RFA
CR74y,

$ L
O -
= 1)
A O

/)\/QSN\:\O’ ANNALES

DE

L INSTITUT FOURIER

Robert BERMAN

Holomorphic Morse Inequalities on Manifolds with Boundary
Tome 55, n° 4 (2005), p. 1055-1103.

<http://aif.cedram.org/item?id=AIF_2005__55_4_1055_0>

© Association des Annales de I’institut Fourier, 2005, tous droits
réserves.

L’acces aux articles de la revue « Annales de I’institut Fourier »
(http://aif.cedram.org/), implique 1’accord avec les conditions
générales d’utilisation (http://aif.cedram.org/legal/). Toute re-
production en tout ou partie cet article sous quelque forme que ce
soit pour tout usage autre que I’utilisation a fin strictement per-
sonnelle du copiste est constitutive d’une infraction pénale. Toute
copie ou impression de ce fichier doit contenir la présente mention
de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://aif.cedram.org/item?id=AIF_2005__55_4_1055_0
http://aif.cedram.org/
http://aif.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Ann. Inst. Fourier, Grenoble
55, 4 (2005), 1055-1103

HOLOMORPHIC MORSE INEQUALITIES
ON MANIFOLDS WITH BOUNDARY

by Robert BERMAN

1. Introduction.

Let X be a compact n-dimensional complex manifold with boundary.
Let p be a defining function of the boundary of X, ie. p is defined in
a neighborhood of the boundary of X, vanishing on the boundary and
negative on X. We take a Hermitian metric w on X such that dp is of
unit-norm close to the boundary of X. The restriction of the two-form
i00p to the maximal complex subbundle T%°(9X) of the tangent bundle
of 0X, is the Levi curvature form of the boundary dX. It will be denoted
by L. Furthermore, let L be a Hermitian holomorphic line bundle over
X with fiber metric ¢, so that i90¢ is the curvature two-form of L. It
will be denoted by ©. The line bundle L is assumed to be smooth up to
the boundary of X. Strictly speaking, ¢ is a collection of local functions.
Namely, let s; be a local holomorphic trivializing section of L, then locally,
|si(2)]* = e~ %(3), The notation 7, := n?/p! will be used in the sequel, so
that the volume form on X may be written as w,,.

When X is a compact manifold without boundary Demailly’s (weak)
holomorphic Morse inequalities [9] give asymptotic bounds on the dimen-
sion of the Dolbeault cohomology groups associated to the k :th tensor

power of the line bundle L :

(1.1)  dime HY9(X, L*) gk”(—l)q(i)n/ O, + o(k™),
2m/ Jx(q)

Keywords: Line bundles, cohomology, harmonic forms, holomorphic sections, Bergman
kernel.
Math. classification: 32A25, 32L.10, 32L20.



1056 Robert BERMAN

where X (q) is the subset of X where the curvature-two form © has exactly ¢
negative eigenvalues, i.e. the set where index(©) = ¢. Demailly’s inspiration
came from Witten’s analytical proof of the classical Morse inequalities
for the Betti numbers of a real manifold [29], where the role of the fiber
metric ¢ is played by a Morse function. Subsequently, holomorphic Morse
inequalities on manifolds with boundary where studied. The cases of ¢-
convex and g-concave boundary were studied by Bouche [7], and Marinescu
[22], respectively, and they obtained the same curvature integral as in the
case when X has no boundary. However, it was assumed that, close to the
boundary, the curvature of the line bundle L is adapted to the curvature
of the boundary. For example, on a pseudoconcave manifold (i.e. the Levi
form is negative on the boundary) it is assumed that the curvature of L
is non-positive close to the boundary. This is related to the well-known
fact that in the global L2-estimates for the d-operator of Morrey-Kohn-
Hormander-Kodaira there is a curvature term from the line bundle as well
from the boundary and, in general, it is difficult to control the sign of the
total curvature contribution. Morse inequalities over strictly pseudoconvex
CR manifolds have been obtained by Getzler [16], who also suggested that
one should try to prove similar formulas for the 9-Neumann problem on a
complex manifold with boundary. This will be done in the present paper.

We will consider an arbitrary holomorphic line bundle L over a
complex manifold with boundary and extend Demailly’s inequalities to
this situation. We will write h9(L¥) for the dimension of H*4(X, LF),
the Dolbeault cohomology group of (0, q)-forms with values in L*. The
cohomology groups are defined with respect to forms that are smooth up
to the boundary. Recall that X (q) is the subset of X where index(©) = ¢
and we let

T(q)pe = {t >0:index(6 + tL) = q along T"°(0X),}.
The main theorem we will prove is the following generalization of Demailly’s

weak holomorphic Morse inequalities.

THEOREM 1.1. — Suppose that X is a compact complex manifold
with boundary, such that the Levi form is non-degenerate on the boundary.
Then, up to terms of order o(k™),

(1.2) h9(LF) < k”(1)Q(%)”(/X(q)@n+/0X/T(q) (@+tﬁ)n_1AapAdt),

The boundary integral above may also be expressed more directly in
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MORSE INEQUALITIES 1057

terms of symplectic geometry as

(1.3) /X ()(®+da)n

where (X, da) is the symplectification of the contact manifold 9X induced
by the complex structure of X (Section 7.1).

Examples will be presented that show that the leading constants in
the bounds of the theorem are sharp. We will also obtain the corresponding
generalization of the strong holomorphic Morse inequalities. The most
interesting case is when the manifold is a strongly pseudoconcave manifold
X of dimension n > 3 with a positive line bundle L. Then, if the curvature
forms of L and 0X are conformally equivalent along the complex tangential
directions of 90X, we will deduce that
(1.4) RO(L*) = k" (/ O, + l/ (i00p)n—1 A iap) + o(k™),

X n Jox
if the defining function p is chosen in an appropriate way. In particular,
such a line bundle L is big and (1.4) can be expressed as

Vol(L) = Vol(X) + % Vol(9X)

in terms of the corresponding symplectic volume of X and contact volume
of 0X. Examples are provided that show that Theorem 1.1 is sharp and
also compatible with “hole filling”.

The proof of Theorem 1.1 will follow from local estimates for the
corresponding Bergman function Bgék where Bgék is the Bergman function
of the space H*9(X, L*) of 0-harmonic (0, ¢)-forms satisfying 0-Neumann
boundary conditions (simply referred to as the harmonic forms in the
sequel). The point is that the integral of the Bergman function is the
dimension of H%9(X,L*). It is shown that, for large k, the Bergman
function (or more precisely the corresponding measure) is estimated by
the sum of two model Bergman functions, giving rise to the bulk and the
boundary integrals in Theorem 1.1. The model at a point x in the interior of
X is obtained by replacing the manifold X with flat C™ and the line bundle
L with the constant curvature line bundle over C™ obtained by freezing
the curvature of the line bundle at the point z. Similarly, the model at a
boundary point is obtained by replacing X with the unbounded domain
Xp in C”, whose constant Levi curvature is obtained by freezing the Levi
curvature at the boundary point in X. The line bundle L is replaced by the
constant curvature line bundle over X, obtained by freezing the curvature
along the complex tangential directions, while making it flat in the complex
normal direction.

TOME 55 (2005), FASCICULE 4



1058 Robert BERMAN

The method of proof is an elaboration of the, comparatively elemen-
tary, technique introduced in [4] to handle Demailly’s case of a manifold
without boundary.

Remark 1.2. — The boundary integral in (1.2) is finite precisely
when there is no point in the boundary where the Levi form i00p has
exactly ¢ negative eigenvalues. Indeed, any sufficiently large ¢ will then be
in the complement of the set T'(q),.. Since, we have assumed that the
Levi form i00p is non-degenerate, this condition coincides with the so-
called condition Z(q) [15]. However, for an arbitrary Levi form the latter
condition is slightly more general: it holds if the Levi form has at least g+ 1
negative eigenvalues or at least n—q positive eigenvalues everywhere on 0.X.
In fact, the proof of Theorem 1.1 only uses that 90X satisfies condition Z(q)
and is hence slightly more general than stated. Furthermore, a function p
is said to satisfy condition Z(q) at a point z if 2 is not a critical point of p
and if 90p satisfies the curvature condition at = along the level surface of
p passing through x.

One final remark about the extension of the Morse inequalities to
open manifolds:

Remark 1.3. — The cohomology groups H%*(X, L*) associated to
the manifold with boundary X occurring in the weak Morse inequalities,
Theorem 2.1, are defined with respect to forms that are smooth up to
the boundary. Removing the boundary from X we get an open manifold,
that we denote by X. By the Dolbeault theorem [17] the usual Dolbeault
cohomology groups H 07*(X , L*) of X are isomorphic to the cohomology
groups H*(X, O(L*)) of the sheaf O(L*) of germs of holomorphic sections
on X with values in L*. Moreover, if we assume that condition Z (q)
and Z(q + 1) hold then H%4(X, L¥) and H*4(X, L*) are isomorphic [15].
Furthermore, consider a given open manifold Y with a smooth exhaustion
function p, i.e. a function such that the open sublevel sets of p are relatively
compact in Y for every real number c. Then, if for a fixed regular value
¢p, the curvature conditions Z(q) and Z (¢ + 1) hold for p when p > cy,
the group H®4(Y,L*) is isomorphic to H*9(X,,, L*) [20], where X,, is
the corresponding closed sublevel set of p. In this way one gets Morse
inequalities on certain open manifolds Y.

Notation 1.4. — The notation ar ~ (resp. <) by will stand for
ar = (resp. <) Cibg, where C) tends to one when k tends to infinity.
The O-Laplacian [17] will be called just the Laplacian. It is the differential

ANNALES DE IINSTITUT FOURIER



MORSE INEQUALITIES 1059

operator defined by A := 20 +9°0 (where 0" denotes the formal adjoint
of J) acting on smooth forms on X with values in L*. Similarly, we will
call an element in the kernel of A harmonic, instead of d-harmonic.

The paper is organized in two parts. In the first part we will state
and prove the weak holomorphic Morse inequalities. In the second part
the strong holomorphic Morse inequalities are obtained. Finally, the weak
Morse inequalities are shown to be sharp and the relation to hole filling
investigated.

Part I. THE WEAK MORSE INEQUALITIES.

2. Setup and a sketch of the proof.

In the first part we will show how to obtain weak holomorphic Morse
inequalities for (0, ¢)-forms, with values in a given line bundle L over a
manifold with boundary X. In other words we will estimate the dimension
of H*9(X,L*) in terms of the curvature of L and the Levi curvature of
the boundary of X. With notation as in the introduction of the article the
theorem we will prove is as follows.

THEOREM 2.1. — Suppose that X is a compact complex manifold
with boundary, such that the Levi form is non-degenerate on the boundary.
Then, up to terms of order o(k™),

1\"n
GULFY < B (—1)9( —
< () ([ o [ [ ©Ft0nanaona)

Note that the last integral is independent of the choice of defining
function. Indeed, if p’ = fp is another defining function, where f is a
positive function, the change of variables s = ft shows that the integral
is unchanged. A more intrinsic formulation of the last integral will be
given in Section 7.1. Let us now fix the grade ¢. Since, the statement
of the theorem is vacuous if the Levi form i90p has exactly ¢ negative
eigenvalues somewhere on 90X (compare Remark 1.2) we may assume that
this is not the case. Then it is well-known that the Dolbeault cohomology
group H%4(X, E) is finite dimensional for any given vector bundle E over
X. The cohomology groups are defined using forms that are smooth up
to the boundary. Moreover, the Hodge theorem, in this context, says that
H%9(X, E) is isomorphic to the space H%9(X, E), consisting of harmonic

TOME 55 (2005), FASCICULE 4



1060 Robert BERMAN

(0, q)-forms, that are smooth up to the boundary, where they satisfy O-
Neumann boundary conditions [15]. The space H"%(X, E) is defined with
respect to given metrics on X and FE.

The starting point of the proof of Theorem 2.1 is the fact that the
dimension of the space H%9(X, L*) may be expressed as an integral over
X of the so-called Bergman function Bg(’k defined as

B () = Z (),

where {¥,} is any orthonormal base for H*(X, L*). Indeed, the integral
of each term in the sum is equal to one. Note that the Bergman function
Bg(’k depends on the metric w on X. It is convenient to use kw as metric
for a given k. The point is that the volume of X measured with respect
to kw is of the order k™. Hence, the dimension bound in Theorem 2.1 will
follow from a point-wise estimate of the corresponding Bergman function
Bgc’k. Another reason why kw is a natural metric on X is that, since k¢ is
the induced fiber metric on LF, the norms of forms on X with values in
LF become more symmetrical with respect to the base and fiber metrics.
In fact, we will have to let the metric w itself depend on k (and on a large
parameter R) close to the boundary and we will estimate the Bergman
function of the space H*(X, kwy,, L*) in terms of model Bergman functions
and compute the model cases explicitly. The sequence of metrics wy will be
of the following form. First split the manifold X in an inner region X., with
defining function p + ¢ and its complement, the boundary region, given a
small positive number €. The level sets where p = —Rk~! and p = —k~1/2
divide the boundary region into three regions. The one that is closest to
the boundary of X will be called the first region and so on. Next, define
wr, the complex tangential part of w close to the boundary by

wr = w — 2idp A dp
(recall that we assumed that dp is of unit-norm with respect to w close to
the boundary of X). The metric wy, is of the form
(2.1) wr = wr + ap(p)~12i0p A p,
where the sequence of smooth functions ax will be chosen so that, basically,
the distance to the boundary, when measured with respect to kwyg, in the
three different regions is independent of k. The properties of wy that we

will use in the two regions will be stated in the proofs below, while the
precise definition of wy, is deferred to Section 5.4.

ANNALES DE IINSTITUT FOURIER
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2.1. A sketch of the proof of the weak Morse inequalities.

To make the sketch of the proof cleaner, we will just show how to

estimate the extremal function
k 2
(2:2) S () = sup ax (@)
ay

closely related to Bg(’k, where the supremum is taken over all normalized
elements of the space H%9(X,wy,L¥). When ¢ = 0, ie. the case of
holomorphic sections, it is a classical fact that they are actually equal and
the general relation is given in Section 3. Let us first see how to get the
following bound in the inner region X, defined above:

(2.3) SE*(x) S SE. ,(0),

where the right hand side is the extremal function for the model case defined
below. Moreover, the left hand side is uniformly bounded by a constant,
which is essential when integrating the estimate to get an estimate on the
dimension of H%9(X, kwy, L*). The proof of (2.3) proceeds exactly as in
the case when X is a compact manifold without boundary [4]. Let us recall
the argument, slightly reformulated. Fix a point z in X.. We may take
local holomorphic coordinates centered at x and a local trivialization of L
such that

2.4 z) = NiZiZi + 0, w(z) == dzi Ndz; + - -
(2.4) o(2) ; (2) 2;

where the dots indicate lower order terms and the leading terms are called
model metrics and denoted by ¢¢ and wy, respectively. Hence, the model
situation is a line bundle of constant curvature on flat C™. Note that the
unit ball at  with respect to the metric kwy, corresponds approximately to
the coordinate ball at 0 of radius k~'/2. To make this more precise, define
a scaling map

Fi(z) = k™22

and consider a sequence of expanding balls centered at 0 in C™ of radius
), slowly exhausting all of C™. We will call F}!(k¢) and F} (kw) the scaled
metrics on the expanding balls. The point is that they converge to the model
metrics ¢p and wyp. This follows immediately from the expressions (2.4) and
the fact that the model metrics are invariant when kFj; is applied. Next,
given a (0, ¢) form on X with values in L¥, we denote by a®) the scaled form
defined by a¥) = Fyay. Then, by the convergence of the scaled metrics,

2

By’

(2.5) okl s, ~ o]

TOME 55 (2005), FASCICULE 4



1062 Robert BERMAN

using the norms induced by the model metrics in the right hand side
above. Now, if ay is a normalized sequence of extremals (i.e. realizing the
extremum in (2.2)) we have
SLE(z) = [a®(0)|*.

By (2.5), the norms of the scaled sequence a(*) are less than one, when
k tends to infinity. Moreover, a(®) is harmonic with respect to the scaled
metrics and since these converge to model metrics, inner elliptic estimates
for the Laplacian show that there is a subsequence of a*) that converges
to a model harmonic form 3 in C™. In fact, we may assume that the whole
sequence a'®) converges. Hence,

lim sup|a® (0)|* = |8(0)?
k

which in turn is bounded by the model extremal function Sx, (0). More-
over, since X, may be covered by coordinate balls of radius k~1/2, staying
inside of X for large k, one actually gets a uniform bound.

Let us now move on to the boundary region X — X, that we split into
three regions as above. Fix a point ¢ in the boundary of X. We may take
local coordinates centered at o and orthonormal at o, so that

n—1
p(z,w) = v — Zui|zz’|2 +-
=1

where v is the imaginary part of w [8]. The leading term of p will be
denoted by pg, and will be referred to as the defining function of the model
domain Xg in C™. Observe that the model domain X is invariant under
the holomorphic anisotropic scaling map

Fr(z,w) = (2/kY? w/k).
Moreover, the scaled fiber metric on L* now tends to the new model
fiber metric ¢o(z,0), since the terms in ¢ involving the coordinate w are
suppressed by the anisotropic scaling map Fj. Now, the bound (2.3) is
replaced by
(2.6) SEH(0,iv/k) < S(0,v),
in terms of the new model case. To see this one replaces the balls of
decreasing radii used before with Fy(Dy) intersected with X, where Dy
is a sequence of slowly expanding polydiscs. Moreover, we have to let the
initial metric w on X depend on k in the normal direction in order that
the scaled metric converge to a non-degenerate model metric. In the first
region we will essentially let

Wi = wr + k2idp A Dp.

ANNALES DE IINSTITUT FOURIER
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As a model metric in X, we will essentially use

wy = %35 |z\2 + 2idpy A Opo.
Then clearly
(2.7) Fy (kwi) = wo

in the model case and it also holds asymptotically in k, in the general
case. Replacing the inner elliptic estimates used in the inner part X. with
subelliptic estimates for the O-Laplacian close to the boundary one gets the
bound (2.6) more or less as before. Finally, using similar scaling arguments,
one shows that the contribution from the second and third region to the
total integral of Bg(’k is negligible when k tends to infinity.

This gives the bound

0
/ Bg("k(kwk)n < k" (/ B(‘én SWn +/ / Bg(o U(iv)dvdo)
X X ’ 0X J—o '

integrating over an infinite ray in the model region Xy in the second integral
(after letting R tend to infinity). Computing the model Bergman functions
explicitly then finishes the proof of the theorem.

3. Bergman kernel forms.

Let us now turn to the detailed proof of Theorem 2.1. First we
introduce Bergman kernel forms to relate the Bergman function Bg(’k
extremal functions taking account of the components of a form (see [5] for
proofs). Let (¢;) be an orthonormal base for a finite dimensional Hilbert
space H"? of (0,q)-forms with values in L. Denote by 7 and mo the
projections on the factors of X x X. The Bergman kernel form of the
Hilbert space H%? is defined by

sz ) Atily

Hence, K%(z,y) is a form on X x X with values in the pulled back line
bundle 77 (L) ® n5(L). For a fixed point = we identify K%(y) := K9(z,y)
with a (0, ¢)-form with values in L ® A®%(X, L),. The definition of K¢ is
made so that K9 satisfies the following reproducing property:

(3.1) alz) = cn’q/ aANKEAe Pw, g,
b

TOME 55 (2005), FASCICULE 4



1064 Robert BERMAN

for any element « in H®9, using a suggestive notation and where ¢, , is a
complex number of unit norm that ensures that (3.1) may be interpreted
as a scalar product. Properly speaking, «(z) is equal to the push forward
Tox(Cn g ANKI Aw,,—ge~?) (). The restriction of K7 to the diagonal can be
identified with a (g, ¢)-form on X with values in L ® L. The Bergman form
is defined as K9(z, x)e_¢(m), ie.

(3.2) Z V() A i(x)e?®

and it is a globally well-defined (g, ¢)-form on X. The following notation will
turn out to be useful. For a given form « in Q%9(X, L) and a decomposable
form in Q%9(X), of unit norm, let ap(z) denote the element of Q%9(X, L),
defined as

ag(z) = (o, 0),
where the product takes values in L,. We call ag(x) the value of a at the
point x, in the direction 0. Similarly, let B (z) denote the function obtained

by replacing (3.2) by the sum of the squared pointwise norms of 1, o(z).
Then B{(x) has the following useful extremal property:

(3.3) Bj(x) = sup o ()|,

where the supremum is taken over all elements a in H%9 of unit norm.
The supremum will be denoted by S§(x) and an element « realizing the
supremum will be referred to as an extremal form for the space H%9 at
the point x, in the direction §. The reproducing formula (3.1) may now be
written as

ap(z) = (a,Kzﬁ).
Finally, note that the Bergman function B is the trace of BY, i.e.
Blw, = ¢y BT A wy—yg.

Using the extremal characterization (3.3) we have the following useful
expression for B :

(3.4) B@) =3 S(x).

where the sum is taken over any orthonormal base of direction forms 6 in

A%9(X),.
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4. The model boundary case.

In the sketch of the proof of the weak holomorphic Morse inequalities
(Section 2.1) it was explained how to bound the Bergman function on X
by model Bergman functions. In this section we will compute the Bergman
kernel explicitly in the model boundary case. Consider C™ with coordinates
(z,w), where z is in C"~! and w = u + iv. Let X be the domain with
defining function

n—1
pO(Zaw) =v+ wO(z) =v+ Z Hi |Z7,|2 )
i=1

and with the metric
wo = %85 1212 4 a(p) ' 2idpo A Dpo.

Note that the corresponding volume element (wp), is given by a(p)~*
times the usual Euclidean volume element on C™. We will take a(pg) to
be comparable to (1 — pg)? (compare Section 5.4) but we will only use that
the corresponding metric wy is “relatively complete” (compare Section 4.1).
We fix the ¢ and assume that condition Z(q) holds on 90X, i.e. that at least
q + 1 of the eigenvalues u; are negative or that at least n — ¢ of them are
positive.

Let H%9(Xy, ¢g) be the space of all (0, q)- forms on X that have finite
L2-norm with respect to the norms defined by the metric wy and the weight
e=%(2) where ¢ is quadratic, and that are harmonic with respect to the
corresponding Laplacian. Moreover, we assume the the forms are smooth up
to the boundary of X where they satisfy O-Neumann boundary conditions
(in fact, the regularity properties are automatic, since we have assumed
that condition Z(gq) holds [15]). The Bergman kernel form of the Hilbert
space H%9(Xy, ¢o) will be denoted by ]Kg(o. We will show how to expand
Kg(o in terms of Bergman kernels on C*~!, and then compute it explicitly.
Note that the metric wg is chosen so that the pullback of any form on
C"~! satisfies O-Neumann boundary conditions. Conversely, we will show
that any form in H%9(Xy, ¢y) can be written as a superposition of such
pulled-back forms.

By the very definition of the metric wo, the forms dz; and a='/20p,
together define an orthogonal frame of (1,0)-forms. Any (0, ¢)-form « on
X may now be uniquely decomposed in a tangential and a normal part:

a=ar+ oy,

TOME 55 (2005), FASCICULE 4
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where o = a7 modulo the algebra generated by dpg. A form a without
normal part will be called tangential. The proof of the following proposition
is postponed till the end of the section.

PROPOSITION 4.1. — Suppose that « is in H*9(Xo, ¢9). Then « is
tangential, closed and coclosed (with respect to 0).

By the previous proposition any form « in H%9(Xy,¢g) may be
written as
’LU) = Z frdzr.
I

Moreover, since « is in L?(Xg, $g) and O- closed, the components f; are
in L?(Xo, ¢o) and holomorphic in the w-variable. We will have use for the
following basic lemma: (1)

LEMMA 4.2. — Let m(v) be a positive function on [0,00[ with
polynomial growth at infinity. If f(w) is a a holomorphic function in {v < ¢}
with finite L?-norm with respect to the measure m(v)dudv, then there
exists a function f( t) on ]0, oo[ such that

/ f -3 Lawt dt
Moreover,

(4.1) / / m(v)dudv = 47r/ / tm(v)dtdv.
<c Ju=—00 <c Jt=0

We will call f(t) the Fourier transform of f(w). Now, fix z in C"~!
and take ¢ = —1p(2) and m(v) = a(po) ™! = a(v + 1o(2)) L. Then fr, as a
function of w, must satisfy the requirements in the lemma above for almost
all z. Fixing such a z we write J/“\”(z) for the function of ¢ obtained by
taking the Fourier transformation with respect to w. Hence, we can write

(4.2) a(z,w) = /O‘X’ at(z)e—%wtdt

for almost all z, if we extend the Fourier transform and the integral to act
on forms coefficient wise. Note that the equality (4.2) holds in L?(Xo, ¢o).
The following proposition describes the space H%%(X,¢) in terms of
the spaces HY4(C"~1 thg + ¢p), consisting of all harmonic (0, q)-forms
in L2(C"~ 1 tyg + ¢o) (with respect to the Euclidean metric in C"*). The
corresponding scalar products over C"~! are denoted by (-, -);.

(1) This lemma can be reduced to the Payley-Wiener Theorem 19.2 in [25].

ANNALES DE IINSTITUT FOURIER



MORSE INEQUALITIES 1067

PROPOSITION 4.3. — Suppose that o is a tangential (0,q)-form
on X, with coefficients holomorphic with respect to w. Then a; is in
L?(C"=L, tapg + ¢g) for almost all t and

(4.3) (0, a)x, = 4r / (@1, @0):b(t)dt,

where b(t) = [ _;e* a(po)~"ds. Moreover, if a is in H*%(Xo, ¢o), then a;
is in HO9(C" =L, tahg + o) for almost all t.

Proof. — Tt is clearly enough to prove (4.3) for the components f; of
a, I.e. for a function f in Xy that is holomorphic with respect to w. When
evaluating the norm (f, f)x, over Xy we may first perform the integration
over u, using (4.1), giving

(f. F)x = 4 /

po<0

2
‘ eVte*®a(pg) ~Ldzdtdv,

e

where dz stands for the Euclidean volume form (199 \z|2)n_1 on Cn—L If
we now fix z and make the change of variables s := v+ (z) and integrate
with respect to s we get

47r/

Since this integral is finite, it follows that (ﬁ, ft) is finite for almost all ¢.

~

ft(z)r b(t)e” WA grdy = 4x / (fi, f)eb(t)dt.

Next, assume that « is in H%9(Xy, ¢o). By Proposition 4.1 « is 0-
closed, so that (4.2) gives that a; is O-closed for almost all t. Let us now
show that a; is 0-coclosed with respect to L2(C"™1, th + ¢g) for almost
all t. Fix an interval I in the positive half-line and let 8 be a form in X
that can be written as

8w = | e s

where 7, is a smooth (0, ¢—1)-form with compact support on C"~! for a
fixed ¢t (and measurable with respect to t for z fixed). In particular 3 is a
smooth form in L?( Xy, ¢o) that is tangential and holomorphic with respect
to w. According to (4.2) Bt is equal to n; for t € I and vanishes otherwise.
By Proposition 4.1 a is d-coclosed (with respect to L?( X, ¢o)). Using (4.3)

we get that
0= (38 = (a,08) = 4r / (@, D )eb(t)dt,

tel
where we have used Lemma 4.6 proved in the next section to get the second
equality. Since this holds for any choice of form 3 and interval I as above we
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conclude that 9 &, = 0 for almost all £. Hence @; is in H%4 (C"=1,tWo+¢p)
for almost all t. O

Denote by K{ the Bergman kernel of the Hilbert space H%4(C"~1,
tWo + ¢o).

LEMMA 4.4. — The Bergman kernel ]Kg(o may be expressed as
1 o i (p—w’ _
K%, (z,w,2',w') = E/o KY(z,2")es! Vp(t) Lt
In particular, the Bergman form IB%g(O is given by

1 [ _
B%, (z,w) = 4—/0 BY(z, z)e”tb(t) " dt.

7

Proof. — Take a form « is in H%9(Xy, ¢o) and expand it in terms of
its Fourier transform as in (4.2). According to the previous lemma @; is in
HO4(C=L Wy + ¢g) for almost all t. Hence, we can express it in terms of
the corresponding Bergman kernel K, giving

i) = [ Fru@remstan= [t pes+a

where Kg% ; denotes the Bergman kernel form K} at the point z in the
direction dZ; (see Section 3) and where have used the reproducing property
(3.1) of the Bergman kernel. Now, using the relation between the different
scalar products in the previous lemma we get

_ i oo q N, 5wt ,—iw't -1
fr(z,w) = g (a(z Jw'), /th,z,I(Z Je2z"e b(t) dt)

where (z/,w’) are the integration variables in the scalar product. But

Xo

this means exactly that Kg(O as defined in the statement of the lemma
is the Bergman kernel form of the space H"%(Xy, ¢o) since a was chosen
arbitrarily. Finally, by definition we have that

B%, (z,w) = K%, (2, w, ziw)e ) BI(z,2) = KY(z, 2/ )e” (t¥o+0)(z),
Hence, the expression for Bg(g is obtained. a
Now we can give an explicit expression for the Bergman kernel form
and the Bergman function. In the formulation of the following theorem we
consider Xy as a fiber bundle of infinity rays | — oo, 0] over (or rather under)

the boundary 0Xy. Then we can consider the fiber integral over 0, i.e. the
push forward at 0, of forms on Xy. Moreover, given a real-valued function
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1 on C*~! such that %8577 has exactly ¢ negative eigenvalues, we define an
associated (g, q)- form x%? by

XTT = (i/2)%e' A~ Al A ANl
where €’ is a orthonormal (1,0)-frame that is dual to a base e; of the

direct sum of eigen spaces corresponding to negative eigenvalues of i9dn
(compare [5]). The (g, q)-form associated to £9d¢, + t£ddp, is denoted by

x$? in the statement of the following theorem.
THEOREM 4.5. — The Bergman form IB%ggo can be written as an
integral over a parameter t :
1 1 .= i =
q ) — a,q tp 4y —1
BXO (O,U + 'L’U) = EF /T(q) Xt det(§53¢o + tiaapo)e” b(t) dt7

where b(t) = [ _,e”a(p)”"dp. In particular, the fiber integral over 0 of
the Bergman function By, times the volume form is given by

(4.4) / ' Bg(o(o,w)(wo)n:(i)"(A)Q/;P (0o + 10D po)m—1 NOpAdL.

=—o0 27 (a)

Proof. — Let us first show how to get the expression for B%O. Using
the previous proposition we just have to observe that in C™, with n a
quadratic weight function, the Bergman form is given by

1 1=
q _ 0,9
(4.5) B, —1x(q)X det(268n),

where the constant function 1x(,) is equal to one if %8577 has precisely
¢ negative eigenvalues and is zero otherwise (see [4], [5], [6]). Next, from
Section 3 we have that B, (wo)n is given by B, (wo)n—q- Note that

XA @o)umg = (509 121%)  Aalpo) ™ (20)9po A dpo.

Thus, the fiber integral of B (wo)n over 0 reduces to (4.4) since the factor
b(t) is cancelled by the integral of e**a(v)~!. O

Let us finally prove Proposition 4.1.

4.1. The proof of Proposition 4.1: all harmonic forms are
tangential, closed and coclosed.

We may write

wo = %85 2> 4 2i0p’ A By
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for a certain function p’ of py. The forms 2-%/2dz; and 2'/20)p" together
define a orthonormal frame of (1,0)-forms. However, we will use the
orthogonal frame consisting of all dz; and dp’ in order not to clutter the
formulas. A dual frame of (1,0)-vector fields is obtained as

0 0 0
4. Zi= — — 22—, =12 ... N :=ia*/? =
( 6) 7 aZ»L Z:ulzl 8’&) bl 1 <~ 9’ n’7 a aw bl

where Z; is tangential to the level surfaces of p, while N is a complex
normal vector field. We decompose any form « as

a=ar+ay=Y_ frdz+0p Ng""!

Similarly, we decompose the d-operator acting on the algebra of forms
Q% (Xo) as

n—1
(47) 9= 5T + 5[\[ = Z ZIdEZ AN +W/\,

i=1
where the vector fields Z; etc. act on forms over X, by acting on the
coefficients where dz;A\ etc denotes the operator acting on forms on X,
obtained by wedging with dz;. The adjoint operator will be denoted by
dz}. Note that the expression for 9 is independent of the ordering of the
operators, since the elements in the corresponding frame of (0, 1)-forms are
O-closed. We denote by A7 and Ay the corresponding Laplace operators,
ie.

Ar = ETE; + E;ET, An = 5N5*N + E*N(F)N,

Recall that « is said to satisfy 0-Neumann boundary conditions if dp’*
applied to o and da vanishes on the boundary of Xy, or equivalently if ax
and (Oa)y vanishes there.

LEMMA 4.6. — Denote by 7;-kand N the formal adjoint operators
of the operators Z;and N acting on Q°*(X). Then
(4.8) Z; = —e0 Zem %0

N = —a"?Na~'/?
Moreover, if the form « has relatively compact support in Xy then for
any form smooth form (3 in X, we have that (5304,,6’) = (a,073) and if
furthermore « satisfies O-Neumann boundary conditions, then (g}kva, 08) =
(o, On ) (in terms of the formal adjoint operators).

Proof. — Tt is clearly enough to prove (4.8) for the action of the
operators on smooth functions with compact support (i.e. we write o = f
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and 3 = g, where f and ¢ are smooth functions with compact support). To
prove the first statement in (4.8) it is, using Leibniz rule, enough to show
that

/ Z4(fge%)(wo)n = 0.
X

But this follows from Stokes theorem since the integrand can be written as
a constant times the form

d(fge*%a*l (/\ dzj N dzj) Adz; A dw A dw),
i

using that Z;(a~') = 0, since Z; is tangential. Similarly, to prove the second
statement in (4.8) it is, using Stokes theorem, enough to observe that

/ d(fge=*a=12(98 |22)"1 A dw) = 0.
X

Indeed, we have that N := —ial/ 2%, so the statement now follows from
Leibniz’ rule. Finally, the last two statements follow from the arguments
above, since the boundary integrals obtained from Stokes theorem vanish. O

LEMMA 4.7. — The 8-Laplacian A acting on Q%*(X,) decomposes as
A=Ar+ Ay.

Proof. — Expanding with respect to the decomposition (4.7) we just
have to show that the sum of the mixed terms

<5N5;“ + 5;51\1) + (E*NET + ETEE)
vanishes. Let us first show that the first term vanishes. Observe that the
following anti-commutation relations hold:

dz; N Op'™* + dp*dz;A = 0.

Indeed, this is equivalent to the corresponding forms being orthogonal.
Using this and the expansion (4.7) we get that
(OnOr + 070y ) = Z[ﬁaij]gﬂ*d@ A

7

But this equals zero since the commutators [N, 7: | vanish, using the
expressions in Lemma 4.6. To see that the second terms vanishes one can
go through the same argument again, now using that the commutators
[N",Z;] vanish. O
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We will call a sequence x; of non-negative functions on Xy a relative
exhaustion sequence if there is sequence of balls Bg, centered at the origin
and exhausting C", such that x; is identically equal to 1 on Bpg, /o and
with support in Bp,. Moreover, if the metric w is such that the sequence
Xi can be chosen to make |dy;| uniformly bounded then (Xj,w) is called
relatively complete. The point is that when (X, w) is relatively complete,
one can integrate partially without getting boundary terms “at infinity”.
For a complete manifold this was shown in [18] and the extension to the
relative case is straightforward.

LEMMA 4.8. — Suppose that (Xo,w) is relatively complete. Then
there is a relative exhaustion sequence y; of Xo such that, if « is a smooth
form in L?(Xy), then

lim(x;Ara, ) = (Opa, dpa) + (Ora, Ora).

Moreover, if o satisfies 0-Neumann boundary conditions on X, then

(4.9) lim(y;Ana, a) = Oy, dya) + (Ona, Iya).

Proof. — Since (X, w) is relatively complete, following Section 1.1 B
in [18] it is enough to prove the statements for a form a with relatively com-
pact support, with x; identically equal to 1 (this is called the Gaffney cutoff
trick in [18]). Assuming this, the first statement then follows immediately
from Lemma 4.6. To prove the second statement we assume that a satisfies
O-Neumann boundary conditions, i.e. ay = (Eoz)N =0 on 0Xy. According
to Lemma 4.6 the first term in the right hand side of (4.9) may be writ-
ten as (OnOya,a), since ay = 0 on Xy by assumption. To show that
the second term may be written as (8y9na, ) we just have to show that
(Ona)y = 0 on X,. To this end, first observe that dya = dyar and
(0a) Ny = Oray + Oyar. Now, by assumption (da)y = 0 on 8X,. Comb-

ing this with the previous two identities we deduce that Onva = —Opan
on 0Xy. But ay = 0 on 0X, and O is a tangential operator, so it follows
that dran = 0 on 0Xg. This proves that (Oya)y = 0 on 9X,. |

Finally, to finish the proof of Proposition 4.1, first observe that the
model metric wy corresponding to a(pg) = (1 — po)? is relatively complete.
Now take an arbitrary form « in H%9(Xo, ¢g). Then (y;Aa,a) = 0 for
each i. Hence, using Lemma 4.7 together with Lemma 4.8 we deduce, after

letting 7 tend to infinity, that

(4.10) 0= ||0ral]® + |07al + |[Onal + |[Fxal”
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In particular, 5;04 vanishes in Xo. If we write ay = dp' A Y., grdz; this
means that
Ngr=0

in X for all 1. Moreover, since « satisfies 9-Neumann boundary conditions,
each function gy vanishes on the boundary of Xj. It follows that gy = 0
in all of Xy. Indeed, let ¢} := a(p)_1/2§1 and consider the restriction of
g7 to the half planes in C obtained by freezing the z;-variables. Then g} is
holomorphic in the half plane, vanishing on the boundary. It is a classical
fact that g} then actually vanishes identically. Moreover, (4.10) also gives
that « is 0-closed and coclosed. This finishes the proof of Proposition 4.1.

5. Contributions from the three boundary regions.

In this section we will estimate the integral of the Bergman function
over the three different boundary regions. The contribution from the inner
part of X was essentially computed in [4].

5.1. The first region.

Recall that the first region is the set where p > —R/k). Fix a point
o in X and take local holomorphic coordinates (z,w), where z is in C"~!
and w = u + iv. By an appropriate choice [8], we may assume that the
coordinates are orthonormal at 0 and that

n—1

(5.1) plz,w) =Y v+ pilzl +O(|(z,w)*) = polz,w) + O(|(z,w) ).
i=1

In a suitable local holomorphic trivialization of L close to the boundary
point o, the fiber metric may be written as

n—1
$(z) = D Nijziz; + O(lw))O(|z]) + O(jwl®) + O(| (2, w) ).

i,j=1
Denote by F}, the holomorphic scaling map
Fr(z,w) = (2/kY? w/k),
so that
X, = Fi(Du k) ﬂX
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is a sequence of decreasing neighborhoods of the boundary point o, where
Dy, denotes the polydisc of radius In k in C". Note that

F Y (Xg) — Xo,

in a certain sense, where X is the model domain with defining function
po- On F; ' (X)) we have the scaled metrics Fj kwy, and Fj k¢ that tend to
the model metrics wg and ¢g on Xy, when k tends to infinity, where

. n—1

(52) wo = %65|Z|2 + a(po)_12i8p0 /\ng and (]50(2’) = Z )\ijziéj,
i,j=1

for a smooth function a(pg) that is positive on | — 0o, 0]. The factor a(po),
and hence the model metric wy, really depends on the number R (used in the
definition of the boundary regions). However, the dependence on R will play
no role in the proofs, since R will be fixed when k tends to infinity. Recall
that the space of model harmonic (0, q)-forms in L?(Xg, wo, ¢o) satisfying
O-Neumann boundary conditions is denoted by H%9(Xg, ¢p).

LEMMA 5.1. — For the component-wise uniform norms on F;, ' (X},)
we have that
I kp = pollse — 0
[Fikwr = wolloe — 0
1F k¢ — dolle — 0

and similarly for all derivatives.

Proof. — The convergence for p and ¢ is straightforward (com-
pare [4]) and the convergence for wy will be showed in Section 5.4 once
wy, has been constructed. O

The Laplacian on F 1(X) taken with respect to the scaled metrics
will be denoted by A®*) and the corresponding formal adjoint of & will be
denoted by 5*(k). The Laplacian on X, taken with respect to the model
metrics will be denoted by Ag. Because of the convergence property of the
metrics above it is not hard to check that

(5.3) AW = A+, Dy,

where Dj. is a second order partial differential operator with bounded
variable coefficients on F}, ' (X},) and ¢y, is a sequence tending to zero with
k. Next, given a (0, q)-form oy on X}, with values in L*, define the scaled
form a'® on F;7'(X},) by

a®) .= F .
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Then
(5.4) Fy ag)? = [a®]?,

where the norm of ay is the one induced by the metrics kwy and k¢ and
the norm of the scaled form a(®) is taken with respect to the scaled metrics
Fykwy, and Fifke. This is a direct consequence of the definitions. Moreover,
the next lemma gives the transformation of the Laplacian.

LEMMA 5.2. — The following relation between the Laplacians
holds:

(5.5) A®G®) = (Agay)®).

Proof. — Since the Laplacian is naturally defined with respect to
any given metric it is invariant under pull-back, proving the lemma. a

In the following, all norms over F;_'(X}) will be taken with respect
to the model metrics wy and ¢g. The point is that these norms anyway
coincide, asymptotically in k£, with the norms defined with respect to the
scaled metrics used above, by the following lemma.

LEMMA 5.3. —  We have that uniformly on F, ' (X})

Filax| ~ |a®)]

lewll, ~ ™l 5o,
Moreover, for any sequence 0}, of wy-orthonormal bases of direction forms
in A%4(X), at Fj(x), there is a bases of wg-orthonormal direction forms
at x, such that the following asymptotic equality holds, when k tends to
infinity:

(k
EY | g7 | ~ [gi|

for each index I.

Proof. — The lemma follows immediately from (5.4) and the con-
vergence of the metrics in the previous lemma. a

Now we can prove the following lemma that makes precise the
statement that, in the large k limit, harmonic forms oy, are harmonic with
respect to the model metrics and the model domain on a small scale close
to the boundary of X.
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LEMMA 5.4. — Suppose that the boundary of X satisfies condition
Z(q) (see Remark 1.2). For each k, suppose that a'®) is a 0-closed smooth
(0,q)-form on F,_*(X},) such that 7" M a®) = 0 and that o satisfies B-
Neumann boundary conditions on F, '(9X). Identify o*) with a form in
L?(C™) by extending with zero. Then there is a constant Cr independent
of k such that

sup ‘a(k)f < C’RHa

(k>H2 )
_ DorNF, " (Xg)®
DrNF (X4). k

Moreover, if the sequence of norms ||a( is bounded, then there

O[5

F (Xg)
is a subsequence of {a(k)} which converges uniformly with all derivatives
on any compactly included set in Xy to a smooth form [3, where ( is in

H"4(Xy). The convergence is uniform on Dg N Fy ' (X).

Proof. — Fix a k and consider the intersection of the polydisc Dg
of radius R with F},*(X},). It is well-known that the Laplace operator A(*)
acting on (0, ¢)-forms is sub-elliptic close to a point z in the boundary
satisfying the condition Z(q) (see [15]). In particular, sub-elliptic estimates
give for any smooth form 3*) satisfying 9-Neumann boundary conditions
on F '(0X) that

(5.6)  [BPIL < Cur(|BP[, +[|A®E®)2 )

where the subscript m indicates a Sobolev norm with m derivatives in
L? and where the norms are taken over F 1(X) with respect to the scaled
metrics. The k-dependence of the constants C}, g comes from the boundary
F'(0X) and the scaled metrics Fjkwy, and F} k¢. However, thanks to the
convergence of the metrics in Lemma 5.1 one can check that the dependence
is uniform in k. Hence, applying the subelliptic estimates (5.6) to a*) we
get

(5.7) |a S CRHa(

OIE k)||?
HDRmF,;l(X), HDzRﬁFk’l(X)

and the continuous injection L?! < C°, 1 > n, provided by the Sobolev
embedding theorem, proves the first statement in the lemma. To prove the

second statement assume that Ha(k)H?,l( is uniformly bounded in k.
k

X)
Take a sequence of sets K,, compactly included in X, exhausting X
when n tends to infinity. Then the estimate (5.6) (applied to polydiscs of
increasing radii) shows that

<!

(5.8) ™%, . < Ch
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Since this holds for any m > 1, Rellich’s compactness theorem yields, for
each n, a subsequence of {oz(k)}, which converges in all Sobolev spaces
L*Y(K,) for | > 0 for a fixed n. The compact embedding L*! — CP, k >
n + %p, shows that the sequence converges in all CP(K,). Choosing a
diagonal sequence with respect to k and n, yields convergence on any
compactly included set K. Finally, we will prove that the limit form (3
is in H(Xp). First observe that by weak compactness we may assume
that the sequence 1x,a®) tends to 3 weakly in L?(C"), where 1x, is the
characteristic function of Xy and 3 is extended by zero to all of C*. In
particular, the form (8 is weakly O-closed in X,. To prove that f is in
H(Xo) it will now be enough to show that

(59) (57577))(0 =0

for any form 7 in Xy that is smooth up to the boundary and with a relatively
compact support in Xg. Indeed, it is well-known that 3 then is in the kernel
of the Hilbert adjoint of the densely defined operator 9. Moreover, the
regularity theory then shows that § is smooth up to the boundary, where
it satisfies O-Neumann boundary conditions (actually this is shown using
sub-elliptic estimates as in (5.6)) [20], [15]. To see that (5.9) holds, we write
the left hand side, using the weak convergence of 1 Xooz(k), as

(5.10) lim(a™®™, 9)x, = lim(a™, ) g1 (x)-

Extending ) to a smooth form on some neighborhood of X in C™ we may
now write this as a scalar product, with respect to the scaled metrics, over
F,;l (X), thanks to the convergence in Lemma 5.1 of the scaled metrics and
the scaled defining function. Since, a(®) is assumed to satisfy d-Neumann-
boundary conditions on F}, ' (9X) and be in the kernel of the formal adjoint
of 9, taken with respect to the scaled metrics, this means that the right
hand side of (5.10) vanishes. This proves (5.9) and finishes the proof of the
lemma. g

The following proposition will give the boundary contribution to the
holomorphic Morse inequalities in Theorem 2.1.

PROPOSITION 5.5. — Let
Ig :=lim sup/ B};’(’kwn.
k —p<Rk-1
Then

1 n
limsup Ir < (—1)’1(—) / / (O +tL)p_1 ANOpAdt
R 2r/ Jox J1(a),.s
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where T(q) o = {t > 0: index(© + t£) = ¢ along T"°(0X),}.

Proof. — We may assume that the boundary of X satisfies condition
Z(q) (compare Remark 1.2). Using the expression (2.1) for the metric wy,
the volume form (wy), may be written as ax(p) " (wr)n_1 A 2i0p A dp.
Hence, I can be expressed as

0
limsup/ (W) n—-1 /\2i6p/ ar(p)~1B% dp.
k ax —R/k

Now, fix a point in the boundary of X and take local coordinates as in
the beginning of the section. To make the argument cleaner we will first
assume that the restriction of p to the ray close to the boundary where z
and the real part of w vanish, coincides with v. Then, after a change of
variables, the inner integral along the ray in the first region becomes

R
(5.11) 1/k/ ax(v/k) " BL  (v/k)dv
0
Moreover, by the scaling properties of the metrics kwy in Lemma 5.1we
have the uniform convergence
kag(v/k) — a(v).
on the segment [0, R] (see also Section 5.4). Thus,

R
Ip = limsup/ (Wr)n—1 A 22'8,0/ a(v) " BLF (v/k)dv
ko Jox 0

Let us now show that
(5.12) (i) BE(0,iv/k) < B%,(0,iv)
(i) BL¥(0,iv/k) < Cg
We first prove (i). According to the extremal property (3.4) it is enough to
show that
(5.13) S48 (0,iv/k) < 8% 4(0,iv)
for any sequence of direction forms 0y, at (0,4v/k) as in Lemma 5.3. Given

this, the bound (5.12) is obtained after summing over the base elements
0). To prove (5.13) we have to estimate

|ak,9k (07iv/k‘2,

where ay, is a normalized harmonic form with values in L* that is extremal
at (0,4v/k) in the direction 6. Moreover, it is clearly enough to estimate
some subsequence of . By Lemma 5.3 it is equivalent to estimate

‘a(k) 0, w)| ,
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where the scaled form a(*) is defined on F, '(X}) and extended by zero to
all of Xg. Note that, according to Lemma 5.3 the norms of the sequence of
scaled forms o®) are asymptotically less than one:

(5.14) o™y ~ flow %, <1,

since the global norm of «j is equal to one. Hence, by Lemma 5.4 there is
a subsequence a(¥7) that converges uniformly to 8 with all derivatives on
the segment 0 < v < R in X and where the limit form 3 is in H%9 (X, ¢o)
and its norm is less than one (by (5.14)). This means that
|ak0(0,iv/k)|* ~ a0, 0)[* ~ | 850, v)|*.

Since the limit form 3 is a contender for the model extremal function
5%,.6(0), this proves (5.13), and hence we obtain (i). To show (ii), just
observe that Lemma 5.4 says that there is a constant C'z such that there

is a uniform estimate
|a(k)(0,iv)’2 < Ck.

By the extremal characterization (3.4) of Bg(’k this proves (ii). Now using
(5.21) and Fatou’s lemma to interchange the limits, Iz may be estimated
by

(5.15) /aX /Ooo B, (0,iv)(wo)n,

in terms of the model metric wy on Xy. By Theorem 4.5 this equals
(-1 [ [ @00+ 00p0)acs n0p A
2m ax JT(q)

This finishes the proof of the proposition under the simplifying assumption
that the restriction of p to the ray introduced above, coincides with the
restriction of v. In general this is only true up to terms of order O |(z, w)|*,

given the expression (5.1). To handle the general case one writes the integral
(5.11) as

(5.16) l/k/ axrBL* dv,
Iy

where [j is the inverse image under Fj, of the ray. Clearly, I} tends to the
segment [0, R] in X obtained by keeping all variables except v equal to
zero. Moreover, since the sequence a%i) above converges uniformly with
all derivatives on Dr N F)~ 1(X}) it forms an equicontinuous family, so the
same argument as above gives that (5.16) may be estimated by (5.15). This
finishes the proof of the proposition. O
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5.2. The second and third region.

Let us first consider the second region, i.e. where —1/1@1/2 < p <
—R/k. Given a k, consider a fixed point (0,iv) = (0,ik~*), where 1/2 < s <
1. Any point in the second region may be written in this way. Let (2/,w’)
be coordinates on the unit polydisc D. Define the following holomorphic
map from the unit polydisc D to a neighborhood of the fixed point:

1
Fk’5(217wl) — (k—l/QZI7 ks 4 5k—sU}/)
so that
Xk:,s = Fk,s(D)a

is a neighborhood of the fixed point, staying away from the boundary of X.
On D we will use the scaled metrics Fy kwy, and kFy (k¢ that have bounded
derivatives and are comparable to flat metrics in the following sense:

Clwp < F,j:skwk < Cuwg
Frke| <
where wg is the Euclidean metric. Note that the scaling property of wy is

equivalent to

(5.18) Ckp? < arlp) < Ckp®.

(5.17)

These properties will be verified in Section 5.4 once wy is defined. The
Laplacian on D taken with respect to the scaled metrics will be denoted by
A®¥%) and the Laplacian on X, taken with respect to the model metrics
will be denoted by Ag. Next, given a (0, g)-form «ay on X with values in
LF, define the scaled form a®) on D by
alks) .= Fy; s

Using (5.17) one can see that the following equivalence of norms holds:
o-1 |a(k,s)|2 < F;?,s |ak‘2 < C |a(k,s)|2

_ $) 12 2 ,8) |12
CHa®, < danlly, < Clla®™ [}
In the following, all norms over Fy 51 (Xk,s) will be taken with respect to
the Euclidean metric wg and the trivial fiber metric.

(5.19)

PROPOSITION 5.6. — Let
Il := limsup/ Bg(’k(wk)n.
k Rk_1<7p<k_1/2
Then
limIIgp = 0.
im I
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Proof. — Fix a k and a point (0,iv) = (0,ik~*), where sisin [1/2,1].
From the scaling properties (5.18) of wy, it follows that at the point (0, ik ~*)
wy < CkZs=Dyn,

Next, observe that

(5.20) BL¥(0,ik™*) < C.

Accepting this for the moment, it follows that
BY*(0,iv)wl < Ck™ o 2w",

since we have assumed that v = k7°. Hence, the integral in Iz may be
estimated by

—Rk™?!
Ckt / v 2dv = CkY (R 'k — kY/?)
o0X —k—1/2

which tends to CR™! when k tends to infinity. This proves that ITr tends
to zero when R tends to infinity, which proves the proposition, given (5.20).

Finally, let us prove the claim (5.20). For a given k consider the point
(0,ik~*) as above. As in the proof of the previous proposition we have to
prove the estimate

(5.21) | (0,ik~*)> < C,

where oy is a normalized harmonic section with values in LF that is
extremal at (0,7k~*). By the equivalence of norms (5.19), it is equivalent
to prove

oo

<G,

where the scaled form a(¥*) is defined on D. Note that, according to (5.19)
s) 112 2

(5:22) a2l ~ flallx, <,

since the global norm of «; is equal to 1. Moreover, a simple modification

of Lemma 5.2 gives
A8 o (kss) —

on D. Since A%%) is an elliptic operator on the polydisc D, inner elliptic
estimates (i.e. Gparding’s inequality) and the Sobolev embedding theorem
can be used as in [4] to get

a®0)7 < Ca® |,

where the constant C' is independent of k and s thanks to the equivalence
(5.17) of the metrics. Using (5.22), we obtain the claim (5.21). O
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Let us now consider the third region where —¢ < p < —k~1/2.

PROPOSITION 5.7. — Let

111, := / B (wi)n.
k=1/2<—p<e

Then
I1I. = O(e).

Proof. — We just have to observe that
(5.23) k~"BY* < C,

when p < —k~1/2. This follows from inner elliptic estimates as in the proof
of the previous proposition, now using s = 1/2 (compare [4]). O

5.3. End of the proof of Theorem 2.1
(the weak Morse inequalities).

First observe that

G20 [ s s ()]

2w
: / / dt(09¢ + tddp)" 1 A dp + ole).
0X JT(q)

Indeed, for a fixed R we may write the limit of integrals above as the sum
Ir + IIg + I11.. Letting R tend to infinity and using the previous three
propositions we get the estimate above. Moreover, we have that

(5.25) /. By /. @y

€

where X, denotes the set where —p is larger than e. This follows from the
estimates

- B

BlFw, < (QL) (—1)%1x(y)(099), and BL* < Cin X,

™
proved in [4] (compare (5.23) for the uniform estimate). Finally, writing
dimc H%9(X, L¥) as the sum of the integrals in (5.24) and (5.25) and letting
€ tend to zero, yields the dimension bound in Theorem 2.1 for the space of
harmonic forms. By the Hodge theorem we are then done.
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5.4. The sequence of metrics wy..

In this section the metrics wy will be defined and their scaling
properties, that were used above, will be verified. Recall that we have to
define a sequence of smooth functions a; such that the metrics

wi = wr + ax(p)2idp A dp,

have the scaling properties of Lemma 5.1 in the first region and satisfy
(5.17) in the second region. First observe that the tangential part wr clearly
scales the right way, i.e. that Fj'kwr tends to %85|z|2. Indeed, since the
coordinates (z,w) are orthonormal at 0 the forms wr and £00 |2|? coincide
at 0. Since %85\z|2 is invariant under F;'k the convergence then follows
immediately. We now consider the normal part of wy and show how to
define the functions aj. Consider first the piecewise smooth functions ay
where ay, is defined as R?/k in the first region, as kp?, in the second region
and as 1 in the third region and on the rest of X. Then it is not hard to
check that ay satisfies our demands, except at the two middle boundaries
between the three regions. We will now construct ay as a regularization of
—~ . . — ~2 ~ .
ax. To this end we write ay = kb, , where by is defined by

RE~', —p < Rk7!

_ -1 _ —-1/2

p, RE=' < —p<k

k‘_l/2, —p < k.—l/2
in the three regions. It will be enough to regularize the sequence of contin-
uous piecewise linear functions by. Decompose by as a sum of continuous
piecewise linear functions

g R~ k ]. g 1/2
bi(=p) = 2 bik (*EP) + iz bek (=K ),
where Fl;l’k is determined by linearly interpolating between
b1x(0) =1, bip(1) =1, bi(k2/R) =0, bix(c0) =0
and 527;C is determined by
Eg’k(O) =0 ’Eg’k(Rk_l/Q) =0 52’]6(1) =1 gg,k(oo) =1.

Now consider the function by obtained by replacing Fl;Lk and ’52_’]6 with the
continuous piecewise linear functions b; and by, where b; is determined by

bi(0) =1, bi(1/2) =1, bi(1) =0, by(c0) =0,
and by is determined by
b2(0) =0, ba(1) =1, b(co)=1.
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Finally, we smooth the corners of the two functions b; and b,. Let us now
show that the sequence of regularized functions by scales in the right way.
In the first region we have to prove that Lemma 5.1 is valid, which is
equivalent to showing that there is a function by such that

(5.26) lebi (/) — bo

with all derivatives, for ¢ such that 0 < ¢ < Rlnk. From the definition we
have that

(5.27) kb (t/k) = Rbi(t/R) + t,

which is even independent of k, so (5.26) is trivial then. Next, consider
the second region. To show that (5.17) holds we have to show that,
for parameters s such that 1/2 < s < 1, the t-dependent functions
kSb(1/k* +t/2k®) (where |t| < 1) are uniformly bounded from above and
below by positive constants and have uniformly bounded derivatives. First
observe that in the second region the sequence of functions may be written
as

ks—1/2b2(1/k,1/2—s + t/2k1/2_s),

and it is not hard to see that it is bounded from above and below by positive
constants, independently of s and k. Moreover, differentiating with respect
to t shows that all derivatives are bounded, independently of s and k. All in
all this means that we have constructed a sequence of metrics wy with the
right scaling properties. In particular, (5.27) shows that the factor a=1(po)
in the model metric wy (5.2) satisfies

Cr'(1=po) 2 <a Y po) < Cr(1—po)~°

for some constant C'z depending on R.

ANNALES DE IINSTITUT FOURIER



MORSE INEQUALITIES 1085

Part II. THE STRONG MORSE INEQUALITIES
AND SHARP EXAMPLES.

6. The strong Morse inequalities.

We will assume that the boundary of X satisfies condition Z(q)
(compare Remark 1.2) and use the same notation as in Section 1. Let
ur be a sequence tending to zero. Denote by Hgﬂk
by the (0, ¢)-eigen forms of the Laplacian A, with eigenvalues bounded by
.- The forms are assumed to satisfy O-Neumann boundary conditions and
they will be called low energy forms. Since we have assumed that condition
Z(q) holds, this space is finite dimensional for each k [15]. Recall that the
Laplacian is defined with respect to the metric kwy, so that the eigenvalues

corresponding to uy are multiplied with k if the metric wy is used instead.

(X) the space spanned

We will first show that the weak holomorphic Morse inequalities are
equalities for the space Hggk (X) of low energy forms. When X has no
boundary this yields strong Morse inequalities for the truncated Euler
characteristics of the Dolbeault complex with values in LF. However,
when X has a boundary one has to assume that the boundary of X has
either concave or convexity properties to ensure that the corresponding
cohomology groups are finite dimensional, in order to obtain strong Morse

inequalities.

The Bergman form for the space H2? (X) defined as in Section 3

<K
will be denoted by B, . By L2,(X) we Willlcicenote the Sobolev space with
m derivatives in L?(X) and a subscript m on a norm will indicate the
corresponding Sobolev norm. The essential part in proving that we now
get equality in the weak Morse inequalities is to show that the estimate
on the Bergman form (5.12) in the proof of Proposition 5.5 becomes an
asymptotic equality, when considering low energy forms. The rest of the

argument is more or less as before.

Let us first prove the upper bound, i.e. that the low energy Bergman

form BZ

<u, 1s asymptotically bounded by the model harmonic Bergman

form.

PROPOSITION 6.1. — We have that
Bq (O,iv/k) S BX079(0,U)

<pk, Ok
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q

and the sequence B¢,

(0,4iv/k) is uniformly bounded in the first region.

Proof. — Let oy be a sequence of normalized forms, such that ay
is an extremal for the Hilbert space Hg’gk (X) at the point (0,4v/k) in the
direction 6. In the following all norms will be taken over F, '(X). Observe
that by the invariance property in Lemma 5.2 of the Laplacian, the scaled
form o) satisfies

(6.1) [(A®Pa®||? < 2P — 0
for all positive integers p. Let us now show that
(6.2) A0~ 0

for all non-negative integers m. First observe that (A®))Pa(*) satisfies 0-
Neumann boundary conditions for all p. Indeed, by definition all forms in
the space He,, (Xo) satisfy d-Neumann boundary conditions and since A
preserves this space, the forms (A)Pqy, also satisfy 0-Neumann boundary
conditions for all p. By the scaling of the Laplacian this means that the
forms (A®)Pa(k) satisfy 9-Neumann boundary conditions with respect to
the scaled metrics. Now applying the subelliptic estimates (5.6) to forms
of the type (A*))Pa(*) one gets , using induction, that

m+1
[ARaML <0 37 [a®)a®]
j=1

Combining this with (6.1) proves (6.2). Now the rest of the argument
proceeds almost word for word as in the proof of the claim (5.12) in the
proof of Proposition 5.5. The point is that the limit form 3 will still be in
H(Xp), thanks to (6.1). O

q,k

Let us now show how to get the corresponding reverse bound for B2, .

We will have use for the following lemma.

LEMMA 6.2. — Suppose that § is a normalized extremal form for
H (X, ¢o) at the point (0,ivg) in the direction 6. Then

1
(6.3) ‘/6’9(0,1'110)|2 = —/ Byo(z, 2)e”"b(t) " dt
A Jr ()

with notation as in Lemma 4.4. Moreover, 3 is in L2 (X) for all m.

Proof. — Let xg be the point (0,ivp) in Xy. Since 3 is extremal we
have, according to Section 3, that |ﬂ9(07iv0)|2 = Bx,.0(0,iv9), which in
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turn gives (6.3) according to Lemma 4.4. To prove that 3 is in L2, (Xg) for
all m, we write 3 as

Blz,w)= | Bi(z)ei ' dt,

T(q)
in terms of its Fourier transform as in Section 4. Recall that we have
assumed that condition Z(g) holds on the boundary of X, so that T'(q)
is finite. Using Proposition 4.3 we can write

g2, =om [l Ao

where 97 denotes the complex partial derivatives taken with respect to
z;and Zz; for ¢ and j in the multi index set I and J, respectively. Since, by
assumption, 3 is in L?(Xy) the integral converges for [ = 0 with I and J
empty. Now it is enough to show that f; is in L2,(C™ typ + ¢) for all t and
positive integers m. To this end we will use the following generalization
of (3.3):

(6.4) [Ke 0 (v)|* = 18(y)|” Bo(x)

if 4 is an extremal form at the point z, in the direction 6 (compare [5]). By
Lemma 4.4 the Fourier transform of K, g evaluated at ¢ is proportional to
K. 9.+ where K, ¢, is the Bergman kernel form for the space HO(CL tp+
@) at the point z (and = (z,w)) in the direction . In [4] it was essentially
shown that K, g is in L2 (C", ) + ¢) (more precisely: the property was
shown to hold for the corresponding extremal form). Hence, the same thing
holds for @7 according to (6.4), which finishes the proof of the lemma. O

Now we can construct a sequence «j of approximate extremals for
the space H¢p,x(X) of low energy forms.

LEMMA 6.3. — For any point zo = (0,ive/k) and direction form
0 in the first region there is a sequence {ay} and direction forms 6jsuch
that ay, is in Q%9(X, L¥) and

(i) |a,0,(0,3v0/k)[* ~ Bxq,0(0,ivo)
(i) [Jokl% ~1

(iit) @+0""

(iv) (Aak, ar)x < olla|?

where 6y, is a sequence, independent of xgy, tending to zero, when k
tends to infinity. Moreover, oy, satisfies 0-Neumann boundary conditions
on 0X N F,;l(D), where D is a polydisc in C"centered at 0.

Jat 7, ~ 0
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Proof. — Consider a sequence of points xg , that can be written as
(0,4v9/k) in local coordinates as in Section 5.1. Let us first construct a
form «y, with the properties (i) to (iv). It is defined by

o = (F)" (xaB)

where xi(z,w) = x(z/Ink,w/Ink) for x a smooth function in C™ that
is equal to one on the polydisc D of radius one centered at 0, vanishing
outside the polydisc of radius two and where (3 is the extremal form at the
point (0,vp) in the direction 6 from the previous lemma. The definition of
«y, is made so that

a® =y,

We have used the fact that the form 8 extends naturally as a smooth form
to the domain X5 with defining function pg — §, to make sure that «y is
defined on all of X. The extension is obtained by writing § in terms of its
Fourier transform with respect to ¢ as in the proof of the previous lemma:

plew) = | Bt
q

In fact, the right hand side is defined for all w since we have assumed that
condition Z(g) holds on the boundary so that T'(g) is finite. Note that the
L2, -norm of 3 over X; tends to the L2 -norm of 3 over Xy when § tends to
zero, as can be seen from the analog of Proposition 4.3 on the domain Xj.
Indeed, the dependence on § only appears in the definition of b(t), where
the upper integration limit is shifted to 0. Now the statements (i) and (ii)
follow from the corresponding statements in the previous lemma. To see
that (iii) holds, first observe that

5*(}9) _ 5*0 + EkD,

where D is a first order differential operator with bounded coefficients
on the ball By, (0) and e is a sequence tending to zero. Indeed, this
is a simple modification of the statement (5.3). Moreover, by construction

0+ 5*0)5 = 0. Hence, Leibniz rule gives

’|(5+5*(k))a(k)|| < 6k 11811, + llldxx| Bl -

The first term tends to zero since 3 is in L?(X() and the second terms tends
to zero, since it can be dominated by the “tail” of a convergent integral.
The estimates for m > 1 are proved in a similar way (compare [4]). Finally,
to prove (iv) observe that by the scaling property (5.5) for the Laplacian

(Aag,ap)x = |l(5+5*)ak”§( - ||(5+5*(k))a‘k)\|~
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By (i), the norm of oy |% tends to one and the norm in the right hand
side above can be estimated as above. To see that §;, can be taken to be
independent of the point z j in the first region, one just observes that the
constants in the estimates depend continuously on the eigenvalues of the
curvature forms (compare [4]). Finally, consider a polydisc D in C™ with
small radius. We will perturb oy, slightly so that it satisfies 9-Neumann
boundary conditions on dX N F, (D) while preserving the properties (i)
to (iv). Recall that a form d-closed form 7, satisfies 9-Neumann boundary
conditions on 90X if

(65) gp*nk =0,

where 8_p* is the fiber-wise adjoint of the operator obtained by wedging with
the form Jp, and where the adjoint is taken with respect to the metric wy
on X. Equivalently,

FhpW k) =,

where the adjoint is taken with respect to the scaled metrics. By construc-
tion we have that a(¥) is 0-closed on F}, '(D) and

(6.6) Apla®) =0,
where now the adjoint is taken with respect to the model metrics. Let
u) = _g(kp(k)gkp(k)*a(k))

and let @) := o) 4+ xyu® where y is the cut-off function defined above.
Then, using that p vanishes on X, we get that the d-closed form a*)
satisfies the scaled 9-Neumann boundary conditions, i.e. the relation (6.5)
on dX. Moreover, using that kp(¥) converges to p with all derivatives on a
fixed polydisc centered at 0 (Lemma 5.1) and (6.6) one can check that u(®)
tends to zero with all derivatives in Xs. Finally, since xyu(®) is supported
on a bounded set in X5 and converges to zero with all derivatives it is
not hard to see that oy also satisfies the properties (i) to (iv), where

Gk = F M (ak), 0

By projecting the sequence oy of approximate extremals, from the
previous lemma, on the space of low energy forms we will now obtain the

following lower bound on BZ ,, .

PROPOSITION 6.4. — There is a sequence uy, tending to zero such that

limkinqu (0,3v/k) = Bx,(0,v)g.

<pke, Ok
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Proof. — The proof is a simple modification of the proof of Proposi-
tion 5.3 in [4]. Let {ax} be the sequence that the previous lemma pro-
vides and decompose it with respect to the orthogonal decomposition
Q%(X,L*) = HL, (X, LF) ® HY,, (X, L"), induced by the spectral de-
composition of the subelliptic operator A [15]:

ap = a1, + Q2 k.
First, we prove that
(6.7) hlgn\agk’(o,i@f —0.

Since aék)

= oF) — ozgk) the form agk) satisfies 0-Neumann boundary
conditions on the intersection of the polydisc D with Fj '(9X), using
Lemma 6.3. Subelliptic estimates as in the proof of Lemma 6.1 then show

that
2 2 2
6.8) (a7 < € (a8 Dm0y + 1AD)E o ) )

for some large integer m. To see that the first term in the right hand

side tends to zero, we first estimate Haék with ||ak,2||§< using

)2

HDﬂFk_l(X)
the norm localization in Lemma 5.3. Next, by the spectral decomposition
of Aki

2 1 1 Ok 2
llooklly < i (Apagk,ak) ¢ < m (Apag, ap) y < i lloelly

using property (iv) in the previous lemma in the last step. By property (ii)
in the same lemma [|ay||% is asymptotically 1, which shows that the first
term in (6.8) tends to zero if the sequence puy is chosen as 5,1/2, for example.
To see that the second term tends to zero as well, we estimate

@), < @D, + AW,

The first term in the right hand side tends to zero by (iii) in the previous
lemma and so does the second term, using (6.2) (that holds for any
scaled sequence of forms in H%, (X, L*)). This finishes the proof of the
claim (6.7). Finally,

lim inf BY,, (0, iv/k)g, > o1k (0)]5,
and
lim inf ek, 1,6, (0)* > B, 0(0,v) +0,
when k& tends to infinity, using (6.7) and (i) in the previous lemma. O

ANNALES DE IINSTITUT FOURIER



MORSE INEQUALITIES 1091

Now we can prove that the Morse inequalities are essentially equalities
for the space H%J (X, L*) of low-energy forms. But first recall that

Sk

’Hg’gk (X, L*) depend on a large parameter R, since the metrics wy depend
on R.
THEOREM 6.5. — Suppose that X is a compact complex manifold

with boundary satisfying condition Z(q). Then there is a sequence iy
tending to zero such that the limit of k=" dim HZ’Sk (X, L*) when k tends
to infinity is equal to

(-1)(1(%)"(/){@ 6n+./ax /ﬂq)pﬂ(@ﬂﬁ)nﬂamdt) +er

where the sequence g tends to zero when R tends to infinity.

Proof. — The proof is completely analogous to the proof of Theorem
6.5. In the first region one just replaces the claim (5.12) in the proof of
Proposition 5.5 by the asymptotic equality for BZ , (0,4v/k)g, obtained by
combing the Propositions 6.1 and 6.4. Moreover, a simple modification of
the proof of Proposition 6.1 shows that there is no contribution from the
integrals over the second and third region, when R tends to infinity, as

before. Finally, the convergence on the inner part of X was shown in [4].0

Recall that the Dolbeault cohomology group H%4(X, L*) is isomor-
phic to the space of harmonic forms, which is a subspace of Hzﬁk (X, LF).
Hence, the previous theorem is stronger than the weak Morse inequalities
for the dimensions h?(L*) of H%(X, L¥) (Theorem 2.1). When X has no
boundary Demailly showed that, by combining a version of Theorem 6.5
with some homological algebra, one gets strong Morse inequalities for the
Dolbeault cohomology groups. These are inequalities for an alternating sum
of all h*(LF) when the degree i varies between 0 and a fixed degree ¢ [9].
In fact, a variation of the homological algebra argument yields inequalities
for alternating sums when the degree i varies between a fixed degree ¢ and
the complex dimension n of X (the two versions are related by Serre dual-
ity). However, when X has a boundary one has to impose certain curvature
conditions on 0X to obtain strong Morse inequalities from Theorem 6.5.
Indeed, to apply the theorem one has to assume that X satisfies condition
Z (1) for all degrees i in the corresponding range. In particular the corre-
sponding dimensions will then be finite dimensional so that the alternating
sum makes sense. Now, to state the strong holomorphic Morse inequalities
for a manifold with boundary, recall that the boundary of a compact com-
plex manifold is called g-convex if the Levi form £ has at least n—q positive
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eigenvalues along T1°(0X) and it is called g-concave if the Levi form has
at least n — ¢ negative eigenvalues along T1°(9X) (i.e. X is g-convex
“from the inside” precisely when it is g-concave “from the outside”). We
will denote by X (> ¢) the union of all sets X (i) with ¢ > ¢ and T'(> ¢),.»
is defined similarly. The sets X (< ¢) and T(< ¢),,» are defined by putting
i < ¢ in the previous definitions. Finally, we set

Ly = (%)”(/x(;q) ®n+/ax /T@q)m(@—i—tﬁ)nl/\ap/\dt)

and define I,,_1_4 similarly.

THEOREM 6.6. — Suppose that X is an n-dimensional compact

manifold with boundary. If the boundary is strongly g-convex, then

F S0 (-1 (LF) < Lgk™ + o(k™).

1=q
If X has strongly g-concave boundary, then
n—1—q
> (=D)TIR(LF) < Tep1-gk™ + o(K™).
i=0

Proof. — First note that if X is g-convex, then 0X satisfies condi-
tion Z(i) for ¢ such that n — ¢ < ¢ < n. Similarly, if 90X is g-concave, then
0X satisfies condition Z(i) for ¢ such that 0 < ¢ < n — ¢ — 1. The proof
then follows from Theorem 6.5 and the homological algebra argument in
[9], [10]. See also [7] and [22]. |

6.1. Strong Morse inequalities on open manifolds.

One can also define g-convexity and g-concavity on open manifolds
following Andreotti and Grauert [2]. First, one says that a function p is
g-convex if i00p has at least n — ¢ + 1 positive eigenvalues. Next, an open
manifold Y is said to be g-convex if it has an exhaustion function p that is
g-convex outside some compact subset K of Y. The point is that the regular
sublevel sets of p are then g-convex considered as compact manifolds with
boundary. The extra positive eigenvalue occurring in the definition of ¢-
convexity for an open manifold is needed to make sure that i99p still has
at least n — ¢ positive eigenvalues along a regular level surface of p. Finally,
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an open manifold Y is said to be g-concave if it has an exhaustion function
p such that —p is g-convex outside some compact subset K of Y.

Now, by Remark 1.3, Theorem 6.6 extends to any g¢-convex open
manifold Y with a line bundle L if one uses the usual Dolbeault cohomology
HY*(Y,L¥) (or equivalently the sheaf cohomology H*(Y,O(LF)) and the
curvature integrals are taken over a regular level surface of p in the
complement of the compact set K. However, for a g-concave open manifold
Y one only gets the corresponding result if n — ¢ — 1 is replaced with
n — q — 2. Indeed, by Remark 1.3 one has to make sure that condition
Z(i+1) holds for the highest degree i occurring in the alternating sum. In
this form the g-convex case and g-concave case was obtained by Bouche [7]
and Marinescu [22], respectively, under the assumption that the curvature
of the line bundle L is adapted to the curvature of the boundary of X
in a certain way. Comparing with Theorem 6.6 their assumptions imply
that the boundary integral vanishes. There is also a very recent preprint
[23] of Marinescu where strong Morse inequalities on a g-concave manifold
with an arbitrary line bundle L are obtained. However, the corresponding
boundary term is not as precise as the one in Theorem 6.6 and in Section 7
we will show that Theorem 6.6 is sharp.

Note that since the curvature integrals are taken over any regular
level surface of p in Y one expects that I(> ¢) and I(< n — 1 — ¢q) are
independent of the level surface. This is indeed the case (see Remark 7.4).

6.2. Application to the volume of semi-positive line bundles.

Now assume that X is a strongly pseudoconcave manifold X with a
semi-positive line bundle L (i.e. the Levi form £ is negative along T19(0X)
and the curvature form of L is semi-positive in X). The case of pseudocon-
cave surfaces has been recently studied in [18, 13], by different methods.
When the dimension of X is at least three, the strong Morse inequalities
give a lower bound on the dimension of the space of holomorphic sections
with values in L*. Namely, h°(LF) is asymptotically bounded from below
by

(6.9) (%)n(/m))@" /E)X/T(gl)(®+t£)n_1/\8p/\dt)k”+h1(Lk)+o(k").

In particular, if the curvatures are such that the coefficient in front of k™ is
positive, then the dimension of H%(X, L¥) grows as k™. In other words, the
line bundle L is big then. For example, this happens when the curvature
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forms are conformally equivalent along the complex tangential directions,
i.e. if there is a function f on X such that

(6.10) L=-fO

when restricted to T9°(0X) @ T®1(9X). In fact, by multiplying the
original p by f~! we may and will assume that f = 1. The lower bound
(6.9) combined with the upper bound from the weak Morse inequalities
(Theorem 2.1) then gives the following corollary.

COROLLARY 6.7. — Suppose that X is a strongly pseudoconcave
manifold X of dimension n > 3 with a semi-positive line bundle L. Then
if the curvature forms are conformally equivalent at the boundary

RO(LF) = k”(i)n(/ O, + l/ (i08p)n-1 N i0p) + ok").

2m X n Jox

When L is positive, the conformal equivalence in the previous corol-
lary says that the symplectic structure on X determined by L is compatible
with the contact structure of 0X determined by the complex structure, in
a strong sense (compare [13]) and the conclusion of the corollary may be
expressed by the formula

(6.11) Vol(L) = Vol(X) + %Vol(aX)

in terms of the symplectic and contact volume of X and X, respec-
tively (where the volume of a line bundle L is defined as the lim sup of
(2m)"k~"h%(L*) [21]). The factor i in the formula is related to the fact
that if (X, ,da) is a 2n-dimensional real symplectic manifold with bound-
ary, such that « is a contact form for 0.X,, then, by Stokes theorem, the
contact volume of 90X divided by n is equal to the symplectic volume of
X4. In fact, this is how we will show that (6.11) is compatible with hole
filling in Section 7.1.

7. Sharp examples and hole filling.

In this section we will show that the leading constant in the Morse
inequalities 6.5 is sharp. When X is a compact manifold without boundary,
this is well-known. Indeed, let X be the n-dimensional flat complex torus
C™/Z™ +iZ"™ and consider the Hermitian holomorphic line bundle Ly over
T™ determined by the constant curvature form

O = Z %/\Zdzl A Ei,

i=1
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where \; are given non-zero integers [17]. Then one can show (see the
remark at the end of the section) that

1
(71) Bq(x) = _an(q) |detw @l,
s

where 1x ) is identically equal to one if exactly g of the eigenvalues \; are
negative and equal to zero otherwise. This shows that the leading constant
in the Morse inequalities on a compact manifold is sharp.

Let us now return to the case of a manifold with boundary. We let
X be the manifold obtained as the total space of the unit disc bundle in
the dual of the line bundle L, (where L, is defined as above) over the
torus T7"~1, where p; are n — 1 given non-zero integers. Next, we define
a Hermitian holomorphic line bundle over X. Denote by 7 the natural
projection from X onto the torus 77~ !. Then the pulled back line bundle
m*Ly is a line bundle over X. The construction is summarized by the
following commuting diagram
7T*L)\ L)\
! 1
X = L, — Tt

Let h be the positive real-valued function on X, defined as the restriction
to X of the squared fiber norm on L},. Then p := Inh is a defining function
for X close to the boundary and we define a Hermitian metric w on X by

w= %aéw + %h’lah A h

extended smoothly to the base T~ ! of X. The following local description
of the situation is useful. The part of X that lies over a fundamental domain
of T"~1 can be represented in local holomorphic coordinates (z,w), where
w is the fiber coordinate, as the set of all (z,w) such that

n—1
Az w) = wexp(+ Y s |) <1
i=1
and the fiber metric ¢ for the line bundle 7* L) over X may be written as
n—1
Bz, w) =D Nzl
i=1

The proof of the following proposition is very similar to the proof of
Theorem 4.5, but instead of Fourier transforms we will use Fourier series,
since the R-symmetry is replaced by an S'-symmetry (the model domain
Xy in Section 4 is the universal cover of X defined above).
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THEOREM 7.1. — Let J(q) be the set of all integers j such that the
form 00¢ + j 88p has exactly q negative eigenvalues Then

(7.2) ( ) 3 det, 83¢+]86p)) (j + 1)hi.
j€J(q)
In particular, the dimensjon of H%4(X,7*Ly) is given by

(7.3) QW /8 ; > (906 + jOOp)n_1 A Dp

jeJ(a@)
and the limit of the dimensions of H*9(X, (7*Ly)*) divided by k™ is

N _
(7.4) (%) /8X / p(q)(aaqs +t80p)n_1 A Ip A dt.

Proof. — First note that if «; is a form on 771 with values in

LfL ® Ly, then
= Z a;(z)w’
j=0

defines a global form on X with values in 7* L. The proof of Proposition 4.1
can be adapted to the present situation to show that any form « in
H™(X, ¢) is of this form with oy in HO¢(T"!, L] ® Ly). Actually, since
X is a fiber bundle over 77! with compact fibers one can also give a
somewhat simpler proof. For example, to show that « is tangential one
solves the O- equation along the fibers of closed discs in order to replace
the normal part ay with an exact form. Then using the assumption the
« is coclosed one shows that the exact form must vanish. The details are
omitted. We now have the following analog of Proposition 4.3 for any « in

H*I(X, ¢)
1
(7.5) (o, 0) =21 Y (aj, )by, bj:/o (r?)rdr =1/2(j + 1)~

J
in terms of the induced norms. To see this, one proceed as in the proof
of Proposition 4.3, now using the Taylor expansion of a. Writing ¢ (z) =
Zz s |2i|* and restricting z to the fundamental region of 7" we get
that (o, @) is given by

~6() (L o552 G0 pdrdd
Oé (& z e rar .
/|w2<e e Z ‘ (2 | ‘ )n—l

Now using Parceval’s formula for Fourier series in the integration over 6

this can be written as
o= ¥(2)/2

2”2/@;’(2”2 6_¢(z)(%85|2|2) lew(Z)/O (r?) rdr.
7 s n—
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Finally, the change of variables ' = e¥(*)/2 in the integral over r gives a
factor e~7¥(2) and the upper integration limit becomes 1. This proves (7.5).

As in the proof of Theorem 4.5 we infer that Bx may be expanded as
Bx Z Bj(2)hib; ",

where Bj is the Bergman function of the space H™4(T""* L] ® Ly).
According to (7.1), we have that

Bi(2) = (5=) " G [detuli(@D6 + j00p))|.

where J(q) = {j : index(00¢ + jOIp) = q}and where the sequence §; s(q)
is equal to 1 if j € J(q) and zero otherwise. Thus, (7.2) is obtained.
Integrating (7.2) over X gives

_ —1
/BXW"_%/W 123 88|z| / d9/ ) rdrb; "

The integral over the radial coordinate r is cancelled by bj_1 and we may
write the resulting integral as

Biw,_ 1/\28,0— — / 0P + jOOP)n_1 A Op.
/ax Z ! 27T ox g(:q)

Hence, (7.3) is obtained. Finally, applying the formula (7.3) to the line
bundle (7*Ly)* = 7*(L%) shows, since the curvature form of 7*(L%) is
equal to kO0¢, that

-n q,k — L " ) l ) n—ll
K /XBX wn= (o) /eaxg(aamkaap) LA,

where the sum is over all integers j such that 99¢ + %85/) has exactly ¢
negative eigenvalues. Observe that the sum is a Riemann sum and when &
tends to infinity we obtain (7.4). O

Note that since the line bundle 7* L) over X is flat in the fiber direc-
tion the integral over X in (1.2) vanishes. Hence, the theorem above shows
that the holomorphic Morse inequalities are sharp. The most interesting
case covered by the theorem above is when the line bundle 7* Ly (simply
denoted by L) over X is semi-positive, and positive along the tangential
directions, and X is strongly pseudoconcave. This happens precisely when
all \; are positive and all u; are negative. Then, for n > 3, the theorem
above shows that the dimension of H%!(X, L*) grows as k™ unless the cur-
vature of L is a multiple of the Levi curvature of the boundary, i.e. unless
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A and p are parallel as vectors. This is in contrast to the case of a manifold
without boundary, where the corresponding growth is of the order o(k™) for
a semi-positive line bundle. Note that the bundle L above always admits a
metric of positive curvature. Indeed, the fiber metric ¢ + eh on L can be
seen to have positive curvature, if the positive number ¢ is taken sufficiently
small. However, if A and p are not parallel as vectors, there is no metric of
positive curvature which is conformally equivalent to the Levi curvature at
the boundary. This follows from the weak holomorphic Morse inequalities,
Theorem 2.1, since the growth of the dimensions of H%!(X, L*) would be
of the order o(k™) then.

Remark 7.2. — To get examples of open manifold Y as described
in Remark 1.3 one may take the total space of the line bundle L7, over
T™ 1, as defined in the beginning of the section. Then p is an exhaustion
function, exhausting L}, by disc bundles. Furthermore, to get examples of
manifolds with boundary X where the index of the Levi curvature form
is non-constant one may take X to be an annulus bundle in Lj,. Such a
manifold is neither g-convex or g-concave for any q. Theorem 7.1 extends
to such manifolds X if one uses Laurent expansions of sections instead of
Taylor expansions. A concrete example is given by the hyper plane bundle
O(1) over P"~1. Then the corresponding annulus bundle is biholomorphic
to a spherical shell in C”, i.e. all z in C™ such that r < |z| < for some
given numbers r and r’. It has one pseudoconvex and one pseudoconcave
boundary component.

Finally, a remark about the proof of formula (7.1).

Remark 7.3. — To prove formula (7.1) one can for example reduce
the problem to holomorphic sections, i.e. when ¢ = 0 (compare [4]).
One could also use symmetry to first show that the Bergman kernel is
constant and then compute the dimension of HY(T™, L)) by standard
methods. To compute the dimension one writes the line bundle L) as
Ly=7{lM @n3* ®- - ® 7k L, using projections on the factors of T,
where L is the classical line bundle over the elliptic curve T' = C/Z + iZ,
such that H%(C/Z+iZ, L) is generated by the Riemann theta function [17].
Now, using Kunneth’s theorem one gets that H?(7™, L) is isomorphic to
the direct sum of all tensor products of the form

HYT', M) @@ HY(T', L) @ H'(T", LNe+1) @ - - @ HO(T', L),

Observe that this product vanishes unless the index I = (i1,...,4,) is
such that the first ¢ indices are negative while the others are positive.
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Indeed, first observe that if m is a positive integer, the dimension of
HO(T!, L=™) vanishes, since L=™ is a negative line bundle. Next, by Serre
duality HY(T*, L™) = H°(T', L=™), since the canonical line bundle on 7™
is trivial. So the dimension of H!(T", L™) vanishes as well. In particular,
the dimension of H?(T™, L) vanishes unless exactly ¢ of the numbers \; are
negative, i.e. unless the index of the curvature of L) is equal to ¢. Finally,
if the index is equal to g, then, using that H°(T*, L) is one-dimensional,
combined with Serre duality and Kunneth’s formula again, one gets that
the dimension of H?(T!, L~1) is equal to the absolute value of the product
of all eigenvalues A;. This proves (7.1).

7.1. Relation to hole filling and contact geometry.

Consider a compact strongly pseudoconcave manifold X with a semi-
positive line bundle L. We will say that the pair (X, L) may be filled if there
is a compact complex manifold X , without boundary, with a semi-positive
line bundle L such that there is a holomorphic line bundle injection of L into
L. (?) The simplest situation is as follows. Start with a compact complex
manifold X with a positive line bundle L (by the Kodaira embedding
theorem X is then automatically a projective variety [17]). We then obtain
a pseudoconcave manifold X by making a small hole in X in the following
way. Consider a small neighborhood of a fixed point « in X , holomorphically
equivalent to a ball in C", where Lis holomorphically trivial and let ¢ be
the local fiber metric. We may assume that ¢(z) = 0 and that ¢ is non-
negative close to z. Then for a sufficiently small € the set where ¢ is strictly
less than ¢ is a strongly pseudoconvex domain of X and its complement is
then a strongly pseudoconcave manifold that we take to be our manifold X.
We let L be the restriction of L to X. A defining function of the boundary
of X can be obtained as p = —¢. Now, since Lisa positive line bundle it
is well-known that

: —n q; 0/v Tk i\ 1 3 \n

hlgnk dime H°(X, L") = (%) ] /}Z(ﬁagb) .
In fact, this holds for any semi-positive line bundle, as can be seen
by combining Demailly’s holomorphic Morse inequalities 1.1 with the
Riemann-Roch theorem (this was first proved by different methods in [27]).

On the other hand we have by Harthog’s phenomena (assuming that
n > 2), that H°(X, L*) is isomorphic to H°(X, L*). So decomposing the

(?) By a theorem of Rossi [24], the pair (X, L) may always be filled if L is trivial close
to the boundary and the dimension of X is at least 3.
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integral above with respect to

(7.6) X=X |xe
and using Stokes theorem gives that
: —n J; 0 ky _ L " i Ay
(7.7)  lmk~" dimg HO(X, L¥) = (%) (n!/x(aa@n
1 a \n—1
1 ], . (@99) /\c'?d)).

Let us now compare the boundary integral above with the curvature
integral in the holomorphic Morse inequalities (1.2). Since p = —¢ this
integral equals

7#/ (1= )596)"1 A D6 A dt,
X x[0,1]

(n—1)!
which coincides with the boundary integral in (7.7) since fol( 1—t)y"Ldt =
1/n. This shows that the holomorphic Morse inequalities, Theorem 6.5 are
sharp for the line bundle L over X. To show that the Morse inequalities
are sharp as soon as a pair (X, L) may be filled by a Stein manifold it is
useful to reformulate the boundary term in (1.2) in terms of the contact
geometry of the boundary 0.X.

Let us first recall some basic notions of contact geometry [3]. The
distribution T%(9X) can be obtained as ker(—idp) and since, by assump-
tion, the restriction of d(—idp) is non-degenerate it defines a so-called
contact distribution and 0X is hence called a contact manifold. By du-
ality T%°(0X) determines a real line bundle in the real cotangent bundle
T*(0X) that can be globally trivialized by the form —idp. Denote by X
the associated fiber bundle over 90X of “positive” rays and denote by « the
tautological one form on T*(0X), so that da is the standard symplectic
form on T%(0X). The pair (X, da) is called the symplectification of the
contact manifold X in the literature [3]. More concretely,

X, = {t(-idp,) : x € 0X,t >0},

ie. X4 is isomorphic to 0X X [0,00] and a@ = —itdp so that da =
i(tddp + dp A dt). The boundary integral in (1.2) may now be compactly
written as
/ (© + da),,
X+ (q)

where X (¢) denotes the part of X where the pushdown of da to 9X has
exactly ¢ negative eigenvalues along the contact distribution 7%°(9.X).
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Let us now assume that X is strongly pseudoconcave and that (X, L)
is filled by (X,L) (abusing notation slightly). We will also assume that
the strongly pseudoconvex manifold Y, in X, obtained as the closure of
the complement of X in X , has a defining function that we write as —p
which is plurisubharmonic on Y. We may assume that the set of critical
points of —p on Y is finite and to simplify the notation in the argument
we assume that there is exactly one critical point zy in Y and we assume
that p(xg) = 1 (the general argument is the same). For a regular value ¢
of p we let X4 (0). be the subset of the symplectification of p~!(c) defined
as above, thinking of p~1(c) as a strictly pseudoconcave boundary. Now
consider the following manifold with boundary:

X:(0) = U X4 (0)e.
ce[0,1—¢]
More concretely, X-(0) can be identified with a subset of the positive closed
cone in T*(Y, C) determined by Jp :

{t(—idpy) : x €Y, t > 0}.

Hence, X.(0) is a fiber bundle over a subset of ¥ and when ¢ tends to
zero, the base of X, (0) tends to Y. Note that the fibers of X.(0) are a finite
number of intervals and the induced function ¢ on X is uniformly bounded
with respect to ¢ (i.e. the “height” of the fiber is uniformly bounded).
Indeed, we have assumed that i90p is strictly negative. This forces ©+ti0dp
to be negative on all of Y for all ¢ larger then some fixed number ¢y. In
particular such a ¢ is not in 7,,(0) for any x in Y, i.e. not in any fiber of
X:(0). Now observe that the form ©+da on X (0) extends to a closed form
in X.(0) and the restriction of the form to Y coincides with ©. Let us now
integrate the form (© + da),, over the boundary of X.(0). The boundary
can be written as
Ax0) =X U (| 0X(0)e)) UKL (0)..
c€]0,1—¢]

Since the form is closed, the integral over 9(X:(0)) vanishes according to
Stokes theorem, giving

0:/ (@+da)n—/@n+0+0(s)
X4(0) y

where the zero contribution comes from the fact that the form (© + da)y,
vanishes along (Uce]o,l—s[ 9(X+(0);)) — Y. The term O(g) comes from the
integral (of a uniformly bounded function) over the “cylinder” X, (0).
around the point x(. Finally, by letting ¢ tend to zero we see that the
Morse inequalities for L over X are sharp in this situation as well.
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Remark 7.4. — The preceding argument also shows that if p is a
function on an open manifold Y with regular values ¢ and ¢ (where ¢ is
less than ¢), then

/ (© +da), = / O, + / (0 +da),
Xy (i)e p=tee’] X4 (i)

for all i such that i > g, if p is g-convex on p~!lc, ¢’]. In other words, the
right hand sides in the weak Morse inequalities for p~!(< ¢) and p~ (< )
coincide. The analogous statement also holds in the g-concave case.
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