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APPROXIMATION OF C°°-FUNCTIONS
WITHOUT CHANGING THEIR ZERO-SET

by F. BROGLIA and A. TOGNOLI ̂

0. Introduction.

Let M be a compact real algebraic manifold (resp. analytic manifold)
and let (f>: M —> R be a C°° function such that Y = ^^(O) is an algebraic
(resp. analytic) subvariety of M.

In this paper we shall study the following problem :

Problem. — When is it possible to approximate (f) by rational regular
or polynomial (resp. analytic) functions / : M —> H such that /^(O) =
rw

So we ask for a sharp version of the classical Weierstrass approxima-
tion theorem and of its relative versions ([T2], [T3]).

The following example proves that, in general, the answer is negative.

So we shall search for the necessary hypothesis in order to have the
required approximation.

Example 1. — Let us consider the C°° function :

<t>{x,y) = x2y2 (x 4- y - Vx2 + y2} • exp( - 2 . 2) -\ / \ x T- y /

^ The authors are members of G.N.S.G.A. of C.N.R. This work is partially
supported by M.P.I.
Key-words : Approximation - Real algebraic sets - Real analytic sets.
A.M.S. Classification : 14G30 - 32C05.
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We have (see the figure below) :

(f>-l(0)={x'y=Q}

(f)(x,y) > 0 if x > 0 and y > 0
(f){x, y) < 0 if a; < 0 or i/ < 0

Figure 1

(f) can not be approximated, near the origin, by analytic functions / such
that /^(D) = {x • y} = 0; indeed, if q is the degree of the first non zero
coefficient of the Taylor series of / at (0,0), we deduce, (see fig.l), taking
f\r that q is even and taking f\s that q is odd, since / and 0 have the same
sign.

Remark. — By the same argument we see also that any C°° function
that approximates (j) in the above sense must be flat at the origin.

Neverthless adding some hypothesis we find several solutions to the
above problem. We state here some results.

THEOREM I. — Let M be a compact affine real algebraic manifold or
IR71 and (f) C C°°(M) be such that Y = (^(O) is an algebraic subset ofM. If
codimY = 1 suppose [Y] = 0 € Hm-i(M, Zs). Then (j> can be approximated
in C^(M) by polynomial functions f : M -^ H such that /^(O) = (^(O)
if and only if there exists a polynomial function g : M —^ R such that
g-^Q) = (^(O) and g(x)(f>{x) > 0 W C M.

Moreover, if Y is "almost regular" and of pure codimension 1 then
the approximation is in C^y(M) \fs < oo.

At the end of the paper we study the "minimal" locus F of flatness
of a C^-function that does not have a good approximation (as in example
1); we prove in the analytic case that F is often not empty.

For the statement of the result see §4.

From theorem 4.2 we obtain :



APPROXIMATION OF C°°-FUNCTIONS 613

COROLLARY 4.5. — Let M be a real analytic manifold and ( j ) : M —> H
a smooth map such that ^^(O) == Y is a coherent analytic set. IfY has
a finite number of irreducible components of codimension one arc-analytic
connected and (f) is nowhere flat in Y then (f> can be approximated in C^ (M)
by analytic functions f such that /^(O) = Y.

If Y is not coherent but admits global equations in M then the
approximation is in C^(M).

The algebraic case will be considered before the analytic one and the
case M =Hn before the general one.

We are indebted with P. Milman for his suggestions (see §4).

1. Preliminaries.

Let U be an open set of R71, C^(U), h C N (resp. h = oo), denotes
the ring of the real functions having continuous derivatives up to order h
(resp of class C°°) endowed with the weak topology, i.e. the compact-open
topology and C^(U) is the same ring endowed with the strong or Whitney
topology (see [Hirs]). We denote similarly by C^(U) and C^(U) the ring
of real analytic functions with the two topologies.

By a real algebraic variety we intend a set

v = {x e rr | Pi(rr) = ... = p,(x) = o; P, e R[Xi,..., x,]}.

V is called regular at the point x° if the Pi can be chosen in such a way

that rank f -7— ] = n — dim V.\dxj/x°
An analytic set of R71 is a closed set X C R71 such that there exist

/i^.-J.e^^^with

x={xenn\ f,(x)=...f,(x)=o}.

Remark that, in the literature, an analytic set in R"^ is a closed subset
of R71 that, locally, has analytic equations. So in our definition only the
analytic sets that have global equations are considered.

An analytic set, in our sense, is not necessarily coherent, that is the
subsheaf J^, of germs of analytic functions vanishing on X, is not 0Rn-
coherent, where 0Rn is the sheaf of germs of analytic functions on R71. But



614 F. BROGLIA and A. TOGNOLI

it is well known that X is the support of a coherent sheaf (the subsheaf Ix
of 0Rn generated by /i,..., fq is coherent and X = support Opn/Zx).

Let M be a regular algebraic variety : an algebraic subvariety Y of
M is called almost regular at the point y if the ideal Iy,y (of germs of
analytic functions vanishing on Yy) is generated by I(Y), i.e. by polynomial
functions vanishing on Y.

We remember that "almost regular" implies that Y is coherent as
analytic space [T5].

An analytic function / e C^(U) is called a Nash function if the graph
Ff C U x R is semialgebraic. The ring of Nash functions shall be denoted
by CN{U).

A Nash subset of R71 is a closed set X C R71 such that there exist
A, . . . J.CG^R71) with:

X^CR^I A(rr)=.../,(^)=0}.

Let X be a Nash set : the sheaf A/x (of germs of Nash functions on
X) is coherent at a point x as A/x -module if and only if the sheaf Ox (of
germs of analytic functions) is coherent as Ox-module ([LT]).

In §4 we shall use the following result :

THEOREM 1.1. — Let (y,0y) be a paracompact connected real
analytic space such that dimY = n and N = sup dimTy < -t-oo (Ty

yeY
is the Zariski tangent space at y ) then the set of proper embeddings
j : Y -> H^ is dense in C^(Y, H^).

Proof. — See [ABrT]. n

2. Admissible signatures and types changing points.

2A. The algebraic case.

First we consider the case M = R71. Let Y C R71 be a real algebraic
set of codimension one.

DEFINITION 2.1. — A signature on R71 — Y is a continuous map
o-: R" — Y —> Z2 which associates a sign to each connected component of
R71 - Y
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Remark. — Let a : R71 - Y —^ Za be a signature. Then there exists
a smooth function ( / ) : R71 —> R such that (^(O) = V and o- is induced by
the sign of (j>.

Proof. — Build up a C°° function -0 such that ^(O) = Y (see
[BrL]); exp(-l/^2) has the same property, it is non negative and it is flat
at any point of Y. So (f> = a • exp (—l/^2) is the required function. D

Let a : IR71 — Y —>• Zs be a signature.

DEFINITION 2.2. — A signature a is called admissible :

- if Y is irreductible, when it is induced by one of the following
polynomials : p, -p, p2, -p2, where p is a generator of the ideal I ( Y )
of polynomials vanishing on Y.

k
- if Y = \^JYi, is the decomposition into irreducible components,

i
when a = Hai where ai is an admissible signature on IR71 — 5^, i = 1,... , k.

DEFINITION 2.3.

- A regular point P € Y of maximal dimension is called a change
point with respect to a (we say also that a changes sign at P) it for any
neighborhood U of P there exist Pi, Ps e U - Y such that o-(Pi) / a(P^);
otherwise it is called a not change point.

- An irreducible component Yj of Y is called a change component
with respect to a signature a if any regular point P € Yj such that
dimpYj = n — 1 is a change point.

- An irreducible component Yj of Y is called a type changing
component (with respect to a signature a ) if both changing and not
changing points belong to Yj.

- A type changing component Yj changes type at P G Yj if in any
neighborhood U of P there are both change points and not change points
ofYj.

- A point P e Y is type changing if some component of Y changes
type at P.
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Examples :

9 ' ^y^ = x6 - X

Change
component

\ Type changing
component

\ Type changing
point

Type changing component
Figure 2 without type changing point

Figure 3

- Let Yi be an irreducible component of Y.

Define :
Ai = {change points in Yi}
Bi = {not change points in Yi}.

Remarks. — 1 - Both Ai and Bi are semialgebraic sets.

Indeed if {Ph} and {Mh} are the families of connected components
respectively where the sign of a is -h or — then one has that P^ and Mk
are semialgebraic, hence Ai = int ( U (Ph, H Mk)) H Yi and Bi = Yi - Ai are
semialgebraic.

2 - The set of type changing points in Yi is precisely Ai n Bi and
hence it is a semialgebraic set.

3 - Both Ai and Bi are open sets of Yi; so the set of type changing
points in Yi it is not empty if Yi is connected and Ai ^ 0, Bi ̂  0.

PROPOSITION 2.4. — A signature a is admissible if and only if it is
induced by a polynomial.

Proof. — The "only if5 part is trivial.

Let Y^,...,Yk be the irreducible components of V, and let q be a
polynomial such that (^(O) = Y-q e I(Yi) for each i and so q is multiple of
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the generator pi of I(Yi); let ki be the highest integer such that p^ divides
k

q. Then q = q1 • Jjp^ (since the pi are coprime), with q' of constant sign,
i=i

and so the signature of q is admissible, being induced by the product of the
pi with odd exponent, n

PROPOSITION 2.5. — A signature a on R71 - Y is admissible if and
only if no irreducible component Yj of Y is type changing with respect to
a.

Proof. — If a is admissible there exist generators pi, . . . , j?r of
I ( Y ^ ) , . . . , I ( Y r ) such that a is induced by p^ ...p^, ai = 1 or 2, i =
1,... ,r. If Yj contains a change point, then necessarily Oj = 1 and so any
point P, such that dimpYj = n — 1, is a change point.

Now suppose that no Yj is type changing. Then it is either a change
component or not.

Define :

, 1 if Yi is a change component with resp. to a
ai= \2 otherwise

r

then a is induced by =L TTp^S where pi is a generator of I{Yi). a

If M is not R71, the definition of admissible signatures is a little more
complicated, because we need global regular equations for the irreducible
components of Y and they do not exist in general. Nevertheless the ring
0(M) (of global regular rational functions on M) is factorial, and so if
codimY = 1 and if [Y] e Hn-i(M,l^) vanishes, then the ideal defining Y
is principal, i.e. Y admits a global equation (see [BocCC-R]).

So we can divide Y into "minimal" homologically trivial subsets Y^,
each one being union of several irreducible components.

This is done as follows :

Let M be a regular compact algebraic variety, m be the dimension
of M and Y be a closed algebraic subvariety of codimension one such

Q
that [Y] = 0. Let Y = M Yi be the decomposition of Y into irreducible

1=1
components.



618 F. BROGLIA and A. TOGNOLI

r

DEFINITION 2.6. — A decomposition Y = N Yj shall be called a
j=i

homological decomposition if:

a) any Yj is not empty and any irreducible component Yi is
contained in just one Yj;

^) K] = 0 € Hm-i(Myl^) and the Yj are minimal under this
condition.

The Yj are called the elements of the homological decomposition.

For any element Yj there exists an equation (f>j of Yj in M.

So the open set M—Yj is the union of two (non necessarily connected)
open sets U'p U'^ namely :

U'j = {x e M \ <t>j(x) > 0}
[7^ = {x e M \ 4>j(x) <0}.

For any j we can now associate a sign (TJ to any component (7' and U'.'
(in fact this can be done in four different ways : (-(-, -(-) (+, —) (—, -1-) (—, —)).

DEFINITION 2.7 (see def. 2.2). — Lei a : M — Y —> Zs be a signature.
We say that a is admissible if there exist an homological decomposition

r

Y = M Y j o f Y and a family of associated signatures aj such that
j=i

r<7=n^j=i
If M is a regular real algebraic variety such that Hm-i(M,J.^) = 0,

m = dim M then for any codimension one algebraic subvariety Y of M we
have [Y] = 0 e Hm-i(M,1.^)y and the unique homological decomposition
of Y coincides with the decomposition into irreducible components.

PROPOSITION 2.8. — Let M,y be as before, then the admissible
signatures with respect to a homological decomposition ofY are exactly the
signatures of the polynomial functions p : M —> R such that p'^O) = Y.

Proof. — If cr is admissible with respect to a homological decompo-
r

sition Y = M Yj and (f)j is a polynomial equation of Yp then there exist
j=i
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admissible signatures aj on M — Yj induced by ^j = ±(/>j or ̂  = =fc:<^j.
Then ^ = TT^ is a polynomial function with signature a.

3

lip : M —> R is a polynomial function such that Y = p'^O) we have
to find a homological decomposition of Y such that the signature induced
by p is admissible with respect to it. This can be done in the following
steps. Let Y = UYi be the decomposition into irreducible components.

1) Suppose the unique homological decomposition of Y is Y itself.
Then i fp changes sign it must change sign along any Yi, since the set of
change points is a homologically trivial subset of Y. So, in any case, the
signature induced by p is admissible.

2) If q is a polynomial equation for Y and p = qd with odd d, then
p changes sign along any Y{ and so its signature is admissible with respect
to any homological decomposition of Y.

3) Now let us prove that the signature induced by p is admissible by
induction on the number s of elements in a homological decomposition of
Y.

If s = 1, this is step 1.

If s > 1, let q be a polynomial equation for Y and h be the bigger
integer such that p can be divided by qh. Let p\ = p / q h and Y1 = {pi = 0}.

It is easy to verify that [V1] = 0 and Y1 C Y, so we find a proper
subset of Y being homological trivial. Repeat this argument until one
reduces to a V^ = Pj^O) such that [V^] = 0 but no proper subset, union
of irreducible components of Y k y is homologically trivial. So by step 1
proposition holds for pki hence for pk-i and so on. D

Remark. — Let (f> be an element of C°° such that (^(O) = Y and
suppose that the signature induced by (j> on M — Y is not admissible. Then
there is an element Yj of a homological decomposition of Y which is type

s

changing with respect to a. Moreover, if Y,; = M Yij is the decomposition
1=1

of Yj into irreducible components, there is at least one V^j such that V^j
is type changing. Indeed the set of change points is a homologically trivial
cycle in Hn-i(M), since it is the boundary of the set {(f> > 0}. So it cannot
be a union of irreducible components of Yj, since it is not empty nor all of
Yj and Yj is minimal.
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So again, as in proposition 2.5 :

PROPOSITION 2.9. — If the signature a on M —Y is not admissible,
then there exists at least one irreducible component of Y which changes
type with repect to a.

2B. The analytic case.

If Y C R71 is a codimension one real analytic space, we can define
again a signature on R71 — V, but to define admissible signature we need
global generators for the sheaf ly (of germs of analytic functions vanishing
on Y).

The following proposition shows that this is true when Zy is coherent.

PROPOSITION 2.10. — If Y has pure codimension 1 in R71 and Ty is
coherent then Ty is generated; by a global analytic function f.

Proof. — This fact is locally true since for any x C R71 Opn^ is a
factorial ring (see [Nl]). So we obtain a covering A = {Ui} of R71 and
for each i a generator fi of Iy\Ui- Because of this property gij = fi/fj is
analytic and non vanishing on Uz D £/j, so {gij} is the cocycle of an analytic
line-bundle on R71 (associated to the divisor Y).

The isomorphism offf^R71,0*) and H1^, 1^) induced by the exact
sequence 0 —> 0 exp—>• O* —> J.2 —^ 0 implies the analytical triviality
of this line-bundle; so we can resolve the cocycle, i.e. to find \i: Ui —^ R*,
analytic, such that fi\i = fj\j on Ui H Uj. The global function / defined
by fi^ = fi\i is a generator of ly. n

Remark. — If Ty is not coherent, but there exists a coherent ideal
sheaf T such that Y = SuppO/Z, then the same argument shows that there
is a neigborhood U of Vmax = {y € Y | dimyY = n - 1} such that Y H U
is defined by one equation generating 2y»^.

So, if Y is coherent (or the support of a coherent sheaf), we can define
admissible signatures on R^—V as in def.2.2 and all definitions and remarks
given for the algebraic case remain true with some obvious changes.

Now let M be a real analytic manifold and Y C M be a coherent
analytic subset with codimension Y equal to one. If [V] = 0 and Y has only
a finite number of irreducible components we can construct homological
decompositions for Y as in the algebraic case. In fact it is enough to use
the analogue of proposition 12.4.6 of [BocCC-R] in the analytic case. This
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follows from the fact that a topologically trivial analytic vector bundle is
also analytically trivial (see [Tl]).

Remarks. — 1) If or is not admissible, the set of type changing points
of Y is not empty, since an irreducible component Yi of a real analytic set
is connected.

2) If M, Y are algebraic then, in general the homological algebraic
decomposition does not coincide with the analytic one.

3) Suppose to have local signature Oi on Ui - Y, where {Ui} is a
locally finite open covering of M. Then the obstruction to glue together
the o-i in a signature a on M — Y is the same as to obtain a global equation
for V, i.e. an element in ^(M.Za).

3. The main theorems.

3A. The algebraic case.

In this section we prove theorem I of introduction.

Let M be a compact regular real affine variety or M =Hn. Let Y C M
be an algebraic subset; suppose [Y} = 0 C Hn-i(M, 1^)..

Let us consider the following property :

(*) If (f) C C°°(M) vanishes on V, then one can write

^ = ̂  o^iPi

where the p^s are elements of I(Y) and o.i € C'°°(M).

Property (*) is true if Y is "almost regular". In fact this condition
implies that Y is coherent as analytic space and (*) is a consequence of
Malgrange's theorem [M] as applied in [T4].

Let us suppose (*) is fullfilled. We have two possibilities :

a) (f) has constant sign : we can suppose (f> > 0.

Consider the function y^ e C°(M). It is possible to approximate it
by functions ^ e C°°(M) vanishing on Y (see for instance [Hirs]).

Apply (*) to -0 and write ̂  = ̂  a,p, where pi are generators ofJ(V).
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/ \2
Approximate o.i by a polynomial qi; then q = [ ̂  (j^ j is a

polynomial such that q~1 (0) D V, g > 0 and g approximates (f>. So g-h^ ̂  p^
is the required approximation for a small positive constant rf.

If codimY == 1 this approximation can be taken in C^(M); in fact,
always by (*), (f) = <^py, where py is a generator of I ( Y ) ; but j?y change
sign in every point of maximal dimension while (f) has constant sign, so we
have (/>' = ^PY with sign^ = sign<^.

We can approximate the smooth function \f^) -+- 6, with small positive
6, by a polynomial function p, p(rc) > 0, in the C^-topology. The function
P2 ' P^ gives the desired approximation of (f>.

b) (j> changes sign : this implies codimV = 1.

As we have seen, in this case (j> has not a good approximation in
general. But we added the hypothesis that "the signature of (f> is admissible"
(which was automatically true in case a).

By proposition 2.9 no irreducible component of Y is type changing
with respect to the signature a. Let Vi, . . . ,Yn be the irreducible compo-
nents of V, (of course if M ^ R72, Yi are the elements of a homological
decomposition of Y) and Yi , . . . ,VA; be the change components; if pi is the
generator of J(^), i = 1,... ,n, then the function '0 = ( f ) ' p\ ' . . . ' pk has
constant sign. So we can apply the previous result and approximate ^ in
C^(M) by a polynomial q such that ^(O) = Y : so q is divisible by
pi, . . . ,pk and q / p i .. .pk is a good approximation of (j>.

If (*) is not true we need the following lemmata :

LEMMA 3.1. — Let F C R71 be a dosed set and (f> E C0^) be such
that (^(O) = F. Then for any continuous function e : R71 —^ (0,+oo),
there exists -0 e C'00^71) sucA that ^(O) = F and \ ̂ (x) - (f)(x) |< e(x)
for each x e R71.

Proof. — First remark that if FQ and Fi are disjoint closed sets in IR72

then one can find v C ̂ (R71) such that

1. 0 < v(x) < 1

2.^- l(0)=Fo, ^(l)^!

3. v is aflat on Fo UFi.
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In fact if ^ e C00^) are such that ^(O) = Fz, z = 0,1, then the
function v is giyen by

expWl(x))
v(x) =

exp (-l/^)) + exp (-l/^J(rc)) •

Now consider | (f>(x) \ +e(x)/4. Since C'^R71) is dense into C^R") there
exists ^' € C^R") such that

\^{x)-\(l>{x)\-e{x)/4\<e{x)/8.

In particular ^'(rc) > 0 for each x € R71.

For any continuous function S : R71 —>• (0, -hoo) denote

A^^ER^I |^)<^)}.

Clearly Ag is an open neighborhood of F = (^(O).

Now choose 6(x) = e(x)/8 and consider the disjoint closed sets :

Fo=F, F^R'-A^/s.

Let v be the function constructed at the beginning of the proof relatively
to -FQ and F\ and consider the function

^(x) = ̂ '(x) - v(x) • sign(f>(x).

It is easy to verify that ^ € C°° (R71), since v is flat on Fo U Fi. By
construction one has

[ (f>(x) - ̂ (x) |< e(x) for each x € R71.

So lemma is proved. D

LEMMA 3.2. — Let X be a metric space, and ?7i, E/2 be two open
sets with common boundary H such that X = U\ U H U E/2. Let Y be
a closed set with H C Y. If (j> : Y —^ H is a continuous function such
that ^"^(O) = jEf, (f>\u^r\Y > O? (t)\U2^\Y < O? then there exists a continuous
extension ( j > : X -^ R such that ^(O) = H = (^(O).

Proof. — We shall construct two continuous functions '. (j>i '. Ui —> R
such that : <^i(a;) > 0, (i>i(x) = 0 if and only if x G -ff; ^{x) < 0, <^2(^) = 0
if and only if x e ff. Clearly :
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, ( l > i ( x ) [ { x e U ^
^(x) = (

' (f>2(x) if x € U^
satisfies our conditions.

By Tietze's theorem one can extend <^ny to continuous functions
^ : Ui-^H. Then define

(f>i(x)= \(f>[(x)\+d(x,Y)
(i>2(x)=-\^(x)\-d(x,Y).

The lemma is proved. Q

LEMMA 3.3. — Let Y c R71 be a real algebraic subvariety or an
analytic subspace with global equations.

Then there exist an embedding j : R71 -^ R^ and a linear subvariety
H ofR^ such that j(Y) = j^) n H.

Proof. — Let ^i = 0 , . . . , ̂  = 0 be global equations for Y (^ i , . . . , ̂
are polynomials if Y is algebraic, otherwise they are analytic functions).

Consider the map j : H71 —> R^^ defined by

J(Xi, . . . , Xn) = CTI, . . . , Xn,9l (x), . . . , gk(x)).

Then j^) is a real algebraic (analytic) manifold which is isomorphic to
IR71 and

J(Y) = J^) n [xn^ =...= Xn^k = 0}. D

Now we come back to the proof of theorem I.

Consider first the case codimY = 1.

Fix a compact set K c M and an e > 0.

By hypothesis the signature induced by (f> is the signature induced by
a polynomial p such that p'^O) = Y.

It is known (see [T4]) that there exists a polynomial function
p : H" -^H that extends p.

Consider the embedding j : R71 -> R^ defined by j(x) = (x,p(x)).

Clearly j(Rn) = V is algebraically isomorphic to R71 and j(Y) =
j(M) n H where H = ^Xn+i = 01. Let us extend the map
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(f) o j~1 : j'(R71) -^ R to a continuous map -0 : ^(R71) U H -^ R such
that ^\n = 0. '0 can be extended to a continuous map '0 : R72'4"1 —>• H
vanishing only on H : in fact if (f) has not constant sign this can be done by
lemma 3.2 with Y = j^)^ H, Ui = [xn+i > ol, U^ = {^n+i < o } ; i f < ^
has constant sign, first extend (f) to a (f)' : R72^1 — ^ R b y Tietze's theorem,
then consider :

^(x) = sign (f) • (| ^'(rc) | 4-d(^, ^(R") U ff)).

Now by lemma 3.1 one can find a function ( / ) ' € C00^^1) such that
(t>'~1 = H and | (f>\x) - ̂ (x) \< 6/4 for each x C R^1. This is true in
particular for x e ^'(R71) and ^(x) = (f)o j"1^).

Remark that the signature of (f>1 on R71"1"1 — H is admissible since the
sign of (f)' is constant on the two half spaces. So by the previous case there
is a polynomial q' such that ^^(D) = 77 and [| q' — (^ ||^/< £/4, where J^'
is a compact set in R^ such that K ' Hj^R71) = ^'(J^).

Finally consider the polynomial q = q' o j which is the required
approximation.

Now suppose codim Y > 1 and Y = {p\ =• 0 , . . . ,pk =0}.

Consider the extensions pi of pi to R71 and the embedding of lemma
3.3 j : R71 -^R^.

Extend as before (f> o j~1 to a continuous map '0 : R^^ —^ R
vanishing only on H and find ^ € (^(R^) such that ^-^O) = ^f
and | (f)'{x) — ^(x) \ e / 4 : for each x C P""^. Then apply again the previous
case to find a polynomial q' such that ^^(O) = H and || g' — (f>' ||^/< £/4,
where 7 '̂ is a compact set in Rn+k such that K ' n^R71) == ^'(^).

As before the polynomial q = q' o j is the required one.

Theorem I is completely proved. D

3B. The analytic case.

The analytic case is very similar to the algebraic one : we remark that
the approximation is now in the strong topology.

The statement is the following :

THEOREM II. — Let M be a real analytic manifold and Y C M be
an analytic subset such that :
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1) Y has global equations in M

2) Y has only a finite number of irreducible components

3) ifdimY = n - 1 then [Y] = 0 (E ^-i(M,Z2).

Le^ <^ € C^M) be such that Y = (^(O). Then (f) can be approxi-
mated in C^(M) by analytic functions f with /^(O) = V if and only if
there exists an analytic function g : M —> R vanishing only on Y, and such
that g(x)(f)(x) > 0 for any x in M.

Moreover, if codim Y = 1 and Y is coherent then the approximation
is in Cj(M) Vs < oo.

In the proof we shall again consider first the case in which Y is
coherent, in order to have condition (*).

I fV is not coherent Malgrange's theorem does not hold, i.e. the ideal
of germs of smooth functions vanishing on Y is no more generated by the
algebraic or analytic ones, as the following example shows.

Unlike Malgrange's one (see [M]), in our example the generator p of
Zy and the function (f) have the same vanishing order at any point of Y.
Neverless (f> is not a multiple of p.

Example 3.4. — Let Y C R71 be the set :

{(x,y^)eH3\x2-zy2=0}.

Consider a function a : H —^ R with the following properties :

1. a 6 C'°°(JR) and is non decreasing

-2 if t < -2
2. a{t) = /

-1' t'ift>-l

Define (t)(x, y , z) = x2 - a(z) ' y2.
Clearly ^(O) = V, but (f> is not a multiple of f(x,y,z) = x2 - zy2

since ( f ) / f does not extend to

( x ^ y = 0
\z<-2.

Remark that (f) and / induce the same signature on R3 - Y. n

Proof of theorem II. — If Y is coherent the analogous of (*) in the
analytic case in true, namely :
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(**) If (f) e C'°°(M) vanishes on V, then one can write

^^^Otifi

where {/J is a system of global analytic generators for Zy and
aieC°°(M).

The proof is exactly the same as in the algebraic case, using the fact
that, when codimY = 1, the ideal sheaves 2y, have global generators /^,
changing sign at the regular points of V, and approximating the coefficients
a.i of (**) by analytic functions qi in C^(M).

If (**) is not true, we can apply the same argument as in the algebraic
case, i.e. consider the embedding (x,g(x)) : H71 —> R^1 where g is an
extension of the analytic function g which induces the signature of (f>. The
case codim Y > 1 is exactly the same. n.

By similar arguments we obtain also the following theorem, which
was known only for coherent spaces.

THEOREM 3.5. — Let (Y,0y) be a paracompact connected real
analytic space such that sup dimly < +00, where ly is the Zariski tangent

yeY
space at y . Let (f> : Y —> R be a continuous function. Then (j) can be
approximated in C^(Y) by an analytic function g.

Proof. — Y verifies the hypothesis of the embedding theorem 1.1, so
we can suppose Y C IR71. Then (j> has a continuous extension (f>: R71 -» R.
Now apply the classical Whitney approximation theorem (see[N2]). n

3C. — The Nash case.

Also in this case the starting point is the analogous of property (*).

Let M be a compact affine C^-Nash manifold (or R71) and Y C M a
Nash subset.

(***) Let (f) be a smooth map on M, vanishing on Y ; then one has :

<)>=^OLifi

where {/J is a system of global generators for 1^ and a, e C'°°(M).

If Y is coherent as analytic space , then it is also Nash-coherent
(see [LT]).
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By a result of [BeT] one has

^y = l^y ' Ay

where Ay denotes the algebra of germs of analytic functions at y .

This result enables as to prove as before that (***) is true when Y is
coherent and there exist /i,..., fq € C^(M) such that /^|y =^ 0 and the fz
generate the stalk 1^ for any y e Y (i.e. theorem A is true).

As in the algebraic case, one can distinguish if (***) is true or not
and repeat the arguments of 3A and 3B to obtain the following :

THEOREM III. — Let M be a compact a&ne C^-Nash manifold or
M =Rn. Let Y C M be a (compact) Nash subset defined by

/ i = 0 , . . . , ^ = 0

where fz : M —> R are C^-Nash functions. Let ( / ) : M —> R be a smooth
map such that Y = (^(O).

Then (f> can be approximated in C^(M)by a Nash function f with
f~1 (0) = Y if and only if there exists a Nash function g : M —^ H vanishing
only on Y and such that g(x)4>(x) > 0 for any x in M.

JfcodimY = 1 and theorem A is true forl^ then the approximation
isinCS(M)^s < oo.

4. Non admissible signatures and flatness.

In this paragraph we come back to non admissible signatures. Our
aim is to study the behaviour of a (f) whose signature is not admissible
along a type changing component.

Let M be R77', or a non singular compact affine real algebraic variety,
or a real analytic manifold. Let Y C M be an algebraic or an analytic
subset of codimension 1. Assume the following :

1) [y]=Oin^-i(M,Z2).

2) If Y is analytic, then Y has only a finite number of irreducible
components, each one admitting a global equation.

Let 0 C C'°°(M) be such that ^(O) = Y and let a be the signature
induced by (f) on M — Y.



APPROXIMATION OF C°°-FUNCTIONS 629

We begin with the following remark :

Remark. — Suppose Y be almost regular (or coherent) and a to be
non admissible. Let Yi be a type changing component with respect to cr,
and fi a generator of ly,. Then one can write :

^/>=^

where <^i|y^ is not identically zero, and ^^(O) H Yi is a not empty
semialgebraic (orsemianalytic) open set of Yi, unless (/) is flat at any point
ofV,.

Proof. — (f)\Y, = 0 and (*) or (**) is true, so (f) can be divided by a
power of /, i.e. (f) = ̂ f^.

If cf) is not flat, one can choose a maximal finite k and so <^i is not
identically zero on V,. If Ai C Yi is the set of changing points of V,, we
know that both Ai and Bi = Yi — Ai are non empty semialgebraic (or
semianalytic) subsets of Y^ because Yi is type changing. Since <^i must
vanish on A if k is even and on Bi if k is odd, the remark is proved, n

DEFINITION 4.1. — An irreducible algebraic variety or an analytic
space Y is called arc-analytic connected if for any two points P and Q
there exists an analytic arc in Y joining P and Q.

A connected irreducible component does not need to be arc analytic
connected : cf example 1.2.3. in [BiM].

The notion above and the argument proving theorem below are
suggested to us by P. Milman and are presented here with his permission.

THEOREM 4.2. — Let M, y, (f), a, be as before and suppose a to be non
admissible. If the type changing components ofY are not normal crossing,
suppose moreover that at least one is arc-analytic connected. Then (f) is flat
at some type changing point ofY.

Remark. — Unlike the analytic case, in the algebraic case the set of
type changing points of Y with respect to a non admissible signature a
may be empty. Take for instance a disconnected irreducible real algebraic
hypersurface Y. Take analytic equations /i , . . . , fk for the connected com-
ponents. Then /i2 • /2 • • • • • /A; is an analytic function vanishing only at V,
with non admissible algebraic signature.

Proof. — Let P be a type changing point. Assume first that there
are only two components Vi, Y^ of Y passing through P, smooth at P and
normal crossing at P. Take the tangent spaces T(Y^) and T(Y^} at P we
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have the same situation as in the exemple 1, so one can find two non empty
disjoint open sets A and B in the linear space of lines through P such that
(f)\t changes sign at P if I C A and does not if i e B. This is enough to
prove that (j) is flat at P by the same argument as in the example 1.

If this is not true, one can reduce to this case by a suitable suite of
(global) blowing-up.

Let Yi be a type changing component verifying the hypothesis. Let
7 C Yi be an analytic arc connecting a point a € A^ and a point b e Bz;
then 7 contains at least one type changing point P and one can suppose
just one. Let U be a neighborhood of P. One can find a smooth algebraic
(or analytic) subspace Z of V, P C Z, an algebraic (or analytic) manifold
M and a map TT : M —> U such that :

1) TT : M —> U is surjective.

2) ^\M—r^-l{z) '' ^ ~ 'K~1{.^ — ^ ( 7 — Z i s a n isomorphism.
3) if E = TT'^Z) and £^ are the strict transforms of irreducible

components of Y at P, then Ej and E are normal crossing (see [H]).

So -0 = TT o <^ is a C°° -function. Lift 7 to an analytic arc 7' in Ei;
then 7' contains exactly one type changing point Q, with respect to ^, and
moreover Q e -E. By previous remark we have that ^ is flat at Q. At this
point we can conclude by applying the following lemma :

LEMMA 4.3. — Let U, U ' be open sets of R71 and TT : U -^ U1 be
a smooth map such that 7r(U) contains a non empty open set n. Then
rfTTi A ... A d7Tn is not identically zero on U.

Proof. — TT has rank n in a dense set of Tr"1^). n

LEMMA 4.4. — Lei /* : R[[u^,...,Un]} -^ R[[a-i, . . . ,^]] be the
homomorphism defined by

Xi = fi(u^,...,Un)

with fi{u^,...,Un) e IR[[ni,...,^n]] and /,(0) = 0. Then if/* is not
injective df\ A ... A d/n = 0.

Proof. — Suppose Ker/* ^ {0} and choose F e Keif* such that
F / 0 and P is of minimal order. Then

F(fl,...,fn)=0.
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^•p
Remark that not all the derivatives ^— can be zero because if so F isdxi
constant and hence F = 0.

Since the derivatives have order less than F, by differentiating one
finds a linear relation among d/i, . . . , dfni namely

^QF
^9x dfi=o
z=l °^|^=^)

where not all the coefficients are equal to zero.

This is enough to conclude that the vectors dfi are lineary dependent
on the quotient field of R[[^i, . . . ,Un}\ and so d/i A ... A dfn =0. n

In theorem 4.2 the homomorphism is induced by TT. Since the image
of TT is an isomorphism outside 7^-1(Z) chi-i A ... A d^n is not identically
zero and so TT* : R[[ui,..., Un}} -^ IR[[a*i , . . . , Xn}} is injective.

From theorem 4.2 and theorem II we obtain :

COROLLARY 4.5. — Let M be a real analytic manifold and (f>: M —^ R
a smooth map such that (^(O) = Y is a coherent analytic set. IfY has
a finite number of irreducible components, say Yi, of codimension one arc-
analytic connected and (f> is nowhere flat in Y then (f> can be approximated
in Gj°(M) by analytic functions f such that /"^O) = Y.

If Y is not coherent but admits global equations in M then the
approximation is in C^(M).

Remark 4.6. — Let Y be, as before, an analytic set of R71. For n = 2
or for general n when the irreducible components are normal crossing the
proof of 4.2 shows that (f) must be fiat at any type changing point of Y.
Indeed, in the case of R2, it is easy to see that there is an analytic arc joining
changing and non changing points through any type changing point of Y.
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