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1. Introduction.

The aim of this work is to provide new methods for proving uniform
elliptic and parabolic Harnack inequalities on Riemannian manifolds, hence
providing new classes of Riemannian manifolds satisfying these inequalities.

A celebrated theorem of Moser [39] says that if u(z) is a non-
negative (weak) solution to a uniformly elliptic equation (with measurable
coefficients)

N

Lu:= Z 8%1 (aij(a:) g—g:) =0

ij=1
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826 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE
in a ball B(zo, R) in R, then u satisfies the Harnack inequality

(1.1) sup v <C inf w,
B(wo, L R) B(wo, 5 R)

where C = C(N, A) and A is the constant of ellipticity of the operator L
(that is, all the eigenvalues of the symmetric matrix (a;;) are bounded
between A~1 and ). In [40], Moser improved this result by showing that
if a non-negative function u(t, ) solves the parabolic equation dyu = Lu in
a cylinder (0,7T) x B(zo, R) with T = R?, then

(1.2) sup u<C inf u,
(17,1 T)xB(z0,1 R) (7, T)xB(o, 5 R)

where C again depends only on N and A. Obviously, the elliptic Harnack
inequality (1.1) follows from the parabolic one (1.2).

Moser’s results have proven to be extremely useful for the development
of the theory of elliptic and parabolic equations. In particular, Aronson [1]
used (1.2) to show that the heat kernel pr(t,z,y), i.e., the fundamental
solution of the parabolic equation J;u = Lu , satisfies the inequalities

Cy |z — y[? L ¢ lz — y|?
2 _ < < 2t _ =g
¢N/2 eXp( Cot ) S AR eXp( Cit )

One of the goals of this paper is to obtain uniform Harnack inequalities
beyond the realm of uniform ellipticity. As a simple example that illustrates
this point, consider the operator

(@) ai (at) gu ):

where a is a smooth positive function in R". Deciding whether or not L

N
(1.3) Lu= % div (a(x)Vu) = ﬁ Z

satisfies the elliptic and/or parabolic Harnack inequalities seems to be a
difficult question (if not hopeless in full generality). When a and 1/a are
bounded, L satisfies the elliptic and parabolic Harnack inequalities (the
latter follows from a slight extension of Moser’s theorem; see, e.g., [42]).
Now, assume instead that there exists a constant C' such that for all R > 0

a(z)

1.4 su alz) < C inf
. {Rgmlzm} (z) < {R<|z|<2R}

Then it follows from our Theorem 6.10 that the elliptic Harnack
inequality (1.1) for the operator (1.3) is satisfied without further
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STABILITY RESULTS FOR HARNACK INEQUALITIES 827
assumptions, whereas Theorem 5.7 shows that the parabolic Harnack

inequality (1.2) holds if and only if for all R > 0

R
(1.5) /0 a(r)yr~tdr < Ca(R)R",

where a(r) := sup{a(z):|z| = r}. Moreover, under the conditions (1.4)
and (1.5) the heat kernel associated with the operator (1.3) satisfies the
estimate

Co |z -yl
1. _ —
(1.6) W(zx,y,t) exp( Cot )

c |z =yl
<ph(t,z,y) < let) exp (* Tﬂf)’

where W (z,y,t) = t¥/?[a(|z| + vt) a(ly| + \/z_f)]l/2 (see Corollary 5.12).
For example, if a(r) is of order r* for large r where a € R, then (1.5)
is satisfied if and only if & > — .

This example is a particular case of one of our main results,
Theorem 5.7, which treats similar questions on Riemannian manifolds.
In the setting of complete Riemannian manifolds, denote by (EHI)
and (PHI) the elliptic and parabolic Harnack inequalities analogous respec-
tively to (1.1) and (1.2). In this case, L = A is the Laplace-Beltrami
operator and the balls B(xg,r) are geodesic balls (see Section 2.1). Let us
briefly describe two more applications of our techniques, to model manifolds
and to manifolds with ends.

Given a suitable function 9 on R, denote by M,y a model manifold,
that is the Riemannian manifold (RY,ds?) where ds? is a complete
rotationally invariant Riemannian metric defined in polar coordinates (r, 9)
by ds? = dr? + ¢(r)2d#? (see Section 3.3 for more details). Assume that )
satisfies for all » > 0

(1.7) sup ¢ < C inf .
[r,27] [r,2r]

Then Proposition 4.10 (respectively, Proposition 6.7) characterizes those
for which M, satisfies (PHI) (resp. (EHI)). For example, if ¢(r) = r®
for large r where o € R, then

1
(EHI) <= a <1 and (PHI)<:>—N 1<04§1.
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828 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE

Hence, for « < —1/(N — 1), we obtain a collection of Riemannian manifolds
for which (EHI) holds but (PHI) does not. Earlier examples satisfying (EHI)
but not (PHI) are described in [2], [3] and [12] but our examples are by far
the simplest and most explicit.

To put our results on manifolds with ends in perspective, let us
recall that Cheng and Yau [9] and Li and Yau [34], respectively, show
that complete Riemannian manifolds with non-negative Ricci curvature
satisfy (EHI) and (PHI). It is a natural question to ask when (EHI)
and/or (PHI) hold assuming that the Ricci curvature is non-negative only
outside a compact set. One can also ask the same question under other
similar hypotheses, for example under the assumption of asymptotically
non-negative sectional curvature (see Section 7.5 for the definition). Any of
these hypotheses ensures that the manifold has finitely many ends (see [5],
[33], [35]). Harmonic functions on such manifolds have been studied, e.g.,
by Li and Tam [32], [33] and by Kasue [28], but the literature seems to
contain no results on (PHI).

Let M be a complete Riemannian manifold with a finite number of
ends Fy, Fa,...,E, (see Section 7 for definition). Fix a point 0 € M and
denote by V(r) the volume of the ball B(o,7) and by V;(r) the volume
of B(o,7) N E;. The following result absorbs all the techniques developed
here and can be considered as a culmination of this work.

TueorREM 1.1 (= Corollary 7.14). — Let M be a complete non-
compact Riemannian manifold having either (a) asymptotically non-
negative sectional curvature or (b) non-negative Ricci curvature outside
a compact set and finite first Betti number. Then M satisfies (PHI) if and
only if it satisfies (EHI). Moreover, (PHI) and (EHI) hold if and only if
either M has only one end or M has more than one end and the functions V
and V; satisty for large enough r the conditions Vi(r) ~ V(r) (for all
indices i) and

T 2

sds T
~

(1.8) Ve V)

(Here the relation f =~ g means that the ratio of positive functions
f and ¢ is bounded between two positive constants, for a specified range
of the arguments.) For example, if V' (r) ~ r“, then (1.8) holds if and only
if @ < 2. The conclusion of Theorem 1.1 is new even for manifolds with
non-negative sectional curvature outside a compact set, despite the fact
that harmonic functions on such manifolds have been intensively studied.

ANNALES DE L’INSTITUT FOURIER



STABILITY RESULTS FOR HARNACK INEQUALITIES 829

Let us briefly describe the structure of the paper. For the sake of
various applications, we work in the more general setup of weighted ma-
nifolds introduced in Section 2. A weighted manifold is a Riemannian
manifold (M, g) equipped in addition with a measure p. Elliptic and para-
bolic Harnack inequalities are stated for a weighted Laplace operator A,
using the balls defined in terms of the Riemannian distance.

Section 3 develops one of the main technical tools used in this paper —
a discretization procedure. Let an open set U C M be covered by open
sets Ay, As,..., An, and let I' be a graph that describes in a certain way
the combinatorial structure of the covering. Then Theorem 3.7 provides an
estimate of the spectral gap of U in terms of the spectral gaps of the A;’s
and the discrete spectral gap of the graph I'.

Section 4 introduces another useful tool — the notions of remote and
anchored balls;, which play a crucial role in this paper. A ball B(z,r) is
remote with respect to a fixed point o € M if the distance d(o,z) is much
larger than r, and is anchored if x = o. We show that a number of
interesting properties (used in proofs of Harnack inequalities) hold for all
balls whenever they hold for remote and anchored balls.

Section 5 contains our main technical result — Theorem 5.2. Given a
point o € M, we consider two geometric hypotheses relative to o, called the
relative connectedness of annuli (RCA) and the volume comparison (VC)
(see Definitions 5.1 and 4.3, respectively), which can be effectively verified
in many cases of interest. The condition (VC) was introduced by Li and
Tam [33] where it also played a significant role. Theorem 5.2 asserts
that if M satisfies (VC), (RCA), as well as the parabolic Harnack
inequality (PHI) in remote balls, then (PHI) holds in all balls. Note
that, in fact, (VC) is a necessary condition for (PHI) whereas (RCA) is
close to be necessary.

A major difficulty in the proof of Theorem 5.2 lies in obtaining a
spectral gap estimate for anchored balls, assuming that such an estimate
holds for all remote balls. This is done by exploiting the discretization
technique of Section 3 and condition (RCA).

We use Theorem 5.2 to prove the stability of (PHI) under a change of
measure given by dji = o2 du where ¢ is a smooth positive function on M.
For example, if M = R"™, pu is the Lebesgue measure and o? = a, then
the operator (1.3) coincides with A~. In general, given (RCA) and (PHI)
for A, we obtain (PHI) for Aﬁ provided the function o2 satisfies conditions
similar to (1.4) and (1.5) (Theorem 5.7).

TOME 55 (2005), FASCICULE 3



830 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE

Section 6 develops results similar to Theorems 5.2, 5.7, but for the
elliptic Harnack inequality (EHI). The methods here are elementary and
do not require the discretization tools.

Section 7 contains results concerning manifolds with ends. Theo-
rem 7.1 states necessary and sufficient conditions for (PHI) on manifolds
with ends assuming that each end satisfies (PHI) and (RCA). The proof is
quite involved and uses the results of Section 6. Combining Theorems 7.1
and 5.2 with known results about (VC) and (RCA), we obtain Theorem 1.1.

The dependencies between sections are given on the following diagram
(apart from some additional cross-links between subsections):

2. Preliminaries.

2.1. Harnack inequalities on weighted manifolds.

Let (M,g) be a smooth Riemannian manifold of dimension N,
possibly with boundary 6 M (we denote the boundary of manifold by §M
rather than OM since the letter O is reserved to denote a boundary in
the topological sense). Given a smooth positive function o on M, define a
measure 4 on M by du = o2 dug where g is the Riemannian measure of
the metric g. Depending on the context, we will use various notation for
weighted manifold, such as (M, g, u), (M, p), or even M.

The weighted Laplace operator A, is a second order differential
operator on M given by

(2.1) A, f =0 2div(e?Vf) = div,(Vf),

where V is the Riemannian gradient, div is the Riemannian divergence,
and div, is the weighted divergence defined by div, 7 = o~ 2div(c? 7).
For example, if ¢ = 1, then A, coincides with the Laplace-Beltrami
operator A = divoV. Note that for all u,v € C3(M) we have

(2.2) / vA udp = —/ g(Vu,Vu)du — %vd,u’,
M M n

ANNALES DE L’INSTITUT FOURIER



STABILITY RESULTS FOR HARNACK INEQUALITIES 831

where m is the inward normal unit vector field on dM, and u' is the
surface area on §M having the density o2 with respect to the Riemannian
surface area.

The metric g induces a geodesic distance function d(x,y) which
turns M into a metric space. We say that a weighted manifold (M, g, )
is complete if the metric space (M, d) is complete. Let B(z,r) = {y € M :
d(z,y) < r} be the open d-ball centered at x € M and of radius r > 0.
Note that M is complete if and only if all balls are precompact.

We say that a function u(z) defined in a region 2 C M is harmonic
if Ayu=01in . If the boundary 6 M is non-empty, then we require in addi-
tion that w satisfies the Neumann boundary condition on 62 := QN JM,
that is

ou
(2.3) n |6Q =
(Observe that by (2.2) the operator A, is symmetric with respect to the
measure p for functions satisfying the Neumann boundary condition
on 6M.) Let I C R be an interval. We say that a function u(¢,z) defined
in I x €2 satisfies the heat equation if Oyu = A, uin I x Q and u satisfies (2.3)
in I x §92.

In this context, Harnack inequalities relate the properties of solutions
of elliptic and parabolic PDE’s on M to its metric properties.

DEFINITION 2.1. — Let F be an arbitrary family of balls in a weighted
manifold M. Fix n € (0,1). We say that F satisfies the elliptic Harnack
inequality (EHI,) if there exists a constant Cy such that for any ball
B(z,r) € F, any positive harmonic function in B(x,r) satisfies
(2.4) sup u<Cpy inf wu.

B(xz,nr) B(x,nr)
We will use the notation (EHI) when the value of the parameter 7 is
unimportant. If F is the family of all balls in M, then we say that (M ,u)
satisfies (EHI,;) (or simply (EHI)).

Clearly, (EHL,) = (EHL,) when n’ < n for any family F. If we
assume that for any € € (0, 1) there is an integer Q. such that any ball of
radius r can be covered by at most (). balls of radius er, then the Harnack
inequalities (EHL,) with different 7 are all equivalent if F is the family of
all balls in M. This follows from a simple covering argument. This applies
in particular when (M, u) satisfies the doubling volume property (VD)
(cf. Definition 2.4 and Example 3.2).

TOME 55 (2005), FASCICULE 3



832 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE

DerFINITION 2.2. — Let F be an arbitrary family of balls in M. We
say that F satisfies the parabolic Harnack inequality (PHI) if there exists a
constant C'y such that for any ball B(x,r) € F, any positive solution u of
the heat equation in the cylinder Q := (0,t) x B(x,r) with t = r? satisfies

(2.5) supu < Cy inf u,
Q+

where Q_ = (1¢,2t)xB(z,3r) and Q4 = (3t,t)x B(x, 2r) (see Figure 1).
If F is the family of all balls in M, we say that (M ,u) satisfies (PHI).

t

Q+

t

=l

N

Q-

N

B(z, 37)

B(z,r)

Figure 1. Cylinder Q = (0,t) X B(z,r)

Remark 2.3. — One can introduce shrinking parameters (in time and
space) in (PHI) in a way that mimics (EHI,)) (see, e.g., [46, Theorem 5.4.3]).
It turns out that any two choices of shrinking parameters in (PHI) leads to
equivalent inequalities when they are considered for all balls. This follows
from Theorem 2.7 below. Clearly, (EHI,) follows from the proper version
of (PHI) involving the same shrinking parameter n in space. Hence (PHI)
implies (EHI,,) for any fixed n € (0, 1).

It is well known that (EHI) and (PHI) hold on any complete
Riemannian manifold M with non-negative Ricci curvature (see [9]
and [34]). In fact, the parabolic Harnack inequality (PHI) can be
characterized in terms of the wolume doubling property and Poincaré
inequality.

DEeFINITION 2.4. — Let F be a family of d-balls in M. We say that
F satisfies the volume doubling property (VD) with constant Cp if, for any
ball B(z,r) € F,

(2.6) p(B(z,r)) < CD/,L(B(Z‘,%T)).

If all balls in M satisfy (2.6), then we say that (M ,u) satisfies (VD).

ANNALES DE L’INSTITUT FOURIER



STABILITY RESULTS FOR HARNACK INEQUALITIES 833

DErFINITION 2.5. — Let U’ C U be open subsets of M. The Poincaré
constant A(U’,U) of the couple (U’,U) is the smallest positive number such
that, for all f € CY(U),

(2.7) ut [ (- 9Pan<aw' o) [ 197w

ger Jy;

DEeFINITION 2.6. — Let F be a family of d-balls in M. We say that
F satisfies the Poincaré inequality (PI) with parameter 0 < § < 1 and with
constant Cp > 0 if, for any ball B(z,r) € F,
(2.8) A(B(z,6r),B(z,r)) < Cpr®.
If all balls in M satisfy (2.8), then we say that (M ,u) satisfies (PI).

For a precompact open set U, the second Neumann eigenvalue (or the
spectral gap) A\(U) is defined by

(2.9) \NU) = inf{%:fecl(m\{o}, /deuzo}.

Comparing with the Definition 2.5, we see that A(U,U) = 1/A(U). Hence,
a family of balls F satisfies (PI) with parameter § = 1 if and only if, for any
ball B(z,r) € F, X(B(x,r)) > 1/(Cpr?).

It is known (see for example [14] , [6] , [8]) that the heat equation on
a weighted manifold M always admits a well defined heat kernel p(t, z,y)
which, by definition, is the unique minimal positive fundamental solution
of the heat equation (if 6M is non-empty, then the heat kernel satisfies in
addition the Neumann boundary condition on 6M).

The notions introduced above are related as follows.

THEOREM 2.7. — For any complete weighted manifold (M ,u) the
following properties are equivalent.

1) (M ,p) satisfies the parabolic Harnack inequality (PHI).

2) (M,u) satisfies the doubling property (VD) and the Poincaré
inequality (PI) for some/all § € (0,1].

3) The heat kernel of (M , 1) satisfies the following two-sided estimate

c & (x,y)
Sp(t,x,y) S WGXP <_C (f7y)>

for all z,y € M, t > 0 and some C,c > 0, where V(z,r) = u(B(z,r)).

TOME 55 (2005), FASCICULE 3



834 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE

Remark 2.8. — The term V(z,+/t) in the both sides of (2.10) can be
replaced by (V(z,vt)V (y,/t))'/?, using the symmetry of the heat kernel.

The main part of Theorem 2.7 — the implication 2) = 1) — was
proved in [17] and [43]. The implication 1) = 2) was proved in [43].
The equivalence 1) < 3) goes back to [15] (see also [44] and [46]).
The equivalence of the cases § < 1 and § = 1 in 2) was proved in [26]
(see also [37], [46]).

Theorem 2.7 implies easily that the parabolic Harnack inequa-
lity (PHI) is stable under changes of measure di = h2du provided h, h~1
are positive and bounded, and under changes of metric as long as the
new metric g satisfies g ~ g, that is, g is quasi-isometric to g. In fact,
under some weak bounded geometry assumptions, (PHI) is preserved under
rough-isometries (see e.g., [11]). Whether or not such a stability holds true
for (EHI) is not known yet.

2.2. Technical results concerning volume, Poincaré and
Harnack inequalities.

Throughout this section (M, ) is a weighted manifold. We collect
here some useful technical results. The next two lemmas are well known
(see, e.g., [17], [46] for proofs). For any set U and r > 0 set

FU,r)={B(z,5): z€U;s <r}.

If U = {x}, we write F(z,r) = F({z},r).

LemMaA 2.9. — Fix x € M, r > 0. Assume that the family of balls
F(x,r) satisfies (VD) with constant Cp. Set a = logy Cp. Then, for all
O<s<t<r,

o) confly

and, for all y € B(z,r) and all 0 < s < t such that B(y,t) C B(x,r),

V(y,t)

(2.12) Tio.s)

t+d(z,y) )04'

SC'D<

LEmmMmA 2.10. — Fixx € M, r > 0 and assume that B = B(xz,r) # M.
Assume that the family of balls F(B,r) satisfies (VD) with constant Cp.
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Then, for all0 < s <t <r,

t\B
(2.13) V(z,s) = Cl(;)
where ¢; = (14+1/Cp)~! and 3 = log;(1+1/Cp).

Let U € M be a precompact open set, and consider the Dirichlet
form DY (u,v) obtained as the closure of the form

/ g(Vu, Vo)dy, u,veCHU).
U

Denote by p (t,x,y), t > 0, x,y € U, the heat kernel of the infinitesimal
generator of DYY. If U has smooth boundary, then the infinitesimal generator
of DY can be identified as the weighted Laplacian A, with the Neumann
boundary condition on U UAU. Then p¥ is the heat kernel of the weighted
manifold U with the boundary 6U U dU.

The following lemma is taken from [30] (see also [46]).

LEMMA 2.11. — Let U’ C U C M be precompact open sets. Assume
that, for some fixed t > 0 and all z,y € U’, we have pJy (t,z,y) > ¢/u(U’").
Then A(U',U) < 2t/ec.

Finally, we will need the following local version of the equiv-
alence 1) < 2) in Theorem 2.7.

THEOREM 2.12. — Fix a ball B = B(z,r) C M and set B' = B(z, %),
B} ={z:d(x,z) < 2r}.

(i) Assume that (PHI) holds for the family {B,B’} made of the two
balls B,B’, with constant Cg. Then the ball B satisfies (VD) with constant

Cp = C}; and (PI) with parameter § = % and constant Cp = 3 C%,.

(ii) Assume that the closed ball B is compact and that the family
F(BZ,r) satisfies (VD) with constant Cp and (PI) for parameter 0 < § < 1
and constant C'p. Then F(B,r) satisfies (PHI) with constant Cyy depending
only on Cp,Cp 9.

Proof. — These results follows from [17], [43], [44] although they
are not stated explicitly in this form there. The proof of (ii) is technical
and relies on some iteration scheme ([43] uses Moser’s well-known scheme

TOME 55 (2005), FASCICULE 3



836 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE

whereas [17] uses a different argument, originated from [31]). We only
sketch the proof of (i). Consider the function

(t ) {fB/ p(tvz, ) du, ift > 0,
ult, z) =
1 ift <0.

One can show that u is a solution of the heat equation in (—oo, +00) x B'.
Applying (PHI) in

1, 3 1, 3
(_Zt’ Zt) x B’ and (§t7 §t) x B’
with ¢ = (37)? yields
1=u(-0,2) < C’%I/ p(gt,x, ) dp.

Applying (PHI) in (0,4¢) x B to the function (s, z) — p(s, z, z) gives

As the function s — p(s, z, z) is non-increasing, we obtain

cy?

(2.14) p(t,x,x) > V(T%r)

Now, applying (PHI) in (0,4¢) x B to the heat kernel, we also have

V(z,r)p(t,x,x) < CH/ p(3t,z,.)dp < Cp.
B(z,r)

This, together with (2.14), gives V(z,7) < C}V (z, 17) as desired.

The first part of the proof above also applies to the Neumann heat
kernel p%¥ and gives

o o

= Ve, ir) — w(B)

ph(tz, @)

Applying (PHI) in (0,4t) x B and (2t,6t) x B, we get for all y, z € B’
Cy’
N H
5t > .
pB ( ? y? Z) — /J(B,)

The desired Poincaré inequalities then follow from Lemma 2.11. O
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3. Discretization.

3.1. Good coverings.

This section presents a very general discretization scheme. The main
result is Theorem 3.7.

DerINITION 3.1. — Let (M,u) be a weighted manifold. Let U,U#
be two subsets of M with U C U#. Let A = {(Ai,Af,A;#)}Z-E[ be a
finite family of triplets of sets such that A; C Af C Afﬁ for any i € I,
where I is an index set. We say that A is a good covering of U in U# with
constants Q1 ,Qs if the following properties are satisfied:

(d0) U C U,e; Ai and U, AF ¢ U,

(d1) There exists 1 such that, for each i € T

(3.1) card{j € I: AT N AT # 0} < Q1.

(d2) If d(A;,A;) = 0, then there exists k = k(i,j) € I such that
A; U Aj C A;;

(d3) There exists Q2 such that, for all 4,5 € I, if d(A;,A4;) = 0 and
k =k(i,7) as in (d2), then

(3.2) (AR < Qemin{p(A;),u(A))}

Some comments are in order. Condition (d1) implies, in particular,
that no more than @, of the sets A?ﬁ can overlap at a given point. The
measure j plays a role only in (d3). Note that if d(A4;, Aj) = 0, then A4;, A;
are contained in Ay, . and (d3) implies that pu(A;) = u(4;) = u(Aj; )-

Example 3.2. — Let U be a precompact set in M. Fix s > 0 and set
A; = B(x;,s) where {x;} ; is a maximal set of points of U at distance at
least s from each other (i.e., an s-net in U). Clearly, all sets A; cover U.
Fix constants b > a > 3, set
A = B(xi,as), A¥ = B(x;,bs)

(2

and observe that A = {(Ai,Az‘,AfE) ™, is a good covering of U in any
set U# containing the set {z € M :d(x,U) < bs} (see Figure 2).
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Figure 2. A good covering by balls

This is a classical discretization procedure (see e.g., [11], [23], [27]).
The constant @)1 depends on further geometric information, and Q2 depends
of course on the unspecified measure . For example, if (M, u) satisfies (VD),
then both @ and Q2 are bounded in terms of the constant from (VD).
Indeed, (3.2) follows immediately from (VD) and Lemma 2.9 since we
can set k(i,7) = i. To verify (3.1) observe that all balls Af = B(zj,bs)
such that A;‘7£ N AZ# # ) are covered by the ball B(z;,3bs). On the other
hand, all balls B(z;, 1s) are disjoint, and by (VD) and Lemma 2.9,
w(B(z;,3bs)) < CB(zj, s), where C' depends only on the doubling
constant and b. Therefore, the number of balls B(x;, %s) is at most C,
which implies (3.1) with @Q; = C

Example 3.3. — Fix a point 0 € M and let {p;}52, be an increasing
sequence of positive numbers. Extend the sequence {p;} by setting p; = 0
for all ¢ < 0, and define the sets A4;, A}, Afﬁ for all 7 by

A’i = B(pri) \ B(Oa pi—1)7

A;k = AZ& = Ai,1 U A,L = B(O7 pz) \ B(O, pi72)-
Then A = {(4;, A} A#) 1 is a good covering of U = B(o, p,,) in U. Note
that Af& N Af # () implies |z — j| < 1. Hence we can take @1 = 3. Clearly,

one can take k(i,i — 1) = ¢ but the value of Q2 will depends on the choice
of the measure pu.

A modification of this construction gives another good covering
with A; as above whereas

Al =Ai 1 UA U Ay = Bo, piv1) \ B(o, pi-2),
AF = A7 UA; U AL, = B(o,pira) \ B(0,pi—3)

(see Figure 3). This covering will be used in the proof of the main
Theorem 5.2.
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Figure 3. A good covering by annuli

DEeFINITION 3.4. — Given a good covering A = {(A;, A} ,A?)}iel of a
set U in U#, define the continuous Poincaré constant A.(A) of A by

(3.3) Ao(A) = max {A(A;, A7), A(Af AP )i e T},

In words, A, = A.(A) is the smallest constant such that, for all ¢ € T,
the Poincaré inequalities

(3.4) / f— falPdu <A, / Vf2du for any f e CM(AD),
A, Ax

65) [ =i

Pauz A [ IVIFde forany fechaf),
A7

hold true. Here f4 stands for the p-mean of f over the set A, that is,

1
fam oo /Afdu.

When dealing with Poincaré inequalities, it is useful to note that, for
any precompact open set A and any f € L'(A), we have the identities

C faPdp= — x) — *dula

(3.6) /Alf fal?dp 2u(A)/A/A|f() fW)|” dp(x) du(y)
= in —cl?dpu.
= f/AIf *dp

ceR
In particular, one can replace the left hand sides of (3.4)-(3.5) by the
equivalent expressions from (3.6).

Let (V, E) be a finite graph, that is, V'is a finite set of vertices, and
E C VxVis aset of edges, each edge being a pair of vertices. Let m(x)
be a positive function on V considered as a measure on V by setting
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m(U) = >, cpm(z) for any set U C V. Let m(x,y) be a positive function
on edges (x,y), which is similarly extended to a measure on E (although
we denote the measure on V and on E by the same letter m, a priori
these two measures may not be related to each other). It is convenient
to extend m(x,y) to a function on all pairs (z,y) by setting m(z,y) = 0
whenever (z,y) ¢ E. We refer to the structure (V,m) as a weighted graph,
where m here stands for the both measures (note that the function m(z,y)
contains information about the edges).

Denote by || f||, the norm of a function f in the space £7(V, m), that is

171 = (1@ Pm) "
zeV
Define an energy form in ¢2(V,m) by
(3.7) Ef 1) =5 D |F@) = f@)] ' m(x,y).

z,yev

Analogously to (2.9), the spectral gap )\(V7 m) is defined by

(3.8) AV, m) = inf { 5”(;’? cf e 2(V,m)\ {0}, m(f) = 0},

where
(3.9) m(f) = ——= > f(kym(k)

is the mean value of f with respect to the weight m.

With any good covering we associate a weighted graph (V,m) as
follows.

DEFINITION 3.5. — Given a good covering A = {(A;,A¥,A¥)}ics of a
set U in U, define the associated graph (V,E) by setting

V=1 and E={(i,j) € VxV:d(A4;A4;)=0}.
Define measures on V and E (both called m) as follows:
(3.10) m(i) = u(A;) onV,

(3.11) m(i,j) = max{m(i),m(j)} on E.
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DEFINITION 3.6. — Given a good covering A = {(4;, A%, A%)}ics
of a set U in U#, define the discrete Poincaré constant Ay(A) of A to
be the smallest constant such that the following Poincaré inequality holds
on the associated graph (V,m):

(3.12) DI = m(£)[*m(i) < Aa(A)E(F. 1),
i€V
where E(f,f) and m(f) are given by (3.7) and (3.9).

Clearly, the discrete Poincaré constant is related to the spectral gap
A(V,m) by

(3.13) Ag(A) =

TuEOREM 3.7. — Let A be a good covering of a set U in U#. Then
(3'14) A(U7U#) < Q1A0(2 + Q%Q2Ad)a

where A, and Ay are respectively the continuous and discrete Poincaré
constants of A (see Definitions 3.4 and 3.6), and Q1,Q2 are defined
by (3.1), (3.2).

The importance of this statement is that it allows us to “glue”
Poincaré inequalities. Indeed, (3.14) means that the Poincaré constant of
the pair (U, U#) is estimated in terms of the Poincaré constants of all pairs
(Ag, A}) and (AF, Ak#) which form a covering of U in U# and in terms of
the Poincaré constant of the graph (V,m) that describes the combinatorics
of the covering.

Proof. — We need to prove that for any ¢ € C1(U#)

(3.15) / 6 — ¢ul*du < Q1Ac(2 + Q%QgAd)/ IVo|* dp.
U U#
Fix a function ¢ € C'(U#) and set
1
. )= —— dp.
(3.16) 50 = s [ o

For a constant ¢ to be chosen later, write

2 2
[le=can=y [ 1o ckan

Lev
(3.17) <23 [ o= FOP du+ 2 17(0) - (o).
tev A tev
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The first sum can be estimated using the Poincaré inequality on each Ay.
Namely, we have by (3.4) and (3.1)

318) 3 [ fo-s00 du<ZA/IV¢I2du<Q1A/ Vol du.

Lev Lev

To estimate the second sum in (3.17), define ¢ = m(f) by (3.9). Using
successively the discrete Poincaré inequality (3.12), definitions (3.16),
(3.10), (3.11), condition (3.2), the continuous Poincaré inequality (3.5)
with the identities (3.6), we obtain

(3.19) 23 |f(6) —c[’m

Lev
<Ag Y [F6) = FG)Pm.g)
(i,j)€E
]_ 2
=A ¢pdp — ¢du| m(i,j)
d(7 )EE / 1(4;) -/A ’
= Ay Z dp( dp(y)| m(,5)
(ij)EE / / ‘
<A |6(x) — d(y)|* du(e) du(y)
//

(320) <Quhy 3 % / / |6(z) — 6()[* du(z) du(y)

*
(i,5)€E m k(i) S AL Y ARG

< QMg Y Ac/# V| dp

(.5)eE 7 Akan

(3.21) < QleAdAZ/ IVo|?du

kev
(3:22) <QiQuhn [VoPdn
U
To obtain (3.20) we have used (3.11) and (3.2), which yield

m(i, j) max(m(i), m(j)) 1 Q2
m(i)m(j) m(i)m(3) min(m(i), m(5)) = n(Agq ;)

To obtain (3.21) we have used that (3.1) implies that each Ak# intersects
at most ()1 of the sets A;, which shows that each Ak# covers at most Q?
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unions A; U A;. In (3.22) we have used another consequence of (3.1) that
at most ()1 of all Ak# overlap at any given point.

By (3.6), (3.17), (3.18) and (3.22), we obtain

— QU 9IRS 143¢ 1w24ildide ey
[ 16— 00P i< QA+ Qi@ [ V0P
which was to be proved. O

Example 3.7. — Let us show that A(U, U#) < co whenever U is a non-
empty connected precompact open set and U # is an open set containing
the closure U. Indeed, let A = {(A;, A¥, A¥)}" | be the following good
covering of U (cf. Example 3.2): A; = B(z;,s) and {z;} is a maximal s-net
in U, and A¥ = A% = B(x;,3s). If s is small enough, then each ball A? is
nearly a Euclidean ball. Hence, A(4;, A¥) < oo and A(A], Af&) < 0o, which
by (3.3) implies A.(A) < co.

The connectedness of U implies that the union U;A; is connected,
whence it follows that the associated graph (V, E) is connected and hence
A(V,m) > 0. Therefore, A4(A) < oo and by Theorem 3.7 A(U,U#) < oo.
A modification of this argument shows that A(U,U) < oo whenever U is as
above and has a smooth boundary.

3.2. The spectral gap of some finite graphs.

In order to apply successfully our discretization scheme, we need to
have at our disposal some Poincaré inequalities on finite graphs. There is
by now a large literature on this subject, but we will only need very simple
examples.

Let (V,m) be a finite weighted graph. Given a subset U of V| the
boundary of U is the set of all edges that meet both U and its complement.
The Cheeger constant h(V,m) is defined by

m(0U)
m(U)

(323)  h(V,m):= mf{ U CV,0<mU) < m(V)}.

N | —

By a well-known argument (see e.g., [45, Lemma 3.3.3]), the Cheeger
constant h can be equivalently defined by

{ S, @) — F@)] - miz,y) }
it 3, (@) —al-m(@) )

h(V,m) = inf
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Moreover, the two constants h(V,m) and A(V,m) (see (3.8)) compare as
follows

h2(V,m)

24
(3.24) -

< A(V,m) < h(V.m)

where

1Mo Iilea‘)/({ mz:c) y;/m(x, y)}

The lower bound is a generalization of the Cheeger inequality (see e.g., [45,
Lemma 3.3.7], [10]).

The notion of a weighted graph contains finite reversible Markov
chains as the particular case where the measure m(x) on vertices be related
to the measure m(z, y) on edges by m(z) = >, ym(z,y). However, in our
examples, weighted graphs will not be associated with reversible Markov
chains. Typically we will first be given the measure m(z) on vertices and
then define the measure m(z,y) on edges by

(3.25) m(z,y) = max{m(z), m(y)}
as in (3.11). The following simple examples will be used in this paper.

Example 3.9. — Let m:N — (0, +00) be a function such that there
exist two constants cg, 19 > 0 for which

(3.26) { com(k) <m(k+1) < cg'm(k), foranyk,

m(l) > co(1+n0)" Fm(k), for all ¢ > k,

(in other words, m(k) is an exponentially growing function). Consider the
weighted graph (V, m) with the vertex set V.= {0,1,...,n}, the edge set

(3.27) E={(i,j)eVxV:|i—j| <1},
and define the measure on edges by (3.25).

We claim that there exists a constant ¢ = ¢(cg,79) > 0 such that
AV,m)>c

(observe that this estimate does not depend on n). Indeed, by (3.24) it
suffices to show that there exists a constant C' > 0 independent of n
such that

(3.28) m(U) < Cm(0U)
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for any set U C V such that m(U) < $m(V). Now, (3.26) implies for
any ¢ € N

¥4 4
(329)  m(0.0) = S mli) < — (S +m0) 0 )m(6) < Om(®)

i=0 i=0
where C := ¢y 'ny ' (1 +10). Setting
(:=max{ieV:(i,i+1) €U}
and noticing that either U or V\ U is contained in [0, £], we obtain by (3.29)
m(U) < min (m(U),m(V\ U)) <m([0,4])

< Cm(f) < Cm(¢, £+ 1) < Cm(0U).

Example 3.10. — Set V = {0,---,n} and let m:V — (0,400) be a
function such that, for some constant ¢y > 0 and for any £k =0,1,...,n—1,

(3.30) com(k) <m(k+1) < cytm(k).

Assume further that m is a function with at most one local maximum, that
is there exists ko € {0,1,...,n} such that

()
()
If ko = 0, then the function m(k) is decreasing on V, if k = n, then m(k)

is increasing, and if 0 < ko < n, then m(k) is increasing on [0, ko] and
decreasing on [kg, n].

m(k+1), ifk < ko,

(3.31) {m ,
m m(k+1), ifk> k.

<
>

Consider the weighted graph (V, m) with the edge set defined by (3.27)
and the measure on edges defined by (3.25). It was proved in [13, Propo-
sition 6.3] that

co
>
AWV.m) 2 5y

which gives a very general Poincaré inequality for unimodal distribution.

Remark 3.11. — Note that instead of (3.31) it suffices to assume that
m ~ m where m satisfies (3.31).
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3.3. Two typical examples.

This section illustrates the results of Sections 3.1 and 3.2 by proving
some Poincaré inequalities on two simple classes of weighted manifolds.

Example 3.12. — Consider RY equipped with the Euclidean metric
and the measure

/2

(3.32) dpa(z) = (1+ |z[*)" da,

where a € R. Let us show that the family of all balls centered at the
origin o satisfies the Poincaré inequality (PI) with parameter § = 1 (see
Definition 2.6). For » > 1, let n be the non-negative integer such that
r € [27,2""Y). Set U = B(o,7), p; = 2°""r for 0 < i < n. Consider the
good covering A = {(A;, AF, Af’é) " yof Uin U defined by

Ay = Ay = AY = B(o, po),
(3.33) A; = B(0,pi) \ B(o,pi-1), 1<
Ar =A% = A, UA,;, 1<i

IN

n,

IN

n.

Clearly, all the conditions of Definition 3.1 are satisfied with constants
Q1,Q- independent of n. Since in each A; the function (1 4 |z|?)*/? is
comparable to a constant, the continuous Poincaré constant A.(.A) is of the
same order as the one for the Lebesgue measure, that is A.(A) =~ 2. The
weighted graph (V, m) of the covering A (see Definition 3.5) has the vertex
set V.=1{0,1,...,n} and the edge set (3.27). The weight m() is defined
by (3.10), which implies that

m(i) = pra(A;) ~ 21N

Under the assumption o > — N, the graph (V, m) satisfies all the conditions
of Example 3.9 and hence

L .

Aa(A) = ANV,m) =

where the constant C' does not depend on n. By Theorem 3.7 we conclude
that A(U,U) < Cr?, which yields (PI) for the central balls.

Remark 3.13. — In fact, the inequality A(U,U) < Cr? holds for all
real a but the proof in the case o < —N requires a certain refinement
of Theorem 3.7 that will be developed elsewhere.
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Example 3.14. — Let My be a model manifold, that is RY with
a complete Riemannian metric ds? given in polar coordinates (r,) by
ds? = dr? + 1(r)? d6?. This class of examples is considered in more detail
in Section 4.4. Here, we study Poincaré inequalities on central balls in My,
in the special case

P(r)=r® forall r > 1.

Let us set Ay (r) := A(B(o,r)) where o is the origin, and show that for any
real ¢ and all r > 1

(3.34) Ay (r) m pm2maxtel),

First consider the case & > —1/(N —1). Fix r > 1 and let n be an integer
such that such that r € [27,2"F1). Setting U = B(o,r) , we obtain a good
covering A = {(A;, A¥,A¥)}n_ of U = B(o,r) in U by using the same
notation as in (3.33).

Observe that each A;, i > 0, is essentially a piece of a flat cylinder of
height 2¢ and radius 2%?, which implies
(3.35) A(A) < Oy max{r? r2}.

The associated graph (V,m) has the vertex set V.= {0,1,...,n}, edge set
(3.27), and the weight m

m(i) = p(A4;) = 20+aN=1)i,

Using Example 3.9 and the fact that 1 4+ «(N — 1) > 0, one checks
that Ag4(A) < C,. This, together with (3.35) and Theorem 3.7, yields
A(U,U) < Cn,o max{r?, 72>}, which gives the lower bound in (3.34). Tests
functions easily yield a matching upper bound.

Consider now the case a < —1/(N — 1). We will use a different good
covering of B(o,r) that in fact works for all o < % Fix a constant ¢, and
define a sequence {p;};>1 by

i
Pi = Cp Z kY2 cri3/2.
k=1

Let n be the integer such that

n—1 n

SR <r <> R,
k=1 k=1
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and choose ¢, so that p, = r. Obviously ¢, ~ 1. Define a good covering
A= {(A;, Ar, A%)}_| of B(o,r) in itself by

Ay = A7 = AT = B(o. p1),

Ai:B(Ovpi)\B(Ovpifl)a 1<i<n,

Ar=A¥ = A, U A, 1<i<n.

Note that for this covering Q; < 4, Q2 < 6~ . The associated graph (V,m)
has the vertex set V.= {1,...,n}, edge set (3.27), and the weight m

m(z) _ ,Uf(Az) ~ 7;1/2 % (i3o¢/2)N—1 ~ i[1+3o¢(N—1)]/2.

We claim that
A(A) <Cn and Ag(A) < COn?,

for some constant C' = Cl,o. The bound on A.(A) comes from the fact
that the sets A;, A* are essentially cylinders of height i'/2 3a/2

which implies that, as long as a < %,

and radius ¢

A(A;, A¥) ~i and  A(AF, A7) ~ .

The bound on Ag(A) comes from Example 3.10 (cf. Remark 3.11). Hence,
by Theorem 3.7 we obtain

AU, U) < Cn3 = Cr?,

whence the lower bound in (3.34) follows. Again, a matching upper bound
is easily obtained by test functions.

4. Remote and anchored balls.

The next definition introduces the notions of remote and anchored
balls with respect to a closed set.

DEeFINITION 4.1. — Fix a parameter 0 < £ < 1 (the remote parameter)
and a closed set I' C M in a metric space (M ,d).

1) We say that a ball B(z,r) is remote to I' if r < 2ed(T,x).
2) We say that a ball B(z,r) is anchoredto ' if z € T".
The aim of this section is to draw conclusions from hypotheses

concerning remote and anchored balls.
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4.1. Poincaré inequalities.

We start with Poincaré inequalities for which the result is straightfor-
ward.

PROPOSITION 4.2. — Let (M , 1) be a weighted manifold and let T' C M
be a closed set. Assume that the Poincaré inequality (PI) holds for all
anchored and remote balls, with parameter 0 < dy < 1 and constant
Cp > 0; that is, for any anchored or remote ball B(x,r)

A(B(x,&or),B(x,r)) < Cpr?.

Then (PI) holds for all balls with parameter § = £62/8 and constant Cp;
that is for any ball B(x,r)

A(B(z,0r),B(z,r)) < Cpr®.
Here 0 < ¢ < 1 is the remote parameter.

Proof. — By definition of the Poincaré constant, we need to prove
that for any ball B(x,r) and all functions f € C*(B(x,r))

wt [ (eePduzomt [ rPde
€eR B(z,ér) B(z,r)

Consider first the case when p := d(I',z) < ;8or. Choose a point 0 € T’
such that d(o, ) = p. It follows from the inequalities § < 18y < 3 that

B(z,ér) C Bo, %507”) and B (o, %T‘) C B(z,r)

(see Figure 4).
p< oor

B(z,dr)

S

o, %501“)

Figure 4. The balls B(o, 3 dor) and B(z, or)
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Thus, applying the Poincaré inequality in the anchored ball B(o, 37)
we obtain

[ (-eraust [ (r-erdu
EER J B(x,51) €€R JB(0,1507)
< Cprz/ IV fI?du
B(o,%r)
< C’pr2/ |V ]2 dp.
B(z,r)

Consider now the case p > iégr. Set s = %5507’ and notice that B(x, s) is
a remote ball (see Figure 5).

p > i&o’f‘

[

B(z,or)

z,s)

Figure 5. Remote ball B(x, s) and the ball B(x,0r) = B(x,dys)

Observing that dr = %65(2)7” = §ps and s < r, and applying the
Poincaré inequality in the remote ball B(z, s), we obtain

inf/ f—fzdu:inf/ f=6%*du
€eR B(z,&r)( ) €eR B(z,&os)( )

< Cps? / IV FP2 du < Cpr? / V£ dp,
B(z,s) B(z,r)

which finishes the proof. O

4.2. The volume comparison condition.

The following condition which was introduced in [33] plays an
important role in our analysis.

DeFINITION 4.3. — Fix a remote parameter 0 < ¢ < 1 and a closed
set I' € M as in Definition 4.1. We say that a weighted manifold (M ,u)
satisfies the volume comparison condition (VC) with respect to I' if there
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exists a positive constant Cy such that, for all x € M and o € T' with
d(T,x) = d(o,z) = : p, we have

(4.1) 1(B(o,p)) < Cvu(B(w,ésp)),

Note that the ball B(o,p) is anchored to I', whereas the ball B(x, s)
with s = 6l45p is remote.

LemMMA 4.4. — If a weighted manifold (M ,u) satisfies (VD), then it
also satisfies (VC) with respect to any closed set I' C M and any remote
parameter 0 < € < 1. Conversely, fix a remote parameter 0 < € <1 and a
closed set I' C M. If (M ,u) satisties (VD) for anchored and remote balls as
well as condition (VC), then (M ,u) satisfies (VD) for all balls.

Proof. — The first assertion follows immediately from (2.12). Let us

prove the second assertion. Given a ball B(x,r) in M, set p = d(T',z) and
consider three cases.

Case 1. — If r < ep, then the ball B(xz,r) is remote and hence
satisfies (VD) by hypothesis.

Case 2. — If r > 3p, then choose a point o € T' such that d(o, z) = p.
Using (VD) for anchored balls we obtain

4 1 1
that is (VD) for B(z, 7).
Case 3. — If %sp < r < 3p, then (VD) for anchored balls implies
(4.3) p(B(x,r)) < u(B(o,4p)) < Chu(B(o,p))
whereas by (VC)
whence (VD) for B(x,r) follows. O

The following result shows that, given the volumes of anchored and
remote balls, one can estimate the volume of any ball.
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COROLLARY 4.5. — Fix a remote parameter 0 < ¢ < 1 and a closed
set ' C M. If (M ,p) satisfies (VD) for anchored and remote balls and also
(VC), then for any non-remote ball B(x,r) in M we have

(45) w(B(z.r) ~ u(B(o,r).
where o Is a point in I" such that d(o,x) = d(I",z).

Proof. — In Case 2 of the previous proof, we have (4.2) which together
with (VD) for anchored balls yields u(B(z,7)) = pu(B(o,7)).

In Case 3 of the previous proof, (4.3) and (4.4) imply u(B(z,r)) =
u(B(o,p)) ~ u(Blo,r)). .

DEeFINITION 4.6. — Let us say that a point o € I" of a closed set I' C M
is accessible if for any r > 0 there is * € M such that d(I',z) = d(o,z) = r.
We say that I' is fully accessible if T' is closed and any point o € T is
accessible.

For example, if (M,d) is complete and non-compact length space,
then any set I' that consists of a single point is fully accessible. Another
example of a fully accessible set is a linear submanifold in RN of a positive
codimension.

ProprosiTION 4.7. — Fix a remote parameter 0 < € < 1 and a fully
accessible set I' C M. Assume that (M ,u) satisfies (VD) for remote balls
and (VC). Then (M ,u) satisfies (VD) for all balls.

Remark 4.8. — The difference between this statement and the second
part of Lemma 4.4 is that (VD) is no longer assumed for anchored balls but
instead we require that I' is fully accessible. Without the latter condition,
the volume doubling may fail for balls deeply inside I'.

Proof. — By Lemma 4.4, it suffices to prove (VD) for anchored balls,
that is for all » > 0 and any 0 € T’

(4.6) 1(B(o,7)) < Cpu(B(o, %7"))

Let 0 < € <1 be the remote parameter. Observe that for all 0 < s < 6%167"
and for any z € I := {d(.,I') > §r} the ball B(x,4s) is remote to I
Applying hypothesis (VD) for remote balls we obtain, for all s as above and
for any two intersecting balls B(2’,s), B(z"”, s) centered in IV ,

(4.7) p(B(2',s)) < p(B(z",4s)) < Cpu(B(z”,s)).
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Since T is fully accessible, for any o € I" and r > 0 there exists a point
x € M such that d(T', z) = d(o,x) = r. By hypothesis (VC), we have

1
1(B(o,7)) < Cyu(B(z, asr)).
Let v be a shortest line joining o to x and let y be the point on v at

distance §r from o. Since B(y, ) C B(o, 57), (4.6) will be proved if we
show that

(4.8)

Figure 6. Comparisons of i(B(x, gyer)) and p(B(y, 7))

1

Indeed, covering the segment of  from % to = by at most 64! remote
balls of radius s = 6%157" each (see Figure 6) and applying (4.7) for any pair

of consecutive balls (note that their centers are in I') we obtain (4.8). O

4.3. Radial power weights on RV.

This section illustrates the use of remote and anchored balls for
a simple class of examples. Consider the weighted manifold (RY, )
where RY is equipped with its Euclidean metric and the measure fi, is
defined by (3.32), i.e., duq(z) = (1 + |2]?)*/? dz where a € R. Set T’ = {0}
where o is the origin in RY and fix a remote parameter 0 < ¢ < 1.
Observe that (14 |2]?)®/? is comparable to a constant on any given remote
ball. Hence, for remote balls in (R, u,), the Poincaré inequality (PI)
follows from that for the Euclidean metric. For anchored balls, (PI) follows
from Example 3.12 provided o > —N. Hence, by Proposition 4.2, the
space (RY, u2) satisfies (PI) on all balls, for any a > —N (in fact, as
follows from Remark 3.13, (RY, 2) satisfies (PI) for all real o but we will
not use this).
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Similarly, the family of remote balls in (R, pu,) satisfy (VD).
Moreover, for any remote ball B(z, ), we have

V(z,r) = i (B(a:,r)) ~ V(1 + p%),

where p := d(T', z). If B(o,r) is an anchored ball, then a simple computation
shows that

rN if r <1,

N+« . _
(4.9) V(o,r) ~ r %fr >land a > —N,

log(l+r) ifr>1and a=—N,

1 ifr>1and a < —N.

Therefore, condition (VC) holds true if and only if & > —N. By Propo-
sition 4.7, (RV, p,) satisfies (VD) for all balls if and only if @ > —N.
Thus (RY,us) satisfy (PI) and (VD) if and only if a > —N. This
and Theorem 2.7 yields the following result.

PROPOSITION 4.9. — The weighted manifold (R ,u,,) satisfies (VD),
(PI) and (PHI) if and only if « > —N.

Consider the differential operator

=2

—a/2 2a/23 B azx -V
Lo = (1+z]?) Z (1+|x\) a_m)*A+41+|x|2’

which by (2.1) is the Laplacian of the weighted manifold (R¥,u,). By
Proposition 4.9, (PHI) holds for L, if and only if « > —N. For such «,
Corollary 4.5 and (4.9) give that, for any ball B(z,r),

pra(B(z,r)) =™ (147 + |2|)“.
By Theorem 2.7, the heat kernel p,, (¢, z,y) of L, satisfies the estimate

o—cle—y[?/t
NP1+ Vit ) (14 Vit [y

where the constant ¢ > 0 may take different values in the upper and lower

(4.10) Palt,z,y) =

bounds.

Consider now a matrix valued measurable function z — (a;;(z))
defined on RY™. Assume that (ai;) is symmetric and uniformly elliptic,
that is, all its eigenvalues are contained in [A~1, \], for some A > 1. Then,
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by Proposition 4.9 and the stability results of [SalHar,SalSurv] in the spirit
of Theorem 2.7, it follows that the parabolic Harnack inequality (PHI) and
the heat kernel bound (4.10) hold true for the operator

(o) Y 2 (U [22) ay (@) )
8sci * axj '

ij=1

4.4. Model manifolds.

This section develops in detail the case of model manifolds. Here, by
a model manifold we mean R" equipped with the Riemannian metric given
in polar coordinates (r,6) € (0,+00) x S¥~! by

(4.11) ds? = dr? + ()% d?,

where df? is the standard metric on SV¥~! and 1 is a smooth positive
function on (0, +00). Clearly, (4.11) defines the metric only away from the
origin o € RY. The necessary and sufficient conditions under which ds? can
be smoothly extended to a metric on the entire space RN are as follows:

(4.12) »(0) =0, ¢¥'(0)=1, and ¢"(0)=0

(see [29], [16, p. 60]). Given a function 1 satisfying (4.12), we denote by M,
the model manifold (RY,ds?) and by p its Riemannian measure, defined
by dp = (r)N =1 drdf. From the point of view of the present paper, the
values of v for small r are irrelevant, while for large values of r there is no
restriction on the function ¥ (r) except for being positive and smooth.

For any r > 0 denote by K(r) the sectional curvature at a point
x = (r,0) in the direction of any plane in T, M containing 9/dr. It is
well known that K (r) satisfies the equation 9" + K¢ = 0 (see [16] and
references therein), which allows to use model manifolds for curvature
comparison techniques (see [16], [8], [7]).

Set I' = {0} where 0o € My is the origin, and use this I' in the
definition of anchored and remote balls (see Definition 4.1). Assume that
in addition to (4.12) the function v satisfies (1.7), that is, for all » > 0,

(4.13) sup ¢ < C inf] .

[r,27] [r2r

The volume V (o, r) of an anchored ball B(o,r) is given by
T
(4.14) V(o,r) = wN/ Y(s)N 1 ds,
0
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whereas a remote ball B(z,r) admits the volume estimate
Y if 1 <4(p),

)~

v { ()N r 2 (o),

where p = d(o, z). Clearly, the family of all remote balls satisfies (VD). On
the other hand, it is easy to see that condition (V () is satisfied if and only
if there exists a constant C' such that for all » > 0

(4.15) P(r) < Cr and /07" Y(s)N"tds < Cryp(r)N L

Hence, by Proposition 4.7, (VD) holds for all balls provided (4.13) and (4.15)
are satisfied.

Uniformly in z and r, any remote ball B(x,r) is quasi-isometric to a
ball in a piece of a flat cylinder. Hence, (PI) holds on remote balls. Let us
verify that (4.13) and (4.15) imply the Poincaré inequality
(4.16) Ay (1) > er™ 2,
for all 7 > 1 and some ¢ > 0. Indeed, let n be the integer such that
r e [27,27%1), and define by (3.33) a good covering A = {(A;, A%, A¥)}r,
of U = B(o,r) in U. It follows from (4.13) and the first condition in (4.15)
that

A(A) < Cr?
(cf. (3.35)). The associated graph (V,m) has vertex set V.= {0,1,...,n},
edge set (3.27), and weight m given by

(i) = p(Ag) = 2N (2,
By (4.14), (4.13) and (4.15) we obtain m(i) ~ V(0,2%). Using the fact
that M, satisfies (VD) and Lemma 2.10, we see that m(i) satisfies (3.26),
which yields by Example 3.9 A4(A) < C. Hence, by Theorem 3.7 we have
A(U,U) < Cr?, which was to be proved. By Proposition 4.2, it follows
that (PI) holds for all balls.

Applying Theorem 2.7 we obtain the following result.

ProposiTiON 4.10. — Let My be a model manifold such that
satisfies (4.13) and (4.15). Then M, satisfies (PI), (VD), and (PHI).
Moreover, under the standing assumption (4.13), the condition (4.15) is
necessary and sufficient for (PHI) to hold on M,,. In particular, if )(r) ~ r®
for r > 1, then (PHI) holds if and only if =1/(N — 1) < a < 1.

The necessity of (4.15) follows from the fact noted above that (4.15)
is necessary for (VC) and hence for (VD) and (PHI).
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Remark 4.11. — Given a compact Riemannian manifold © of
dimension N — 1 without boundary and a smooth positive function
on [0, +00) we denote by Mf the manifold [0, +00) x © equipped with the
Riemannian metric (4.11), where df? is now the Riemannian metric on ©.
Note that M&? is a manifold with boundary. All the results stated in this
paper for manifolds My hold true also for manifolds Mfz? .

5. Stability results for the parabolic
Harnack inequality.

5.1. Parabolic Harnack inequality: from remote balls to all balls.

The examples described above indicate the advantage of performing
a discretization based on concentric annuli. For that we need Poincaré
inequalities on annuli, which obviously requires some connectivity of the
annuli. Consider the following condition.

DeriNiTION 5.1. — Fix a constant C'4 > 1 and a point 0 € M. We
say that a metric space (M ,d) has relatively connected annuli with respect
to o, or satisfies condition (RCA), if for any r > C% and all z,y € M such
that d(o,z) = d(o,y) = r, there exists a continuous path v:[0,1] — M with
7(0) = z, (1) = y whose image is contained in B(0o,Car) \ B(0,C;'r).

With this definition, we can state one of the main results of this paper.

THEOREM 5.2. — Let (M ,u) be a complete non-compact weighted
manifold satisfying (RCA) with respect to a point o € M. Assume
that (M ,u) satisfies (VD) and (PI) for remote balls with respect to
I' = {o}. Then (M ,pu) satisfies (VD) and (PI) for all balls if and only if
it satisfies (VC).

Remark 5.3. — By Lemma 4.4, (VC) is necessary for (VD). Condition
(RCA) is very close to be necessary for (PI) and (VD). Indeed, [24] shows
that (RCA) follows from (PI) provided

(5.1) V(z,r)~r? for some Q > 2 and for all z € M,r > 0.

Condition (5.1), called @-Ahlfors regularity, is clearly stronger than (VD).

It is known that a connected sum of two Euclidean spaces of dimension
N > 2 satisfies neither (PHI) nor (PI). However, such a connected sum

TOME 55 (2005), FASCICULE 3



858 Alexander GRIGOR’YAN & Laurent SALOFF-COSTE

obviously satisfies (VD) and (VC), as well as (PI) and (PHI) on remote
balls, whereas (RCA) fails for this manifold. Thus, condition (RCA) cannot
be dropped from the hypotheses of Theorem 5.2.

The following result is an immediate consequence of Theorems 5.2
and 2.12.

COROLLARY 5.4. — Let (M ,u) be a complete non-compact weighted
manifold, and let o € M and T' = {o}. Assume that (M ,u) satisfies (PHI)
for remote balls, as well as (VC) and (RCA). Then (M ,u) satisfies (PHI)
for all balls.

Remark 5.5. — Assume that (M, u) is a weighted manifold satisfying
(PHI) and (RCA). Let (Mi,u1) be another weighted manifold such that
the exteriors of some compacts in M and M; are isometric as weighted
manifolds. Then Corollary 5.4 implies that (M, 1) also satisfies (PHI).
In fact, this result holds true without assuming that M satisfies (RCA).
To see this, one should use Theorem 2.7 and the rough isometry techniques
developed in [27] , [11].

To prove Theorem 5.2, we have to show that if (M, u) satisfies the
conditions (RCA), (VC), as well as (VD) and (PI) for remote balls then it
satisfies (VD) and (PI) for all balls. Under these hypotheses, (VD) for all
balls holds by Proposition 4.7. Hence, we are left to prove (PI) for all balls.
Let us precede the proof by the following lemma. Recall that following
constants are involved in the above hypotheses: the remote parameter ¢,
C4 from (RCA), Cy from (VC), Cp from (VD) for remote balls, Cp and
parameter ¢ from (PI) for remote balls.

LEmMA 5.6. — Assume that (M ,u) satisfies the conditions (RCA),
(VQ), as well as (VD) and (P1) for remote balls. Let k be any number > C%
and set

U = B(o,kr) \ B(o,r) and W = B(o,s?r)\ B(o,x™'r).

Then A(U,W) < Cr?, for any r > C%, where C' depends on the constants
from the hypotheses, but does not depend on 7.

Proof. — For any set U* such that U C U* C W, we have
AU, W) < A(U*,W). Therefore, it suffices to find a set U* such that
UcU*CW and

AU*, W) < Cr?.
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By (RCA), for any two points on OB(o, r) there is a curve 7 connecting these
points in B(o,Car) \ B(o,C;'r) (see Figure 7). Fix s > 0 to be specified
below (see (5.2)) and set U* to be the union of U and the s-neighborhoods
of all such curves.

Figure 7. Any point © € U* can be connected to a point on
0B(o,r) by a curve in U* (the shaded ball has radius s)

This construction ensures that U* is a connected set (note that the
condition (RCA) is used only here). Indeed, let us show that any two points
in U* can be connected by a curve in U*. Any point € U can be connected
to a point on dB(o, ) by a curve in U just by connecting x to o by a shortest
line. Any point € U* \ U can be connected to a point on dB(o,r) by
a curve in U™ because by construction x is a s-neighborhood of a curve
connecting in U* two points on dB(o,r) (see Figure 7). Finally, any two
points on dB(o,r) are connected by a curve in U* by the definition of U*.

Define s by
(5.2) 5= %6530237",

where 0 < € < 1 is the remote parameter, and 0 < § < 1 is the parameter
from the Poincaré inequality for remote balls. Without loss of generality,
we can assume that C'4 is large enough, for example C4 > 2. In particular,
(5.2) implies s < (C;' — C;%)r whence it follows that

U* C B(o,kr) \ B(o,Cy%r) C W.

Let {z;}icr be a maximal set of points of U* at distance at least s
from each other. Consider a good covering A = {(A4;, A¥, A¥)};c; of U*
in W defined by

A; = B(wi,s), Af=B(x:,07's), AF = B(x;,672s).
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The balls A; cover U* by the maximality of {z;}, and the fact that AZ‘ié cw
follows from (5.2).

By Proposition 4.7, (M, ) satisfies (VD). Therefore, the constants
@1 and Q3 of the covering A are bounded in terms of the doubling constant
(cf. Example 3.2). By the choice of s, all balls A;fiAf£ are remote with
respect to I' = {o}. Hence, by (PI) for remote balls, we have the following
estimate of the continuous Poincaré constant of A:

A (A) < Cs* < Cr?.

To estimate the discrete Poincaré constant Ag(A), let us first show
that the number n := card I of the points z; is uniformly bounded above
by a constant independent of r. Indeed, all balls B(x;, %s) are disjoint and
are contained in B(o, kr + s). Therefore, by (VD), Lemma 2.9, and (5.2),

ne Yorrts) g
min; V(z;, 5 5)
where C' is independent of r.

The fact that U* is connected implies that the union [J; A4; is
connected and hence the associated graph (V,E) is connected (see
Definition 3.5). Alongside the weight m(i) = u(A;) consider the flat weight
mo(i) = 1. The spectral gap A(V,mg) is positive by the connectedness.
Since the number of all weighted connected graphs having at most C
vertices and equipped with a flat weight is finite, there is a universal lower
bound ¢ > 0 for the spectral gap of any such graph. Consequently, we
have A(V,mg) > c. As follows from (VD) and Lemma 2.9, u(A4;) =~ pu(A4;)
for all i, j € V, which implies that A\(V,m) = A(V, my). Therefore, we obtain
a positive lower bound for A(V,m), which is independent of r, whence it
follows that A4(A) < C. By Theorem 3.7, A(U*, W) < Cr?, which was to
be proved. O

Proof of Theorem 5.2. — We are left to prove (PI) for anchored balls
since then, by Proposition 4.2, (PI) will be true for all balls. Set x := C3
and consider the following sets

(5.3) Ay = B(o,k) and A; = B(o,x")\ B(o,s"™ ") fori > 1,
(54) A;k = Ai,1 @] 14Z @] A7;+1,
(5.5) AF = AT JUATUAL,

where we assume A; = ) for i < 0 (cf. Example 3.3). Given a ball B(o,r)
with r > k (smaller r can be treated by a compactness argument —
cf. Example 3.8) choose an integer n so that k"~ < r < k™ and consider a
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good covering A = {(A;, A%, A%)}_, of B(o,7) in B(o, kr): The associated
graph (V,m) has the vertex set V.= {1,2,...,n}, the edge set (3.27), and
the weight _
m(i) = u(A;) = Vo, k).

We claim that m satisfies the conditions (3.26). Indeed, the first condition
in (3.26), that is m(¢) ~ m(i + 1) follows from (VD). By Lemma 2.10, (VD)
implies that there exists ¢, 3 > 0 such that m(f) > cx®Fm(k), for all
non-negative integers £ > k, which is exactly the second condition in (3.26).
Hence, by Example 3.9, the discrete Poincaré constant Ag4(A) is bounded by
a constant C' independently of r. By Lemma 3.9, we have A(A;, AF) < Cr?
and A(A?, A%) < Cr?. By Definition 3.4, we have A.(A) < Cr%, and
by Theorem 3.7 we obtain

A(B(o, ), B(o, nzr)) < Cr?,

which was to be proved. O

5.2. Changes of measure.

Recall that by Theorem 2.7 the parabolic Harnack inequality (PHI)
is stable under a change of the measure du — h2du provided h,h™! are
bounded functions. The next result uses Theorem 5.2 to show that certain
changes of weight where h or h~! are unbounded also preserve the validity
of (PHI) provided the annuli connectedness condition (RCA) holds. This
result is useful in several applications (see, e.g., [21], [22]).

THEOREM 5.7. — Let (M ,u) be a complete noncompact weighted
manifold satisfying (PHI) and (RCA) with respect to a point o € M. Let h
be a positive smooth function on M such that

(hl) for all positive integers i

(5.6) hi == sup h<C Cinf
B(0,2)\B(0,2i~1) B(0,2")\B(0,2i71)

Consider the measure ji on M defined by dji = h?>du. Then the
weighted manifold (M i) satisfies (PHI) if and only if the following
condition holds true:

(h2) the numerical sequence H; = h?u(B(0,2")) satisfies the inequa-
lity ¥ H; < CHy, , forallk =1,2,....

Remark 5.8. — If the sequence {h;} is increasing, then the
condition (h2) is satisfied automatically. Indeed, using (VD) for (M, p) and
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its consequence (2.13) (see Lemma 2.10) and setting V' (r) := u(B(o,r))
we obtain

k k
> H = Ziﬂ ) < h2V Z
=1 3

However, the function h(z) = V(d
which (hl) is satisfies but not (h2). In
fails because H; ~ 1.

27) k
< C'Hy, ZQ“*W < CH;.

i=1

(0,x))"'/? gives an example for
deed, (h1l) holds by (VD) but (h2)

Remark 5.9. — It is easy to see that the condition (h2) can be
equivalently stated as

(5.7) / R (s)dV(s) < CR-(r)V (r),
0
for all 7 > 1, where h(s) := SUPyB(o,s) P

Remark 5.10. — Consider the weighted manifold (M, u) where M
is the two-sided flat cylinder R x S with coordinates z = (s,0) and
dp(z) = dsdf. Let h(z) = (1 + |s|?)*/%. A simple test function argument
shows that (M, h2du) does not satisfy (PI) if a > 2. This example shows
that the hypothesis (RCA) is essential for the validity of Theorem 5.7.

Proof of Theorem 5.7. — Let us first prove that (h1)-(h2) imply (PHI)
for (M, ). Since balls are the same on (M, p) and (M, 1), the manifold
(M, 1) is complete, non-compact, and satisfies (RCA).

By Theorem 2.7, (M, u) satisfies (VD) and (PI). It follows from (hl)
that (M, jz) satisfies (VD) and (PI) for remote balls (with respect to the set
I' = {o} and with remote parameter ¢ = 1).

Let us show that (M, x) satisfies (VC). Indeed, fix a point © € M
such that p := d(o,z) > 1 (for smaller p use a compactness argument)
and set s = ép. Let k be a positive integer such that 2F~1 < p < 2k,
Using (h1), (h2), and (VC) for u, we obtain

i(Blo,p)) < i(B(o,1) +Zu (0.2 B(o.2"1))
< n(B(o,1)) sup h? —|—Z,u sup h?
(0,1) B(o,2i)\B(a,2i*1)

k
Z i < CHy, = Cu(B(0,2"))hi < Cfi(B(x, 5)),
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whence (VC) for (M, 1) follows. By Theorem 5.2, (M, i) satisfies (VD) and
(PI) for all balls, which implies (PHI) by Theorem 2.7.

Now we show that (hl) and (PHI) for (M, ) imply (h2). Indeed,
by Theorem 2.7 and Lemma 4.4, (M,p) satisfies (VC). Therefore, for
any x € M we have

fi(B(o.p)) < Cli(B(x,9)),

where s = 6—14p and p = d(o,x). Assuming that p > 1, choose an integer k
such that 2% < p < 281 A computation similar to the one above gives

k

ﬁ(B(O7 p)) > CZ H;,

i=0
whereas [i(B(z,s)) < CHy. Combining these inequalities, we obtain (h2).
O

When applying Theorem 5.7 the following elementary lemma comes
handy. We omit the proof, which is straightforward and is contained in the
above computation.

Lemma 5.11. — Assume that the hypotheses of Theorem 5.7 are
satisfied including (h2). Then we have, for all x € M and r > 0,

fi(B(xz,r)) ~ u(B(z,r))h(p+ 1),

where p := d(o,z) and h(s) := SUPyB(o,s) -

Combining Theorem 5.7, Lemma 5.11, and Theorem 2.7, we obtain
the following statement.

COROLLARY 5.12. — Assume that the hypotheses of Theorem 5.7
are satisfied including (h2). Then the heat kernel p of the weighted manifold
(M ,x) satisfies the estimate

exp(—ch(x,y)/t) 7
(V(2,VE) V(y,vt))2h(d(0,2) + V1) h(d(o,y) + V1)

where V (z,r) = u(B(x,r)).

p(t,x,y) =
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6. Elliptic Harnack inequality.

The purpose of the next two subsections is to obtain the elliptic
Harnack inequality (EHI) (see Definition 2.1) for all balls assuming only
that it holds for some specific families of balls.

6.1. Elliptic Harnack inequality: from remote balls to all balls.

Recall that the notion of remote and anchored balls has been
introduced in Definition 4.1.

LEmMA 6.1. — Let (M ,p1) be a weighted manifold and let ' C M be
a closed set. Assume that (EHI,)) holds for all anchored and remote balls.
Then (EHL,;) holds for all balls with ' = %en?, where 0 < & < 1 is the
remote parameter.

Proof. — Let B(x,r) be a ball that is neither anchored nor remote.
Then by definition r > $ep > 0 where p = d(I', z). Consider first the case
when

(6.1) r>2(1+n"Yp.

Let o € T be a point such that d(o,z) = p. Then B(xz,n'r) C B(o,n'r + p)
but B(z,r) O B(o,r — p). Using 7’ < 37 and (6.1), it is easy to check that
nr+p <n(r-— p). Hence, applying (EHI,)) in the anchored ball B(o,r — p)
we obtain (EHL,) in B(z,r).

Assume now that

(6.2) %ep <r<2(l+n Y.

It follows from 7' = %5772 and (6.2) that n - %ep > n'r. Hence, applying

EHI,) in the remote ball B(xz, Lep) we obtain (EHI,,) in B(x,r). O
n 2 n

Before we proceed further, let us introduce one more notion.

DEFINITION 6.2. — We say that a metric space (M ,d) satisfies the
annuli covering condition (AC,) with respect to a point o € M and with
parameter 0 < n < 1 if there exist constants C'4 > 1 and @ such that for
any r > C% the annulus {z:7/Cs < d(0,z) < Cur} can be covered by at
most @ balls B(x;,s;) such that all balls B(z;,s;/n) are remote to T' = {o}
(with the remote parameter 1).

When we write (AC) we mean (AC,,) for some 7. In what follows we
assume that (M, u) is a complete weighted manifold.
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LEmMA 6.3. — Fix a point o € M, set I' = {o}, and assume
that (EHI,) holds for remote balls. Assume further that (M ,u) satisfies
conditions (AC,) and (RCA) with respect to o and with constant Cj4.
Then for any r > 0 and for any non-negative harmonic function u in
B(0,3C4r) \ B(o,r/(3C4)),

6.3 sup u < C inf wu.
(6.3) 8B(o,r) 0B(o,r)
Consequently, (EHI) holds for all balls.

Proof. — Let us first explain how to obtain (EHI) for all balls assuming
that the annulus Harnack inequality (6.3) is already proved. By hypothesis,
(EHI) is known for remote balls. Hence, by Lemma 6.1, it suffices to prove
(EHI) for anchored balls. Let u be a non-negative harmonic function in an
anchored ball B(o,3C4r). Applying the maximum principle and (6.3), we
obtain

sup v = sup u<C inf u=C inf u,
B(o,r) dB(o,r) 0B(o,r) B(o,r)

that is (EHI) for anchored balls.

Let us now prove (6.3). For a bounded range of r (6.3) holds just by
a compactness argument. Assuming in the sequel that r is large enough,
let « (resp. y) be a point on dB(o,r) where u attains its maximum (resp.
minimum) on dB(o,r). By (RCA) there is a continuous path v connecting
z toyin B(o,Car) \ B(o,r/Ca). By (AC)), the curve ~ can be covered by
at most Q balls B(z;, s;) such that all balls B(z;, s;/n) are remote.

Set r; = d(o,z;). As B(x;,s;) intersects v and hence the annulus
B(o,Car) \ B(o,r/Cy4) we have

ri—8; < Cuar and 7r;+s; > CZI’I".
As B(z;, s;/n) is a remote ball, we have s;/n < %ri. It follows that
2 ~—1
§CA r<r; <204,
whence we obtain
ri—8i/n > %0217“ and 71+ s;/n < 3Cxr.

In particular, each ball B(xz;,s;/n) is contained in B(0,3Car) \
B(o,7/(3C4)). Considering a chain of balls B(x;,s;) connecting = to y
and applying (EHI,) in all balls B(z;, s;/1) we obtain

u(z) < Cpu(y),

whence (6.3) follows. O
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LEmMMA 6.4. — Fix a point o € M and assume that (M ,u) satisfies
(VC) with respect to I' = {0} and (VD) for anchored balls. Then the
condition (ACy) is satisfied with n = ;& where € is the remote parameter
from the condition (VC).

Proof. — Set C'4 = 2 and consider an annulus
1
A= {x: 5T < d(o,z) < 2r}.

Similarly to Example 3.2, consider a maximal set {z;} of points z; € A
at distance at least s := %67‘ each from other. Clearly, all balls B(x;, s)
cover A.

Set r; = d(x;,0). By construction, we have %ri < r < 2r;. Therefore,
s/n = +r < ir;, whence we see that the ball B(x;,s/n) is remote, with

remote parameter 1. Since 1 s > 517i» We obtain by (VC)

u(B(ai, £5)) > Cylu(Blo,r:)) = C7 ' u(Blo, 37)).-

On the other hand, all balls B(x;, 3 s) are disjoint, whence by (VD) for
anchored balls

Zu (21, 3)) < u(Blo.2r + L)) < Cu((Bo, Lr)).

Therefore, the number of the points z; is bounded by Cy,, which finishes
the proof. 0

Remark 6.5. — Combining Lemma 4.4 with Lemma 6.4 we conclude
that (V' D) for all balls implies (AC).

ProPOSITION 6.6. — Fix a point o € M and set I' = {o0}. Assume
that a complete weighted manifold (M ,p) satisfies (VD) and (RCA), as
well as (EHI) for remote balls. Then (M ,u) satisfies the annulus Harnack
inequality (6.3) as well as (EHI) for all balls.

Proof. — By Lemma 4.4, (VD) implies (VC) with any remote
parameter 0 < ¢ < 1. By Lemma 6.4, we obtain (AC,) with parameter
n= %z—:. Adjusting ¢ so that (EHI,)) holds for remote balls with the same 7,
we finish the proof by Lemma 6.3. O

ANNALES DE L’INSTITUT FOURIER



STABILITY RESULTS FOR HARNACK INEQUALITIES 867

Proposition 6.6 can be considered as an elliptic analogue of
Corollary 5.4 (or Theorem 5.2). Indeed, the former says that

(VD) + (RCA) + remote(EHI) = (EHI),
whereas the latter says that
(VC) + (RCA) + remote(PHI) = (PHI).

However, the difference is that while (VC) is a necessary condition for (PHI),
the condition (VD) is not necessary for (EHI).

6.2. Elliptic Harnack inequality for model manifolds.
Consider a model manifold M,, where ¢ satisfies (1.7), that is

(6.4) sup ¢ < C inf 1,

[r,27] [r,2r]
for all > 0. This easily implies that (PHI) and (EHI) hold on remote balls
with respect to the pole o. Obviously, (RCA) is also satisfied in this case.
The annuli covering condition (AC) (see Definition 6.2) is equivalent to

(6.5) ¥(r) < Cr,

for all » > 0. Thus, by Lemma 6.3, any model manifold satisfying (6.4)
and (6.5) satisfies (EHI). In fact, (6.5) is a necessary and sufficient condition
for (EHI) as will be proved in the following statement.

ProrosiTiON 6.7. — Let M, be a model manifold with
satisfying (6.4). Then (EHI) holds on My, if and only if ¢ satisfies (6.5).
In particular, if ¢(r) ~ r® for r > 1, then (EHI) holds if and only if o < 1.

Proof. — We only need to prove (EHI) implies (6.5) for all » > 1
(for r < 1, (6.5) follows from (4.12)). Fix r > 1 and consider the
Green function Go,(x,y) with the Dirichlet boundary condition in the
ball B(o,2r), defined by

o}

(6.6) Gor(z,y) = / par(t,2,9) dt,

where po,.(t, x,y) is the heat kernel in B(o, 2r) with the Dirichlet boundary
condition. It is not hard to check that

Gorlo,y) = — /QT L
2r(0,Y) = ON d(o5) w(S)N71 S
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(see for example [19, Section 4.2]). In particular, if d(o,y) = r, then

(6.7) Gar(0,y) = ST

Fix an angular component 6 and set yo = (r,0) and zo = (nr,0) where
0 < n < 1is the parameter from (EHI). By (PHI) on remote balls (which
follows from (6.4)) and a standard chaining argument we have

(6.8) par(t, o, yo) > CPQT»(%t,yO,yo), for all t = r2.

By the proof of (2.14), we also have

(6.9) pgr(%t,yo,yo) > m, for all ¢ < (1—167“)2.
Combining (6.8), (6.9), and (6.6) we obtain

(r/16)? 2
(6.10) Gar (w0, y0) = /(T/32)2 par(t, o, yo) dt > Vgt /16)

Let us show that
1 N
(6.11) V(o ) < OV,

If ¢(r) > Cr (for a large enough constant C), then the ball B(yo, 457)
is quasi-isometric to a Euclidean ball of the same radius, whence (6.11)
follows. If ¢ (r) < Cr, then

2r
Vi f57) < Vio.2) = Viongr) =wy | oV de

< Cw(r)N_lr < orV.
Hence, (6.10) and (6.11) imply
c

(6.12) Gar(z0,90) 2 —x=3°

Now, = +— Ga.(z,70) is a non-negative harmonic function in B(o,r).
Applying (EHI) to compare its values at o and zy we obtain from (6.7)
and (6.12)

whence (6.5) follows. O
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Remark 6.8. — Assume that ¢(r) = r* for r > 1 where a < 1. By
(6.4) (PI) holds for all remote balls. By Example 3.14 (PI) holds for all
anchored balls. Hence M, satisfies (PI), by Proposition 4.2. Proposition 4.10
shows that M, satisfies (PHI) if and only if —1/(N — 1) < a < 1. Hence,
for o« < —1/(N — 1), My, satisfies (EHI) and (PI) but not (PHI). Examples
of manifolds satisfying (EHI) but not (PHI) are described in [2], [3], [12].
These examples are much less explicit than My,. To our knowledge, none of
the previously known examples satisfies (PI) nor is simply connected. When
N = 2, the Gauss curvature of My, at = (r,0) equals —¢"/ (r) = er—2
which tends to 0 as r — oo, again unlike any previously known example.

Remark 6.9. — Let us say that a weighted manifold (M, g, 1) satisfies
the weak Liouville (resp. strong Liouwville) property if any bounded (resp.
positive) harmonic function on M is constant. Liouville properties on model
manifolds have been studied by many authors, e.g., [36], [38], [41]. They
proved that for M, the weak and strong Liouville properties are equivalent
and are satisfied if and only if

(6.13) /+°° (W /17,¢(5)N_3 ds) dr = +o0.

If N =2, then (6.13) coincides with the condition

+oo s
(6.14) / 1/1(25) = 400,

which is equivalent to the parabolicity of M, (a manifold is called parabolic if

any positive superharmonic function is constant). From Proposition 6.7 and
(6.13), we obtain a class of examples of manifolds having the strong Liouville
property but for which (EHI) fails. For instance, in dimension 2, it suffices
to take 9 (r) = rlogr (for large r) so that (6.14) holds, whereas (6.5) fails.

6.3. Changes of measure.

THEOREM 6.10. — Let (M ,u) be a complete weighted manifold. Fix
0o € M and assume that M satisfies conditions (RCA) and (AC)) (see
Definitions 5.1 and 6.2). Let h be a positive smooth function on M such
that one of the following two conditions holds:

(i) either h satisfies the hypothesis (h1) of Theorem 5.7 and (M ,u)
satisfies (PHI) for remote balls;
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(ii) or h is harmonic outside a compact set and (M ,u) satisfies (EHI,,)
for remote balls.

Define a measure i on M by dji = h?dy . Then (M 1) satisfies (EHI).

Remark 6.11. — In the case (i), if (PHI) holds on (M, ) for all balls,
then the hypothesis (AC) can be dropped as it follows from (VD) and hence
from (PHI) (see Lemma 6.4 and Theorem 2.7).

Remark 6.12. — The example of Remark 5.10 can be used to show
that condition (RCA) is essential for the validity of Theorem 6.10.

Proof. — (i) By Theorem 2.12, (M, u1) satisfies (PI) and (VD) for
remote balls. By (hl), the function h varies on any remote ball at most by
a constant factor. Therefore, (M, 1) also satisfies (PI) and (VD) for remote
balls. Again by Theorem 2.12, (M, i) satisfies (PHI) for remote balls. The
latter implies (EHI,)) for remote balls with any parameter 0 < 7 < 1 (see
Remark 2.3). In particular, take 1 the same as in (AC,). Then (M, )
satisfies (EHI) for all balls by Lemma 6.3.

(ii) By Lemma 6.3, it suffices to prove (EHI,) for remote balls in
(M,p) . Let B(z,7) be a remote ball and Azu = 0, v > 0 in B(z,r).
The Laplace operator Aj of (M, 1) has the form

Apu = h™2div,(h*Vu) = Ayu + 20 g(Vh, Vu).
In particular, in the domain D of harmonicity of h we have A, h = 0 whence
Apu=Au+2h"tg(Vh,Vu) + Ak =h7 AL (hu).

Hence, if the ball B(z,r) is contained in D, then we have A,(hu) = 0
in B(z,r). By (EHIL,) for remote balls in (M, 1), we obtain

sup (uh) < Cpgx inf (uh) and sup h < Cygx inf h,
B(z,nr) B(z,nr) B(z,nr) B(x,nr)

whence sup g, ) U < C% inf (4 yry w. If B(z,7) is not contained in D, then
it intersects a compact set M \ D and hence has a bounded radius. In this
case, an elliptic Harnack inequality in B(z,r) follows by a compactness

argument. O

CoROLLARY 6.13. — For any complete weighted manifold (M ,u)
satisfying (PHI) and (RCA), there exists a smooth positive function h on M
such that the manifold (M ,ji) with measure dji = h?dy satisfies (EHI) but
not (PHI).
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Proof. — Indeed, take h as in Remark 5.8. Then h satisfies the
condition (hl) from Theorem 5.7 but not (h2). By Theorem 5.7, (M, )
does not satisfy (PHI), but (M, ) satisfies (EHI) by Theorem 6.10 (i)
(see also Remark 6.11). O

Example 6.14. — Consider the weighted manifold (RY, 11,), N > 2,
where RY is equipped with the Euclidean metric and measure i, is given
by dpio = (1+]2|?)%/2dz. By Proposition 4.9 or Theorem 5.7, this manifold
satisfies (PHI) if and only if @« > —N. Note that the condition (h2) breaks
down exactly for a < —N. The function h(x) = (1 + |z|?)*/* satisfies (h1)
for any real a. Therefore, by Theorem 6.10 (i), the manifold (RY, p,)
satisfies (EHI) for all real a.

7. Harnack inequalities on manifolds with ends.

7.1. Connected sums of manifolds.

Let {M;}, be a finite family of non-compact Riemannian manifolds.
We say that a Riemannian manifold M is a connected sum of the M;’s
and write

(7.1) M = M #Mo---#M,

if, for some compact K C M (called the central part of M), the exterior
M\ K is a disjoint union of open sets E1, Fs, ..., E,, such that each F; is
isometric to M; \ K;, for some compact K; C M; (in fact, we will always
identify F; and M; \ K;). If (M, u) and (M;, p;) are weighted manifolds,
then the isometry is understood in the sense of weighted manifolds, that is
it maps measure p to p;. Of course, forming connected sums is not a
uniquely defined operation.

Let M be a non-compact manifold and K C M be a compact set with
smooth boundary such that M \ K is a disjoint union of a finite number
of connected open sets F1, Fs, ..., E, which are not precompact (if M has
boundary M, then assume in addition that 9K N dM = 0). We say that
the E;’s are the ends of M with respect to K. Consider the closure E;
as a manifold with boundary. Then by definition of a connected sum we
have M = E\#Ey# - #E,,.

Let a weighted manifold (M, u) be a connected sum of weighted
manifolds (M;, p;). Fix points o € M, o; € M; and set

(7.2) V(r) = u(B(o,r)) and Vi(r) = p;(Ba,(0i,7)).
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Consider the following two conditions:
(vl) For all i = 1,...,n and all r large enough, V;(r) = V (r).
(v2) For all r large enough,

" sds r2
3 L Ve =V

Condition (v1) means that any two ends have comparable volume
growth. Note that, for any bounded range of r, we have always
Vi(r) = V(r) ~ r¥ where N = dim M. Hence, (vl) is equivalent to
the fact that V;(r) = V(r) for all r > 0.

Note that, for r > 2, one always has

Tsds> " sds> r2
v V(s) ~ Jrp V(s) T 4V(r)

)

which implies that (v2) is equivalent to

" sds r?
4 L Ve T Ve

Condition (v2) significantly restricts the growth rate of the function V. In
particular, it implies

(7.5) /1 h ;?;) o

(which is easy to see from (7.4)) and, hence, V(r) = o(r?) as r — oo. For
example, if V(r) ~ r® for large r, then (v2) holds if and only if o < 2.

THEOREM 7.1. — Let a weighted manifold (M ,u) be a connected sum
of weighted manifolds (M;,pu;), i = 1,...,n, where each M; is complete,
non-compact, and satisfies (PHI) and (RCA) with respect to a point
0; € M;.

(i) If n =1, then M satisfies (PHI).

(ii) Assume that n > 2 and that (v1) and (v2) are satisfied. Then M
satisfies (PHI).

(iii) Assume that n > 2 and that M satisfies (EHI). Then (v1) and (v2)
hold true.

In particular, if n > 2, then (PHI) < (EHI) & (v1) + (v2).
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Example 7.2. — Let n > 2 and let all manifolds M,..., M, be
isometric to a model manifold M, of dimension N where ¥(r) ~ r®
for large r. We claim that if |o| < 1/(N —1), then M = My#---#M,
satisfies (PHI). Indeed, we have Vj(r) ~ r*W=D+1 5o that (v2) follows
from a < 1/(N —1). By Proposition 4.10, each M; satisfies (PHI)
because —1/(IN — 1) < a < 1. By Theorem 7.1 (i7), we conclude that M
satisfies (PHI).

Part (i) of Theorem 7.1 is a consequence of Corollary 5.4 which was
already mentioned in Remark 5.5. The proofs of parts (ii) and (iii) are
rather involved and are given in Sections 7.3 and 7.4, using an auxiliary
material from Section 7.2.

7.2. Flux and capacity.

Fix a couple (D,U) where U C M is an open set and D C U is a
precompact set. For any harmonic function v in U \ D define the notion of
the fluz of v with respect to the couple (D, U) by

0
ﬂuxv::‘/ —Ud,u’,
(D,U) a0 ONn
where () is any precompact open set with smooth boundary such that
D € Q € U, and n is the inward unit normal vector field on 992. By the

harmonicity of v, the flux does not depend on the choice of €. Clearly, we
have the following identities

flux v = flux (—v) = flux (v + const) = flux v
(D,U) (D,U) (D,U) (D",U")

provided D’ D D and U’ C U.

If in addition U is precompact and v satisfies the boundary conditions
vy = 0 and vjgp = 1, then

7.6 flux v =cap(D,U) := inf / Vol dp.
(7.6) (D.U) p( ) P€Cy(U) U| ol
(plDEI

The following general estimate of capacity was proved in [47]: for all x € M
and0<r<p

(7.7) cap(B(m,r),B(as7p))_l > % /P %
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Assuming in addition that the manifold satisfies (PHI) and r < 3 p, one
has also an opposite inequality

sds

P
(7.8) cap(B(a.1). Bla.p) ' <0 [
(see [21, Lemma 4.3]). Hence, under the above assumptions we have

sds
V(z,s)

(7.9) cz;mp(B(:z?,r),B(x,;)))71 ~ /p

LEMMA 7.3. — Let a complete non-compact weighted manifold (M ,u)
satisty (PHI) and (RCA) with respect to a point o. Fix positive numbers 1
and p such that p > 4rg. Set U = B(o,p), let D be a precompact subset in
B(o,ry), and let v be a positive harmonic function in U \ D such that

vigy =0 and w|gp = const.

Then, for any r € (2r¢, 1 p) and for all z € 9B(o,r), we have

P sds
(710 o)~ () / V(0,5)

Proof. — Without loss of generality, we can assume v = 1 on 9D and
extend v to D by setting v = 1. Set

(7.11) a:= inf v= inf v and b:= sup v= sup v
0B(o,r) B(o,r) dB(o,r) B(o,p)\B(o,r)

and note that by the strong maximum principle 0 < a < b < 1. Similarly

to the proof of Lemma 6.3, the hypotheses (RCA) and (PHI) imply b < Ca

where the constant C' does not depend on 7.

For any 0 < ¢t < 1, consider the set U, = {z € B(o,p):v(z) > ¢}
(see Figure 8) and observe that by (7.6)

v 1
cap(U, U) = (g}%ﬁ Tt (ffrl)l,lz)f)v'

It is clear from (7.11) that U, C B(o,r) C U,, whence by the
monotonicity of capacity we obtain
fluxv fluxv

o < cap(B(o.1), U) < —
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Figure 8. Sets U, and U,

(here for simplicity we suppress the subscript (D,U) in fluxv). Since for
any « € 0B(o,r) we have v(z) = a ~ b, we obtain

flux v
7.12 v(w) ~ .
(7.12) () ap(Blo, 1), Blo,))
Finally, applying (7.9) we obtain (7.10). O

LEMMA 7.4. — Let U be a precompact open subset of M with smooth
boundary, and D be a precompact set such that D C U. Let w be a
harmonic function in U \ D such that

(7.13) wiegy =0 and wjyp =1,
and v be a harmonic function in U \ D such that

Vg =0 and a <wvyp <D,
for positive constants a,b. Then

(7.14) a flux w < flux v < b flux w.
(D,U) (D,U) (D,U)

Proof. — By the comparison principle, we have v/b < w < v/a. Since
all the functions v/b, w,v/a vanish on OU, we obtain

on lov= gplov = "gn lov

0 d(v/b) < ow < d(v/a)

IN

where n is the inward normal vector field on U . Clearly, this implies (7.14).
O
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LEmmA 7.5. — Under the conditions of Lemma 7.3, let us drop the

hypothesis that v|sp = const . Then we still have, for any r € (2ro, 5 p) and
for all x € 0B(o,r),

_1a f_sds <ct /P ods
(7.15) C b( flux v)/r V(ows) _U(m)_C’a(([ﬂ)Elg)U) . V(0,3)7

where a = infgp v and b = supyp v.

Proof. — Let w be the harmonic function in U \ D satisfying (7.13).
Then by the comparison principle and by Lemma 7.3, we have

(@) < bute) = b s w) [ 58

v(z w(x) ~ ux w —_—

- ®.0) " Jr V(o,s)

By Lemma 7.4 fluxv > afluxw, whence the upper bound in (7.15) follows.
The lower bound is proved similarly. O

7.3. Proof of Theorem 7.1: (v1)—(v2) imply (PHI).

In this section M = My#---#M,, is as in Theorem 7.1, and n > 2.
Assuming that conditions (v1) and (v2) are satisfied, we will prove the
parabolic Harnack inequality (PHI) on M.

By Theorem 2.7, each M; satisfies (VD) and (PI). Fix a point o in the
central part of M. Clearly, condition (VD) on M; and (v1) imply that the
function V(r) := p(B(o,r)) satisfies the doubling property:

(7.16) V(2r) <V(r), forall r>0.

Set I' = {o} and observe that condition (VD) on each M; implies (VD) for
remote balls on M (with the remote parameter € = 1). In addition, (v1)
implies that M satisfies (VC). Hence, by Proposition 4.7, (VD) holds for
all balls in M.

For any precompact open set 2 on a weighted manifold (M, u)
(where M will be either M or M;), set

. VfI?du
)\(D)Q)::mf{fiszClQ) 0} ¢,
that is, A\(P )(Q) is the bottom eigenvalue for the Dirichlet problem in €. By

[17, Theorem 5.1], if M is complete and satisfies (PHI) then, for any ball B
in M of radius r and for any open set Q2 C B, the following inequality holds

(7.17) XPQ) = 5 (%)a,
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with some constant «,c¢ > 0 depending on Cpg. We refer to (7.17) as the
Faber-Krahn inequality. Since all manifolds M; satisfy (PHI), we conclude
that all manifolds M; satisfy the Faber-Krahn inequality.

By a result of [20], if the Faber-Krahn inequality holds on each M,
then, for any ball B = B(x,r) in M and for any open set Q C B,

Wi 5 ()"

where ¢ > 0 and

~ w(B) it B C E; for some ¢ ,
(B) := {

min; V;(r) otherwise.

The hypothesis V;(r) =~ V(r) allows to replace here min; V;(r) by V(r).
Furthermore, if the ball B(x,r) is not contained in any E;, then it intersects
the central part K of M, which implies by (VD) and Lemma 2.9 that
w(B(z,r)) =~ u(B(o,r)) = V(r). Therefore, we conclude that pi(B) =~ u(B)
for all balls B C M, which means that the Faber-Krahn inequality holds
also on the manifold M.

By [18, Proposition 5.2], the Faber-Krahn inequality on M implies
the following heat kernel estimate:

exp(—cd®(x,y)/t)

(V (@, Vi), V(y,VE)) 2

By [25, Theorems 1.2 and 2.6], the upper bound (7.18) together with the
elliptic Harnack inequality (EHI) implies (PHI). Hence, we are left to prove
that (EHI) holds on (M, ), which will be done in the rest of proof.

Obviously, M satisfies (EHI) for remote balls because (EHI) holds for
each M;. By Lemma 6.1 it suffices to prove (EHI) for anchored balls in M.
Let u be a non-negative harmonic function in an anchored ball B(o, p) of
a large enough radius p. Since each M; satisfies (EHI), (V D), and (RCA),
we have the annulus Harnack inequality (6.3) on each M; (see Section 6.1
and Proposition 6.6). This implies, for some (large enough) constants Cp
and OA,

(7.18) pt,z,y) <

(7.19) m; = sup u<Cpx

mn u,
9B (o,r)NE; 0B (o,r)NE;

where r = p/C4 (strictly speaking, (6.3) holds on each M; with respect
to the distance d; on M; whereas in (7.19) we use the distance d on M;
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however, this can be easily handled by increasing the constants Cy and C'4
because d; ~ d). By the maximum principle,

sup u= sup u=maxm; and inf w= inf wu> C’;Il min m;.
B(o,r) dB(o,r) g B(o,r) dB(o,r) i

Hence, (EHI) for the ball B(o, p) amounts to max; m; < C'min; m;, which
will follow if we prove that

(7.20) m; ~u(o) forall i=1,2,...,n.

Proof of the lower bound m; > cu(o). — Let ¢ be a constant much
larger than the diameter of the central part of M. Assuming that r > rg
and p = Cur, consider the following subsets of M;:

D; = (B(O, 7“0) N El) UK; and U; = (B(O, p) N El) U K;,

where K; = M; \ E;. In other words, U; and D; are open sets in M; such
that their intersections with E; coincide with the intersections of the balls
B(o, p) and B(o,79) with E;, respectively. Clearly, we have

aDi = aB(O, 7’0) n El and 8U1 = (3'B(07 p) N El
Let v be the harmonic function in U; \ D, such that
vigp, =1 and vjgy, =0

(see Figure9).

0FE;

0B(o,7) N E;

Figure 9. Manifold M; and function v in U; \ D;

By a local Harnack inequality we have w|sp, > cu(0). Since also
u|gy, = 0, the comparison principle implies

u(z) > cu(o)v(x) for any = € U; \ D;.
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Hence, it suffices to show that

(7.21)

v >c.

inf
dB(o,r)NE;
By Lemma 7.3 we obtain, for any « € dB(o,r) N E;,

(722) @)~ (o) [ 29 < ) L
. v(z) =~ ( flux v ~ ( flux v

(D3,U;) + Vi(s) (Ds,Us) " V(p)
where we have used 7 =~ p ~ p — r. Strictly speaking, when applying
Lemma 7.3, we have to use r; := d;(z, 0;) instead of r = d(x, 0); however,
since r; /= r, this only changes the constant multiples in the estimates.

On the other hand, using (7.9), (7.4), and (v1), we obtain

P sds "1 Vi(p)
(D}}(}Ji) v CapMi( 3] Z) (/TO V;(S) ) p2

)

Combining with (7.22) we obtain (7.21).

Proof of the upper bound m; < Cu(o). — In this part it will be
convenient to redefine m; as follows

m; = inf U
dB(o,r)NE;

(by (7.19) this can reduce m; only by a constant factor). For any
t=1,2,...,n, set

D, = (B(Oﬂ’o) ﬁEi) UK; and U; = (B(O,T) ﬂEZ) UK.

Clearly, OU; = 0B(o,r) N E;. Fix an index 4, and let v be the harmonic
function in B(o,r) such that

vigy; =0 forall j#i, and vjgy, =1
(see Figure 10). By the comparison principle, we have
u(z) > myv(z) for all x € B(o,r).

In particular, the required inequality m; < Cu(o) will follow if we prove
that v(o) > ¢; by a local Harnack inequality, the latter is equivalent to

€:= sup v >c,
B(o,m0)

where r( is as above. Hence, we are left to prove that ¢ is bounded from
below by a positive constant.
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Let w be the harmonic function in B(o,r) \ B(o, 7o) such that

W[oB(o,) =0 and  wjop (o) = 1.

(see Figure 10).

Figure 10. Functions v and w

By (7.9), (7.4) and (v1) we have, for any £ =1,2,...,n

" osds "1 V(r)
7.23 fl = DU, ~ sds. N
(7.23) fux w = capyy, (Dr, U) =~ ( / ) ¢
By Lemma 7.4,
V(r)
24 flux v= flux (1— 1—¢) flux wa (1—
7 (Dil " (D%i)( vz 6)(Dil,ll}1(¢)w (1=¢) 72

For any j # ¢ we have, again by Lemma 7.4,

v
(7.25) flux v<e flux wre (27°) .
(D;,U;) (D;,Uj) r

Let € be any precompact open set with smooth boundary such that
B(o,r9) € Q € B(0,p), and n is the inward unit normal vector field on 9.
Observe that, by the harmonicity of v,

- v v
—d’:/ — dy/ =0.
Z/amEj on : o0 On :

j=1
Since

flux v—‘/
(D;,Uj) OONE; 3"

this implies

(7.26) flux v < flux w.
(Di,Us) iz (PaUi)

Combining (7.24), (7.25), and (7.26), we conclude that € is bounded from
below by a positive constant, which was to be proved.
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7.4. Proof of Theorem 7.1: (EHI) implies (v1)—(v2).

In this section M = M,#...#M, is again as in Theorem 7.1 and
n > 2. We assume that M satisfies (EHI) and we will prove that (v1)
and (v2) hold true on M. Let us first observe that each manifold M;,
i = 1,2,...,n, must be parabolic, that is, any positive superharmonic
function on M; is constant. Indeed, if there is a non-parabolic end then by

[48, Corollary 3.3] there exists a non-constant positive harmonic function
on M, which contradicts (EHI).

Using the parabolicity of M; and (PHI) on M; we conclude by [21,
Lemma 4.5] that there exists a positive harmonic function h; on E;, which
vanishes on OF; and such that

Oh;
flux h; = dp' =1,
(Ki,M;) oE; On

where K; = M; \ E; and n is the inward unit normal vector field on OF;.
Moreover, for this function one has the estimate

d(0:,7) g g
hz' ~ ’
@=[

provided d(o;,x) > 1 (this estimate can also be deduced from Lemma 7.5).
Using the notation
" sds

M=) v

)

we can write that, for large enough r,
hi(z) = Ii(r) forall z € 9B(o,r) N E;,
where o is a fixed point in the central part of M (indeed, we have

d(0;,x) = d(o,xz) = r for large r). Note that I;(r) — oo as r — oo because
the parabolicity of M; is equivalent to

[ =

Let us show that, for all 4,7 = 1,2,...,n and for large enough 7,

(see [19, Theorem 11.1]).
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By [48], given two distinct ends E;, E;, there exists a harmonic function h;;
on M such that h;; is bounded on each Ey, k # i, j, the function h;; — h; is
bounded on E;, and the function h;; + h; is bounded on E;. Consequently,
we obtain, for large enough 7,
(7.28) C™I(r) < hij(z) < CI(r), if € 9B(o,r) N E;,
(729) C_llj(’l“) S —hij(I) S

Set

ai;(r) = — gof hig = ;(123)(—’1@)

and observe that, for all large enough r,
(7.30) —C < ai(r) < CLy(r).
Indeed, the lower bound in (7.30) follows from

B(o,r) B(o,r)NE; B(o,r)NE;

and the upper bound in (7.30) follows from (7.29) and from the observation
that h;; is bounded from below on any end Fj, with k # j.

Applying (EHIL,) in B(o,r) to the non-negative harmonic function

x — hj(x) + ai;(r), we obtain

sup hii +a;:(r) <C inf  hy; +ai(r)),
OB(o,nr)NE; ! J( ) (BB(o,m“)ﬂEJ ’ j( >)

which together with (7.28), (7.29), and (7.30) yields
Li(nr) < CI(r).
Observe that I;(nr) ~ I;(r) since by Theorem 2.7 each end M;
satisfies (VD). Therefore, we obtain I;(r) < CI;(r), whence (7.27) follows.
Next we claim that for each 1,

7“2

which together with (7.27) will clearly imply (v1) and (v2). To prove (7.31),
consider a harmonic function w in B(o,r) such that

U|9B(o,r)\E; = const and U9B(o,r)nE; = 0,
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where const is chosen so that .flux. g, as,yu = 1. By (EHI) in B(o,r), we
have
sup v < C inf w.
B(o,nr) B(onr)
Let 79 be a constant much larger than the diameter of the central part
of M. Assuming that r > ry we have by Lemma 7.5

< " sds
sup w >  sup @ u=
B(o,mr) 9B(o,ro)NE; ) ‘/2(3)
" sds r?
inf o< inf u R~ ~ .
B(o,nr) - OB(o,mr)NE; nr M(S) M(T)

~ Ii(r)a

Combining together the above three lines, we obtain I;(r) < Cr?/V;(r).
The opposite inequality follows just from the monotonicity of V;(r). This
finishes the proof of Theorem 7.1.

7.5. Examples involving curvature conditions.

In the context of complete Riemannian manifolds without boundary,
after the seminal work of Yau [49], Cheng and Yau [9] proved that
any manifold with non-negative Ricci curvature satisfies the elliptic
Harnack inequality (EHI). Later, Li and Yau [34] obtained the parabolic
version (PHI) for the same class of manifolds. It is natural to try and
study manifolds satisfying slightly less stringent curvature conditions. In
this spirit, we will consider here the following two classes of Riemannian
manifolds.

(a) M has asymptotically non-negative sectional curvature, that is
there exists a point o € M and a continuous decreasing function
k:(0,+00) — (0,400) satisfying the condition

+o0
/ sk(s)ds < o0

and such that the sectional curvature Sect(z) of M at any point x € M
satisfies Sect(z) > —k(d(o, x)).

(b) M has non-negative Ricci curvature outside a compact set and finite
first Betti number.

For instance, if Sect(x) > —Cd(o,x)~® for some a > 2, then (a)

is satisfied. On the other hand, it is easy to show that (a) implies
Sect(z) > —C d(o, )72
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It is clear that the classes (a) and (b) contain manifolds that do
not satisfy (PHI), e.g., a connected sum of two n-dimensional Euclidean
spaces, n > 2. Harmonic functions on manifolds of classes (a) and (b)
were studied by Li and Tam [32], [33] and by Kasue [28] . In particular,
Li and Tam [33] emphasized the role of condition (VC) for the class (b).
Corollary 7.14 below characterizes those manifolds in classes (a) and (b)
that satisfy (PHI).

Let us recall the following fact which follows from the Gromov-Bishop
volume comparison theorem [4] and the gradient estimate of Li and Yau [34].

ProposiTiION 7.6. — Let M be a complete Riemannian manifold
without boundary and o be a fixed point in M. Assume that the Ricci
curvature Ric(x) of M satisfies for any v € M the lower bound

(7.32) Ric(z) > —C'd(o0,x) ™2

Then, for any remote parameter 0 < € < 1, the family of all remote balls
satisfies (VD), (PI), and (PHI).

For example, this statement applies to manifolds of the class (a).

In order to use Theorem 5.2 and Corollary 5.4, we need to investigate
properties (VC) and (RCA).

DEFINITION 7.7. — We say that a complete Riemannian manifold M
has n ends if for sufficiently large compact sets K C M, the difference
M \ K has exactly n unbounded components.

Given a Riemannian manifold M with n ends, let us fix a large enough
compact set K with smooth boundary such that M \ K has n unbounded
components Fy, Es,..., E,. Then we can represent M as a connected
sum M = My#Ms# ---#M, where each M; is a complete Riemannian
manifold such that F; is isometric to the exterior of a compact in M;. For
example, one can take M; to be the closure of E; in M so that M has the
boundary 0 M; = OF;. By slightly abusing terminology, we will refer to M;’s
as the ends of M.

The following proposition contains already known results (see [28],
[33], [5], [35])-

ProPOSITION 7.8. — Any manifold of class (a) or (b) has finitely
many ends, and each end satisfies (VC) and (RCA).

ANNALES DE L’INSTITUT FOURIER



STABILITY RESULTS FOR HARNACK INEQUALITIES 885

Example 7.9. — Let M be a complete manifold with a pole 0 € M;
that is, the exponential map at o is a diffeomorphism. Clearly, all geodesic
spheres around o are connected, which implies (RCA). If M satisfies (7.32),
then, by Proposition 7.6, M satisfies (PHI) for remote balls. Hence, by
Theorem 5.2, (PHI) on M is equivalent to (VC). If M satisfies the stronger
hypothesis (a) instead of (7.32), then, by Proposition 7.8, M satisfies (VC)
because M has a single end. Therefore, (PHI) holds on any manifold with
a pole satisfying (a).

Observe that by [16, Theorem C], a complete manifold with a pole,
having asymptotically non-negative sectional curvature and non-positive
sectional curvature, is quasi-isometric to R™. Hence, in this case (PHI)
follows also from Moser’s theorem.

Another result in this direction is as follows.

ProrosiTion 7.10. — Let M be a complete Riemannian manifold
without boundary having non-negative Ricci curvature outside a compact
set. Then M has finitely many ends, say, My, ...,M,. Furthermore, if an
end M; satisfies (RCA), then it also satisfies (VC).

Proof. — The manifold M has finitely many ends by [5], [35], [33].

By [35], there exist o € M and a constant @ such that for any r > 0 the

set S, = {x € M, :d(o,z) = r} can be covered by at most @ balls of radius

%'r centered on the set S,.. By [33, Proposition 5.1], there exists z € S,

such that V(o,r) < CV(x, ) with C independent of r. Since M; has

non-negative Ricci curvature outside a compact set and satisfies (RCA),
1

any two balls of radius g centered on S, have comparable volume, whence

condition (VC) follows. O

Remark 7.11. — It is not yet known if in general any end M; must
satisfy (RCA).

Combining with Theorem 5.2, Corollary 5.4, and Proposition 7.6, we
obtain the following results.

COROLLARY 7.12. — If M is a manifold of class (a) or (b), then each
end of M satisfies (VD), (PI) and (PHI). In particular, if M has only one
end, then M satisfies (VD), (PI), and (PHI).

CoroLLARY 7.13. — Under the hypotheses of Proposition 7.10, if
an end M, satisfies (RCA), then M; satisfies (VD), (PI), and (PHI). In
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particular, if M has non-negative Ricci curvature outside a compact set
and satisfies (RCA), then M satisfies (VD), (PI), and (PHI).

We close with a remarkable application of Theorem 7.1, which
characterizes manifolds satisfying (PHI) in the classes (a) and (b). This
result is new even for manifolds with non-negative sectional curvature
outside a compact set.

COROLLARY 7.14 (= Theorem 1.1). — Let M be a manifold of class (a)
or (b). Then the following condition are equivalent:

o M satisfies (PHI).
o M satisfies (EHI).

e Either M has only one end or it has more than one end and satisfies
the conditions (v1) and (v2) (see Section 7.1 for the definitions).

Proof. — If M has one end, then M satisfies (PHI) (and (EHI))
by Corollary 7.12. If M has at least two ends, then the claim follows from
Corollary 7.12 and Theorem 7.1. O

For comparison, let us state a similar result for the case when all ends
are model manifolds.

CoRrROLLARY 7.15. — Assume that M is a complete Rieman-
nian manifold (without boundary) with sectional curvature satisfying
Sect(z) > —C d(z,0)~2, for some o € M. Assume that M has finitely
many ends My, ...,M,, n > 2, and that each end M, is isometric to a
model manifold My,. Then M satisfies (PHI) if and only if for all large
enough r and all indices i,j

CO1) U) (),
Cr
w2 [ o <

o (¥3) /0 wiNfl(s) ds < 07’1/};\{71(7").

Proof. — Each end M; obviously satisfies (RCA). By Proposition 7.6,
remote balls in M; (and M) satisfy (PHI). By Theorem 5.2, M; satisfies
(PHI) if and only if M; satisfies (VC). Given that each M; satisfies (PHI)
and (RCA), by Theorem 7.1 M satisfies (PHI) if and only if M satisfies
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(v1) and (v2). Hence, M satisfies (PHI) if and only if (v1), (v2), and (VC)
are satisfied. Let us verify that

(v1) + (v2) + (VO) <= (¥1) + (¥2) + (¢43).

Indeed, the assumption Sect(z) > —C'd(z,0) 2 implies that

(7.33) D (r) < Or~24h;(r).

It is an elementary exercise to show that (7.33) and the positivity of ;
imply |¢}(r)| < Cr~'4;(r), whence

(7.34) Y;(r) ~;(s) provided r = s.

Obviously, under (7.34) we have (VC) < (13). From (¢3) and (7.35) we
obtain

(7.35) Vi(r) :=wn /OT Wi(s)N 1 ds & rwg\/'—l(r)’

and under (7.35) we clearly have (vl1) < (1) and (v2) < (12). O

It is easy to see that (¢)2) and (¢3) do not imply each other. Indeed,
if ¥;(r) = r* for large r, then (¢2) is equivalent to o < 1/(N — 1)
whereas (13) is equivalent to o > —1/(N — 1) (cf. Example 7.2). Note that
the additional condition (¢3) appears because the curvature assumption in
Corollary 7.15 is (slightly) weaker than condition (a).
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