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HENKIN MEASURES, RIESZ PRODUCTS
AND SINGULAR SETS

by Evgueni DOUBTSOV

1. INTRODUCTION

The principal objects of the present paper are measures defined on
the complex sphere S = {¢ € C" : |{| = 1}, n > 2. The role of S in
the function theory is twofold. First, S is the boundary of the unit ball
B, the simplest pseudoconvex domain. Second, let U(n) be the group of
unitary operators on C", then S = U(n)/U(n — 1), in other words, S is
a homogeneous space. In particular, it is possible to develop the spectral
function theory on S in terms of H(p, q), the spaces of complex spherical
harmonics.

DEFINITION. — Fix a dimension n. Let (p,q) € Z%, then H(p,q) is
the vector space of all harmonic homogeneous polynomials in C™ of total
degree p+q, of degree p in z1,. .., z,, and of degree q inzy, . .., Z,. We use
the same symbol for the restriction of H(p,q) on S.

The spectrum of a measure p € M(S) is defined by the equality

spec(u) = {(p,q) € Zi :ppg(2) = /Squ(z, Q)du(¢) #0, z€ S},
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where Kpq(2,¢) is the reproducing kernel for H(p,q) C L%(S). We address
the reader to the monograph [Ru], Chapter 12, for a systematic presentation
of the harmonic analysis on S.

Given a set (a spectrum) A C Zi, the general problem is to investigate
the properties of the space Mp(S) = {u € M(S) : spec(u) C A}.

Put M3(S) = {p°: there exists a p € M)(S) such that p° is the
singular part of p} (here and in what follows, “singular” means “singular
with respect to the corresponding Lebesgue measure”). It is interesting, in
particular, to find the sets with the following quite rare property.

DEFINITION. — A set A C Z2% is said to be singular if
1) M3(S) and MZ&\A(S) are not trivial;

2) if u € M{(S) and v € My, \A(S), then plv (are mutually
+
singular).

Let d € Zy. Define A(d) = {(p,q) € Z2 : (p—d)(g—d) = 0,p >
d,q > d} (often we add the point (0, 0) to the set A(d); clearly this does not
affect the properties under the question). Note that the spectrum A(0) is
a natural object in the complex analysis, since spec(u) C A(0) if and only
if the Poisson integral P[u] is a pluriharmonic function. Such a measure
is said to be pluriharmonic (remark that in the pluripotential theory the
term “pluriharmonic measure” is used for a completely different object).
By analogy, if spec(p) C A(d) or spec(p) C A(d) U {(0,0)}, then we say
that p is d-pluriharmonic.

It is shown in [D1] that A(0) is singular. The first aim of the present
paper is to generalize this result.

THEOREM A. — The set A(d) is singular for all d € Z, .

To prove the mutual singularity property, we use some properties of
the Henkin measures (see §2) and an asymptotic formula of the Boole-
Hruscév-Vinogradov type (§3, Theorem 3.1).

Actually the non-triviality part from the definition of a singular set
is known for all A(d). Indeed, it is shown in [D3] that the corresponding
triple (A4(S), S, o) is regular in the sense of [Al]. On the other hand, given
a d-plh measure py, the slice measure p, is defined (on the circle) for -
almost all £ € CP™!. Moreover, in the weak sense, we have the integral
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representations

u=Lmq%w@,m=Lm4@w@,

where p° (pg) is the singular part of p1 (pi¢) (see §3 for details). So a natural
problem is to understand the properties of the family {Ng}gec pr-1.

In §4 we introduce the d-pluriharmonic Riesz products to give exam-
ples of probability singular d-plh measures. Probably, such product mea-
sures are of independent interest. On the other hand, the Riesz product
idea yields, for example, the following existence result.

THEOREM B. — There exists a probability singular d-plh measure
u such that the slice measures ¢ live on sets of Hausdorff dimension 1 for
all ¢ e CP™ L.

To illustrate the results about My (S) and M3(S), in §5 we discuss
the peak, interpolation and null sets for the unitarily invariant spaces of
continuous functions Age(S).

Notation. — Throughout this paper o is Lebesgue measure on S,
o(S) = 1; the unit disc is D, and m is Lebesgue measure on the unit circle
T, m(T) = 1. CP™! is the projective space, pr : C™\ {0} — CP" ! is the
canonical projection, and & = pr(o).

Given a pu € M(S), the symbol P[u] denotes the classical Poisson
integral:

.2
PM@=LP@O@@=L%;%5

(@) (z¢€B).
We identify a function f € L1(S) and a measure fo € M(S).

It is useful to imagine Z?,, as the first quadrant of the integer lattice.
In particular, we say that {(p,k) : p € Z,}, k € Z,, is a horizontal ray
(respectively {(£,q) : ¢ € Z+}, £ € Z4, is a vertical one).

2. HENKIN MEASURES

Motivated by Bourgain’s investigations of the Dunford-Pettis prop-
erty, Cima and Timoney introduced in [CT] the following notion.
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DEFINITION. — Let A be a Banach algebra and X C A be a linear
subspace. The Bourgain algebra Xp is the set of f € A such that

if f; — 0 weakly in X, then | ff; + X|| — 0.

In fact, Bourgain showed in [B1] that a subspace X of C(K) had
the Dunford-Pettis property if X = C(K). It happens that a very similar
abstract notion (we put the weak* convergence in place of the weak one)

is useful in the study of the Henkin measures corresponding to a subspace
X C C(K).

2.1. Henkin algebras.

In the definitions below we suppose that K is a compact Hausdorff
space, p is a positive regular Borel measure on K, the closed support of p
is K, and X C C(K) is a closed subspace.

DEFINITION. — A function sequence {f;}32; C X is called an
(X, p)-sequence (or a p-sequence) if

/ figdp — 0 for all g € L'(p).
K

Remark. — In other words, f; — 0 weakly* with respect to the
duality (L!(p),L°°(p)) (where X C C(K) C L*®(p)). In particular,
I fillocxy = Il fjlleo < const.

DEFINITION. — Let X C C(K) be a closed subspace, then the
Henkin algebra X3/(p) (with respect to p) is the set of ¢ € C(K) such
that '

lefi + Xllo =0 asj— oo

for every p-sequence {f;}52; C X.

The following standard observation (compare with [CT)]) justifies the
word algebra in the above definition.

PROPOSITION 2.1. — The space Xy(p) is a closed subalgebra of
C(K).

Proof. — Suppose that {f;}32; is a p-sequence.



HENKIN MEASURES, RIESZ PRODUCTS AND SINGULAR SETS 703

1. Let ¢1,02 € Xx(p), then there exist g; € X such that |lo1f; +
gjllco — 0 as j — oo. Note that g; is a p-sequence, therefore, there exist
h; € X such that ||p2g; + hjlloc — 0 as j — co. In sum we obtain

lorp2fs — hilloo < I2lloollo1fs + 5lloo + @295 + hsllo — 0.

In other words @1p2 € Xn(p).
2. Without loss of generality || fjllco < 1. Let {px}52; C Xn(p) and

lek — @lloc — 0 as k — oco. Take k € N such that ||¢x — |l < €, then
Ifio + Xlloo <€+ |Ifjor + X|loo < 2¢ for j large enough. ]

DEFINITION. — A measure u € M(K) is called an (X, p)-measure
(or a Henkin measure) if

‘lim / fj du =0
K

J—o0

for every p-sequence {f;}52; C X.

Remark. — Clearly, the set of the Henkin measures is norm-closed.

PROPOSITION 2.2. — Suppose that Xy (p) = C(K). Let p be an
(X, p)-measure and A < p. Then X is an (X, p)-measure.

Proof. — Fix a p-sequence {f;}52, and a ¢ € C(K). The definition
of the Henkin algebra yields a sequence {g;}32; C X such that |¢f; +
gilloo — 0 as j — oco. Remark that {g;}32; is a p-sequence. Therefore

/fjsodu=/(fjso—gj)du+/ gj du — 0,
K K K

since p is a Henkin measure. So ¢y is a Henkin measure for all ¢ € C(K).
On the other hand A = ¢u with ¢ € L!(|u|). Since the set of the Henkin
measures is closed, ) is a Henkin measure. 0

There is a large number of results about the Bourgain algebras
generated by subspaces of different uniform algebras (see, for example, [I]
for the C"-setting, see also references therein). Many of such statements
have their analogues in terms of the Henkin algebras. However, in the
present paper, we concentrate our attention on the case K = S and p = o.
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2.2. Henkin measures on the sphere.

PROPOSITION 2.3. — A sequence {f;}32; C X C C(S) is a o-
sequence if and only if 1) P[f;](z) — 0 as j — oo for all z € B, and 2)
| fillo < const for all j € N.

Proof. — Assume that 1) and 2) hold and g € L(o). Put P.[g](¢) =
Plg](r¢), 0 <r <1, ¢ € S. Fubini’s theorem yields

[ fado= [ 10 Pla) do+ [ Pifilodo

< W illoo llg = Prlgllly + 15 [fll o llglla-

Note that ||g — Pr[g]]l, — 0 as r — 1— and P[f;] tends to zero uniformly
on compact subsets of the ball, therefore |, g figdo — 0 as j — oo.

Let now {f;}52, be a o-sequence. If z € B, then P(z2,-) € L'(c), thus
1) holds. On the other hand, 2) holds for any p-sequence. |

In what follows, we assume that f € X implies P,[f] € X.

The above proposition enables us to relate the (X, o)-measures and
the annihilator X+ = {ue M(S): [(fdu=0 forall fe X}. If X =
A(S) (the ball algebra), then the next statement is Valskii’s theorem (see
[Ru], 9.2). We can use the argument of Valskii in the general case (for
reader’s convenience, we reproduce the proof here, since this result is given
in [D1] without proof).

THEOREM 2.4. — Let p be an (X, 0)-measure and € > 0. Then there
exists a function g € L'(o) such that ||g||1 < ||u|lx~ +€ and p—go € X*.

Proof. — First, we establish an auxiliary result.

CLAIM. — Let X be an (X, o)-measure and £ > 0. Then there exists
an h € LY(o) such that ||h||; < ||A|| and ||A — ho||x~ < e.

Put u, = P[)], 0 < r < 1. It is sufficient to verify that liI{l [|A —
r—1—

uro||x+ = 0. (We can define h = u, with r sufficiently large.) Assume that
the latter limit is not zero. Then there exist 6 > 0, 7; — 1 and f; € X,
[Ifilloo < 1, such that

.ijd)\—/sfjurjda

>6 forall jeN.
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By Fubini’s theorem [g fu,do = [g fr d, thus

/3 () = £i(riQ)] dAM(C)| > 6 for all j € N.

Define g;(2) = f;j(2) — fj(rjz), 2 € B. Remark that g;(2) — 0 for all
z € B; hence, by Proposition 2.3, {g; 521 is a o-sequence. Therefore, by the
definition of a Henkin measure, | 595 dA — 0 as j — oo. This contradiction
proves the claim.

[
Now choose ¢; > O such that e— Y~ €; > 1 —||p||x+ > 0. Put py = p
i=2
and suppose, as induction hypothesis, that £ > 1, u, is an (X, o)-measure

and ||ue||x+ < €. By the Hahn-Banach theorem ||ue — pe|| < € for some
pe € X1. By the claim (with A = p, — py), there exists a g, € L(o) such
that ||g[||1 < gp and ||u¢—pg—gga||x‘ < €¢41. Define ppr1 = pe — pe— geo.
Note that pe4; is a Henkin measure, so the induction construction proceeds.

o0 o0
Define g = 5 g;, then g € L!(0) and ||g]|1 < 5 ¢;.
i=1 i=1

e ¢
We have p = per1+ Y pj + 3 g;o for every £ € N, thus
Jj=1 Jj=1

L (o)
B =90 = pet +ij - Z g;0.
j=1 j=t+1

Since p; € X1, we obtain

o0 e o)
llu = gollx= < llesallx- + Y llgslh Seerr+ Y 65 =0 ast—oo.
j=t+1 j=t+1

In other words pu — go € X+. a

Now we consider the U-invariant subspaces of C(S). More precisely,
put X = Ca(S) = {f € C(S) : spec(f) C A}, AC Z3.

Let Kp : L?(S) — L%(S) be the orthogonal (Cauchy-Szegd) projec-
tion (as above, L% (S) = {f € L?(S) : spec(f) C A}).

DEFINITION. — Given a ¢ € L*(S), the A-Hankel operator (more
precisely, the A-spectral Hankel type operator) Vj , : L*(S) — L?(S) is
defined by the formula Vy ,[f] = ¢Ka[f] — Kalpf]-

Note that Vi , + V2 \a,p = 0.
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DEFINITION (see [D3]). — A spectrum A is said to have the Com-
pact Hankel property (we write A € (CH)) if V), : C(S) — C(S) is a
compact operator for every polynomial ¢ on S.

PROPOSITION 2.5. — Suppose that A € (CH), p € M(S) is a
positive measure, the closed support of p is S, and K is bounded in L?(p)-
norm. Then Cp(S)x(p) = C(S).

Proof. — Let ¢ be a polynomial and {f;}?2; be a (Cx(S),p)-
sequence. Note that K [pf;] € Ca(S), so the property |l f; — Kalof;] ”C(S)
— 0 yields ¢ € CA(S)n(p)-

Assume that ||Ha e [fj]ll o5y 7 0. Since || fjllc(s) < 1 and A € (CH),
there exists a subsequence {jx}7>, such that Ha,[f;] — g in C(S) for
some g # 0. On the other hand f; — 0 weakly in L?(p) and K is L?(p)-
bounded, thus Hj ,[f;] — 0 weakly in L%(p), a contradiction.

Recall that the Henkin algebras are closed, so the proof is complete.
]
For E,F C Z,, define
A=A(E,F)={(p,q) €Z% :q€e Eorpe F}.

(A union of horizontal and vertical rays.)

COROLLARY 2.6. — Let E,F C Z, be finite sets, A = A(E, F) or
A =72 \ A(E, F). Suppose that p is a (Cx(S),0)-measure and v < p.
Then v is a (Cp(S), o)-measure.

Proof. — The property A(E,F) € (CH) is obtained in [D3]. So we
apply Proposition 2.5 and Proposition 2.2. 0

COROLLARY 2.7. — Let A be as in Corollary 2.6. Suppose that
p € LY(S) + Ca(S)* and v < pu. Then v € L1(S) + Cp(S)*.

Proof. — We apply Corollary 2.6 and Theorem 2.4. a

To finish this section, we give other simple examples of the Henkin
algebras generated by U-invariant subspaces.

Example 2.8. — For £ € Z,., put D(¢) = {(p,q) € Z2 : p—q = £}.
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Let d be a prime number and

[e’e] 00 0
A= |J D(d), or A=|JD(), or A= |J D().

{=—00 £=0 £=—00

Then CA(S)n (o) = Ca(S).

Proof. — 1. Put A = CA(S)n(0). Note that A is a U-invariant
subalgebra of C(S). Since Cx(S) is an algebra, we have Cy(S) C A.

2. Assume that A ¢ Cp(S), then A = C(S) since Cx(S) is a maximal
U-invariant subalgebra of C(S) (see [Ru], 12.4.7 and 12.5.6). Fix a ( € S.
Let m¢ be Lebesgue measure on the circle T¢ = {A( : A € T}. We suppose
that d > 1, so A*m¢ € CA(S)1, A € T, for some k € Z. In particular, A*m,
is a Henkin measure. Since A = C(S), Proposition 2.2 says that m¢ is a
Henkin measure. On the other hand, take polynomials {f; };‘;1 such that
fi € H(3,5), f({) = 1, [f| < 1 on S. Then {f;}2; is a o-sequence and
[ fj dm¢ =1 for all j € N. A contradiction. o

3. d-plh measures and d-Cauchy transforms.

Fix a d € Z;. Recall that a measure p € M(S) is said to be d-plh if
First, we explain and establish integral representations for d-plh

measures in terms of the slice-measures (in the pluriharmonic case such
results are given in Chapter 5 of [A2]).

Convention. — Given an f € L(S), the standard “slice-integration
formula” has the following form:

[rao= [ ([ 100an») a0

Recall that pr: C™\ {0} — CP™! is the canonical projection and
& = pr(o). We rewrite the above equality as a Fubini type theorem. Namely

[rao=[ ([ re0ane) ae,

where f¢(\) = f()\i—cl-l ), G #0,if pr(¢) = ¢&.
G
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In a sense, we identify S and CP™™* x T. Note that o{¢ € S : {; =
0} = 0, so such identification is correct from the measure theory point of
view (of course this is not true topologically).

Suppose that p € M(S), spec(p) C A, A C Z2, and u = Py, then
u(z) = Z Upe(2), 2z € B,

(P.9)EA
where p,q € H(p, q). Now we assume that p is a d-plh measure. Fix ( € S
and consider the slice function u¢(A) = u(A(), A € D, then we have

oo —p—d _
uc(N) = NPuaad(©)+ N D (Hap(OX ™ + pa(X7~4) = AR (V)
p=d+1
where the harmonic function v¢ is defined (in D) by the latter equality.

Let 4. (¢) = u(r¢), then
sup [urllzr(sy = lim [Jur|lpi(s) < oo,
0<r<1 r—1-—
thus
/C lim ||(v£)r||L1(T) d&(f) < 00.

pr-1 r—1-—

In particular, li1}1 [|(ve)rllLr(my < oo for 6-a.e. € € CP™!. Therefore,

for 5-a.e. £ € CP™!, there exists pg € M(T) such that ve = Pue] (the
Poisson integral in dimension one).

Since || P-[p]ll1 /" llpll as 7 — 1— for every measure p, we have
= [ el ds(©)
cpr-t

Let u® be the absolutely continuous part of  and u* be the boundary
values of u, then u* = u*o. Analogously u¢ = ugm when p¢ is correctly
defined. So, by Fubini’s theorem [|u®|| = [ ||u¢||. Therefore

(31) = [ Iuglasce)

where p° (1f) denotes the singular part of pu (ue).

Remark. — Given an f € C(S), classical properties of the Poisson
integral yield

/fd/.t= lim urf do
s r—=l-Jg

= tim [ ([woncan) daste

/CP"-l (/ﬁ' fe dﬂ{) do (§).
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Fubini’s theorem provides the same integral formula for the absolutely
continuous parts, so we have also p* = [ g dé(€) in the above weak sense.

Now, we investigate so-called d-Cauchy projections. Define H2(S) =
{f € L*(S) : spec(f) C {(p,d) : p € Z4}}, H(B) = {P[f] : f € HJ(5)}-
In particular, HZ(B) is the Hardy class H?(B). Let Ca(z,{) be the
reproducing kernel for H2(B) (in the point 2 € B). Then the d-Cauchy
projection

Calpl(2) = /S Ca(z,¢) du({)

is defined for all p € M(S). Again, if d = 0, then we have the classical
Cauchy-Szeg6 projection.

Our main object is Cy4[p] with d-plh p. Take a ¢ € S such that p is
correctly defined, then

(32) Calll(AQ) = APUCluc)(n), A€ D.

Therefore, the boundary values Cylu]* exist o-a.e., moreover, (3.1) leads
to an asymptotic formula of the Boole-Hrus¢év-Vinogradov type.

THEOREM 3.1. — Suppose that p is a d-pluriharmonic measure,
d € Z4, and p® is the singular part of . Then

S y-o{¢e S |Caul(O] >y} = llu?ll/7.

Proof. — By (3.2), we have
olCe S ICAW@I> 9} = [ miNeT: [l > v} do(e).

If we consider the Cauchy projection C[p] in dimension one, then the
formula under the question holds for all p € M(T) (see [HV]). Therefore,
by (3.1), the limit under consideration is equal to ||u*|| /7. O

Recall that Cy(z,¢) = (1 — (2,¢))™™. If d € Z, is arbitrary, then
((6,2) = 1=%)"
(1= (2™

where Py are polynomials (see Theorem 3.4 in [D3]). So the singular
integrals theory shows that the boundary values Cy[u]* exist o-a.e. for
every pu € M(S). Moreover, Cy : M(S) — L»*(S) is a bounded operator.
In particular, y - o {¢ € S: |C4[f]({)| >y} — 0 as y — +oo for every
f € LY(S). We write, in brief

(33) CalLN(S)] € L§™(8).

d
Cd(zv C) = Z Py (z,E, <z7 C)a <<a Z))
k=0
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The latter observation and the Henkin measures technique give
Theorem A. In fact, the following statement is even stronger than the
second property from the definition of a singular set.

THEOREM 3.2. — Let p® be the singular part of a d-plh measure
and v be a measure on S such that spec(v) C Z2 \ {(p,d) : p € Z4}. Then
pelv.

Proof. — Denote by v* the singular part of v. Let v°® = v5 + v$ be
the Lebesgue decomposition with respect to p°.

Put X = O{(d,q):q€Z+}(S) and Y = CZ_Z‘_\A(d)(S) (as above, A(d) =
{(p,g) € Z2 : (p—d)(g—d) = 0,p > d,q > d}). Since v} < v° and
vé < p®, Corollary 2.7 yields v¢ € L'(S) + X+ and v¢ € L}(S) + Y+.

The first inclusion and (3.3) provide Cy[vg] € Ly™(S). On the other
hand, the second inclusion and (3.3) give
Jm y-o{¢ €8 |Calwal(Q)] > v} = llvall/7
Thus ||¥s|| = 0. O

Remark. — Note that the singular sets have to be asymmetric: for
A cZ2,put A ={(g,p): (p,q) € A}. Assume that A N A is finite, then A

is not singular. Indeed, if u € MZ(S), then 7z € M, \A(S).
+

Moreover, suppose that E,F C Z, are finite, ENF = ( and
A= A(E,F)={(p,q) €Z% : q € E or p € F}. Then, by Corollary 2.7, we
have M}(S) C M, \A°
+

4. Riesz products.

In this section we give a construction based on the Riesz product
idea. This construction yields examples of positive singular d-pluriharmonic
measures discussed above. Moreover, we can force the corresponding slice
measures to have large supports. As a corollary, we obtain peak sets (for the
ball algebra A(S)) of maximal Hausdorff dimension (see Subsection 5.3).

Recall that the classical Riesz product on the unit circle T is

o0 —_ =1 ]

akz]k akz]k . .

,“:H( 21 ) 2 €T, lagl <1, juar/in > 3
k=1
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Zygmund’s theorem (see [Z]) establishes the following dichotomy:

e}
(i) if Y |ak|? = oo, then p is singular (with respect to m);
k:l

(i) if " |ak|? < oo, then p < m and du/dm € L?(T).
k=1

We are looking for Riesz type products on the complex sphere
which are not absolutely continuous. So it is reasonable to substitute the
characters z7¢ by polynomials of the Ryll-Wojtaszczyk type (see [RW], see
also [A2] and [D3] for the non-holomorphic case):

DEFINITION. —  We say that {R;}52, is an RW -sequence (on a level
d € Zy and with a constant § € (0,1)) if R; € H(j,d), |Rj|L~(s) = 1,
and |R;||z2(sy > 6 for all j € N.

There are two obstacles for a pluriharmonic Riesz product construc-
tion on the sphere:

1. If P is a polynomial and ||P||pe(s)y = ||P|lz2(s), then P = const
see [D3]). In other words, there are no RW-sequences with the constant
6=1

2. The multiplication rule for the spherical harmonics: If f € H(p, q)
and g € H(r,s), then the product fg is in ZL: H(p+r—4£,9+s—¥{), where
L = min(p, s) + min(q, 7). =

If we do not bother about the second obstacle, then we have the

following “standard” analogue of the classical construction.

DEFINITION. — Let R = {R;}$2, be a Ryll-Wojtaszczyk sequence,
J = {jk}i21 CN, 1 > d, jet1/dk 2 3, and a = {ax}R2,, |ak| < 1. The
standard Riesz product II(R, J, a) is defined by the formal equality

(R, J,a) = [] (gk—éi+1+g’f%).
k=1

£
We write II;(R, J,a) or II, for J], and sometimes Ry for R;,.
k=1

Fix a polynomial P on S. Since jxt1/jx > 3, we have

spec (Ilg4q —II;) Nspec P = @ for all ¢ € N if £ is sufficiently large.
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Remark also that I, > 0 and ||IL||z1(s)y = 1. Therefore, the products
II,(R, J,a)o converge weakly* to a probability measure (we use the above
symbol II(R, J, a) for this limit).

Fix a ¢ € S. Clearly the slice product II(R(X(), J,a), A € T, is the
classical Riesz product on T based on the pair ({axR;, (¢)}, {jx —d}). Often
this observation reduces a problem about standard Riesz products on the
sphere to that about classical Riesz products. However, the spectrum of a
standard product is quite far from being d-pluriharmonic. So we move to
the main objects of the present section.

4.1. d-pluriharmonic Riesz products.

Put PLH2(S) = {f € L?(S) : spec(f) C A(d) U {(0,0)}}. Clearly,
f € PLHZ(S) if and only if P[f] is a plh function. Let K = K, : L*(S) —
PLH3(S) be the orthogonal projection (often we omit the index d, if there
is no confusion). Given a polynomial ¢ on S (a symbol), recall that the
corresponding A(d)-Hankel operator is H,[f] = ¢K[f]—K|[pof], f € L?(S).

Remark that H, : C(S) — C(S) is a compact operator (see [D3]; we
used this property in the proof of Corollary 2.6). Therefore
(4.1) | Hefillesy =0 if f; € C(S) | filles) <1,
and f; — 0 weakly in L*(S)
(compare with Proposition 2.5).
The last observation leads to the notion of a d-pluriharmonic Riesz
product. Our definition is a variant of the LP-argument, 0 < p < 1, given

in [Al]; a similar construction (based on a bounded orthonormal basis in
the Hardy class H2(B)) is also outlined in [B2].

DEFINITION. —  Let {R;}52, be an RW-sequence on the level d and
a = {ar}32; C D (note that |ax| =1 is not allowed now and the index set
J is not given a priori).

Step 1. — Fix j; > d and put @1 =1+ Re(a1R;,) > 0.

Step k + 1. — Suppose that a d-plh polynomial ¢, @r > 0, is
constructed. For £ > 3j, put

er+1(6) 1 = K (o[l + Re(axt+1R)))
= ¢i[1 + Re(axt1Re)] — Hy, [Re(ak+1Re)].
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Since ¢ > 0, ||Rellc(sy < 1, and Ry — 0 weakly in L?(S) as £ — oo,
we have @g41(€) > 0 for all £ € N large enough. Fix such an ¢ and define
Jr+1 = £, Prt1 = Pr1(f).

Now the induction construction proceeds.

As in the standard case, given a polynomial P, spec (¢x+e — ©k) ()
spec P = { for all £ € Nif k is sufficiently large. We have also [l¢x||1(s) = 1,

wr > 0, so gokaﬁmr for some probability measure 7. The measure m =
m(R, J,a) (here J = {jx}52,) is said to be a d-plh (or just pluriharmonic)
product based on the Riesz pair (R, a).

Given a polynomial sequence R = {R; }j‘;l and a sequence of unitary
operators (on C") U = {U;}%2,, we put RoU = {R; o U;}2,
THEOREM 4.1. — Let (R,a) be a Riesz pair. Then

[
(i) if 3 |ak|? < oo, then all pluriharmonic Riesz products based on
k=1
(R, a) are absolutely continuous with respect to o;

(ii) if E lak|? = oo, then there exist an index set J C N, a sign

sequence ﬂ {ﬂk}k 1 Bk € {£1}, and a sequence U = {U;}$2, of unitary
operators such that 1(Ro U, J,Ba)Llo.

Proof of part (i). — Given a triple (R, J,a), a € £2, we claim that
(R, J,a) € L?(S). Indeed, let II(R, J,a) be the corresponding standard
Riesz product. Note that px+1 = o + K [cpk Re(ak“Rij)], so we have
the estimate

||<Pk+1||%2(5) = ||90k||§ + IK [<Pk Re(ak+1Rjk+1)] ||§
< |lowll + llox Re(ars1 R, )Nl < Mg 13-

On the other hand, let II,, denote the H(p, g)-projection of II. Then

ITeal3 < TG = IIHquIz<1+Z > Ha’klee

(p,9)€Z3 t=1 " kes#k.€N |le=1
oo
<1+exp (Z |ak|2>
k=1
which proves (i). O

To establish part (ii), we will need a known result about Fourier series
of the measures with a lacunary spectrum. Given a measure y € M(T), put
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k .
sklp](N) = 35 p(F)M, A € T (the k-th Fourier partial sum). Define also
PR
M i0
Du(A) = lim —
() |e}r—1»10 m()\, xe”), XeT,

if the latter limit exists. Recall that Du(A) = f(A) for m-a.e. A € T, where
fo is the absolutely continuous part of u.

LEMMA 4.2 (see [Z], Chapter 3, Theorems 8.1 and 1.27). — Assume
that p € M(T), jx / +oo, and (j) = 0 for all |j| € (jk, 2jk), k € N. Then
Sje [l(A) = Du(X) for m-a.e. A € T as k — oo.

Now, we are ready to investigate the singular pluriharmonic Riesz
products.

Proof of Theorem 4.1, part (ii). — We have Y |ax|> = oo and
proceed as in the definition. So on the step k + 1 we assume that a d-
plh polynomial g, pr > 0, is constructed. Let £ > 6.

Given a polynomial h € H(p,q), p # g, we have |Reh| 25y =
“ Im h”L2(S) because ” Re h’C”L2(T) = “ Im hC“LZ(T) for all ¢ € S. Therefore,
by the RW-property, we can assume that

[ [Relawss Ro)l* do 2 rlanal?
S

with v > 0. Given f,g € L(S), we have

/u/sf-(goU)dadUz/Sfda/Sgda,

therefore, we can choose U{,; € U such that
/Scp,lc/2 [Re(akt1Re 0 U,f+1)]2da 2/S<p,1c/2dcr/s [Re(ak41Re 0 U,fﬂ)]2 do.
Remark that (14 z)Y/2 + (1 — 2)'/? < 2(1 — 22/8) if |z| < 1, thus
[ (92 0 Re (ansareo U]
+ goi/z [1—Re (ax+1Re 0 Uii1)] 1/2) do

2
S 2/90;/2 (1_ [R’e (ak+1R[OU£+1)] ) dO'
S

8

2
2(1_____7|a%+1| )/cpllc/2do.
S

IA
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So we take 3f,; € {£1} to ensure that

1/2 ak+1/?
/Scp,lc/z [1+ Re (Bt 1ak+1Re 0 UfLy)] do < (1 - ll—ksﬂl—) / oy *do.
s

Define

(4.2) 0k41(8) = K (k1 + Re(Bfy1ar41Re 0 Ugy1)]) -

Then [|pk+1(€) — pr[1 +Re(Bi 1 ax+1Re0 Uiy 1)]llogs) — 0 as £ — oo
Therefore, for all £ € N large enough, we have pg11(£) > 0 and

2
Yla
(4.3) / PR (0) do < (1 - *"f%') / o/ do.
S S

Fix such an £ and define jx11 = ¢, Uj,,, = UI€+1’ Br+1 = ﬂ£+1’ and
©k+1 = Pr+1(£). Now the induction construction proceeds.

We claim that the resulting measure w(RoU, J, Ba) is singular. First,
remark that 7 is a positive d-plh measure, so the slices ¢ are defined for all
¢ € CP™!. In fact, we can use also the Riesz product nature of 7 to obtain
the same family of slice measures. Indeed, for ¢ € S, put (¢¢), (A) = pe(A(),
A €T, £ € N. Then the sequence {(¢¢), m}¢2, converges weakly* in M(T)
to a probability measure.

Fix a £ € CP™ 1. We have Jk+1 = 67k in the above construction,
therefore, #¢(j) = 0 for all |j| € (2jk,4jx). Thus, Lemma 4.2 gives
(0e) (A) = s2j,.[1e](X) — Dme(A) for m-ae. A € T.

On the other hand, 3" |ax|? = oo, thus wx — 0 in LY/2%(S) by (4.3).
Since @ (¢) converges for og-a.e. ( € S, we obtain ¢ — 0 o-a.e. In other
words, for -a.e. £ € CP™ !, Dre(A) = 0 for m-a.e. A € T. Therefore 7¢ is
singular for almost all £ € CP™ . So  is singular. O

In the next subsections we obtain singular d-plh products with some
special properties. In the corresponding constructions we always assume
that the following restrictions hold.

General restrictions on the step k + 1. — We assume that a ¢ ¢2,
ar, # 0, and proceed as in the plh definition and in Theorem 4.1. Namely, we
choose unitary operators U{, ; and signs £, such that the estimate (4.3)
holds for the d-plh polynomial @i1(¢) defined by (4.2). Often we abuse the
notation and omit these auxiliary sequences U and [ in the corresponding
equalities.
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4.2. Small H(p, ¢)-projections.

As indicated in the title, we are going to control the size of 7,4 and
Tdp, P € Z+'

Put, as in the definition, @9 = 1, 1 = Elﬁjlﬂ + 1+ a1R;,/2.
Let £ € N and let ¢, = ) fr(p) be the homogeneous expansion (here
zZ

pe

fe(p) € H(p,d) if p—d € Zy, and fi(p) € H(d,—p) if —p —d € Zy).
We suppose, as induction hypothesis, that ||fx(p)llcsy < lax| < 1,
(p, d) € spec(pk) \ spec(pr—1) (clearly, this estimate holds for k = 1).

Step k + 1. — Define, as in (4.2),

©e41(0) = ok + K [pr(ars1Re + ary1Re)] /2

(we abuse the notation and omit U and (). Since the H(p, q)-projections
of yj, are symmetric with respect to the diagonal {p = g}, it is sufficient
to investigate the projections K [ax+1fx(p)Re] /2, p € Z. By (4.1), for all ¢
sufficiently large, we have

(4.4) lak+1 K [fe(P)Re] /2llc(sy < Nlak+1fu(®)Rellos) < lak1l

for all p € Z (of course |p| < 34ji/2). We fix £ so large that (4.4) and the
“general restrictions on the step k + 1”. hold. By definition jx4+; = £ and
Yr+1 = @r+1(£), thus, for 0 > p > —35,/2,

I frs1Grs1 + 2+ Dlics) = lax+1 K [fe(®P)Rjpys ] /2llo(s)-

(If p > 0, then the above equality holds for fxi1(jx+1 + p — d).) Therefore

Ife+1(Dlcs) < lawsal < 1, (¢,d) € spec(pk+1) \ spec(px), and the
induction construction works. 0O

We take the projection on PLH2(S) on every induction step, there-
fore, the slice measures are not exactly the classical Riesz products (as it
was in the standard construction). Nevertheless, (4.4) guarantees that the
situation is sufficiently close to the classical one.

In particular, take a sequence a such that Z lak|?> = oo and ax — 0,
k=
then the above modification yields an S-version of Menchoff’s example on

T (see [M]).

COROLLARY 4.3. — There exists a probability singular d-plh mea-
sure p1 € M(S) such that ||ppgl|p-(sy — 0 as p + g — oo.
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Remark. — Put ax = 1/2 for all k € N, then it is possible to ensure
I (Gx)ll2 > ~ for some v > 0. So we obtain a probability singular d-plh
measure 4 € M(S) such that [|pj,allze(s) 2 lKjedllzcs) = 7

If we consider arbitrary measures, then define p = ¢ (the Dirac
measure at the point { € S). Recall that K,4(z, w) denotes the reproducing
kernel in H(p, q), therefore jupq(2) = Kpq(2,¢) and the family {{|ppqllz2(s)
- (p,q) € Z3} even is not bounded.

4.3. Maximal Hausdorff dimension and symmetric measures.

Let m be a singular pluriharmonic Riesz product. Then the slices ¢
are singular for almost all £ € CP™!. We are going to show that this
fact is compatible with properties of an opposite nature. More precisely,
we obtain 7 which are supported by sets of maximal Hausdorff dimension.
Moreover, we construct a singular 7 with uniformly symmetric slices.

The following lemma is well-known (see, for example, [P], Lemma 2.1).

LEMMA 4.4. — Suppose that I C T is an interval and m(I) is the
Lebesgue measure of I. Let u be the classical Riesz product based on a pair

({jk}2,,a), then
|u(I) — m(I)| < 2llalloo/d1-

Since the d-plh Riesz products are not products, our variant of the
above lemma is more sophisticated.

For 7 = (R, J,a), define 7(?) = m/p, Where ¢p, ¢, > 0, is the
polynomial from the plh definition. Put also gx = 1 + Re(BraxR;j, o Uj,)
o0
and I®) = T[] g (a tail of the standard Riesz product).
k=p+1

LEMMA 4.5. — Leta & ¢, ||allco < 1/4, and €, € (0,1). Then there
exists a singular d-plh Riesz product m = w(R,{jk}3>,,a) such that the
following property holds for every £ € CP" 1. Let I C T be an interval,
then

(7 (1) = m(I)] < eym(I) + 1/jpia

forallp € Z.
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(o)
Proof. — For (q,p) € Z2,, fix e(q,p) > O such that Y e(q,p) <ep
q=p+1
forallp € Z,.
We proceed as in the general scheme. On the step k + 1 we use (4.1)
and impose the extra restrictions (recall that ¢, > 0):

Pk+1 — PkIk+1
¥p

(4.5) < e(k+1,p) for all p < k.

o0

We claim that the resulting measure 7 = w(R o U, J, Ba) satisfies the
conditions of the lemma.

Indeed
def
(1) = m(1)| < |7 (1) - 1P (1)] + 0P (1) = m(D)| € X, + X,

Since ng ) is a classical Riesz product, Lemma 4.4 yields the estimate
2X5 < 1/jp+1. Now we claim that, for all p and &,

k
def k
X(p,k)= /1 ———‘pgr — [ 9+

p =1
(Note that the above estimate gives X1 < e,(m(I)+(2jp+1) ") and finishes
the proof.)

We have

k-1
X(p,k) <
p [Z:a/[

dm < ep(m(I) + (24p+1) 7).

Pp+k—L — Pp+k—L—19p+k—L
Pp

-1
H Ip+k—j dm
=0

k—1
=Y / V1Y dm.
e=0"1

By (4.5), we have ||Y1]lco < e(p+k—¥¢,p). Since Y; is a finite Riesz product,

Lemma 4.4 yields [; Y2 dm < m(I)+(2jp41)~". By the definition of &(g, p),
the proof is complete. O

Now, we give a direct proof of Theorem B.
Proof of Theorem B. — On the step k+1 we repeat the construction
of Lemma 4.5 with €, = 1/4, p € Z,.. Moreover, we ensure that
(4.6) kL > gy > 27k
(we can apply (4.1) since |ag+1| < 1/4);
(4.7) k(logjx)~* — 0 as k — oo.
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We claim that the Riesz product m(R o U, J, Ba) solves the problem.

Fix a ¢ € CP™ ! and put @) = (¢k)¢s ™ = me. Suppose that I C T is
an interval, 2/jx11 < m(I) < 2/jk.

By definition 7(I) = [, ok dr®), so, by (4.6)
‘log w(I) — log 7r(’°)(I)| < 1}163% [log vk (¢)| < const k.
On the other hand, m(I)jry+1 > 2, therefore, Lemma 4.5, with
ex = 1/4, provides |7®)(I) — m(I)| < 3m(I)/4. Hence
'logﬂ(k)(I) —log m(I)‘ < const .
In sum, we have |log m(I) — log m(I)| < const k. Recall that 1/m(I) >

Jk/2, thus, by (4.7)

1 I t k
ogm([l) ‘ cons const k 085k — oo,

logm(I) |~ Tlogm(I)] ~ log(j/2)

So (see, for example, [Bi]) m = m¢(R o U, J, Ba) is supported by a set
of Hausdorff dimension 1. |

Finally, we obtain even more interesting example and construct a sin-
gular symmetric plh product (an analogue of the symmetric classical Riesz
product obtained in [AAN]). Such a measure promises multidimensional
generalizations of the results given in [AAN].

DEFINITION. — A positive finite measure p € M(T) is said to be
symmetric if

ply)
n(I-) !

where I, and I_ are adjacent intervals.

as m(I+) =m(I-) — 0,

It is well-known and easy to see that every symmetric measure
u € M(T) lives on a set of Hausdorff dimension 1, so we have Theorem B
again.

THEOREM 4.6. — There exists a probability singular d-plh measure
p such that pe, £ € CP™ !, are uniformly symmetric.

Proof. — Fix a sequence a ¢ £2 such that ||all < 1/4 and ax — 0
(the latter property is crucial).
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On the step k£ + 1 of the induction construction we impose the
restrictions from Subsection 4.2 and Lemma 4.5 with ¢, — 0 (i.e. the
general restrictions, (4.4), and (4.5) hold). Moreover, we ensure that

(4.8) 1+ 2|aks1] = prt1/0k 21— 2|ak4]
(we apply (4.1));
(4.9) 7% jx/ k41 — 0 as k — oo.

Our example is the Riesz product 7(R o U, J, Ba).

Fix a £ € CP™ ! and put ¢} = (¢r)e, m = me. By (4.4), we have
|7(€)| <1 for all £ € Z, therefore

Z |@k—1(£)| < const 3* and
(4.10) tez
max|p},_(2)| < const 8jx1.

Now we suppose that I, UI_ =1, 1/jk41 < m(I) < 1/j.
Since m(I) < 1/ji, the estimates (4.8-4.10) provide

/
s g o-1(2) =g i1 (w)] < (1) et ]
< const 31;31;{]“;1 — 0.
Since ax — 0, this fact and (4.8) yield
(4.11) mIaxlog Pkl — mIinlog pr+1 — 0 as k — oo.

On the other hand, m(I)jx+1 > 1, so Lemma 4.5 and (4.9) give
(D) = m(D)| < m(Derss +1dura = o(m(D)).

Recall that 7(I) = [; k41 dn¥+D) therefore, we obtain
T(I+) = @r+1(¢)(m(I) + o(m(I))), where (s € Iy.
Thus, by (4.11), we have

m(ly) 1‘ _ |mDer1(¢s)
m(I-) m(I)pk+1(¢-)
as m(I) — 0. O

1{+0o(1) —>0
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5. PEAK, INTERPOLATION AND NULL SETS

We apply the results about M, (.S) to the study of the sets mentioned
in the title of the section. As usual, we identify X C L!(S) and X(B) =

{P[f]: feX}

DEFINITIONS. — Let X C C(S) be a closed subspace and K C S
be a compact set.

We say that K is an (N)-set (a null set for X ) if |u|(K) = 0 for all
p € X+ (as above, X+ = {p € M(S): [ fdu=0for all f € X}).

K is a (PI)-set (a peak interpolation set) if given a g € C(K), g # 0,
there exists f € X(B) with f |k = g and |f(2)| < ||gl|lx for z € B\ K.

K is a (P)-set (a peak set) if the previous property holds for g = 1.
K is an (I)-set (an interpolation set) if X | = C(K).

In the classical case of the ball algebra A(S) = {f € C(S) : P[f] is
a holomorphic function} the above properties are known to be equivalent
(see [Ru], Chapter 10). Moreover, a smooth manifold M C S has these
properties with respect to A(S) if and only if M is complex tangential.

Other classical U-invariant space is PHC(S) := {f € C(S) : P|[f] is
a pluriharmonic function}. PHC(S) is not an algebra, so the situation is
more complicated. For example, given a simple smooth curve v C S, the
restriction PHC(S) |, is a closed subspace of finite codimension in C(y)
(in other words, + is a set of almost pluriharmonic interpolation, see [AB|
and references therein). On the other hand, a smooth manifold M C S of
dimension at least two can be a set of almost pluriharmonic interpolation
only if M is complex tangential (see [RS]). Finally, the Henkin-Cole-Range
theorem implies that (N)-sets for PHC(S) and A(S) coincide (see [D3]).

The principal objects of the present section are the spaces Age(S) =
{f € C(S) : spec(f) C {(p,q) €Z% : k> q>¢€}}, k,€Zy, k> L In
particular, Ago(S) is the ball algebra.

5.1. Equivalent properties for Ag(S).

The spectrums of Ag,(S) and A(S) have a similar geometry, therefore,
it is reasonable to expect that Ax(S) inherit some properties of A(S). In
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particular, Ago(S) are modules over the algebra A(S) and permit a natural
description in terms of iterated 0.

However, it is easy to see that (P) # (N) for Ako(S), k£ > 1. Indeed,
put e; = (1,0,...,0) € S and Ty = {Xe; : |A| = 1}, then T; € (P) for
Ago(S) (consider the function f(z) = (1 + 2121 — 2222)/2). On the other
hand, T; ¢ (N) for Ago(S).

So we introduce a variant of the property (P).

DEFINITION. — Let X C C(S) and K C S. We write K € (SP)
(a strong peak set) if there exists a sequence {f;}32; C X(B) such that
filk =1,|f|<lonB,and1>|fj|] >0o0nS\K.

Remark. — By Bishop’s and Glicksberg’s theorems, we have (N) =
(SP) for any X C C(S) (see [D3]). Note that there exists a unitarily
invariant function algebra A with (SP) # (N). Indeed, put A = Ca(S),
where A = {(p,q) € Z% : p > ¢}, then T; € (SP) \ (N) for A.

Now, we have the following equivalences.

PROPOSITION 5.1. — Let k,¢ € Zy, k > ¢, then (N) < (SP) for
Ake(S); moreover, (N) & (PI) & (I) & (SP) for Ako(S).

Proof. — Let K € (SP) for Axe(S). We claim that K € (N).

First, assume that o(K) > 0. Note that K # S, so we have
(1-f)|lk =0and 1 — f # 0 for some f € Age(S). Since spec(l — f) C
{(p,q) € Z2 : k > ¢}, the inverse part of the F. and M. Riesz type theorem
(see [Br]) yields 0 < (1 — f)o. A contradiction.

Now o(K) = 0. By the (SP)-definition, take a sequence {f;}32; C
Ae(S) such that f; =1on K and 1 > |f;| = 0 on S\ K. Let p € Age(S)*
and p, be the singular part of u. By Corollary 2.7, there exists g € L*(0)
such that |us| — go € Ake(S)*. Since f; — 0 o-a.e., we have

/Sfjdlus|=/sfjgdaao as j — oo.

On the other hand, [ f; d|ps| — |ps|(K), thus |us|(K) = 0 and |u|(K) = 0.
In other words (SP) < (N) for Age(S).

Since the implications (N) < (PI) < (I) for Ago(S) are established
in [D2], the proof is complete. O
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5.2. A-Cauchy transforms of measures on smooth curves.

In this subsection we use the approach of Nagel [N] to characterize
the smooth (N)-sets for Ak (S). This method is based on the investigation
of the Cauchy type integrals.

For A C Z , denote by K (z, () the reproducing kernel for the Hilbert
space L3 (B). Clearly, Ka(z,-) € C(S), z € B, therefore, the A-Cauchy
transform

KAl = [ Kn(e:0)du(0)
is defined for all p € M(S).

The following observation is standard.

LEMMA 5.2. — Suppose that Kj[u] € Li(B). Then pu — ho €
CA(S)* for some h € L(0).

DEFINITION. — Let ¢ : [0,1] — S be a C! curve. We say that ¢ is
nowhere complex tangential (NCT) if there exists € > 0 such that

[{d(t),d'(t))| > e forallte[0,1].

Remark. — The tangent to a curve ¢ is in the complex tangent space
to S at ¢(t) if and only if (¢(t), ¢'(¢)) = 0.

A smooth manifold M C S is said to be complex tangential if the
real tangent space to M at ( is in the complex tangential space to S at ¢
for all { € M. Note that if M is not complex tangential, then there exists
a NCT curve ¢ : [0,1] —» M.

LEMMA 5.3. — Let E,F C Z;, max{EU F} = k, and A =
A(E,F) = {(p,q) € Z3 : q € E or p € F} (a finite union of rays). Let
g € C¥*10,1] be a function with compact support on (0,1) and ¢ be a
nowhere complex tangential C¥*2 curve. Suppose that a measure u € M(S)
is defined by the equation

/fdu /f De(t)dt for f € C(S).
Then Ka[u) € L} (B

Proof. — Given an z € [0,1], there are neighborhoods U, C [0,1]
of  and V, C S of ¢(z) such that if t € U, and ¢ € V,, then ¢(t) € V;
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and |(¢,#'(t))| > /2. Let {Uj};.\’=1 be a finite subcover of {U.}, let V; C S
correspond to Uj, and let {h; } ', be a C* partition of unity subordinate
to {U;}}L;. Put g;(t) = h; (t)g(t) t€[0,1].

We consider the case A = A({k},0) (the only ray). Define F' = K, [u],
then
N 1
F(r¢) = Z/ Ka(r¢, 6(t))g;(t)dt, ¢€S,0<r<1
j=1"0

It is sufficient to verify that
sup / |F(r¢)|Pdo({) < oo for some p > 1.
0<r<1Js

(Then F = P[F™*] for some F* € L% (S), in other words, F € L (B) C
Li(B).)
Recall that i ( 2)2
_ 0/ = (w, 2) — |2|
Kp(z,w) Z_‘;PZ (2,%, (2, ), (w, 2)) (1 (z,w))"“’
where P are polynomials (we used this fact in §3).
If { € S\Vj, then Kx(r{, ¢(t))g;(t) is bounded uniformly with respect

tor € [0,1) because ¢(U;) C V; and supp(g;) C U;. So we have to estimate
the j-th integral when ¢ € V;. Now fix a j and omit it in the notation.

Put z = r{ and consider the integral of the /-th summand in the
expansion of the kernel K (z, ¢(t)). We have

e (o), 2) — 12" o(t) dt
(n+¢ 1)/0 R SN 5

_ 1 ((6(t), 2) = 1212)° | g(t)dt

= 0 7 l: ¢() )) (1—<z,¢(t)))n+l_1 (z,¢’(t))

4 (6(1),2) — |212)"  g(t)dt

/ 7 [P 0002 o e

<¢<t> 2) = 27" g(t) dt
/ (@'(t),2) —{(z,0@))" T (2, /(1)

+ 12+ 1.
Since g is compactly supported on (0,1), the integration by parts
yields

oo [fpo (6@r0 =) [ g
Lo = /0 (1= (r¢,p(2)))"Te 1 dt [(rc,qb'(t))] a
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Let 7 > 1/2. Since { € V, the derivative in the above integral is
bounded, so Fubini’s theorem gives

|(n,7¢) — 2|
11— (r¢,m)| (VTP

/ |12 (r¢)|” do(¢) < const / do(Q).
S S

Let (n — 1)p < n. Since |(n,r¢) — 2| < |1 — (r{, )], the last integral
is bounded as r — 1— (see [Ru], 1.4.10).

The integral I? is even simpler. To estimate I}, we put

_ 9@
gl(zvt) = m’

Py =g/ (t), 2) P}

and continue the integration by parts. After the ¢-th integration the
corresponding integral is absent. O

PROPOSITION 5.4. — Let k € Z and let M C S be a real
submanifold of class C**2. Then every compact set K C M is an (N)-set
((PI), (I), or (SP)-set) for Ako(S) if and only if M is complex tangential.

Proof. — Suppose that M is not complex tangential, then there is
a NCT curve ¢ : [0,1] — M of class C**2. Take g € C&*'[0,1] and
define a measure y € M(S) as in Lemma 5.3. By Lemma 5.2, we obtain
u— ho € Axo(S)* with h € L!(0), hence |u|(¢([0,1])) = O (remark that
o(4[0,1])) = 0). A contradiction.

Clearly, the above argument works for all sets A considered in
Lemma 5.3.

On the other hand, if M is complex tangential, then every K C M is
an (N)-set even for the ball algebra A(S). O

5.3. Pluriharmonic measures and (N)-sets for Ay.(S).

Put My (S) = {p is a probability measure on S such that [¢ fdp =
f(0) for all f € A(B)}. It is well known that K € (N) for A(S) if and only
if p(K) = 0 for all p € Mp(S). In the proposition below (which is, probably,
of independent interest), “pluriharmonic” means “0-plh”.
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PROPOSITION 5.5. — Suppose that p is the singular part of a
pluriharmonic measure. Then there exist compacts K; € (N) for A(S)
such that

[ s\UK; | =o.

j=1

Proof. — Let p = pqo + ps be the Glicksberg-Konig-Seever decom-
position of y with respect to the set of representing measures My(S) (for
this Lebesgue type decomposition see, for example, [Ru], 9.4.4). So p, < u
and p, < po for some pg € My(S). By Theorem 3.2, we have ulpg, thus
taLpo, hence p, = 0. In other words, u is concentrated on a Borel set E
such that p(E) = 0 for all p € My(S).

So take compact sets K; C E such that |u|(K;) > ||u|| — 1/5. a

Since singular plh measures do exist, we have

COROLLARY 5.6. — There exists a compact set K C S such that
K € (N) for A(S) but K ¢ (N) for all Age(S), k> ¢ > 1.

Remark. — Recall that (N)-sets for PHC(S) and A(S) coincide. It
is interesting to compare this fact, Proposition 5.4 and Corollary 5.6.

Finally, note that Theorem B and Proposition 5.5 give an alterna-
tive proof of Henriksen’s theorem about peak sets of maximal Hausdorff
dimension (the original proof is based on more geometrical ideas).

COROLLARY 5.7 (B.S. Henriksen [He]). — There exists a compact
set E C S of Hausdorff dimension 2n — 1 such that E is a peak set for
A(S).

6. FINAL REMARKS

1. Every probability singular d-plh measure with d > 0 is a quite
exotic example of a representing measure for the ball algebra. (Classical
elements of My(.5) live on unions of smooth manifolds.)

2. It is not clear how to construct (if possible) a d-plh measure p
such that pe, £ € CP™ !, are supported by small sets (in the sense of the
Hausdorff dimension, for example).
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3. Theorem A motivates the investigation of the Riesz type products

with spectrum in A(d), d € Z;. On the other hand, if A C Z2 is
arbitrary, then it is not clear what is the A-Riesz product. First, we need
the RW-polynomials with spectrum in A. Second, there is a lot of sets
A without CH-property (see [D3]). Finally, often the multiplication rule
for the spherical harmonics breaks the Riesz product idea (consider, for
example, the diagonal {(p,p) € Z%}).

Acknowledgements. — The author would like to thank P. Ahern,

A. B. Aleksandrov, J. Bruna, A. Nicolau, and the referee for helpful remarks
and suggestions.

[A1]

(A2]

[AAN]
[AB]

(Bi]
(B1]

(B2]
(Br]
[CT)

(D1]

[D2]
(D3]

(He]

BIBLIOGRAPHY

A.B. ALEKSANDROV, Inner functions on compact spaces, Funct. Anal. Appl., 18
(1984), 87-98.

A.B. ALEKSANDROV, Function theory in the ball, in: G. M. Khenkin and A. G.
Vitushkin (Eds.), Encyclopaedia Math. Sci., 8 (Several Complex Variables II),
Springer, Berlin, 1994, 107-178.

A.B. ALEKSANDROV, J.M. ANDERSON, and A. NICOLAU, Inner functions, Bloch
spaces and symmetric measures, preprint, 1997.

H. ALEXANDER and J. BRUNA, Pluriharmonic interpolation and hulls of C! curves
in the unit sphere, Rev. Mat. Iberoamericana, 11 (1995), 547-568.

P. BILLINGSLEY, Ergodic theory and information, Wiley, New York, 1965.

J. BOURGAIN, The Dunford-Pettis property for the ball-algebras, the polydisc-
algebras and the Sobolev spaces, Studia Math., 77 (1984), 245-253.

J. BOURGAIN, Applications of the spaces of homogeneous polynomials to some
problems on the ball algebra, Proc. Amer. Math. Soc., 93 (1985), 277-283.

R.J.M. BRUMMELHUIS, An F. and M. Riesz theorem for bounded symmetric
domains, Ann. Inst. Fourier, Grenoble, 37-2 (1987), 139-150.

J. CiMA and R. TIMONEY, The Dunford-Pettis property for certain planar uniform
algebras, Mich. Math. J., 34 (1987), 99-104.

E.S. DuBTsov (=DouBTSOV), Singular parts of pluriharmonic measures, Zap.
Nauchn. Sem. S.Peterburg. Otdel. Mat. Inst. Steklov. (POMI), 217 (1994), 54-58
(Russian); English transl., J. Math. Sci. (New York), 85-2 (1997), 1790-1793.

E.S. DuBTSOV, Some questions of the harmonic analysis on a complex sphere,
Vestnik St. Petersburg Univ. Math., 28-1 (1995), 12-16.

E. DouBTsoOv, Regular unitarily invariant spaces on the complex sphere, submit-
ted.

B.S. HENRIKSEN, A peak set of Hausdorff dimension 2n —1 for the algebra A(D) in
the boundary of a domain D with C*°-boundary in C", Math. Ann., 259 (1982),
271-277.



728 EVGUENI DOUBTSOV

[HV] S.V.HRUSCEV and S.A. VINOGRADOV, Free interpolation in the space of uniformly
convergent Taylor series, Lect. Notes Math., 864 (1981), 171-213.

[I] K. IzucHi, Bourgain algebras of the disc, polydisc and ball algebras, Duke Math.
J., 66 (1992), 503-519.

[M] D.E. MENCHOFF, Sur l'unicité du développement trigonométrique, C. R. Acad.
Sci. Paris, Sér. A-B, 163 (1916), 433-436.

[N] A.NAGEL, Cauchy transforms of measures and a characterization of smooth peak
interpolation sets for the ball algebra, Rocky Mountain J. Math., 9 (1979), 299—
305.

[P] A. PEYRIERE, Etude de quelques propriétés des produits de Riesz, Ann. Inst.
Fourier, Grenoble, 25-2 (1975), 127-169.

[RS] J.-P. RosAYy and E.L. SToUT, On pluriharmonic interpolation, Math. Scand., 63
(1988), 268-281.

[Ru] W. RupIN, Function Theory in the Unit Ball of C™, Grundlehren Math. Wiss.,
241, Springer, Berlin, 1980.

[RW] J. RYLL and P. WoJTASZCZYK, On homogeneous polynomials on a complex ball,
Trans. Amer. Math. Soc., 276 (1983), 107-116.

[Z] A.ZvyoMUND, Trigonometric Series, vol. 1, Cambridge Univ. Press, 1959.

Manuscrit regu le 5 mai 1997,
révisé le 22 décembre 1997,
accepté le 10 février 1998.

Evgueni DOUBTSOV,

Centre de Recerca Matematica
Institut d’Estudis Catalans

Apartat 50

E-08193 Bellaterra, Barcelona (Spain).
Current address:

St. Petersburg State University
Bibliotechnaya pl. 2

Staryi Petergof

198904 St. Petersburg (Russia).

es@dub.pdmi.ras.ru



