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¥ SPACES OF HARMONIC FUNCTIONS
by Linda LUMER-NAIM ()

Introduction.

It is a well known fact that the complex-valued harmonic
functions in the unit disk, whose LP-norms (1 < p < + ) on
the concentric circles of radii r << 1 are uniformly bounded
in r, are the Poisson integrals of LP-functions on the unit circle,
for 1 < p << 4 oo, and the Poisson integrals of finite complex
measures for p = 1; 1t is also known, by Fatou’s theorem, that
these functions have non-tangential (hence radial) limits at
almost all boundary points (see for instance Hofmann [14]).
In 1951, Parreau [22] gave a similar characterization for har-
monic functions on a Riemann surface, using the Martin
boundary and related kernel; in 1960, Stein and Weiss [23]
extended the whole classical result to harmonic functions in
the n-dimensional half-space, with normal approach to the
boundary; various other extensions have been mentioned since
(for instance Doob [9]). It is our purpose to prove here a simi-
lar extension for the axiomatic functions of Brelot [2], using
essentially Gowrisankaran’s results [11, 12] on axiomatic
Martin boundary and fine limits, and Doob’s ideas on uniform
integrability [8].

More precisely, we consider, on a locally compact connected
and locally connected Hausdorff space (), a harmonic class # of
complex-valued functions, called harmonic functions, defined
from a presheaf of real-valued functions satisfying Brelot’s
axioms as recalled in I, 1. We define the class %7, 1 < p <+ oo,
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as the set of those harmonic functions whose LP-norms, with
respect to the harmonic measures p2: relative to a fixed
point z, € and the open relatively compact subsets o, of
Q) containing z,, are uniformly bounded 1n . #” i1s a Banach
space under appropriate norm. J6' i1s the set of eclements
of ¥ whose real and imaginary parts are differences of two
positive harmonic functions in Q; 3~ is the set of bounded
elements of #6. We prove that the functions in 36 are the
solutions of Dirichlet problems with the « minimal boundary »
A, of Q, the fine filters in Q, and boundary functions in L?(A,), for
1 <p<-+ o, the integrals of finite complex measures on A,
for p=1. It follows that every function in #?, 1 p <+ «,
has a finite fine limit ¢LP(A;) at almost every point of the
minimal boundary A;. Similar results are obtained for classes
#6®, defined, like in Parreau [22], by replacing the function
t*, p>1,t >0, by any positive convex increasing function
¢, defined in [0, + oo[. We also study related classes iﬁp’

#6®, of positive subharmonic functions w in (), defined like the

*

Hr's, 36¥'s, and characterized by the fact that u has a harmonic

majorant in ¥, ¥6%; a finite fine limit exists at almost every

point of the minimal boundary A,, for any u e #?, #*. Various
* *

applications are given at the end, mainly in connection with
the so-called « strongly subharmonic » functions of Gérding-
Hoérmander [10], and the notions of extremal function and
reproducting kernel also considered by Parreau [22].

The question of existence or non existence of non void
or non constant classes ¥, 3®, in a given harmonic class %
pertains to the axiomatic extension of the classification of
Riemann surfaces. The notion of hyperbolic or parabolic
class # has already been introduced by Loeb [15]; the clas-
sification of hyperbolic classes # by means of classes 67,
6%, and the extension of Parreau’s results [22] on the classi-
fication of hyperbolic Riemann surfaces, will be completely
developed elsewhere. We only give here a partial result,
deduced immediately from the general properties of the #®
classes.

It would be of interest to extend whole or part of the
present research to other axiomatics, mainly to Bauer’s [1].
In the particular case of a Green space, or an euclidian domain
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Q, with the ordinary harmonic functions, it would also be of
interest to know if the functions in #? have limits, in a sense
or another, along the Green lines, or any other trajectories
to the boundary, replacing the radii in the umt disk. This
particular question will be studied elsewhere.

An abstract of the present research has been published in
the Notices of the AMS [19].
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CHAPTER 1

PRELIMINARIES

1. Basis of Brelot’s axiomatic theory
of harmonic functions [2], [4].

The set-up 1s a locally compact, non compact, connected
and locally connected Hausdorfl space , with, on each open
subset w c (), a real vector space of real-valued finite continuous
functions defined 1n w, called harmonic functions 1n ®, and
satisfying axioms 1,2,3: 1. The harmonic functions form a
presheaf in Q; 2. There exists a base of the topology of Q
consisting of regular open sets; 3. The upper envelope of
an increasing directed set of harmonic functions in a domain
w 1s either + oo everywhere, or harmonic in w; (this last
axiom, together with 1 and 2, recently proved [16] to imply
the stronger axiom 3'); the existence of a > 0 potential in Q
1s usually assumed in order to avoid trivialities.

Topological notions in Q are in general relative to the
topology of the one-point compactification {}; for instance,
if E ¢ Q, E usually denotes its closure in {}, and dE its boundary
in this space.

Notations. — Here, the real vector space of real-valued
(positive) harmonic functions in Q) will be denoted by Hr(#6x).
¥ = g + 1#6x will denote the (complex) vector space of
complex-valued harmonic functions in Q, i1.e. of functions
of the form f= u + t¢v, where u, ¢ve¥bg. This # we call

harmonic class in Q. Finally #x (#g #gx) will denote the

set of all superharmonic (positive superharmonie, subharmo-
nic) functions in Q.
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2. The (modified) Dirichlet problem with the minimal boundary
and the fine filters in Q (Gowrisankaran [11] [12]).

Adding the assumption of a countable base for the open sets
of Q, A;, the « minimal boundary » of Q, denotes the set of
extreme harmonic functions (or minimal functions, after
Martin [21]) of a compact and metrizable base A of the cone
*

¥, and, for each h e #6g, 1, denotes the unique > 0 measure
on A (or A; ¢ A), such that w,(A — A;) =0, and h has the

integral representation

A dl“'h Yz e (2

(Mrs. Hervé [13]).

{1} rea, denotes the family of fine filters in Q, and, (assu-
ming 1 e ¥ with corresponding measure p; on 4,), for any
real-valued weakly 1-resolutive (equivalently u,-integrable)
function f on 4, 95, denotes the solution of a modified Diri-
chlet problem where the boundary conditions along the fine
filters are taken p,-almost everywhere on A,, and writes

Iy (2) /A k) dpy(k), zeQ.

. It is proved that the solution 9}, has the (finite) fine limit
f at p;-almost every point of A;, and that every positive
harmonic function is (uniquely) decomposed as the sum of a
function of type 9;; > 0, and a function e#6§ which has fine
limit 0 at @,-almost every point of A;. As every potential is
also proved to have fine limit 0 at @,-almost every point of A;,
one finally obtains the extension of Fatou-Doob’s theorem [7]
for a Green space and its Martin boundary, namely: Every
function ¢ > 0 superharmonic in  has a finite fine limit ¢
at g,-almost every point of the minimal boundary A,, (and
this ¢ is in Li(w,)).

3. Doob’s results on uniform integrability.

The notion of uniform integrability has been successfully
used a few years ago by Doob [5, 6, 8] in some 1mportant
questions of potential theory, essentially in boundary value
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problems. His results, which we recall below in a slightly
extended form valid in the axiomatic setting, play a central
role in our study of #? spaces.

Let us first recall the definition, and some equivalent forms
of this notion:

§X.},er 1s a family of measure spaces, with corresponding
measures {@,},o; positive and such that sup w(X,) < + o;

f. is a real-valued w -integrable function on the space X..
(1) The family {f.} e, is called uniformly integrable if

Jm .ﬁwza; \f dw. =0,

uniformly on the index set I.

(2) This i1s equivalent to the following two simultaneous
conditions :

() sup flfil du < + oo,
(i) lim (sup [, |f] dw) =0,

for any measurable subset e, < X,, with p,(e,) <<e.

(3) The family {f,! is uniformly integrable if and only if
there exists a positive Baire function ® on the interval [0, + o]
such that:

&(i) lim 20 — 4+ o,

tatoo
[ i) sup 5 QUF]) di < + o,

and even a convex tncreasing such ® does exist, with ®(0) = 0.
We shall mainly need the sufficient condition for

) =vr, 1<p<+ .

Doob was concerned with the uniform integrability condition
for the family of restrictions of a fixed real harmonic function
u, defined in Q, to the boundaries dw, of the open relatively
compact subsets w, of 1 which contain a fixed point z, € Q,
the corresponding measures being the harmonic measures p%:
relative to z, and w, (whose total masses are uniformly boun-

ded 1n ¢ if one assumes that 1 eéﬁéﬁ since then /bw dpw: < 1
for all ). ‘
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In view of property (3) above, and the fact that if u is
subharmonic > 0 so is @(u), (see chapter 11, 1), 1t is equivalent
here to replace {w._ { .1 by any increasing directed subfamily with
union L. Also, since axiom 3’ (<= 3) is satisfied, this uniform,
integrability condition for u is independent of z,; it 1s actually
so for any family {f.{,c; provided each O(|f]) be resolutive
on the corresponding ow..

Finally, if w 1s harmonic, this uniform mtegrablllty 1mphes
at once that u is the dlfference of two positive harmonic func-
tions in (), since

u(z) = ..[;w;u dey = j;m‘ ut dp® — j;wl u- dpP, Vrew,

and the last two integrals are positive harmonic functions
(in ®,), uniformly bounded at the point z,, hence increasing
to finite harmonic functions in Q.

Doob’s main results can be stated as follows (see Brelot [3]
where the proofs are given in detail):

Tueorem 1 (Doob). — Assume axvoms 1, 2, 3, the existence

of a > 0 potential in , and 16%;{. Then a real harmonic
function w in Q is uniformly integrable with respect to the har-
monic measures gy if and only if there exists, for any ¢ > 0,
two functions : ¢, subharmonic bounded above, v, superharmonic
bounded below, such that

QU Vs, and 02(Tg) — ¢1(%) < &

As a consequence, we obtain the following useful.

Cororrary 1.1. — In Q, the positive harmonic functions swhich
are uniformly integrable with respect to the harmonic measures
pe: are all the (finite) limits of increasing sequences of bounded
positive harmonic functions.

Proof. — If uis > 0, and uniformly integrable, then inf (u, n)
is > 0 superharmonic, and its greatest harmonic minorant u,
satisfies ¢, < u, < u < ¢, for large n(y,, ¢,, functions of the
theorem), so that u,(z,) = u(x,). But u,, increasing and < u,
converges 1n () to @ > 0 harmonie function u, < u, and equal
to u at the point z,, hence equal to u everywhere.
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The converse i1s obvious, by taking for functions y¢,, ¢,
respectively u and a suitable element of an increasing sequence
converging to u.

It 1s easy to see that any solution of a Dirichlet problem
with the minimal boundary and the fine filters, as described
in 2, is uniformly integrable with respect to the harmonic
measures 0%, Vz, (). The important fact is the converse,
proved by Doob in the classical case of a Green space and its
Martin boundary, now extended to the axiomatic setting in
which Gowrisankaran’s results hold :

Tueorem 2. (Doob). — Assume axioms 1, 2, 3, the existence
of a > 0 potential in (), a countable base for the open sets of Q
and 1e¥x. Then every real harmonic function u uniformly
integrable with respect to the harmonic measures p2: is the
solution of a Durichlet problem with the minimal boundary A,
and the fine filters in Q.

As a consequence, Doob obtains:

CororLrary 2.1. — A positive superharmonic function in
Q is a potential if and only if it has fine limit O p,-almost every-
where on A,, and is uniformly integrable with respect to the
harmonic measures p3:.

Extension. — The uniform integrability condition makes
sense as well for complex-valued functions f= u + iy, and
i1s actually equivalent to the same condition for u and ¢
simultaneously. Theorem 2 still holds in this case, and will
be consistently used in the following.



CHAPTER 11
#6P SPACES OF HARMONIC FUNCTIONS 1< p < + oo.

1. The Banach spaces J6P.

Hypotheses :

Axioms 1, 2, 3.

Existence of a > 0 potential in ().

*

1 e 765

From now on we shall consider complex-valued harmonic
functions f = u + ¢ (u, ¢, harmonic real) in (), with modulus

[f] = (u* + ¢?)12 this being a subharmonic function, because,
more generally :

Lemma 3. — Let uy, uy, ..., u,, be harmonic (or positive

) n /2
subharmonic) in Q. Then, for any real number p > 1, <2 uzl,>p
is subharmonic in Q. i=1

Proof. — It suffices to prove the lemma for p = 1; more
precisely, that for any z e Q and regular open set w sz,

($om0)" < [ (3.)"a

i=1 /0w \i=1
Each |y;| is subharmonic, so, except when ﬁm[uil de2 =0,
Y i, in which case the above inequality is clearly true, we have

(B )" <(2 (Sulutaee)')”
ig1<|uil‘/;m,uildpg’) ]

Jow (él (ﬁ,,,,luildpg’y)m P

<' u?>”2<é ({‘;‘” |l dpg))2>ll2 n 1/2
< fow T S\172 dp = fbw<2 uf) dp?.
(2 (oolwldez)’)

i=1
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We shall denote by {w,}.,; the increasing directed set
of all open relatively compact subsets of Q, containing a
fixed point z, € Q, and by p% the harmonic measure on dw,

*
relative to 2, and w,; since 1 e #6g, /;w de2: < 1, Vie L.

DeriniTioNn. — A harmonic function f= u + iv belongs
to the class ¥, 1 < p < + o, if and only if the LP-norms,
with respect to the harmonic measures p%:, of the restrictions of
f to the boundaries dw, are uniformly bounded in :.

In other words, fe #7” if and only if there exists a constant
M, independent of t, such that |f],. <M, Viel, where

VPl = ( fo lFP dez)™",  for 1<p <+ o,
1l = 655, sup Il
f = u + iv is in #67 if and only if both u and ¢ are.

Note that |f]7.. = H{}e(%), p < + o, while |f].,. 1s equal
to sup |f| in the connected component o, of w, which contains
Zy, this last property coming from the fact that on dw, the
sets of harmonic measures p2« (hence the ess. sup norms with
respect to these measures) zero are independent of zew,,
which implies that sup |f| = ess. sup |f], while p%: which has

W, w,
support dw, coincides there withop;’p.
Also note that, in the definition, it is equivalent to replace
{w.{,e; by any increasing directed subfamily {w, { with union Q.
In fact, for p <<+ o0, |f|? i1s subharmonic in Q, so |f]P<<H %

ISP
in any o, ; a given o, is contained with its closure in some o,,

hence Hiye < Hjh in o, |fI5. = Hijw(z,) < Hiphlz,) < M?,
and fed6?. For p = 4 o, since the connected component w,

of ®, which contains z, is contained in the similar component
o, of some w,,, we have

1fle. = sup Il <suplfl = Ifls., <M, and fe36.

O.)‘ko

Finally, axiom 3' (<= 3) shows that the class 67,

does not depend on the particular choice of the point 2z, and
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1t 1s obviously the same for the class #6*. This also comes
from the following :

Tueorem 4. — The harmonic function f is in the class 6P,

1< p<+ o, if and only if |f|P has a harmonic majorant
in €.

Proof. — If such a U does exist, then, for each w,

Hep < Hy = U,
and 1flp.. = (Hip(o))P < UMP(zo) = M,

so fe 6. This in turn implies that H'}ps, uniformly bounded
in ¢ at the point z,, increases to a finite harmonic function
in (), which dominates |f|?, (and is in fact the smallest harmo-
nic majorant of |f|P in Q).

CororLrarY 4.1. — #6' s the class of f's whose real and imagi-
nary parts are differences of two positive harmonic functions
in Q; 3 is the class of bounded harmonic functions in (;
and for any finite ¢ > p > 1, we have the inclusions

6~ c 1 c FP c 6.

Proof. — u real e#6' implies that u™ and u~ have smallest
harmonic majorants w,, u, > 0, (because |u| does);

u(z) =hm [, wtdoy, uy(z) = him ﬁwl u~ dpl,
and u(z) = {;w‘ ut dpy — ﬁw. u~ dp¥, Vz e w,

so that u=wu; — u, in Q. Any difference u = w; — w, of two
positive harmonic functions is conversely in #6!(|u| < w; + ws),
and the corresponding above decomposition is extremal in
the sense that u,, u,, respectively, minorize any such w;, w,.

Next, f e #~ is equivalent to : sup |f| << M for any relatively

compact domain o, s x,, which obviously means that f is
bounded in Q.

The final inclusion comes from the elementary inequality
[t]P <1+ [t]4, for any finite ¢ > p > 1.

CoroLLARY 4.2. — Any real harmonic function u € J6P is the
difference of two positive harmonic functions in 6P, and
conyersely.
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Proof. — By the above corollary, it suffices to show that,
for 1 < p < + oo, the smallest harmonic majorants u, and
u, of ut and u-, respectively, are both in 6.

But, by Hélder’s inequality

Juo 0 g2 < fo g o o) < 001 do)
(1/p + 1/qg = 1), so, Vx e Q,
uf(z) = him (lﬁ,w‘u+ dpy: ) hm/ (ut)P dp2+ < Ulx),

since |u|P, hence (u*)?, has a harmonic majorant U in {);
this proves u, e #6*; similarly u, e #*, whence the corollary.

Tueorem b. — For 1 < p < + o, #* is a Banach space
under the norm |f|, = sup |f|,.. For p <4 o, this equals

[f (x) V", where ,f denotes the smallest harmonic majorant of
Ifl? in Q; for p = + oo, this is just suplf].
Q

Proof. — It 1s clear that all #¥s are linear spaces over the
complex field K. For 1 < p << 4 o, we have already noted
that ||f|5. = H%p(z,), and that the harmonlc function H%
increases, following the increasing directed set j{,; to
the smallest harmonic majorant ,f of |f|? in (), so that in this
case |f], = sup 1flp: = [f(@e)]"® << + oo. This |f], is a norm

in #7: relations lafl, = || Ifl,, <K, and
I+ gl < Uflls + 18l

come from the similar ones for the norms |}f||pl, and |f], =0

implies ,f(x,) = 0, hence ,f =0 ev orywhele in Q, and f=0.
Finally, if {f,! is a Cauchy sequence in ¥, i.e. if

”fn_fn'“p_')o, n,n — + o,
P(fn _ fn) (5”0) g Oa n, n — 4 00}

with axiom 3', this positive harmonic function ,(f, — f.)
converges to 0 everywhere in ), and uniformly locally; hence
f. also converges, uniformly locally, to a harmonic function f
in Q, which is in %P, since

Jolflr ds = [ 1fIPdps, > + oo,
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and

1fallo,e << U fallps

uniformly bounded in n, and is limit in norm, since

If = fille < — Falo + Ufa — Fudllps

where n, may be choosen so that |f, —f.l, < e Vn > n,,
(whence ||f, — fulp. <& Vn>n, Viel), while

"f_“fno"p: Slllp "f_f;xo“p,tz Slfp ("il_{ri an ~‘]‘.n.,"p,t)<s-

For p=+ oo, it 1s clear that sup |f],,. = sup|f], so |fl.
t Q

is the usual sup norm in (2, under which #~ is complete (and
even a Banach algebra, under suitable multiplication, as
was announced in a preliminary report [18], and will be
developed elsewhere).

2. Characterization and boundary properties of F° functions.

Hypotheses :

Axioms 1, 2, 3.
\ Existence of a > 0 potential in (.
)A countable base for the open sets of Q.
1 e #%.

We now proceed to prove the extended characterization
mentioned in the introduction, showing the role of uniform
integrability in the study of #? functions. The close connec-
tion, (and in some sense equivalence) between these two
concepts will appear more clearly in chapter 11, when we
study the 3% classes of harmonic functions in (.

We recall that p; is the measure on A, representing 1 in

the integral representation 1 = Jmk(x) dpq(k), z € Q.

Tueorem 6. — A harmonic function f belongs to the class #6P,
1 <p<+ o, if and only if f is the solution of a Dirichlet
problem with the minimal boundary A, the fine filters in (Q,

and boundary function [ e LP(y,).
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Moreover, if the extreme harmonic functions are normalized
so as to be equal to 1 at the point z, |f|,=|f1,, and the

correspondence f — [ is an isometric isomorphism of the Banach
space #6F onto LP(u.,).

Proof. — By property 1.3.(3), any fe ¥, 1 <p <+ o,
18 umformly 1ntegrable with respect to the harmomc measures
, hence (th. 2) is the solution of a Dirichlet problem with
the minimal boundary 4;, the fine filters in Q, and boundary

function f; moreover f has the fine limit f at y,-almost every
point of A;.
If p= 4 oo, this f is obviously bounded, where defined,

hence eL*(u,); if 1 <p <<+ oo, this fe LA(yy), for [f]? is
dominated by the u;-integrable boundary function of the
positive harmonic function ,f in Q.

Now, let f’eLP(y.l) 1<p<+ o, and f=9},,

= [, k@)f (k) dps(k),  z<Q.

"If p= 4 o, fis bounded in Q, hence %>, and it is clear

that [f]. = If].. . '
If 1 <p<<+ oo, Hélder’s 1nequallty

|3 K@U dpa ()| < ( f, k(@) (ol dya(R) )™ ( fy K@

(1/p + 1/q = 1) shows that
lf@)P <G ppal2), Voel

so |f|P has a harmonic majorant in (), hence fe . As

IfIP << of < Ym0

we see that ,f is also a solution, and has fine limit [f[? y,-
almost everywhere, therefore ,f = 4 s, and

1flo = L (zo) P = ( fAlfI"dm =Ifl,

The isometric isomorphism of the theorem follows at once.
For p = 1, there is a fundamental difference in the charac-
terization of #' functions. By corollary 4.1, we have:

17
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Tueorem 6'. — A harmonic function f belongs to the class
F6* if and only if f is the integral, with kernel k e A, of a finite
complex measure v on the minimal boundary A,, and

Il = [, ldv].

Any f< %! has a finite fine limit f e L!(y,) uq-almost every-
where on the boundary, and if fe L(y,), then f=4d;, 6!,
1of = 94,1, and |f], = ||f||1. But there may exist in #6' non-
zero functions with fine limit 0 p;-almost everywhere on
the boundary, so the characterization of theorem 6 fails to
hold, and f— f is no more isomorphic.

We emphasize the following:

CororLrary 6.1. — Every function fedr, 1 p <+

has a finite fine limit f e LP(u,) at p,-almost every point of the
minimal boundary A,.

CoroLLArY 6.2. — If f e Lo(iy), 1 < p < + 0, and =91,
then the smallest harmonic majorant of |f| in Q (resp. of |f|?,
if p<<4 o) is 31 (resp. Gfp,1), and

(fl =951 —m, 1<p<<+ o,
“flp:g[flp,l'—w’ 1<P<+°°’

swhere wy, w are positive potentials in Q.
These are just the Riesz decompositions of |f], ||, in Q.
Note that 4y , € #6°, while 9 ;5 , € 5.

3. J6P classes of positive subharmonic functions.
*

If we look at the definition and properties of #? functions
f=u+1iv, 1<p<<+ o, we see that they essentially
involve the positive subharmonic functions |f|, and their
powers |f|P. Therefore it seems worth introducing in general
positive subharmonic functions in Q satisfying the same
condition as the above |f|, f € #?; they will by definition belong
to the class Jf", whose properties are rapidly studied in the

present section.
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Hypotheses are first those of section 1; {w,}{,¢; is the same
family as above.

DeriNiTiON. — A positive subharmonic function u belongs

to the class 5*6", 1< p< + o, if and only if the LP-norms,

with respect to the harmonic measures p2:, of the restrictions of
u to the boundaries dw,, are uniformly bounded in t.
In other words, ue %P if and only if there exists a constant

M, independent of t, such that [u|, . << M, Vie I, where

lulpe = ( foo, w0 do)'”,  for  1<p<+ w,
lul o, = ess.b sup u.
Here |ul?.> Hyp(z), p <<+ o, (with equality if w? is
resolutive), while |u|, . > sup u in the connected component
of w, which contains .
It follows that a positive subharmonic function w is in the
class 3‘6" 1< p<+ o, if and only if u? has a harmonic

ma]orant in Q; u is in the class 5‘6‘” if and only if u s bounded

in Q.

Consequence. — It is equivalent in the definition, to replace
%‘”};el by any increasing directed subfamily fo,{ with
union (); the class %P is independent of the point z,, and

for any finite ¢ > p > 1, we have the inclusions
™ c H7 c FoP c 6.
* * *

*

Obviously f=u -+ tv € #* if and only if |f| € #6P. Moreover:

Tueorem 7. — A positive subharmonic function u belongs
to the class #6P, 1 < p < + oo, if and only if u has a harmonic
*

majorant in the class F6°.

Proof. — Any wue#” has a smallest harmonic majorant
*
U = lim H?, obviously bounded if u is, otherwise in 62,
t

p < + o, because U? is then dominated by any harmonic
majorant of uw? in Q. The converse is obvious.

17.
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We shall denote by ju (resp. ,u, if p << + oo) the smallest
harmonic majorant of u (resp. u?) in Q; ,u e #6?, while ,u e #1,
and we have the Riesz decompositions

= ,u — W, uf = ju — w,

where w;, w are positive potentials in Q.
#6* 1s a convex cone containing the cone (#°)g of positive
%*

functions in #7?, but obviously not a linear space. Let &%,
1< p<+ o, be the real vector space of differences of
functions in #*, with the obvious addition and scalar multi-

*

plication; &R contains the real vector space #g. For

u—u' eby, (u, u' e #P), define |u —u'|; as |;u —,u'[,, norm
*

of the function ;u — ;u’ in the Banach space #6?. It is easy to
see that this depends only on the difference u — v/, and is a
semi-norm on &, the condition |u — u'|; = 0 being equivalent
to u—u’ equal to the difference of two potentials in Q. On
¥k, | |» 1s equal to the J6P-norm; and if wuedP,

lu|p = sup |ul,. while |u]|; =0 here implies that u=0.

Finally, if {(u, — w;)} is a Cauchy sequence in &, i.e. if
(1t — 4s) — (e — w3 — O, m, m, — + oo, then (yu, — 1u}) is
a Cauchy sequence in the Banach space #6k, hence converges
there to a function h — h':

Iius — 1tn) — (h—h')up—>0, n — -+ oo.

It follows that f{(uw, — u)} is | |;-convergent to h — A/,
but this | |[;-limit is only defined up to the difference of
two positive potentials in Q.

If we want uniqueness, we must therefore introduce the
linear subspace O of & consisting of the above differences,
and the quotient space /0. On this, | ||} induces a norm,
because | |7 1s the same for two elements of & equal mod 0,
whence the required uniqueness, and &&/0 is a Banach space
in which the equivalence classes mod O of the elements of #6°

*

form a complete although non linear subspace. Note that
the latter are also the equivalence classes of the elements of
(#6R)*, while 8&/0 is the set of equivalence classes of elements of

FoR.
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The above could as well be done in the complex setting,
with & = &} + 18R, but all this has limited interest so far,
and will not be pushed further.

Under the hypotheses of section 2, we now study the boun-
dary behavior of #6* functions. We have:

*

Tueorem 8. — Every function ue #*, 1 < p < + o, has a

finite fine limit u e L?(p,) at pxy-almost every point of the minimal
boundary A;. If 1 < p < + 0, then the smallest harmonic majo-
rant of u (resp. of u?, if p << 4 ), in Q is Iy, (resp. 930,) and

u=gﬂ,1_wl: 1<p<+°°7
ub =9, — w, 1<p<+ o,

where wy, w are positive potentials in ().
Proof. — We already know that u € #* has the Riesz decom-
*

position u = ,u — w;, where ;ue 6, and w; is a positive
potential in Q. So u has a finite fine limit & e L(u,) p;-almost
everywhere on A;, as ;u does, and @ = ,u p,-almost every-
where on A,.

This, for p > 1, implies that u = Y;; (th. 6), whence
u=4Y9;; — wy, then, for 1 <p <4 o, u? < Y,, whence
4 =Yw,, and the second decomposition of the theorem.

As a consequence, we see that if u real €#6?, p > 1, then
the positive harmonic functions u,, u, of the extremal decom-
position u = u; — u, of corollary 4.1 are Y. ,, J;-; respec-
tively.

Application. — Instead of a single function u, one may
consider an n-tuple (uy, s, ..., u,) of real harmonic (or posi-
tive subharmonic) functions in (), and the condition u e 767,

n 1/2 *
for the positive subharmonic function u = < 2 u?) . This 1s
i=1
equivalent to the simultaneous conditions
|u;| e 6%, =1, 2, ..., n,
*
and gives various properties of the components u;, in parti-

cular boundary properties, which were consistently used
in the already mentioned paper by Stein and Weiss [23].
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4. Relative classes J67, 761,
*

The study of the preceding sections can be carried over
to h-harmonic and sub-h-harmonic functions (the quotients of
harmonic and subharmonic functions by a fixed > 0 finite
continuous function % in (, which satisfy the basic axioms)

h
h(z,)

the proper hypotheses be made on h (which replaces the cons-

and the related h-harmonic measures p;* = p:, provided

tant function 1) : h e 576;, or h € ¥%, which permits the develop-
ment of a Dirichlet problem relative to h, parallel to the one
described in L.2.

This gives relative classes #6f, h, 1< p<+ o, of h-har-

monic, positive sub-h-harmonic, functions in Q, to which
all results of the case h =1 do extend. For instance: A
complex-valued h-harmonic function f i1s in the class 6},
1< p <+ o, if and only if |f|> has a h-harmonic majorant
in Q; in the class #;° if and only if fis bounded in Q.

The #6; functions f, 1 < p << + o, are the solutions of
(relative to h) Dirichlet problems with the minimal boundary
A, the fine filters in Q, and boundary functions f e LP(w,),
(wn >0 representing h in the integral representation

f a k(@) (k)

and #6} is a Banach space isometrically isomorphic to LA(u;).
Every h-harmonic function fe ¥ has a finite fine limit

f e L?(;) pp-almost everywhere on A, and similarly for every
positive sub-h-harmonic function u e 6.
*

One can try to compare relative classes corresponding to
two functions h, € 6%, h, € 65, when a relation such as

hilhy < m

holds. But except in the case p = -4 oo, this gives in general
no significant property.



CHAPTER III

#® CLASSES OF HARMONIC FUNCTIONS

1. The #6? classes.
Hypotheses :

Axioms 1, 2, 3.
Existence of a > 0 potential in Q.

1 eg*ﬁi’{.

Following an idea of Nevanlinna, Parreau [22] studied on a
Riemann surface what we define here as the #® classes of
harmonic functions, and used them in the general problem of
classification of Riemann surfaces. The idea was that since a
subharmonic function gives another one by substitution into
any convex increasing function, and since the #6? spaces center
around properties of the subharmonic functions |f]?, fe %67,
one should replace the function ¢*, te [0, 4 [, p>1, by
any positive convex increasing function @, defined in [0, 4 oo,
and obtain essentially the same results. This was actually the
case, except for a few particular points, and we shall have
similar extensions in our axiomatic setting.

First :

LemMma 9. — Let u be subharmonic in Q, and ¥ convex
increasing defined at least on the range of u. If 1 e %%, or if
Y(0) < 0, then ¥(u) ts subharmonic in Q.

Proof. — 1If suffices to verify the mean-value inequality
V(u(@) < [,, ¥(u) dpg for each xeQ where u is finite, and
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every regular open set w s z. But

‘I"(u(x))z‘l"( dgp. > dpe. < uz) >
S R =

+ (1= [, det) ¥(0),
(inequality of convexity, with ‘f;m der<<1l,and=11f 1 e %;),

and
¥ <>><1F ﬁmudpz <o d

(Jensen’s inequality for convex functions), so

< foo W) dpp + (1 — [, do2) ¥ (0),

which gives the result.

In the following, a positive convex strictly increasing func-
tion @ defined in [0, 4 o[, with ®(0) = 0, will simply be
called « convex »; ® will be called strongly « convex » if moreover

@gl»—l—oo, t—> -+ oo.

Note that for any « convex » @, lim o) always exists,

t>+ o
finite or + oo, and that a « convex » @ is necessarily continuous.
% eQ, {w},ep, and p¥, are the same as before.

DeriniTION. — A harmonic function f = u + iv belongs to
the class 3%, ® « convex », if and only if there exists a constant M,
independent of 1, such that [, ®(|f]) doz; <M,Viel

If f=u+ iv is in #®, then both u and ¢ are, but the
converse 1s not necessarily true, as we shall see.

As before, [, @(f]) de2 = Hiyp(w), with @(1f]) subhar-
monic in ), so it is equivalent, in the definition, to replace
fw,},c; by any increasing directed subfamily {w, } with union
Q, and, because of axiom 3' (<=~ 3), the class #® is independent
of the point z,. Like in the #* case, this also comes from:

Treorem 10. — The harmonic function f is in the class 56,
® « convex », if and only if ®(|f]) has a harmonic majorant in Q.
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Cororrary 10.1. — For every « convex » O, #> c 3% c 56!,
and if a « convex » ®; dominates ¢ in some inierval

[to, + ©[< [0, 4+ oo,

then 7% c 3. In partwular if t)—>0 t >+ oo, (p}l),

then 3P c #6®, and if () has a finite > 0 limit (t > + o),
then 36> = #62.

Proof. — We only prove the first statement. Let fe #2,
and U a harmonic majorant of ®(|f]) in Q. We have

Ifl < 2-1(U),

superharmonic in Q(®-! reciprocal of @), hence

Joo I de < o, 271(U) dpy < 071(U)(ao),
and fe 6.
Cororrary 10.2. — Any real harmonic function ue #6®
is the difference of two positive harmonic functions in ¥6®.
Proof. — As seen above, u real ¢#6® can be written as
U = Uy — Uy, With

u,(z) = hm ut dov, ups(z) = lim u~ dp?,
' dw, P . dw, P

both positive harmonic in Q. If U denotes a harmonic majo-
rant of ®(|u|) in Q, we have

D Jio, 0t do2) < [, 2t dp2 < Uf@),  weo,
hence, by continuity of @,

B(us(2)) = lim ®( [, utdp) < U(a), zel,

and u, € #%; so does u, e #®, whence the corollary.

#® is a convex, but not in general linear, subset of the
vector space #6. It is linear when @, for instance, satisfies for
large t a relation ®(2t) << CP(¢t), C > 0 constant, which limi-
tates its growth at infinity, (example: ®(t) = tlog (1 4 t)).

For a general « convex » @, we define #%® as the largest
linear subspace of ¥ contained in #®, #,® as the smallest
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containing ¥6®. It is easily checked that

Hp = {feH®: afeH® Va> 0],
and
#,*= {fet: afcH® forsome «> 0},

both equal to #® when this is linear.
On each dw,, we also consider the Orlicz space of complex

pe-measurable functions f such that ‘/Du) (e f]) dez: < +
for some a > 0, with the Minkowski norm :

. 1 -
Il =inf 3t k00 [, B(kIf) dez; <1,

equivalent to the Orlicz norm, as described for instance by
Luxemburg [20].

Taeorem 11. — For each « convex » @, 36, is a Banach
space under the norm |f|¢o = sup ||fle,, also equal to
t

. 1 .
inf 37: k> 08sup [ D) e <1%.
The convergence lim |f, — fle = 0 is equivalent to

n!)linwgsup ow, 2(dfa — 1) de2: g 0, Vo > 0,

and %P is a closed linear subspace of this Banach space ¥6,®.

Proof — Let fe#,®, ® « convex »; ||[f]o,. << + oo for each
te I, increases with w, and the limit ]|f||q,=sup Iflo,. 1is

finite since f Qalf]) dp2r <M < + o, Vel "and some
a > 0, imples ,/o Q(af]) dp: < M; = sup (M, 1), hence

(oo~ dee: < —(I) dee < 1,
I a(sin) e < [ v dez <

and [fln. <2< + 0, Vel

That |f|¢ is a norm in #,® comes from the same fact for
each ||fle,., tel: for instance |flp = 0 implies |flsp,.=0,
whence |f| = 0 p%--almost everywhere on dw, H = 0, and
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f=01n Q. As f @(#F—) dp < 1, for each ve I, we also
b,

see that sup @(ﬁl—) dp2: < 1, so that
t [\
Iflo >inf | k>005up [ BK/) detz < 1],

and the equality follows.
The completion of #6,% under the above norm is a consequence
of the equivalence stated in the theorem, which we first prove :

Assume |f, — flo = 0, n = + <0, (f,, f« #,®), and let & > 0;

for each tel

Valf, — fdez = | (allf — flo. Lf——fL>dm

Ifa — £l
<alf, — flo [ o(l=11)age
n large (=alf, — flo < 1), ‘

Ifo — flo/ ™
< effa — fllos

hence supf Oalf, — fI) dp&s - 0, n - + oo; this in turn
shows that sup f Qalf, — fl) dper <1 Vn > n,, therefore

dw,

Ife — fllo << \—i—, arbitrarily small for « sufficiently large.

So if {f,} is a Cauchy sequence in #,®, it must satisfy,
Ya > 0, supf O(alf, — fu]) dp2r -0, n, n' - + wo; for
a = 1, this means that the smallest harmonic majorant of
O(|f. — fx]) 1n Q converges to 0 at the point z,, hence every-
where in  and uniformly locally; therefore f, also converges,

uniformly locally, to a harmonic function f in Q, which is in
%6,%, since

o, 20lf]) dot > [i D(alf]) dpty, n—>+4 o0, Va0,

and for some o, > 0

S eerdi < [ o(EL)am <, v
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and is limit in norm, since
sup [, Qelfs — ) do <1, Vm, W >,

whence

sup [ Bl — Mz <1 and 1y = flo <

again arbitrarily small for a sufficiently large.
Finally, if f, e % and |f, —fle > 0, n > + o, (fe%,*),

one has
1
L Raf]) doz < 5 [ B(2elf, — f1) d
‘ h 1 W .
+5 [ ®alfd) ez, « > 0;

J dw,

for large n, the first integral on the right is arbitrarily small,
uniformly in t, and for fixed n the second one is uniformly
bounded in t; therefore fe #6®, and this completes the proof
of the theorem.

2. Characterization and boundary properties of 6 functions.

Hypotheses :

Axioms 1, 2, 3,
Existence of a > 0 potential in Q.

A countable base for the open sets of Q.
1 e 36%.

We have already noted that if @ has a finite limit as

t > + oo, then #® = #'; so the only case to study here is

o(2)

the one where raine + o, t—> 4+ oo, ie. @ strongly
« convex ».

Tueorem 12. — A harmonic function f belongs to the class
#®, O strongly « convex », if and only if f is the solution of a
Dirichlet problem with the minimal boundary A,, the fine filters

in Q, and boundary function f e L® ().
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This extends to functions f<36,® and f < L!®(u,), the Orlicz
space assoctated to ® on A;. Moreover, if the extreme harmonic
functions are normalized so as to be equal to 1 at the point
Zo, |fle = Nf"(b, Minkowskt norm off in L;®(,), and the cor-
respondence f — f is an isometric isomorphism of the Banach
space #,* onto L ().

Proof. — By the hypothesis ¢ strongly « convex », and pro-
perty 1.3.(3), any fe #® is again uniformly integrable with
respect to the harmonic measures p%:, hence (th. 2) is the
solution of a Dirichlet problem with the minimal boundary

A,, the fine filters in Q, and boundary function f; and f has
the fine limit / at u,-almost every point of 4. This f € L®(y,),

since O(|f|), fine boundary function of ®(|f|), is dominated
by the p.l-lntegrable boundary function of any positive har-
monic majorant of ¢(|f]) in Q.

Let conversely fe L‘b(y.l) and f=9;,
j k(z) f(k) du(k), zeQ.

By Jensen’s 1nequahty,

(| /,, k@) (k) dus(R)]) </, k() R(1)(R) dyua(R)

YIf1) < Bagjpa in Qs

so (|f|) has a harmonic majorant in Q, hence fe 2.

If ¢f denotes the smallest harmonic majorant of ®(|f])
in Q, (fe #%), we thus see that @(|f]) < of < Yoy hence
of is also a solution, and has fine limit ®(|f|) p,-almost every-
where on A;; therefore of = Jgy),; in particular

)= [ ®(f1) (k) dwa(l)
This shows that
Ifle = inf g%x > 0= 4()(a0) < 1

—infn >0 [ DK dimlk) < 1%

A
= Ifle, (Fe3,®, f e L;%(wy)),

which suffices for the second part of the theorem.
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We explicit the following :

Cororrary 12.1. — Every function fe¥®, O strongly

« convex », has a finite fine limit f « L) at py-almost every
point of the minimal boundary A,; the smallest harmonic majo-

rant of O(|f]) in Q is oy, and O(|f]) = Saqfy, — w, where w
18 a positive potential in .

3. #6° classes of positive subharmonic functions
*
and relative classes 62, #62.
*

Hypotheses are first those of section 1; §w,},c, is the same
family as before.

DeriniTION. — A positive subharmonic function u belongs
to the class 3%, O « convex », if and only if there exists a cons-

* v
tant M independent of  such that /bwl(l)(u) de: < M, Vel
We have [, ®(u) de2: > Hg, (2), (with equality if ®(u),
subharmonic, is resolutive), whence: a positive subharmonic
function u is in the class ¥%, O « convex », if and only if D(u)
*

has a harmonic majorant in (; so it is equivalent in the defi-

nition to replace {w},; by any increasing directed sub-

family {w,} with union Q, and the class #® is independent
*

of the point m,; classes #® corresponding to different ®'s
*

are compared like the 3% s were, and for any « convex » @,

H>cHPcH. f=u-+iveH® if and only if [f]ed?;

* * * *

moreover :

Taeorem 13. — A positive subharmonic function u belongs
to the class 8%, ® « convex », if and only if u has a harmonic
*

majorant in the class #®.
Proof. — Similar to the one of theorem 7.

We shall denote by ,u (resp. gu) the smallest harmonic
majorant of u (resp. ®(u)) in Q; ;ueX® while gue i,
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and we have the Riesz decompositions
U= u— w, O(u) = P* — w,

where w1, W, are positive potentlals in Q.
56‘1’ 1s a convex set, containing the set (#6%)* of positive

functlons in %%, but not a cone nor a linear space.
Let %’q’ = {u > 0 subharmonic: aue %q’ for some a > 0},

&p the real vector space of differences of functions in %"I’
ue#'® if and only if u has a smallest harmonic ma]orant

*
wed® and |u— v|§=|u — u|¢ defines in &P a
semi-norm to which the development of II.3 relative to &2
does extend immediately.
As for the boundary behavior of #? functions, we have,

*
under the hypotheses of section 2:

Tueorem 14. — Every function ue #®, ® « convex », has a
*

finite fine limit & € L®(,) at py-almost every point of the minimal
boundary A,. If ® is strongly «convex », then the smallest
harmonic majorant of u (resp. of ®(u)) in Q is Iy, (resp. o),
and
u=49,— w,
D(u) = Jowma — #

where wy, w, are positive potentials in Q.

Proof. — Similar to the one of theorem 8.

To finish, we just mention here the possibility of extending,
with the appropriate modifications mentioned in II.4, all
preceding results to relative classes #®, {6%’, of h-harmonic,

sub-h-harmonic functions in Q, defined by replacing the cons-
tant function 1 by any finite > 0 continuous non-constant

*
super-harmonic function h e #g, or any > 0 harmonic func-
tion h e #65. Corresponding results are easy to rephrase.
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SOME APPLICATIONS

1. Strongly subharmonic functions.

In this section, we want to show how a result given by
Giarding-Hérmander in a short Note [10], and yielding in
particular a very simple proof of the classical F. and M. Riesz
theorem, 1s actually an easy consequence of our results on Jf‘b

classes, and therefore also valid in our present set-up. At
the same time, we give, for positive subharmonic functions, a
general theorem which can be considered as the subharmonic
version, and extension, of the Phragmen-Lindelsf principle
for analytic functions in the unit disk.

Following [10], a positive subharmonic function u in Q
will be called strongly subharmonic if ¢=*(u) is subharmonic,
for some function ¢, positive convex strictly increasing in
]— o, 4+ [, with lim ¢(t)=0 and lim i%:-{— )

t>—o

t>+oo
(p is the determining function).

For strongly subharmonic functions, theorem 8 can be
complemented in the following important way:

Taeorem 15. — Let u be a positive subharmonic function,
contained in the class #'. If u is strongly subharmonic, then the
*

smallest harmonic majorant of u in Q is precisely the solution
Y51 L6 u =Yy, — wy, where wy ts a positive potential in Q.
(we LY(p,) is the fine boundary function of u on A;.)

Proof. — Consider in [0, + o[, the function
O(t) = ¢(t) — 2(0);
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it is strongly « convex », and the hypothesis u e #! shows that
*

the positive subharmonic function {¢='(u)}+ is in the class
#6?; therefore (theorem 14), its smallest harmonic majorant U
*

in Q is precisely the solution Yy, corresponding to its fine
boundary function U on A,.

As ¢71(u) < U, and ¢~1(u) has the fine limit ¢~*(u) p,;-almost
everywhere on A;, it follows first that ¢=%(u) e L1(i,); next,
that the smallest harmonic majorant V of ¢=1(u) in Q, which
is < U and has fine limit V = ¢=%() w,-almost everywhere
on 4, satisfies V<C9y; =944, because U — V>0
harmonic in Q can be written as

U—- V=Y _,+W,

where W > 0 harmonic in Q has fine limit 0 p,-almost every-
where on A, and U = Jy,.

So ¢7(u) < Juzy,, whence, by the Jensen inequality
for convex functions, u < ¥y, in Q, which finishes the proof
of the theorem.

CoroLrarY 15.1. — Iffe ¥, and |f| is strongly subharmonic
(in particular if log |f| s subharmomc) then f =9y, in Q.

The particular case is precisely the extended form of the
F. and M. Riesz theorem for analytic functions in the unit
disk.

As for the extended Phragmen-Lindelsf principle, we have :

Tueorem 16. — Let u be a strongly subharmonic function,
with determing function 9. Assume that u < ¢ oA for some
function A in Q, positive and uniformly integrable with respect
to the harmonic measures p2:. Then:

(i) u has a finite fine limit v at p,-almost every point of the
minimal boundary A, and ¢='(u) e L(p,).

(11) If ueL®yw,), ® « convex », then ue%q’, if uel*(p),
then u is bounded in Q(s%”)

Proof. — With the hypotheses made, {¢='(u)}{+ is subhar-
monic and uniformly integrable with respect to the harmonic
measures p2, therefore, by property 1.3.(3), is in the class
%q’o corresponding to some strongly « convex » function ®,.
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As seen above, this implies that ¢~(u) << U, with
0 << U =9y,

whence a finite fine limit u for u at p,-almost every point of
the minimal boundary 4;, and ¢~'(u)e L(g,;); moreover,
¢ (1) < Ygmiry Whence O(u) << Q(¢(Fg-ia)) in Q.

If ¢eL®Q,), i.e. O(u)eLi(p,), then the Jensen inequality
for convex functions, applied to ®og, shows that

(I)( ) ‘fd)(u) 1

in Q; therefore ®(u) has a harmonic majorant in Q, and
u e 362

If welL*(), one proves similarly that u <CYy,, whence
obviously u e #6~.

2. Extremal functions, Reproducing kernel,
and Classification.

We begin with a result in the classification of harmonic
classes on Q, obtained as an almost immediate consequence of
the general properties of the %% classes.

Our hypotheses are, as before, axioms 1, 2, 3, existence of

%*
a > 0 potential in Q, and 1ed6g with greatest harmonic
minorant &, in Q.

We denote by #'* the class of all quasi-bounded harmonic
functions in Q, i.e. of all functions f= u + i¢v whose real
and imaginary parts are differences of two positive harmonic
functions, each of which being the limit of an increasing
sequence of bounded positive harmonic functions in Q.

Following the pattern used for Riemann surfaces, we
define Cypu as the class of harmonic classes # on Q, which
satisfy the above hypotheses, and are such that every function
in #6! is a constant multiple of m,. We similarly define Cyyn,
Cyprs p =1, Cyo, ® « convex », and Cyg.

It is trivial that Cy= = Cypn.

According to corollary 1.1, property 1.3.(3), and corollary
10.2, the functions in #6'! are all the complex harmonic func-
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tions in Q which are uniformly integrable with respect to
the harmonic measures p2:.

Therefore, (again by property [.3.(3)), for every p > 1,
and for every strongly « convex » ®, we have the inclusions :

> c %Z c J6'1 c J6L,
It follows that

el
(;%p c e%w.

C%l c (3%/1 c Crgo

As Cyg» = Cygn, we see that, like in Parreau [22], we have:

Taeorem 17. — For every p > 1, Cypo = Cypp; for every
strongly « convex » O, Cppo = Cygo.

The first relation Cy» = Cyep, p > 1, has also been obtained,
independently, by Loeb and Walsh [17], under the same
hypotheses.

We now assume, in addition, a countable base for the open
sets of Q, and 1 e #6%, which permits the consideration of the
minimal boundary A;, and the corresponding Dirichlet pro-
blem already described. We want to show how in that case the
above result can also be obtained by making use of a certain
kernel function, whose idea for Riemann surfaces actually
goes back to Bader, as mentioned by Parreau [22], and which
has been used by the latter for the same purpose of classifi-
cation as we do here.

As usual, z, 1s a fixed point eQ, and the extreme harmonic
functions are normalized at z,. By theorem 2, the functions
in 't are now all the solutions of Dirichlet problems (of the
described type) with boundary functions eL(w;).

Let z be another fixed point £Q. By Harnack inequality,
k(z), considered as a function of kel;, is bounded, hence
eL*(1). The corresponding solution

K, (2) = Y1 (2) jk z) dps(k), zeQ,

is therefore bounded > 0 harmonic in Q, and has fine limit
k(z) py-almost everywhere on A;. For another y e (), we have,
similarly,

K,(2) = Gipa(2) = J, k(@)k(y) dpa(k),  zeQ.
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It is clear that
— [ K@) k(y) dwm(k) = Kyfz), , yel.

The common value K, (y) = K,(z) is by definition the kernel
function

K@, y) = [, k) k(y) dwm(k), =2, yeQ.

It is bounded > 0 harmonic in each variable when the other
one 1s fixed; at the point z,,

K.(zo) = K(z, ) fk ) dpy (k) = 1,

and
1 Kell = k()]
while
1K, = I k()] for every p=>1,
and

1Kol = I k(z)lo,

(the Minkowski norm), for every « convex » Q.

Tueorem 18. — Let x be a fized point Q. The following two
conditions are equivalent:

(1) The function K, ts identically 1 in Q (equivalently,
k(z) = 1 py-almost everywhere on A;).

(1) For every fe ¥, f(x) = f(x,).

Proof. — We use the last mentioned characterization of
#'* functions. If K, =1 in Q, then k(z) = 1 p;-almost every-
where on A;, therefore, for every fe 36’ :

= [, k(@)f (k) dpa(k) = [ f(k) dpa(k) = (o).
Conversely, if f(z) = f(z,) for every fe #'!, one has
K@) = Ky(z) = 1VyeQ,
hence K,=1 in Q.

Cororrary 18.1. — Under the present assumptions, the
results of theorem 17 hold.
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Proof. — It suffices to prove the inclusion Cy» c Cyn with
the characterization of #'* functions as solutions.

But if every function in #* is a constant, then K,=1
for every ze(Q, therefore f(x) = f(x,) for every fe 't and
every z € (), which shows that f is constant in Q.

We shall now study further the structure of the Banach
space #62, and, following Parreau [22], solve a certain mini-
mum problem relative to its norm, leading very naturally
to the kernel function K(z, y).

Let u, ¢, real e¥6?; Vie I,

f uvdp;‘;;:i 3] (u+v)? dp‘;:‘—jn u? dpg’;—f 2 dp‘;’;g.
ow, 2 dw, dw, dw,

When o, increases to (2, each of the three integrals on the
right has a finite limit, hence lim j uy dp2: exists and

is finite, (actually equal to ~1—- f2(u + 0) (%) — 2u(Zo) — o¥(0)} )

The same 1is therefore true for hm J fg de2y, f, g complex
ed6?. If we set

(f, &) = lim [, [ dp,

we see immediately that this is an inner product in 2, that
its quadratic form is the J6*-norm, |f|3 = (f, f), and that

j f é ) dixa(k),
(s 1) = ().

For each z e (), the evaluation at z: f — f(z) is continuous
in #6%, hence, according to the general theory of Hilbert func-
tion spaces, there exists for #6? a unique reproducing kernel,
i.e. a unique function 0(z, y) defined in Q X Q, such that

(1) for each zeQ, 0,(y) = 0(z, y) 1s in #6?;

(11) for each fed6?, and each ze(Q, f(z) = (f, 0.), (repro-
ducing property).
Again, let z be a fixed point Q. Let

= {fed6®: f(z) =1},

and
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which is a closed convex subset of #?, and let

= inf{[fl.: fe U},

which i1s < 1, since 1 U2, and > 0 as we shall see.
Consider in U2 a sequence {f,} such that

Ifle > me,  n— 4 oo,

2[’

L mo>, it is a Cauchy

sequence 1n UZ, therefore converges in #? to a function fj,
which is in U2 and has norm |f,]|; = m,. Moreover, any
fi € U2 such that ||fi]; = m, 1s equal to f;, since

fl_fo f1+fo
2 2

By the elementary equality,

fo f[ — {IfIE+ 1fl3) —

<Where f—"‘—_lz_—f"— e U2, whence ||">—I*>

[ = 5 10+ 118} —

[<mg—mg=0.

So the problem of finding among the functions of #? with
value 1 at the point z, a function minimizing the #%-norm,
has a unique solution fy 550, which we relate below to the
reproducing kernel in #?, and the kernel function K(z, y).

It is immediate that f, is real-valued for, if f; = u, + to,,
then uy e UL, |uoll, < |folle, whence u, = fy by the uniqueness.
It is also clear, by an elementary computation, that f, is
orthogonal, in #?, to any f e #6?* which vanishes at z. Therefore,

for any fe 762,
(f - f(x)7 fo) = O’
whence
(fs fo) = (f(@), fo) =f(2).(1, fo) = f(2) . fo(20) 5

in particular

folwe) = (fo, fo) = Ifol3 5 0.

6 (e fo
f@="ps = < ! nfouz>’

So, finally,
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or, setting

__f < J62
=y =%
f(x) = (f) ez)’ erg(gz,

(reproducing property). To another ye(), one associates
similarly 0, e #? such that

f(y) = (f’ ey)’ er %2.

In particular
0.(y) = (0, 0,) = (B, 05) = 0,(a).

So there is symmetry, and the function 6(z, y) = 0.(y) = 0,(z)
of (z,y) e Q X Q is the reproducing kernel in #62.
By the reproducing property,

o k) k(@) dpa(k) = [, (k) 0 (k) dpa (F)

for every f eL?(w), in particular uniformly continuous on

Ay; hence 0,(k) = k(z) p;-almost everywhere on A;, and
b, = K,: 0(z, y) coincides with the kernel function K(z, y).
The minimizing function f, has #62-norm

R 1
Il = T, = @)l

and boundary function

folk) = " ll: ((5))"2 i1;-almost everywhere on A,.

Taeorem 19. — Let x be a fized point eQ. The following two
conditions are equivalent, and equivalent to conditions (i) and
(11) of theorem 18:

(111) The constant function 1 minimizes |f|,, fe U2

(iv) The minimum of |fls, feUZ, is equal to 1.

The same minimum problem can be solved in each 67,
for 1 < p < + oo, using the fact that L?(4,), hence 6,
1 <p<+ =, 1s umformly convez, 1.e.

given ¢ > 0, there exists d(¢) > 0, w1th lim 8(e) = 0, such

£>0
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that the inequalities

I R A
imply

= 1 — 8(5)’ f’ gE%p/

P

If — 8l <<e
Let z be a fixed point Q. Let

= {fe¥r: f(2) =14,
which 1s again a closed convex subspace of #*, and let
mq = inf{[fl,: <UL},
which 1s <1, and > 0.
Consider in U} a sequence {f,} such that

Ifalp > mo, 0> 4 .

my
()’ "f ”P . 8(5)

em .
L my; therefore nf,. fuls < 1__—0() (£} is a
Cauchy sequence in ¥, and converges in ¥ to a function f,
which is in U} and has norm |f], = m,.
The same type of argument shows that this minimizing
function i1s unique, and real-valued.

Apply now the Holder inequality to the right integral in

1= f(2) = [ k@f(k) dp(k),  feUL
This gives

For n, n' > ng, |ful, < » while

X 1 1

hence

T k <Ifln  fei

But it 1s elementary to Verlfy that the #6*-function with

k(z)?lr .

1s in ‘U5, and has #6"-norm equal to

boundary wvalues
L k()]

k()] —————, hence is equal to the minimizing function f.
q
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In conclusion, the minimizing function f, has #°P-norm

1
Ifoll, = k@),
and boundary function
_ k()
folk) = ey

#;-almost everywhere on A,.

Preceding results can be extended to the space #®, ©
strongly « convex », when this is uniformly convex (with
the Minkowski norm we considered). Sufficient conditions on
® (implying among others that #? is linear) have been given
by Luxemburg [20].

For such ®, we consider

UP = {feH®: f(z) =1}, = fixed eQ,

mo = inf{|fle: feUP};

my < |1]9, and > 0.

There exists in UP a unique real-valued function f;, mini-
mizing the norm.

The explicit determination of f; is more delicate. (We refer
to Luxemburg [20] for all results used below.)

We first apply to the right integral in

= [ k@)f(k) dp(k),  feu,

a generallzatlon of the Hélder inequality to Orlicz spaces.

We obtain
1< la- 1K@,
Ifle = Ifle,  feL®(w),

and

where

while
|k(@)I 4 = sup§ [, 1F()k(@) dpa(k): fel¥p), Ifle <1}

(the Orlicz norm), and ¥ is the complementary Young func-
tion of @, determined by the conditions

o) = [Tody, W)= [ dt

and the functions ¢, {, are reciprocal.
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< Ifle, VfeUP; if we show that there exists

° Tk(@) I )ll\ir

in UP a function with norm equal to Tl % this will neces-
sarily be the minimizing f,. I #e( )“‘5‘
But, as

= su £ k(x) . Ffel® £
t=sup | 1F s dmlk FeL¥m), 1le <1

there exists 0 < fu e L®(y,), such that Hf,,"q) <1, and

J f Wkﬁgﬁc"—*dpl(k)ei, n—> - o.

Given ¢ > 0, it follows that, for n, n’ > n,,

1>

fot fr e
< ) ) fais )lwd*‘<k)>1 ),

whence, by the uniform convexity of L%(w,),
Ifa = fulo<e  non' >r

So {fvn} converges, in L®(y,), to a function fge LP(y,;), >0,
satisfying

Ifdle =1,

X, k(z)
k) —2—du, (k) = 1,
£4f0( ) "k<x)”ﬁ‘r P‘l( )
(because f, = I, 1 converges uniformly locally to fo = Ip1)-
1
1s in UP, and has norm ————, therefore
Lo K@y
equals the minimizing f, (which i1s thus > 0).

On the other hand, for every fe #® which vanishes at z,
and every A complex, f, + AfeUP, therefore

fo +f L >1, ('"0 = uk(i)ll w)

my
=1 if and only if A = 0.
g

and

The function

fo +2f

my

and
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This is equivalent to

f @(ﬁn";o—m) (k) dps(k) > 1,
and f@<w> (k) dpa(k) = 1 if and only if A = 0.
So F(\) = f <'f o N ')( ) dyss () is minimum for A = 0.

As F/(A ff <Ifo+1fl> ) sign (Fo 4+ A)(k) dua(R),

we see that for every f e #6®, which vanishes at ,

o (f Lo) ) dpat) = 0,

and for every f e #?,

oo oo

This gives necessarily

[o(Eymanin= [ o <>
and (f"o)( )=([ ¢ | (Q)( )de))-k(x),

whence
Loty = ((f qa(%) (9 din(i)) (2] )

1-almost everywhere on A,;.
As there exists a unique «, > 0 such that

1
f =2 (oh(2) (@) digy (k) = =

my

we see that necessarily

K <,’f;;)< ) dpa(k) = a0,

and finally fo(k) = moe~(aok(x)), p4-almost everywhere on A,.
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In conclusion, the minimizing function f, has #%-norm

1

”fo"d) = M’

and boundary function

¢ o g apk(a)
folk) = Tilg

u;-almost everywhere on A,, o, being determined by the equa-
tion

5, 7 (2ok(2)) R(2) dpa (k) = [ k(2)] G-
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