting of X. This means each of H and H' is
a handlebody of genus g, and H N H' = OH = OH’. For generalities on
Heegaard splittings the reader can consult [13].

A properly embedded disk D C H is essential if its boundary does not
bound a disk in F' = 0H. A system of disks of a handlebody H of genus g
is a collection D = {Dy, ..., D,} of properly embedded, essential oriented
disks in H which are disjoint and cut H into balls. Then n > g, and if
n = g, we say that the system of disks D is minimal. A disk system D is
minimal if and only if H\ (pep D) is connected, and any disk system has
a subset which is a minimal disk system.

Suppose D = {Dy,...,D,} isadisk system of H and D' = {D},..., D} }
is a disk system of H'. Let a; = 0D; and o; = 9D’;. The common boundary
F = OH = OH’ inherits an orientation from H, and each curve ai,a}
inherits an orientation from Di,D;. We will assume that a; and a;. are
transversal in F* for all pairs (i,7), and let p(a;, o) be the intersection
index of a; and a;.

The disk system D generates a dual graph G embedded in H: to every
connected component @ of H \ (J;_, D;) there corresponds a vertex vg
which is a point in the interior of @, and to every disk D; there corresponds
an edge a; C H. If D; is in the closure of two connected components @
and @', then a; is an edge connecting vg and vg. If D; is in the closure of
only one connected component (), then a; is a loop edge based at vg. In all
cases, a; intersects D; transversely at exactly one point, and a; N D; = 0)
for i # j. We orient a; so that the intersection index p(a;, D;) = 1. Note
that G, known as a spine of H, is a deformation retract of H. Let G’ C H'
be a dual graph of D', with edge a; dual to disk D;.

Although a; and a;- do not intersect, we will define

(410) /L(a;aaj) = :L"(O‘;vaj)'

PROPOSITION 4.5. — Let M € Mat(m x n,Z) be given by M;; =
w(al, a;). Then t(H1(X,Z)) = t(M).

Proof. — Without loss of generality we can assume that D = {D7,...,Dg}
is a minimal disk system of H. Let M be the m x g submatrix of M consist-
ing of the first g columns. The dual graph G of D has only one vertex and
g loop edges ai,...,ay (dual to Dy,...,Dy). The group H,(H,Z) is free
abelian with basis {a1,...,a4}. If ¢ C F = 0OH is an oriented closed curve,

TOME 68 (2018), FASCICULE 2



638 Thang T. Q. LE

then the homology class of ¢ in Hy(H,Z) is >.7_, u(c, a;)a;. To obtain X
one glues H' to H, and this can be done in 2 steps. In the first one glues
the disks D’ to H, then in the second one glues in the complements (in
H') of D} which are 3-balls. The second step does not change the homol-
ogy group Hj. The first gluing shows that Hy(X,Z) = coker R;;, where
Ry () =M.

Cutting F' = 0H along a1, . . ., g, we get a sphere with 2¢ disks removed.
More precisely, F is obtained from F’, a compact surface of genus 0 and 2¢
boundary components ¢y, cf,c5, ¢4, ..., cy, ¢y, by gluing ¢} to ¢, with the
common image being «;. Any simple closed curve in the interior of F’ is
separating (because F’ has genus 0), and hence is homologically equal to
a Z-linear combination of boundary curves with coefficients +1. It follows
that the homology class of any curve in F' not meeting any of aq,...,ay
is in the Z-linear span of ay,...,ay; this applies to the curves o; with
1 > ¢. This implies any column of M is a Z-linear combination of the first
g columns. In other words, the images of Rjs- and R ;. are same. Hence
t(M*) = t(M*). By Proposition 2.4, one has t(M) = t(M*). It follows that
t(H1(X,Z)) = t(M) = t(M). O

Here is another proof of Proposition 4.5. A Heegaard splitting X =
H U H' and disk systems D of H and D’ of H' give rise to a CW-complex
structure of X as follows. First, the handlebody H is obtained from zero-
handles, each is a regular neighborhood of a vertex of the graph G dual to
D, by attaching one-handles whose cores are in the edges a; of G. Then to
H one glues two-handles whose cores are D’ € D. Finally by gluing in three-
handles one gets X. This handle decomposition gives rise to a CW-complex
structure of X, see [26, Chapter 6]. The second boundary map of the asso-
ciated chain complex is given by the matrix M. By Proposition 2.4(3), we
get t(H1(X,Z)) = t(M).

Recall that a cycle of a graph is a closed walk in the graph which does
not visit any vertex twice. We show here a way to simplify a disk system
of a handlebody.

LEMMA 4.6. — Suppose ¢1, ..., ¢, are disjoint cycles of G. In each cycle
choose an edge, called the preferred edge of the cycle. Then the set £ C D,
consisting of all D; such that either a; is a preferred edge of a cycle or a;
does not belong to any cycle, is a system of disks of H.

Proof. — A cycle of G either is one of ci,...,c,, or contains an edge
which is not in any of ¢y, ..., c.. This shows £ cuts G into trees, implying
each connected component of H \ (|Jpce D) is contractible. Hence £ is a
disk system of H. O
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4.7. Proof of Theorem 1.2 for the case when 0X = ()

Suppose X is an irreducible, connected, closed, oriented 3-manifolds. If
IT = 71 (X) is finite, then the statement of Theorem 1.2 is trivial. We will
assume that II is infinite. Then every non-trivial element of II has infinite
order.

Suppose X = HUH' is a Heegaard splitting of X, where F' = 0H = 0H'
has genus g. Suppose D = {D1, ..., Dy} is a minimal disk system of H and
D' ={Dj,..., Dy} is a minimal disk system of H'. Let the dual graph G
(resp. G') with the set of edges A = {a1,...,a4} (vesp. A" = {a,...,ay})
be as defined in Subsection 4.6. The minimality of D and D’ implies each of
G and G’ has one vertex, and each of a;, a} is a loop-edge. Each of the sets
{a1,... a4} and {a},...,a,} generates IT = 71 (X). Hence by reordering,
one can assume that ay and a; are non-trivial in II. Thus, the associated
presentation of II,

(4.11) I=(ai,...,aq | 71,...,7g),

where r; is determined by the two-cell D}, is good.

Let J € Mat(g x g, Z[II]) be the matrix whose ij-entry is given by J;; =
ar; 7
da; -
universal covering of X, see Subsection 4.2. The reduced Jacobian J is

obtained from J by removing the last row and the last column.
Let (T'yy)m>0 be a sequence of subgroups of II of finite index such that

Then J is the second boundary operator of the chain complex of the

T 5 1. Fix an index m for now. Let P, : X,, = X be the covering
map corresponding to the subgroup T',, and H, H', G, G’ be respectively
the preimage of H, H',G, G’ under P,,.

For a disk D in D or D', the preimage (P,,) (D) is a collection of disjoint
disks, each is called a lift of D. The collection D (resp. D’) of all lifts of all
disks in D (resp. D') is a disk system of H (resp. H'). The CW-structure
of X,,, corresponding to the Heegaard splitting X,, = HUH’ and the disk
systems D and D', is exactly the lift of the CW-structure of X. Hence the
boundary operator ds : C2(X,,) — C1(X,,) is equal to T 1= jpm.

Let A (resp. A') be the set of edges of G (resp. G’). An edge @ of G
(resp. G') is called a lift of an edge a of G (resp. G') if P, (a) = a. As
explained in Subsection 4.6, if we identify Co(X,,) with the free Z-module
with basis A’ and identify C;(X,,) with the free Z-module with basis A,
then J,, = Oy : Co(Xym) — C1(X,y) is given by the A’ x A matrix whose
(a',a)-entry is u(a’, a).

Suppose all the lifts of a4 form I, cycles. In each cycle choose one lift
of ag4, called a preferred lift. Similarly, all the lifts of ag form I, cycles. In
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each cycle choose one lift of aj, called a preferred lift of aj. Let B (resp.
B ) be obtained from A (resp. A’ ) by removing all the non-preferred lifts
of a, (resp. ay). Let J;, be the B’ x B-submatrix of .J,,,. By Lemma 4.6 and
Proposition 4.5, one has t(H1(X,,)) = t(J},), hence by Proposition 2.4,

t(H (X)) =t(J),) < det’(J),).

By Theorem 3.5, the sequence (J,, [II : T'j,])m>1 tracely approximates J,
where J,,, := Jr,,. Note that .J,, is obtained from J/, by removing l,,, rows
corresponding to the I, preferred lifts of a, and I}, columns corresponding
to the [;, preferred lifts of aj. Let d,, = max(ly,1;,). By (the proof of)

Lemma 4.1, lim,,, % = 0. Besides, by Lemma 3.2, there is L > 0 such

that ||.Jr, || < L. As a submatrix of Jr,, we also have ||J! || < ||Jr,, || < L.
Now Proposition 3.6 (see Remark 3.8) shows the second inequality in the
following

, Int(Hi (X)) _ .. Indet’(J!)) vol(X)
| ——— < —— " L IndetpJ = ——=,
mee, Dy b D) T Ter
which proves Theorem 1.2.
Remark 4.7. — One can have a proof of Theorem 1.2 for the case when

0X # () similar to (and actually simpler than) the above proof for the case
when 0X = 0.

Appendix A. Proof of Theorem 3.4

Assume (By,, N )m>1 tracely approximates B, and K is the constant in
Definition 3.3. Let F' be the spectral density function of B, and F,,, be the
spectral density function of B,,. Define

Fn(Y) , G(\) =liminf G,,(\), G(\) = limsupG,,(N).

N, m—0o m— 00

Recall that for any increasing function h : R — R one defines ht(\) =
lim, o+ h(A +€).

LEMMA A.1. — One has F = G+ = 5+.

Proof. — The proof is a slight modification of that of [18, Theorem 2.3].
Since || B||, | BB, || < K2, we have F,,(\) = nr(B,,) and F()\) = nr(B)
for all A € [K2, 00). Applying Condition (2) of Definition 3.3 to the constant
polynomial p = 1 and A = K2, one has
nr(By,)

m

(A.2) lim

m—o0

=nr(B).
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Fix a number A € [0, K?) and let (p,)n>1 be the sequence of polynomials
constructed in [18, Section 2]. These polynomials approximate the charac-
teristic function of the interval [0, A\] and have the following properties:

1
(A.3) 0<ppon[0,K%, 1<p,<1+—on0)]
1 1 1 1,
(A.4) pn <14+ —on[MA+ =], pa(p)<—on [A+—, K7
n n n n
(A.5) lim_tr(p, (BB*)) = F(A).

Using the bounds of p, given by (A.3), we have

K2
t0(pu(Bly Brn) = / P (1) AP (1)

A A
> / pa(i) AP () > / By (1) = F (V).
Dividing by N,,,

Fn(N) < tr(pn (B, Bm))

N77l = Nm .
Take the superior limit as m — oo, then the limit as n — oo. Using
Condition (2) of Definition 3.3 and (A.5), we have

(A.6) G\ < F(N).

Gm()‘) =

Use the bounds of p,, given by (A.4), we have

K2
t0(pu(Bly Bon)) = / P (1) AP (1)

A+ K2
— [T n B+ [l B
0 ()\+%)+

< (142 e (e D) L (e (3412))

1 1 1 B,
=F, </\+) + —Fp(K?) = Fp, (/\+> +M.
n n n n
Dividing by N,,, then taking the inferior limit as m — co and using (A.2),

we have

nr(B) '

1
tr(pn(B*B) < G(A + —
tpa(BB) < GO+ ) + 2

Taking the limit as n — oo, we have

(A7) F(\) <GT(N).
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Using (A.7), (A.6) and the fact that G is increasing, for all € > 0 we have
FO) <SG W) KGA+e)<GA+e) < F\+¢).

Taking the limit ¢ — 07 and noting that F is right continuous, i.e.
lim_01 F(A+¢) = F(\), we have F(A) = Gt(\) =G (). 0

LEMMA A.2. — One has

(A.8) GT(0)= lim Gn(0),
(A.9) GH(K?) = lim_ G (K?).

Proof. — We have (A.8), since the left hand side is equal to F'(0) by
Lemma A.1, while the right hand side is also equal to F'(0) by Condition (3)
of Definition 3.3.

Since each G, like F,,, is a constant function on [K?2, c0), each of G
and G is constant on [K?, 00). It follows that G = G and G = G on
[K?2,00). Hence for A € [K?2, 00),

G =GN =FN =G (\)=G).

This implies lim, 0o Gm(A) = G(A) = G1()) for A € [K?2,00). In partic-
ular, we have (A.9). O

Let us prove Theorem 3.4. By definition and Lemma A.1, one has
(detrr(B))? = det(F) = det(G"). Using (3.1) then Lemma A.2, we have

21n(dety;(B)) = Indet(G™)

K? ~+ At
= (GF(K?) = G*(0)) In(K?) — / M dA
(A20) = lim (Gu(K?) — Gpn(0) I K” /OK T -G,

By [18, Lemma 3.2], we the first of the following identities

/W GrN -G, _ [FEeWN-crO
0

. A o+ A
K? o
_ / liming ) = Gm(0) 4\
0

+ m—o0 A

K? .
(A.11) < lim inf Gmd) = Gm(0)

m—00 o+ )\

),
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where the second identity follows from G(\) = liminf,, e Gm()\) and
(A.8), and the last inequality follows from Fatou’s lemma. Using Inequal-
ity (A.11) in (A.10), we have

21In(detr(B))

K? B
> lim (G (K2) — G (0) In K2 — liminf/ G = Gul0) 4y
0

m—o0 m—oo + A

= hmsup{(amuf% — G (0)) In K% — / : GmWGmﬂ))@u}

m—r00 0+ )\

= limsup{2In(det’(B,,)) /N },
m— o0
where in the last equality we again use (3.1). This completes the proof of
Theorem 3.4.

Remark A.3. — As observed by the referee, Theorem 3.4 follows from
the portmanteau theorem in probability theory as follows (sketch). Let
G, F be defined as in (A.1). Then P, := dG,, and P := dF are finite
Borel measures on R, with support in [0, K?2]. Condition (2) of Definition 3.3
implies that for any polynomial f,

m—r o0

(A.12) lim fdp,, = / fdp.
[0,K2] [0,K2]

Every continuous function on [0, K?] can be uniformly approximated by
polynomials. It follows that (A.12) holds for all bounded continuous func-
tions. Hence, by definition (see [2]), the sequence of Borel measures P,
converges weakly (or converges narrowly) to P.

Let P/, P’ be respectively the restriction of the measures P,,, P on
(0, K2]. Condition (3) of Definition 3.3 means that lim,,_, Pm(0) = P(0).
From here and the weak convergence of P,, to P, one can prove that the
sequence P! weakly converges to P’'. By a version of the pormanteau the-
orem (see [2, Section 5.1.1], in particular Formula (5.1.15) there), one has
that if h is a function on (0, K?] which is continuous and bounded from

above, then
limsup/ hdP!, </ hdP'.
m—oc J(0,K?] (0,K72]
Applying to h = In(z), we get

limsup(Indet G,,,) < Indet F,

m—o0

which proves Theorem 3.4.
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