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Eisenstein series and quantum groups

D. Garrscory®

To V. Schechtman, with admiration

RESUME. — Dans cette note on donne une esquisse de la démonstration
d’une conjecture de [13] qui établit un lien entre le faisceau correspondant
a la série d’Eisenstein géométrique et la cohomologie semi-infinie du petit
groupe quantique a coefficients dans le module basculant pour le groupe
quantique de Lusztig.

ABSTRACT. — We sketch a proof of a conjecture of [13] that relates the
geometric Eisenstein series sheaf with semi-infinite cohomology of the
small quantum group with coefficients in the tilting module for the big
quantum group.
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Eisenstein series and quantum groups

Introduction

0.1. The conjecture

A mysterious conjecture was suggested in the paper [13]. It tied two
objects of very different origins associated with a reductive group G.

0.1.1.  On the one hand, we consider the geometric Fisenstein series sheaf
Eis),, which is an object of the derived category of constructible sheaves on
Bung for the curve X = PL. (Here and elsewhere Bung denotes the moduli
stack of G-bundles on X.) See Sect. 1.1, where the construction of geometric
Eisenstein series is recalled. By the Decomposition Theorem, Eisy, splits as
a direct sum of (cohomologically shifted) irreducible perverse sheaves.

Now, for a curve X = P!, the stack Bung has discretely many isomor-
phism classes of points, which are parameterized by dominant coweights of
G. Therefore, irreducible perverse sheaves on Bung are in bijection with
dominant coweights of G: to each A € A* we attach the intersection coho-
mology sheaf IC* of the closure of the corresponding stratum.

In the left-hand side of the conjecture of [13] we consider the (cohomo-

logically graded) vector space equal to the space of multiplicities of IC* in
EiSI*.

0.1.2.  On the other hand, we consider the big and small quantum groups,
o (G) and uy(G), attached to G, where ¢ is a root of unity of sufficiently
high order. To the quantum parameter ¢ one associates the action of the
extended affine Weyl group W x A on the weight lattice A, and using this
action, to a dominant coweight A one attaches a particular dominant weight,
denoted miny (0); see Sect. 1.3 for the construction.

Consider the indecomposable tilting module over t,(G) of highest weight
miny (0); denote it “S[I\. The right-hand side of the conjecture of [13] is the
semi-infinite cohomology of the small quantum group u,(G) with coeffi-
cients in ‘Z?\uq(g).

The conjecture of [13] says that the above two (cohomologically graded)
vector spaces are canonically isomorphic. Because of the appearing of tilting
modules, the above conjecture acquired a name of the “Tilting Conjecture”.

0.1.3. 1In this paper we will sketch a proof of the Tilting Conjecture. The
word “sketch” should be understood in the following sense. We indicate®
how to reduce it to two statements that we call “quasi-theorems”, Quasi-
Theorem 7.9 and Quasi-Theorem 9.7. These are plausible statements of

1Indica‘ce:explain the main ideas, but far from supplying full details.
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more general nature, which we hope will turn into actual theorems soon.
We will explain the content of these quasi-theorems below, see Sect. 0.3.1
and Sect. 0.5.2, respectively.

0.1.4. This approach to the proof of the Tilting Conjecture is quite in-
volved. It is very possible that if one does not aim for the more general
Conjecture 6.1 (described in Sect. 0.2), a much shorter (and elementary)
argument proving the Tilting Conjecture exists.

In particular, in a subsequent publication we will show that the Tilt-
ing Conjecture can be obtained as a formal consequence of the classical?®
geometric Langlands conjecture for curves of genus 0.

0.2. Our approach

We approach the Tilting Conjecture from the following perspective.
Rather than trying to prove the required isomorphism directly, we first
rewrite both sides so that they become amenable to generalization, and
then proceed to proving the resulting general statement, Conjecture 6.1.

0.2.1. This generalized version of the Tilting Conjecture, i.e., Conjec-
ture 6.1, takes the following form. First, our geometric input is a (smooth
and complete) curve X of arbitrary genus, equipped with a finite collection
of marked points x1, ..., x,,. Our representation-theoretic input is a collection
My, ..., M, of representations of U, (G), so that we think of M; as sitting at
ZTi.

Starting with this data, we produce two (cohomologically graded) vector
spaces.

0.2.2. The first vector space is obtained by combining the following steps.

(i) We apply the Kazhdan-Lusztig equivalence
KLg : 4,(G)—mod ~ g —mod“®

to My, ..., M,, and convert them to representations M, ..., M,, of the Kac-
Moody Lie algebra g,., where ' is a negative integral level corresponding
to q.

(We recall that g,/ is the central extension of g(X) equipped with a
splitting over g(0O), with the bracket specified by x’. Here and elsewhere
0 = C[t] and K = C((t)).)

2Classical:non—quant um.
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(ii) Starting with My, ..., M,,, we apply the localization functor and obtain a
x/-twisted D-module® Locg u/ 2,z (M1, ..., My,) on Bung. Using the fact
that " was integral, we convert Locg x/ o1 ,... 2, (M1, ..., M},) to a non-twisted
D-module (by a slight abuse of notation we denote it by the same character).

(iii) We tensor Loca s/ y,....an (M1, ..., M) with Eisy, and take its de Rham
cohomology on Bung.

In Sect. 2 we explain that the space of multiplicities appearing in the
Tilting Conjecture, is a particular case of this procedure, when we take X
to be of genus 0, n = 1 with the module M being Tfl\.

This derivation is a rather straightforward application of the Kashiwara-
Tanisaki equivalence between the (regular block of the) affine category O
and the category of D-modules on (the parabolic version) of Bung, combined
with manipulation of various dualities.

0.2.3. The second vector space is obtained by combining the following
steps.

(i) We use the theory of factorizable sheaves of [12], thought of as a functor
BFS;?P : 1y (G)—mod ® ... @ uy(G)—mod — Shvg_,, (Ran(X, A))

(here Ran(X,A) is the configuration space of A-colored divisors), and at-
tach to attach to Mily, (), - Mnlu, () @ (twisted) constructible sheaf* on

Ran(X, A), denoted,
BFS; 2P (M |uy (@) -+ Manluy(c))-

(ii) We apply the direct image functor with respect to the Abel-Jacobi map
AJ:Ran(X,A) — Pic(X) ® A
zZ
and obtain a (twisted) sheaf
AJIBESEP (M |y (@) -+ Minluy () (0.1)

on Pic(X) ® A.
z

3For the duration of the introduction we will ignore the difference between the two
versions of the derived category of (twisted) D-modules on Bung that occurs because the
latter stack is non quasi-compact.

4The twisting is given by a canonically defined gerbe over Ran(X, A), denoted Gg 10c-
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(iii) We tensor (0.1) with a canonically defined (twisted®) local system €,
on Pic(X) ® A, and take cohomology along Pic(X) ® A.
Z Z

In Sect. 4 we explain why the above procedure, applied in the case when
X has genus 0, n = 1 and M = ‘Ig, recovers the right-hand side of the
Tilting Conjecture.

In fact, this derivation is immediate from one of the main results of the
book [12] that gives the expression for the semi-infinite cohomology of u,(G)
in terms of the procedure indicated above when X has genus 0.

0.2.4. Thus, Conjecture 6.1 states that the two procedures, indicated in
Sects. 0.2.2 and 0.2.3 above, are canonically isomorphic as functors

Uy (G)—mod X ... x H,(G)—mod — Vect.

The second half of this paper is devoted to the outline of the proof of
Conjecture 6.1. As was already mentioned, we do not try to give a complete
proof, but rather show how to deduce Conjecture 6.1 from Quasi-Theorems
7.9 and 9.7.

0.3. KL vs. BFS via BRST

The two most essential ingredients in the functors in Sects. 0.2.2 and
0.2.3 are the Kazhdan-Lusztig equivalence

KLg : 4,(G)—mod ~ G —mod“® (0.2)
(in the case of the former®) and the [12] construction
BFS,P : uy(G)—mod X ... X u(G)—mod — Shvg,_ . (Ran(X,A)), (0.3)
(in the case of the latter).

In order to approach Conjecture 6.1 we need to understand how
these two constructions are related. The precise relationship is given by
Quasi-Theorem 7.9, and it goes through a particular version of the functor
of BRST reduction of g.-modules with respect to the Lie subalgebra
'ﬂ(fK) C /g\,{/Z

BRSTh 1. :ﬁmz—moda(o) — % —mod” )

5By means of the inverse gerbe, so that the tensor product is a usual sheaf, for which
it make sense to take cohomology.

6Here and elsewhere T —mod®(®) denotes the category of Harish-Chandra modules
for the pair (g,/, G(O)). This is the category studied by Kazhdan and Lusztig in the series
of papers [22].
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introduced” in Sect. 7.4, using the theory of D-modules on the semi-infinite
flag space.
0.3.1. Quasi-Theorem 7.9 is a local assertion, which may be thought of

as a characterization of the Kazhdan-Lusztig equivalence. It says that the
following diagram of functors commutes

KLg . ~
Uy (@)—mod —= G, —mod®®)
Invuq(NJr)oResbigﬂ"‘a“l lBRSTn,!*

Uy (T)—mod . —mod”(®),

In this diagram, ${,(T)—mod is the category of representations of the
quantum torus, denoted in the main body of the paper Rep, (7). The func-
tor KL7 is Kazhdan-Lusztig equivalence for T', which is more or less tauto-
logical. The functor

Inqu (]\H’) o Resbig%small . ﬂq(G)—mod — uq (T)—mod

is the following: we restrict a ,(G)-module to u,(G), and then take (de-
rived) invariants with respect to the subalgebra u, (N ™).

Thus, the upshot of Quasi-Theorem 7.9 is that the Kazhdan-Lusztig
equivalences for G and T', respectively, intertwine the functor BRST,, 1, and
the functor of taking invariants with respect to ug,(NT).

0.3.2. Let us now explain how Quasi-Theorem 7.9 allows to relate the
functors KLg and BFStOp This crucially relies in the notions of factoriza-
tion category, and of the category over the Ran space, attached to a given
factorization category. We refer the reader to [26] for background on these
notions.

First, the equivalence KLz (combined with Riemann-Hilbert correspon-
dence) can be viewed as a functor

(KLT)Ran(x)
(X) (

Shvgq,loc (Ra‘n(Xv A)) tﬁ'_mOdT(O))Ran(Xﬁ

where Gﬂ/—modT(O))Ran( x) is the category over the Ran space attached to
?,i/—modT(o), when the latter is viewed as a factorization category.

Second, the functor BRST,, 1., viewed as a factorization functor gives rise
to a functor

(BRST ‘*)Rdn(X) ( /—HlOd )Ran(X) - (t\fi/_mOdT(O))Ran(X)~

"One actually needs to replace ?K/ by its version that takes into account the critical
twist and the p-shift, but we will ignore this for the duration of the introduction.
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Now, it is a formal consequence of Quasi-Theorem 7.9 (and the interpre-
tation of the functor BFSff;p via Inv, (ny+) that we explain in Sect. 5.1 )
that we have the following commutative diagram of categories:

Uy (@) —mod X ... X #g(G)—mod  ——C G, —mod (=) x . x s, —mod®(Oen)
chsbigﬂsmallX.”XRCSbigﬂsmall l

ug(G)—mod X ... X ug(G)—mod (’g:N/fmodG(o))Rm,(X)
lBFStf;p JV(BRSTn,!*)R,an(X)

(KL7)Ran(X)
_ 5

Shvg, . (Ran(X, A)) (tor—mod™ N ran(x) -

(0.4)

0.4. Disposing of quantum groups

We shall now show how to use the commutative diagram (0.4) to rewrite
Conjecture 6.1 as a statement that is purely algebraic, i.e., one that only
deals with D-modules as opposed to constructible sheaves, and in particular
one that does not involve quantum groups, but only Kac-Moody represen-
tations.

0.4.1. The commutative diagram (0.4) gets us one step closer to the proof
of Conjecture 6.1. Namely, it gives an interpretation of Step (i) in the proce-
dure of Sect. 0.2.3 in terms of Kac-Moody algebras. In order to make it pos-
sible to compare the entire procedure of Sect. 0.2.3 with that of Sect. 0.2.2
we need to give a similar interpretation of Steps (ii) and (iii).

This is done by means of combining Riemann-Hilbert correspondence
with Fourier-Mukai transform. Namely, we claim that we have the following
two commutative diagrams.

One diagram is:

A KL an
Shvg, .. (Ran(X,A)) M)

AJ!l J/LOCT,N',Ran(X)

SV, g (Pic(X) @ Ay AR

(/t\n’ _mOdT(O))Ran(X)

D — mod, (Bunry).

Here RH stands for the Riemann-Hilbert functor, and the subscript Gq giob
stands for an appropriate gerbe on Pic(X) ® A. The commutativity of this
Z

diagram follows from the standard properties of the Fourier-Mukai trans-
form.
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The other diagram is:
Shvg, 1o (Pic(X) © A)

o, | |~

IMoRH, 1y mod, (Bunr)

Shv(Pic(X) ® A) D — mod(Bunr)
Z
F(Pic(X)%)]\,—)l lr‘dr(BunT7_)
Vect I Vect.

In this diagram® &,-1 is the (twisted) local system from Step (iii) in
Sect. 0.2.3.

The equivalence D — mod, (Buny) — D — mod(Buny), appearing in the
above diagram, comes from the fact that the twisting ' is integral. The
commutativity of the diagram follows from the definition of the (twisted)
local system &,-1.

0.4.2. Putting the above two diagrams together with (0.4), we obtain a
commutative diagram

Uy (G)—mod X ... x Uy(G)—mod e, B2y —mod“O) 5 x G, —mod©(Oen)

Uy (G)—mod x ... X uy(G)—mod (ﬁﬁ/fmodc(o))Ran(X)
lBFSff;" l(BRSTn,!*)mMX)
Shvg, .. (Ran(X, A)) (te—mod” ) gan(x)
AJ,l J{LOCT,K’,Ran(X)

Shvg, ... (Pic(X) @ A) D — mod, (Buny)
or| |

Shv(Pic(X) © A) D — mod(Bunr)

F(Pic(X)QZ@[\,—)l ler(BunT,—)

Vect 4 Vect,

(0.5)

in which the left composed vertical arrow is the procedure of Sect. 0.2.3.

8Tn the lower right vertical arrow, as well as elsewhere in the paper, the notation
T4:(—, —) stands for the functor of de Rham cohomology.
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Thus, in order to prove Conjecture 6.1, it remains to show the right com-
posed vertical arrow in (0.5) is canonically isomorphic to the composition
of Steps (ii) and (iii) in the procedure of Sect. 0.2.2. Recall, however, that
the latter functor involves Eisi, and thus contains the information about
the intersection cohomology (a.k.a. IC) sheaf on Drinfeld’s compactification
Bungpg.

Note that, as promised, the latter assertion only involves algebraic ob-
jects.

0.5. Bringing the semi-infinite flag space into the game
We now outline the remaining steps in the derivation of Conjecture 6.1.

0.5.1. In order to compare the right vertical composition in (0.5) with the
functor

/’55/7;];1 _mOdG(O‘Zl) X X ﬁ}f/,xn _mOdG(O.nn) — Vect’

given by composing Steps (ii) and (iii) in Sect. 0.2.2, it is convenient to
rewrite both sides using the notion of dual functor, see Sect. 0.7.3.

Let
CT, : D — mod(Bung) — D — mod(Bunry)
denote the functor dual to Eis,. Let
CT, 1« : D —mod, (Bung) - D — mod,/ (Buny)

denote its '-twisted counterpart (we remind that because the level £’ was
assumed integral, the twisted categories are canonically equivalent to the
non-twisted ones).

It then follows formally that the required isomorphism of functors is
equivalent to the commutativity of the next diagram:

~ (BRSTy 14 )Ran
(g,{/—mOdG(o))Ran(X) TP e Ran(X) (t\n’_mOdT(o))Ran(X)

LOCG‘K/,Ran(X)J/ J/LOCT,K,’,R@D(X) (0'6)

CTN’ 1
D — mod, (Bung) - D — mod, (Bunr)

0.5.2. Now, it turns out that the commutation of the diagram (0.6) is a
particular case of a more general statement.
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In Sect. 7 we introduce the category, denoted G:,(O), to be thought of as
the category of twisted D-modules on the double quotient

NING(X)/G(O).

This is also a factorization category, and we denote by (G:/(o))Ran( x) the
corresponding category over the Ran space.

In Sect. 9 we show that to any object

ce (GZ'(O))Ran(X)
we can attach a functor
CT. ¢ : D —mody (Bung) = D — mod, (Bunr),
and also a functor

BRST. : (/g\fi'_mOdG(O))Ran(X) — (t\m’_mOdT(O))Ran(X)-

We now have the following statement, Quasi-Theorem 9.7, that says that
the following diagram is commutative for any c as above:

(BRSTH,C)Ran(X)
—>

(ﬁn’_mOdG(O))Ran(X) (t\n’_mOdT(O))Ran(X)

LOCG,W',Ran(X)l J{LOCT,n’,Ran(X) (0.7)
CT, e
D — mod, (Bung) R — D — mod, (Bunry).

0.5.3. The IC object on the semi-infinite flag space. Let us explain how the
commutation of the diagram (0.7) implies the desired commutation of the
diagram (0.6).

It turns out that the category (GZI(O))Ran( x) contains a particular object?,
denoted 7./0,1« € (GT(

" O))Ran(x). It should be thought of as the IC sheaf on
the semi-infinite flag space.

Now, on the one hand, the (BRST, .)gan(x) is the functor
(BRSTy ¢)Ran(x) for € = j47,0,1+ (this is in fact the definition of the functor
(BRST 14 )Ran(x))-

On the other hand, the object 3./ 0,1« is closely related to the IC sheaf on
Bunp; this relationship is expressed via the isomorphism

CTyr 1w = CT s ¢ for € = 77,0,14-

9This object actually belongs to a certain completion of G:,(o); we ignore this issue
in the introduction.
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Thus, taking ¢ = 7.0+ in the diagram (0.7), we obtain the diagram
(0.6).

0.6. Structure of the paper

The proof of the Tilting Conjecture, sketched in the main body of the
paper, follows the same steps as those described above, but not necessarily
in the same order. We shall now review the contents of this paper, section-
by-section.

0.6.1. In Sect. 1 we recall the definition of the geometric Eisenstein series
functor, the set-up for quantum groups, and state the Tilting Conjecture.

At the end of that section we rewrite the space of multiplicities, appearing
in the left-hand side of the Tilting Conjecture as a Hom space from a certain
canonically defined object P* € D — mod(Bung) to our Eisenstein series
object Eisy,.

In Sect. 2 we show that the object ‘.]3)‘, or rather its x’-twisted counterpart,
can be obtained as the localization of a projective object P2 in the category
ﬁ,{—modc(o) (here k is the positive level, related to x’ by the formula x =

/
—KKil — R )

We then perform a duality manipulation and replace Hom((TJA,EiSI*)
by the cohomology over Bung of the D-module obtained by tensoring the
Eisenstein sheaf Eisy, with the localization (at the negative level k') of the
tilting object T, € G —mod (),

In Sect. 3 we further rewrite J'Com(i’)yEng*) as the cohomology over
Buny of the D-module obtained by applying the constant term functor to
the localization of 7. The reason for making this (completely formal) step
is that we will eventually generalize Conjecture 1.4 to a statement that
certain two functors from the category of Kac-Moody representations to
D — mod(Bunr) are isomorphic.

0.6.2. 1In Sect. 4 we review the Bezrukavnikov-Finkelberg-Schechtman re-
alization of representations of the small quantum group as factorizable
sheaves.

The theory developped in [12] enables us to replace the semi-infinite co-
homology appearing in the statement of the Tilting Conjecture by a certain
geometric expression: sheaf cohomology on the space of colored divisors.
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In Sect. 5 we give a reinterpretation of the main construction of [12],
i.e., the functor (0.3), as an instance of Koszul duality. This is needed in
order to eventually compare it with the Kazhdan-Lusztig equivalence, i.e.,
the functor (0.2).

0.6.3. 1In Sect. 6 we reformulate and generalize the Tilting Conjecture as
Conjecture 6.1, which is a statement that two particular functors from the
category of Kac-Moody representations to Vect are canonically isomorphic.
This reformulation uses the Kazhdan-Lusztig equivalence between quantum
groups and Kac-Moody representations.

We then further reformulate Conjecture 6.1 and Conjecture 6.5 in a way
that gets rid of quantum groups altogether, and compares two functors from
the category of Kac-Moody representations to that of twisted D-modules on
Buny.

The goal of the remaining sections it to sketch the proof of Conjecture 6.5.

0.6.4. 1In Sect. 7 we introduce the category of D-modules on the semi-
infinite flag space and explain how objects of this category give rise to (the
various versions of) the functor of BRST reduction from modules over g,
to modules over t,.

We then formulate a crucial result, Quasi-Theorem 7.9 that relates one
specific such functor, denoted BRST), 1., to the functor of u,(N*)-invariants
for quantum groups.

In Sect. 8 we describe the particular object in the category of D-modules
on the semi-infinite flag space that gives rise to the functor BRST,, .. This
is the “IC sheaf” on the semi-infinite flag space.

0.6.5. Finally, in Sect. 9, we show how the functor BRST), ;.. interacts with
the localization functors for G and T, respectively. In turns out that this
interaction is described by the functor of constant term CTy/ .. We show
how this leads to the proof of Conjecture 6.5.

0.7. Conventions
0.7.1. Throughout the paper we will be working over the ground field C.

We let X be an arbitrary smooth projective curve; at some (specified)
places in the paper we will take X to be P*.

Given an algebraic group H, we denote by Buny the moduli stack of
principal H-bundles on X.
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0.7.2. We let G be a reductive group (over C). We shall assume that the
derived group of G is simply-connected (so that the half-sum of positive
roots p is a weight of G).

We let A denote the coweight lattice of G, and A the dual lattice, i.e., the
weight lattice. Let AT C A denote the monoid of dominant coweights. This
should not be confused with AP°% the latter being the monoid generated by
simple coroots.

We denote by B a (fixed) Borel subgroup of G and by T the Cartan
quotient of B. We let N denote the unipotent radical of B.

We let W denote the Weyl group of G.

0.7.3. This paper does not use derived algebraic geometry, but it does use
higher category theory in an essential way: whenever we say “category” we
mean a DG category. We refer the reader to [10, Sect. 1], where the theory
of DG categories is reviewed.

In particular, we need the reader to be familiar with the notions of: (i)
compactly generated DG category (see [10, Sect. 1.2]); (ii) ind-completion
of a given (small) DG category (see [10, Sect. 1.3]); (iil) dual category and
dual functor (see [10, Sect. 1.5]); (iv) the limit of a diagram of DG categories
(see [10, Sect. 1.6]).

We let Vect denote the DG category of chain complexes of C-vector
spaces.

Given a DG category C and a pair of objects c1,co € C we let
FHom(cy,ca) € Vect denote their Hom complex (this structure embodies
the enrichment of every DG category over Vect).

If a DG category C is endowed with a t-structure, we denote by Cv its

heart, and by C=° (resp., CZ") the connective (resp., coconnective) parts.

0.7.4. Some of the geometric objects that we consider transcend the tra-
ditional realm of algebraic geometry: in addition to schemes and algebraic
stacks, we will consider arbitrary prestacks.

By definition, a prestack is an arbitrary functor
(Schi™)°P — so—Groupoids.

A prime example of a prestack that appears in this paper is the Ran
space of X, denoted Ran(X).
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0.7.5. For a given prestack Y, we will consider the DG category of D-
modules on Y, denoted D — mod(Y); whenever we say “D-module on Y” we
mean an object of D — mod(Y).

This category is defined as the limit of the categories D — mod(S) over
the category of schemes (of finite type) S over Y. We refer the reader to [21]
where a comprehensive review of the theory is given.

The category of D-modules is contravariantly functorial with respect to
the !-pullback: for a morphsim of prestacks f : Y1 — Yo we have the functor

f':D —mod(Ys) — D — mod(Y,).

For a given Y we let wy denote the canonical object of D — mod(Y) equal
to the !-pullback of C € Vect = D — mod(pt).

0.7.6. In addition, we will need the notion of twisting on a prestack and,
given a twisting, of the category of twisted D-modules. We refer the reader
to [21, Sects. 6 and 7], where these notions are developed.

0.7.7.  Given a prestack Y, we will also consider the DG category of con-
structible sheaves on it, denoted Shv(Y); whenever we say “sheaf on Y’ we
mean an object of Shv(Y).

When Y = S is a scheme of finite type, we let Shv(S) be the ind-
completion of the (standard DG model of the) constructible derived cat-
egory of sheaves in the analytic topology on S(C) with C-coefficients.

For an arbitrary prestack the definition is obtained by passing to the limit
over the category of schemes mapping to it, as in the case of D-modules.
We refer the reader to [17, Sect. 1] for further details.

The usual Riemann-Hilbert correspondence (for schemes) gives rise to
the fully faithful embedding

Shv(Y) 25 D — mod(Y).
The notions of C*-gerbe over a prestack and of the DG category of sheaves

twisted by a given gerbe are obtained by mimicking the D-module context
of [21].

0.7.8. 1In several places in this paper we mention algebro-geometric objects
of infinite type, such as the loop group G(X), where KX = C((t)).

We do not consider D — mod(—) or Shv(—) on such objects directly.
Rather we approximate them by objects of finite type in a specified way.
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1. Statement of the conjecture

1.1. Eisenstein series functors

1.1.1. Let X be a smooth projective curve, and G a reductive group.
We will be concerned with the moduli stack Bung classifying principal G-
bundles on X, and specifically with the DG category D — mod(Bung) of
D-modules on Bung.

There are (at least) three functors D — mod(Buny) — D — mod(Bung),
denoted Eis, Eis, and Eis,,, respectively. Let us recall their respective def-
initions.

1.1.2. Consider the diagram
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The functors Eis, and Eis, are defined to be

Eis.(—) :== p*(q!(?)éICBunB)[dim(BunT)] ~ p,oq'(F)[~dim.rel.(Bung /Buny)]

and

!
Eis|(F) := pi(q'(F)RICBun,, ) [dim(Buny)] =~ proq*(F)[dim.rel.(Bunz /Buny)].
respectively.

Remark 1.1.— The isomorphisms inserted into the above formulas are
due to the fact that the stack Bunp is smooth, so ICpuy, is the constant
D-module wpyy, [— dim(Bung)], and the morphism q is smooth as well. The
above definition of Eis, (resp., Eis) differs from that in [11] by a cohomo-
logical shift (that depends on the connected component of Bung).

1.1.3.  To define the compactified Eisenstein series functor Eis., we con-
sider the diagram

Bunp——> Bung
/ \
Bunr Bung, (1.2)

where Bunpg is stack classifying G-bundles, equipped with a generalized
reduction to B; see [7, Sect. 1.2] for the definition.

In the above diagram poj = p and q o j = q, while the morphism p is
proper. We set

Eis.(F) = p. (ql(ff") échung) [dim(Bung)].

Note that we can rewrite
|
Eis.(5) = p. ((0) & 1.Cruny) ) dim(Bunr),

Remark 1.2.— According to [7, Theorem 5.1.5], the object ji(ICpun,) €
D — mod(Bung) is universally locally acyclic with respect to the morphism
g. This implies that we also have

!

Eis)(F) = p, (q! (F) @ n (ICBunB)) [dim(Bunz)].

The maps
]!(ICBunB) — IC*B — Jx (ICBunB)

Bun
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induce the natural transformations

Eisy — Eis;, — Eis,.

1.2. What do we want to study?

In this subsection we specialize to the case when X is of genus 0.

1.2.1.  Recall that in the case of a curve of genus 0, Grothendieck’s clas-
sification of G-bundles implies that the stack Bung is stratified by locally
closed substacks Bun)c‘; where X ranges over AT, the semi-group of dominant
weights.

For A € AT, let IC* eD— mod(Bung)® denote the corresponding irre-
ducible object.

1.2.2.  Since the morphism p is proper, the Decomposition Theorem implies
that the object

Eist. (ICBuns) = Eisi (WBuny ) [~ dim(Buny)] ~ p, (ICz; ) € D — mod(Bung)

can be written as
PVvreIct, Ve Vect. (1.3)
A

The goal is to understand the vector spaces V?, i.e., the multiplicity of
each IC? in Eisi. (WBuny )-

1.2.3. Below we state a conjecture from [13, Sect. 7.8] that describes this
(cohomologically graded) vector space in terms of the semi-infinite coho-
mology of the small quantum group.

As was mentioned in the introduction, the goal of this paper is to sketch

a proof of this conjecture.

1.3. The “q”-parameter

1.3.1. Let Quad(A,Z)" be the lattice of integer-valued W-invariant qua-
dratic forms of the weight lattice A.

We fix an element

q € Quad(A,z)V @ C*.
Z

Let b, : A ® A — C* be the corresponding symmetric bilinear form.
One should think of b, as the square of the braiding on the category of
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representations of the quantum torus, whose lattice of characters is A; in
what follows we denote this category by Rep, (7).

1.8.2.  We will assume that ¢ is torsion. Let G* be the recipient of Lusztig’s
quantum Frobenius. L.e.; this is a reductive group, whose weight lattice is
the kernel of b,.

Let A* denote the coweight lattice of G¥, so that at the level of lattices,
the quantum Frobenius defines a map

Froba ¢ : A — AF

1.3.3.  In what follows we will assume that ¢ is such that G* equals the
Langlands dual G of G. In particular, A" ~ A, and we can think of the
quantum Frobenius as a map

Froby 4 : A — A.

Thus, we obtain that the extended affine Weyl group
Wq’aff =W x A
acts on A, with A acting via Frob, ,. (We are considering the “dotted”
action, so that the fixed point of the action of the finite Weyl group W is
—5)
1.83.4. For A € A let miny € W, .g be the shortest representative in the

double coset of
AEANC Wy an

with respect to W C W, ag.

Consider the corresponding weight miny (0) € A.

1.4. Quantum groups

1.4.1. Let
iy (G)—mod and uy(G)—mod

be the categories of representations of the big (Lusztig’s) and small'® quan-
tum groups, respectively, attached to q.

Consider the indecomposable tilting module
T) € Uy(G)—mod”
with highest weight miny (0).

LOWe are considering the graded version of the small quantum group, i.e., we have a
forgetful functor uq(G)—mod — Repy(T).
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1.4.2.  We have the tautological forgetful functor
ResPssmall . ¢ (G)—mod — u,(G)—mod.

Recall now that there is a canonically defined functor
C? :uy(G)—mod — Vect,
see [1]. We have
H*(CT (M) =H=zT*(M), M € u,(G)—mod.

Remark 1.3. The functor C% is the functor of semi-infinite cochains
with respect to the non-graded version of u,(G). In particular, its natural
target is the category Rep(T*#) if representations of the Cartan group 7% of
GH.

1.4.8. The following is the statement of the tilting conjecture from [13]:

CONJECTURE 1.4. — For A € AT we have a canonical isomorphism
VA~ ¥ (uq(G), Resbigﬁsma“(s;)) : (1.4)
where V> is as in (1.3).

Remark 1.5.— According to Remark 1.3, the right-hand side in (1.4)
is naturally an object of Rep(T?), and since due to our choice of ¢ we
have T¢ = T, we can view it as a A-graded vector space. This grading
corresponds to the grading on the left hand side, given by the decomposition
of Eisy,(ICgun,) according to connected components of Buny.

Remark 1.6.— One can strengthen the previous remark as follows: both
sides in (1.4) carry an action of the Langlands dual Lie algebra g: on the
right-hand side this action comes from the quantum Frobenius, and on the
left-hand side from the action of § on Eisy, (ICpyny) from [13, Sect. 7.4]. One
can strengthen the statement of Conjecture 1.4 by requiring that these two
actions be compatible. Although our methods allow to deduce this stronger
statement, we will not pursue it in this paper.

Remark 1.7.— Note that the LHS in (1.4) is, by construction, indepen-
dent of the choice of ¢, whereas the definition of the RHS explicitly depends
on q.

However, one can show (by identifying the regular blocks of
the categories i,(G)—mod for different ¢’s), that the vector space

cT (uq(G), Resbig_}sma“(Tg‘)) is also independent of q.
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Remark 1.8.— For our derivation of the isomorphism (1.4) we have to
take our ground field to be C, since it relies on Riemann-Hilbert corre-
spondence. It is an interesting question to understand whether the resulting
isomorphism can be defined over @ (or some small extension of Q).

1.5. Multiplicity space as a Hom

The definition of the left-hand side in Conjecture 1.4 as a space of mul-
tiplicities is not very convenient to work with. In this subsection we will
rewrite it a certain Hom space, the latter being more amenable to categor-
ical manipulations.

1.5.1. Fix a point zg € X. Let Bung’m‘J (resp., Bung’wo) be the moduli
of G-bundles on X, equipped with a reduction of the fiber at o € X to IV
(resp., B). Note that Bung"m0 is equipped with an action of T'. We let

D — mod(Bungy**)T=™°" € D — mod(Bungy ™)

denote the full subcategory consisting of T-monodromic objects, i.e., the
full subcategory generated by the image of the pullback functor

D- mod(Bung’xo) =D - mod(T\(Bung’x")) —D— mod(Bung’x").

Let

T ang"%O — Bung

denote the tautological projection. We consider the resulting pair of adjoint
functors

m[dim(G/N)]: D — mod(Bung’%)T_mm[1 = D — mod(Bung) : 7' [~ dim(G/N)].

1.5.2. Tt is known that for (X,z9) = (P',0), the category
D- mod(Bung’m“)T”fnorl identifies with the derived DG category of the
heart of the natural t-structure!! (see [5, Corollary 3.3.2]).

Let
P* € D — mod(Bungy™**)¥

denote the projective cover of the irreducible 7' (IC*)[— dim(G/N)]. Set
P := m(PY)[dim(G/N)] € D — mod(Bung).

It is clear that if ¥ € D — mod(Bung) is a semi-simple object equal to

Pvs w1,
A

HThis is because the inclusions of the strata are affine morphisms.
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then
Hom(P,F) ~ Hom (P, 7 (F)[— dim(G/N)]) ~ Vi

1.5.3. Thus, we can restate Conjecture 1.4 as one about the existence of
a canonical isomorphism

Hom(P*, Eisr. (ICpuny ) ~ CF (uq(G),Resbigqsman(i{;‘D . (1.5)

2. Kac-Moody representations, localization functors and duality

Conjecture 1.4 compares an algebraic object (semi-infinite cohomology of
the quantum group) with a geometric one (multiplicity spaces in geometric
Eisenstein series). The link between the two will be provided by the category
of representations of the Kac-Moody algebra.

On the one hand, Kac-Moody representations will be related to modules
over the quantum group via the Kazhdan-Lusztig equivalence. On the other
hand, they will be related to D-modules on Bung via localization functors.

In this section we will introduce the latter part of the story: Kac-Moody
representations and the localization functors to D — mod(Bung).

2.1. Passing to twisted D-modules

In this subsection we will introduce a twisting on D-modules into our
game. Ultimately, this twisting will account for the ¢ parameter in the quan-
tum group via the Kazhdan-Lusztig equivalence.

2.1.1. Let k be a level for G, i.e., a G-invariant symmetric bilinear form

gg— C.

To the datum of k one canonically attaches a twisting on Bung (resp.

Bun)y™), see [20, Proposition-Construction 1.3.6]. Let

D - mod,g(Bung’%")T_mOn and D — mod, (Bung)
denote the corresponding DG categories of twisted D-modules.
2.1.2.  Suppose now that x is an integral multiple of the Killing form,

K=c¢C-KKi, C€EZZ.

In this case we have canonical equivalences
D — mod, (Bung) ~ D — mod(Bung)

and D — mod, (Bung’xo)T_mon ~D— mod(Bung’“)T_”‘O“,
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given by tensoring by the c-th power of the determinant line bundle on
Bung, denoted Lg ., and its pullback to Bumg’x”7 respectively.

Let P} € D — mod,, (Bungy ™) 7 —men,
P}, Eis,1(ICBuny ), Eis«(ICBuny) and Eis, 1. (ICBun, ) € D — mod, (Bung),
denote the objects that correspond to P* € D — mod(Bungy )T —mon,

P*, Eisi(ICBuny ), Eis,(ICBun, ) and Eisy, (ICum, ) € D — mod(Bung),

respectively, under the above equivalences.

2.1.3. Hence, we can further reformulate Conjecture 1.4 as one about the
existence of a canonical isomorphism

Fom(P?, Eisy 1, (ICBuny ) = CF (uq(G), Resbiwma”(z;)) L2

2.2. Localization functors

In this subsection we will assume that the level x is positive. Here and
below by “positive” we mean that an each simple factor, kK = ¢+ Kk, where
(c+3) ¢ Q=", while the restriction of « to the center of g is non-degenerate.

We are going to introduce a crucial piece of structure, namely, the local-
ization functors from Kac-Moody representations to (twisted) D-modules
on Bung.

2.2.1.  We now choose a point x, € X, different from the point z¢p € X
(the latter is one at which we are taking the reduction to N). We consider
the Kac-Moody Lie algebra g, ,__ at x at level &, i.e., the central extension

0= C—gra, = 8(Ks)—0,

which is split over g(O,_.) C g(X,_, ), and where the bracket is defined using
K.

Let G —mod?(%==) denote the DG category of G(O,_)-integrable
Or.z..-modules, see [20, Sect. 2.3].

2.2.2.  In what follows we will also consider the Kac-Moody algebra denoted
0, that we think of as being attached to the standard formal disc O C K =
Cltl c C(@)-
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2.2.3.  Consider the corresponding localization functors
LoCG ko, & Brza —mod®Vs=) 5 D — mod, (Bung)
and
Locg::f’mm T —mod® (=) 5 D — mod,{(Bung’g”“)T’mO“7
see [20, Sect. 2.4].
2.2.4. Assume now that (X, zq,7.) = (P',0,00).

Since x was assumed positive, the theorem of Kashiwara-Tanisaki (see
23]) implies that the functor Locy’™ __ defines a t-exact equivalence from

,/{/71/‘

the regular block of g ... —mod®©+=) to D — mod, (Bung’mo)T*m‘m.

Let
P} € (G o, —mod(Or=))?

denote the object such that
Loc,{N’fi (P)) ~ P,

K

2.2.5. Let
Wmaﬁ =W x A.

The datum of x defines an action of W, . on the weight lattice A, where
A acts on A by translations via the map

FI‘ObAﬁ . A — A, )\ — (K/ - Hcrit)(Ay 7)7

where Kepip = — i (Again, we are considering the “dotted” action, so that
the fixed point of the action of the finite Weyl group W is —p.)

Let maxy € W, .g be the longest representative in the double coset of
AeANC W an
with respect to W € W, ..

Then the object P2 is the projective cover of the irreducible with highest
weight max (0).

2.2.6. We claim:
PROPOSITION 2.1. — There exists a canonical isomorphism
Locg .. (P2) = Py

of objects in D — mod, (Bung).
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Proof.— Let
Iy 2. and Fﬁfo‘l
be the functors right adjoint to

» L0
YR, Too

N
Locg,k,z.. and Loc,

respectively.

Interpreting the above functors as global sections on an approriate scheme
(it is the scheme classifying G-bundles with a full level structure at ),
one shows that

Tz = TN o' [—dim(G/N)).

Passing to the left adjoints, we obtain

LoCq sz, =~ m o Locgy ™ _[dim(G/N)],

)K7x

whence the assertion of the proposition. O

2.2.7.  Thus, by Proposition 2.1, we can reformulate Conjecture 1.4 as the
existence of a canonical isomorphism

Hom(Locg g (P), Bise s (ICBuny ) = CF (uq(G), Resbigﬁsma“(s;)) :
(2.2)
where & is some positive integral level and (X, z4,) = (P!, o0).

Remark 2.2.— From now on we can “forget” about the point xy and
the stack Bung’zo. It was only needed to reduce Conjecture 1.4 to Equation
(2.2).

2.3. Duality on Kac-Moody representations

The goal of this and the next subsection is to replace Hom in the left-
hand side in (2.2) by a pairing. Le., we will rewrite the left-hand side in
(2.2) as the value of a certain covariant functor. This interpretation will be
important for our next series of manipulations.

We refer the reader to [10, Sect. 1.5] for a review of the general theory
of duality in DG categories.

2.3.1.  Recall (see [20, Sects. 2.2 and 2.3 or 4.3]) that the category
Orzo —mod®Y+=) i defined so that it is compactly generated by Weyl
modules.

Let s’ be the reflected level, ie., K := —k — kkj. Note that we have

(Kerit)” = Ferit, where we remind that sepe = — 5.
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We recall (see [20, Sect. 4.6]) that there exists a canonical equivalence

(Grw —modC Qe )V ~ g mod¥(Oe),

This equivalence is uniquely characterized by the property that the cor-
responding pairing
(=, =)KM : Or,z0 —mod® (=) g On/ we —mod®O=) _s Vect
is given by
’g\n7zoo 7mOdG(OIOO) ®§H/,Ioo 7mOdG(OIDO) —
= Or,zo, —mod @ Gy . —mod 5 O rnmae — Vect,

where

~

O ki aa — VeCt
is the functor of semi-infinite cochains with respect to g(K,__ ), see [20, Sect.
4.5 and 4.6] or [3, Sect. 2.2].

2.3.2.  We denote the resulting contravariant equivalence
(Or.c _mOdG(OzM))C ~ (On' 20 _mOdG(ozx))c
by DEM see [10, Sect. 1.5.3].
It has the property that for an object M € gy, —JrnodG(ol'oo)7 induced

from a compact (i.e., finite-dimensional) representation My of G(O,__), the
corresponding object

D*M(M) € G .. —mod (O
is one induced from the dual representation My’ .

In particular, by taking My to be an irreducible representation of G, so
that M is the Weyl module, we obtain that the functor DXM sends Weyl
modules to Weyl modules.

2.3.5.  Assume that x (and hence &’ is integral). Let T2 €
O’ oo —mod®Y==) pe the indecomposable tilting module with highest
weight miny (0).

We claim:

PROPOSITION 2.3. — Let k be positive. Then DEM(PX) ~ T7,.

K
Proof.— Follows form the fact that the composition
¢ DKI\I

(On 2 —mod®(Oeec)ye (On e —mod&(Oeee)ye 2, (G20 —mod®(Oree))e,
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where the first arrow is the contragredient duality at the negative level,
identifies with Arkhipov’s functor (the longest intertwining operator), see
[3, Theorem 9.2.4]. O

2.4. Duality on Bung

Following [9, Sect. 4.3.3], in addition to D — mod(Bung), one intro-
duces another version of the category of D-modules on Bung, denoted
D — mod(Bung)co-

2.4.1. We will not give a detailed review of the definition of
D — mod(Bung)e, here. Let us just say that the difference between
D — mod(Bung) and D — mod(Bung)e, has to do with the fact that the
stack Bung is not quasi-compact (rather, its connected components are
not quasi-compact). So, when dealing with a fixed quasi-compact open
U C Bung, there will not be any difference between the two categories.

One shows D — mod(Bung) is compactly generated by !-extensions of
compact objects in D — mod(U) for U as above, whereas D — mod(Bung)co
is defined so that it is compactly generated by *-extensions of the same
objects.

|
It follows from the construction of D — mod(Bung)., that the ® tensor
product defines a functor

D — mod(Bung) ® D — mod(Bung)eo — D — mod(Bung)co-

Again, by the construction of D — mod(Bung)co, global de Rham coho-
mology'? is a continuous functor

Far(Bung, —) : D — mod(Bung)c, — Vect.
2.4.2. The usual Verdier duality for quasi-compact algebraic stacks

implies that the category D — mod(Bung)., identifies with the dual of
D — mod(Bung):

(D — mod(Bung))" ~ D — mod(Bung)co- (2.3)

We can describe the corresponding pairing
(=, —)Bung : D —mod(Bung)eo ® D — mod(Bung) — Vect
explicitly using the functor T'q,(Bung, —).
12Gince Bung is a stack, when we talk about de Rham cohomology, we mean its

renormalized version, see [9, Sect. 9.1]; this technical point will not be relevant for the
sequel.
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Namely, (—, —)Bun. €quals the composition

D —mod(Bung)eo®D — mod(Bung) 2 p- mod(Bung)co Far(Bung,—)

Vect.

Equivalently, the functor dual to T'q;(Bung, —) is the functor

Vect — D —mod(Bung), C — wpung-

2.4.8. A similar discussion applies in the twisted case, with the difference
that the level gets reflected, i.e., we now have the canonical equivalence

(D — mod, (Bung))" ~ D — mod, (Bung)co. (2.4)

The corresponding pairing
(—, =)Bung : D —mod, (Bung)eo ® D — mod, (Bung) — Vect
is equal to

D — mod, (Bung)eco ® D — mod,; (Bung) Ep- mod_ ., (Bung)eo >~

Tar(Bung,—)
—

~ D — mod(Bung)co Vect, (2.5)

where the equivalence D — mod_ . (Bung)co ~ D — mod(Bung ), is given
by tensoring by the determinant line bundle £g ., -

We denote the resulting contravariant equivalance
(D — mod, (Bung))¢ ~ (D — mod, (Bung)co )¢
by DVerdier.
2.4.4. Note that when k is integral, the equivalence (2.4) goes over to the
non-twisted equivalence (2.3) under the identifications
D —mod(Bung) ~ D — mod, (Bung) and D — mod(Bung)co ~ D — mod,/ (Bung)co,

given by tensoring by the corresponding line bundles, i.e., £Lg,; and L¢g .,
respectively.

2.5. Duality and localization

In this subsection we assume that the level  is positive (see Sect. 2.2
for what this means).

We will review how the duality functor on the category of Kac-Moody
representations interacts with Verdier duality on D — mod(Bung).
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2.5.1.  The basic property of the functor
LocG ks & Orza —mod®(©=<) s D — mod,, (Bung)

is that sends compacts to compacts (this is established in [3, Theorem
6.1.8]).

In particular, we obtain that there exists a canonically defined continuous
functor

LOCGM@/,JCDo : /g\,g@zoo —mOdG(me) — D — mod,- (Bung)co,

so that
]D)Verdler o LOCG,m,wOO ° ]D)KM ~ LOCG7K/’)(EDO7

(O o0 —Irlode(o"%))C — (D — mod, (Bung)eo)®.
The functor Locg w/ o, is localization at the negative level, and it is ex-
plicitly described in [3, Corollary 6.1.10].

Remark 2.4.— The functor Locg .
localization functor

is closely related to the naive

51()0
Loc‘éﬁiﬁ"fzm : B o —mod®Om=) D — mod, (Bung)

(the difference is that the target of the latter is the usual category

D — mod, (Bung) rather than D — mod,, (Bung)co)-

Namely, for every quasi-compact open substack U C Bung, the following
diagram commutes:

—~ d o~

Onr o —modC=a) > B —mod@(©ac)
Locg“yi:f’mocl lLOCGm'wwoo
D — mod, (Bung)co D — mod, (Bung)

l l

D-mody(U) —%% D —mod. ().

2.5.2. Taking into account Proposition 2.3, we obtain that Conjecture 1.4
can be reformulated as the existence of a canonical isomorphism

| - .
1_‘dr(BunGa LOCG,K’,ZEOC (T$’>®Eisfi,!* (ICBUHT)) ~C= (uq (G)7 Resblg_}SInaH(gé)) ’
(2.6)

1

where k is some positive integral level and (X, z) = (P!, 00).
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3. Duality and the Eisenstein functor

In this section we will perform a formal manipulation: we will rewrite the
left-hand side in (2.6) so that instead of the functor T'yq,(Bung, —) we will
consider the functor 'y, (Bunr, —).

3.1. The functor of constant term

3.1.1.  We consider the stack Bunpg, and we note that it is truncatable in
the sense of [10, Sect. 4]. In particular, it makes sense to talk about the
category

D — mod(Bung)co.
Recall the canonical identifications given by Verdier duality
D — mod(Bung)co =~ (D — mod(Bung))"
and D — mod(Bunz) ~ (D — mod(Bunz))".

We have a similar identification

D — mod(Bung)eo =~ (D — mod(Bung))".

3.1.2. Under the above identifications the dual of the functor
g : D — mod(Buny) — D — mod(Bunp)

is the functor g, : D — mod(Bung)., — D — mod(Bunr), and the dual of
the functor
P, : D —mod(Bung) - D — mod(Bung),

is the functor ' : D — mod(Bung)eo — D — mod(Bunp)e,.
3.1.3. Consider the functor
D — mod(Bung)co ® D — mod(Bung) — D — mod(Bung)co.

For a given 7 € D — mod(Bunpg), the resulting functor

|
8§+ T®8:D—mod(Bung)c, — (Bung)eo
is the dual of the functor

!
8= T®8 :D—modBung)e, — D — mod(Bung)co.

Hence, we obtain that the dual of the (compactified) Eisenstein functor

Eisy, : D — mod(Buny) — D — mod(Bung)
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is the functor CTy. : D — mod(Bung)c, — D — mod(Bunry), defined by

CT\(F") =7, (p! (F) é ICqa, [dim(Bunﬂ]) .

3.2. Twistings on Bunp

3.2.1. Recall the diagram

Bunr. Bung (3.1)

Pulling back the k-twisting on Bung by means of p, we obtain a twist-
ing on Bunpg; we denote the corresponding category of twisted D-modules
D — mod, ¢(Bung).

Pulling back the k-twisting on Buny by means of g, we obtain another
twisting on Bunpg; we denote the corresponding category of twisted D-
modules D — mod,, r(Bung).

We let D —mod,, g/7(Bunp) the category of D-modules corresponding
to the Baer difference of these two twistings.
In particular, tensor product gives rise to the functors
D — mod, 7(Bung) ® D — mod,, ¢/7(Bung) — D — mod, ¢(Bung) (3.2)
D — mod,,g(Bung)e ® D — mod,s /7 (Bung) — D — mod,s 7 (Bung)co-
(3.3)
8.2.2. Recall that j denotes the open embedding Bung — Bung.

We note that the category D — mod, ¢,r(Bung) canonically identifies
with the (untwisted) D — mod(Bung): indeed the pullback of the
k-twisting on Buny by means of q identifies canonically with the pullback
of the k-twisting on Bung by means of p, both giving rise to the category
D — mod, (Bung).

Hence, it makes sense to speak of ICgu,, as an object of
D — mod,, ¢/r(Bung), and of

]n,*(ICBunB)a ]rz,!(ICBunB) and ]n,!*(ICBunB)

as objects of D — mod,; ¢/ (Bung).
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Note that when k is integral, under the equivalence
D — mod,, ¢/r(Bung) ~ D — mod(Bunp),

given by tensoring by the corresponding line bundle, the above objects cor-
respond to the objects

2+(ICBung)s 71(ICBung) and 1. (ICByn, ) € D — mod(Bung),

respectively.

3.2.3. Let us denote by
CT,. 1 : D —mod, (Bung)eo — D — mod, (Buny)

the functor

s d, (p’m ® JR,!*acBunB>[dim<BunT>}) |

Denote also by CT, . (resp., CT, 1) the similarly defined functors
D — mod, (Bung)eo — D — mod,;s (Buny),
where we replace 75,1+ (ICBuny ) bY 2.+ ICBung ) (resp., 2.1 (ICBunS))-

3.2.4. Note that the object Eis, 1.(ICBun,) € D —mod, (Bung) that ap-
pears in (2.6) is the result of application of the functor

D — mod(Buny) Beep mod(Bung) T8 mod,, (Bung)

t0 ICBun, ™~ Wiuny [— dim(Buny)].
Hence, the functor

!
F = Tq(Bung, F ® Eis,, 1. (ICBun,)) D — mod, (Bung)eo — Vect (3.4)
identifies with the composition

CT,/ ,.[— dim(Bunr)] Tt
—

—®L
D — mod, (Bung)co D — mod, (Bunr) ®—>

Far(Bunr,—

— D —mod(Buny) " — ) Vect. (3.5)
3.2.5.  Summarizing, we obtain that Conjecture 1.4 can be reformulated
as the existence of a canonical isomorphism
Lyr(Bung, CT,r 14 0 Locg wr . (T) @ L — ) [~ dim(Buny)]) ~
~ CF (uq(G), Resbigﬁsma“(z;)) . (36)
where & is some positive integral level and (X, z4,) = (P!, o0).
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3.3. Anomalies

In the second half of the paper we will study the interaction between the
Kac-Moody Lie algebra g, and its counterpart when G is replaced by T.
The point is that the passage from g to t introduces a critical twist and a
p-shift.

In this subsection we will specify what we mean by this.

3.3.1. Let us denote by t, the extension of t(X), given by «'|;. Le., to is
characterized by the property that

B(K) X to ~b(K) X G,
(%)

as extensions of b(X).

We let /t\,.i/_t'_shift be the Baer sum of /‘c\K/ with the Tate extension ?Tate(n),
corresponding to t-representation n (equipped with the adjoint action).

We refer the reader to [6, Sect. 2.7-2.8], where the construction of the
Tate extension is explained.

There are two essential points of difference that adding ?Tatc(n) intro-
duces:

(i) The level of the extension /{K,/J,_Shift is no longer |, but rather k' — Keyit |-
(ii) The extension t.gpir 10 longer splits over £(O) in a canonical way.

3.3.2. According to [6, Theorem 2.8.17], we can alternatively describe
tyryshife as follows. It is the Baer sum of t./_,_, and the abelian exten-
sion t;(,,). The latter is by definition the torsor over

(HXK))Y ~t¥ @ wx
equal to the push-out of p(wx), thought of as a T'(X)-torsor, under the map
dlog : T(X) — ¥ ® wx.

In the above formula, 7' denotes the torus dual to 7.

Remark 3.1. The reason we need to make the modification €, ~ /{,{/+Shift
will be explained in Remark 7.2: it has to do with the properties of the BRST
reduction functor.

However, the short answer is that we have no choice:
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For example, the fact that the level needs to be shifted is used in the
matching of k and ¢ parameters (see Sect. 6.1.1). The fact that ?p«(w) appears
is reflected by the presence of the linear term in the definition of the gerbe
Gg.10c (see Sect. 4.1.4), while the latter is forced by the ribbon structure on
the category of modules over the quantum group.

3.83.3.  Corresponding to YK//J’_Shift there is a canonically defined twisting on
the stack Buny; we denote the resulting category of twisted D-modules by
D — mod, 4 snitt (Bunr).

According to the above description of ?Kurshift, we can describe the twist-
ing giving rise to D — mod,/ 4 ghitt (Buny) as follows:

It is the Baer sum of the twisting corresponding to D — mod, (Buny)
(i.e., the twisting attached to the form &'|, see Sect. 2.1.1) and the twisting
corresponding to the line L7 1ae(n) bundle on Bung that attaches to a T-
bundle Fr the line

det RT'(X,ng, )%,
where ng,, is the vector bundle over X associated to the T-bundle 7 and
its representation n.

3.8.4. Note, however, that since the difference between the two twistings is
given by the line bundle L7 Tate(n), the corresponding categories of twisted
D-modules are canonically equivalent via the operation of tensor product
with LT,Tate(n)-
In what follows we will consider the equivalence
D — mod,/ (Buny) — D — mod,s 4 shirt (Buny) (3.7)

obtained by composing one given by tensoring by the line bundle £7 Tate(n)
with the cohomological shift [x(RT(X, ng,.))].

Remark 3.2.— Note that x(RI'(X,ng,)) = —dim.rel.(Bung/Buny). As
we shall see below (see Remark 3.3), this is the source of the shift in the
definition of the Eisenstein functors, see Sect. 1.1.2.

3.3.5. One can use Sect. 3.3.2, to give the following alternative description
of the twisting giving rise to D — mod s yshitt (Buny).

It is the Baer sum of the twisting giving rise to D — mod,/_,._,,, (Bunr)
and one corresponding to the line bundle on Bunyp, given by
Fr — Weil(p(Fr),wx) ~ Weil(Fr, p(wx)),
where in the left-hand side Weil denotes the pairing
Pic x Pic — G,,
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and in the right-hand side Weil denotes the induced pairing

Buny x Buny — Gy,

3.4. The level-shifted constant term functor

3.4.1.  Let us denote by CT s qsnifs, 1« the functor
D — mod,/ (Bung)co — D — mod, 4 spist (Bunr)

equal to the composition

D — mod, (Bung)co LI mod, ¢(Bung)eo —

!
—®Jr,15 (ICBun g ) [dim(Bunp)] P
BEN D— modH/,T (BunB)CO —

S p - mod, (Bunr) — D — mod,/ 4snits (Bunr),
where the last arrow is the functor (3.7).

Remark 3.3. — Note that j.1.(ICBun,)[dim(Bung)] is really
Jitx (WBunp ); the problem with the latter notation is that it is illegal to
apply 71+ to objects that are not in the heart of the t-structure.

However, this shows that the functor CT s ysnif, 1« (unlike its counterparts
CT, 1. or CTy,) does not include any artificial cohomological shifts.

3.4.2.  Denote by CT.isnife,« (resp., CTuisnin,) the similarly defined
functor, where we replace Ju 1+ (ICBun, [dim(Bung)]) by Ju.«(WBuny) (resp.,
]ﬁ,!(wBunB))-

3.4.3. Note that the composition

CTN,+Shift,!*
-

D — mod, (Bung)eo D — mod,ys 4 snigs (Buny) —

_®LT,7~’7shift
il

D — mod(Bunr)

identifies with the functor

CTH/_!* —®LT !
D — mod, (Bung)eco — D —mody (Buny) — " D — mod(Buny),

where

L 2= L1/ —shitt @ L7 Tate(n)- (3.8)
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8.4.4. Summarizing, we obtain that Conjecture 1.4 can be reformulated
as the existence of a canonical isomorphism

Lo (Bung, CT s psnitt, 1« 0 Loca wr woe (T20) @ L, —shite ) [— dim(Bung)]) =~
~CF (uq(G),Resbig_’sma”(‘Ig)) . (3.9)

1

where k is some positive integral level and (X, z) = (P, 00).

4. Digression: factorizable sheaves of [BFS]

Our next step in bringing the two sides of Conjecture 1.4 closer to one
another is a geometric interpretation of the category u,(G)—mod, and, cru-
cially, of the functor C% (u,(G), —).

This interpretation is provided by the theory of factorizable sheaves of
[12].

4.1. Colored divisors

Our treatment of factorizable sheaves will be slightly different from that
in [12], with the following two main points of difference:

(i) Instead of considering the various partially symmetrized powers of our
curve X, we will assemble them into an (infinite-dimensional) algebro-
geometric object, the colored Ran space Ran(X, A) that parameterizes finite
collections of points of X with elements of A assigned to them. The fact that
we can consider the (DG) category of sheaves on such a space is a conse-
quence of recent advances in higher category theory, see Sect. 0.7.7.

(ii) Instead of encoding the quantum parameter ¢ by a local system, we let
it be encoded by a C*-gerbe on Ran(X, A).

4.1.1.  Let us recall that the Ran space of X, denoted Ran(X) is a prestack
that associates to a test-scheme S the set of finite non-empty subsets in
Maps(S, X).

We let Ran(X, A) be the prestack defined as follows. For a test-scheme
S, we let

Maps(S, Ran(X,A)) = {I C Maps(S, X), ¢: 1 — A},

where [ is a non-empty finite set.
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4.1.2. Let
Ran(X,A)"® C Ran(X, A) (4.1)

be the subfunctor, corresponding to the subset A& — 0 C A (here Ares g
the negative integral span of simple roots).

It is a crucial observation that Ran(X,A)"% is essentially a
finite-dimensional algebraic variety.

For a given A € A" let Ran(X, A)"*&* be the connected component of
Ran(X, A)"°8 corresponding to those S-points

{I ¢ Maps(S,X), ¢:1— A},
for which EI #(i) = X\. We have

Ran(X,A)"5 = | | Ran(X,A)"s*
A€Aneg—0

Denote )
XA =T X" if X = Bn, - (—d,),

where the index s runs through the set of vertices of the Dynkin diagram,
and &5 denote the corresponding simple roots.

Note that we have a canonically defined map

Ran(X, A)"es? 5 x*, (4.2)

We have:

LEMMA 4.1. — The map (4.2) induces an isomorphism of sheafifications
in the topology generated by finite surjective maps.

o - -
Let X* C X* be the open subscheme equal to the complement of the
diagonal divisor. Let

o ~ X ~
Ran(X,A)"®* < Ran(X, A)"e8
be the subfunctor equal to the preimage of
o -
X c X
It is easy to see that the map
o o N o -
Ran(X, A)eer — x*
is actually an isomorphism.
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4.1.3.  We have a tautological projection
Ran(X,A) — Ran(X),
that remembers the data of I.

The prestack Ran(X, A) has a natural factorization property with respect
to the above projection. We refer the reader to [25, Sect. 1] for what this
means.

4.1.4. The next to step is to associate to our choice of the quantum pa-
rameter ¢ a certain canonical factorizable C*-gerbe on Ran(X, A), denoted
Gg,loc- This construction depends on an additional choice: we need to choose

1 y
a W-invariant symmetric bilinear form b; on A with coefficients in C* such
that

g(A) = b (A, M),

Note that by definition

where b, is as in Sect. 1.3.1.

4.1.5.  Recall that given a line bundle £ over a space Y and an element
a € C*, to this data we can attach a canonically defined C*-gerbe over Y,
denoted

Llos(a)

Namely, the objects of £1°%(%) are C*-local systems on the total space of
L — {0}, such that their monodromy along the fiber is given by a.

The gerbe G, 1oc is uniquely characterized by the following requirement.
For an Q—tuple A,y Ap of elements of A, and the resulting map X" —
Ran(X, A), the pullback of G, 10c to X™ is the gerbe

1 ®—1 1
(Bﬁ LJos0] (Ai,mzp))) ® (® O(Ai}j)mgw&ui,m))) _

i i#j

In other words, for a point of Ran(X, A) given by a collection of pairwise
distinct points x1, ..., , with assigned weights A1, ..., A, the fiber of Gy 10c
over this point is the tensor product

® (w®71)log(q(/v\ﬂrﬁ))*log(q(ﬁ)).

Ty
i=1,...,n

- 272 -



Eisenstein series and quantum groups

Remark 4.2.— As can be seen from the above formula, the individual

fibers of the above gerbe do not depend on the additional datum of bq%;
the latter is needed in order to make the gerbe G, 1o well-defined on all of
Ran(X, A).

Remark 4.3.— As can be observed from either of the above descriptions
of Gg.1oc, it naturally arises as a tensor product of two gerbes: one comes
from just the quadratic part A — ¢(\), and the other from the linear part
A — bq(S\, p). The quadratic part encodes the “true” quantum parameter
for A, whereas the linear part is the “p-shift” that we will comment on in

Remark 7.5.

Note also that for each (local) trivialization of the canonical line bun-
dle wx, we obtain a trivialization of the linear part of the gerbe over the
corresponding open sub-prestack of Ran(X, A).

4.1.6. Recall now that if Y is a topological space (resp., prestack) equipped
with a C*-gerbe G, we can consider the category

Sth(H)
of sheaves on Y twisted by G.
We let
Shvg, ,,. (Ran(X, A))
the category of Gy 1oc-twisted sheaves on Ran(X, A).
The factorization property of Gy 1oc over Ran(X) implies that it makes
sense to talk about factorization algebras in Shvg, . (Ran(X,A)), and for

a given factorization algebra, about factorization modules over it, see [27,
Sect. 6].

4.2. The factorization algebra of BFS

4.2.1.  The basic property of G 1oc is that its restriction to Ran(X, A)neg
is canonically trivialized. This follows from the fact that for a simple root
&, we have

since s;(p) = p — &; and ¢ is W-invariant.

Therefore the category Shvg, . (Ran(X,A)"8) identifies canonically
with the non-twisted category Shv(Ran(X,A)"°®). In particular, we can
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consider the sign local system sign on Ran(X, A% as an object of
Sthq,IOC(Ran(X,A)“Cg).
4.2.2.  We define the object
szau € Shvg, . (Ran(X, A)mee)
as follows.

First, we note that Lemma 4.1 implies that for the purposes of con-
sidering (twisted) sheaves, we can think that Ran(X, A)”®® is an an alge-
braic variety. Now, we let Qf]ma“ be the Goresky-MacPherson extension of

sign € Shvg_ . (Ran(X, A)"eg), cohomologically shifted so that it lies in the

c

heart of the perverse t-structure.

We shall regard Q5™ as an object of Shvg, . (Ran(X, A)) via the em-
bedding (4.1). It follows from the construction that Q;man has a natural
structure of factorization algebra in Shvg,,  (Ran(X,A)).

4.2.3.  Given points z1,...,z, € X, we let

szan—modml ..... .

n

denote the category of factorization sza“—modules at the above points.

Remark 4.4. In the terminology of [12], the category Q5™ —mod,, . 4,
is referred to as the category of factorable sheaves.

4.2.4. The main construction of [12] says that there is an equivalence

(uq(G)—mod)Twl(X) ®.Q (uq(G)—mod)Tzn(X) — sza“—modxl,wwn,
(4.3)
where for a one-dimensional C-vector space ¢, we denote by

(g (G)—mod),

the twist of u,(G)—mod by £ using the auto-equivalence, given by the ribbon
structure. Here T, (X) denotes the tangent line to X at « € X.

We will reinterpret the construction of the functor (4.3) in Sect. 5.1.

4.2.5.  We denote the resulting functor
(uq(G)—mod)Tm1 x)®...® (uq(G)—mod)TM (x) = szan—modm’m@

n

~ Shvg, .. (Ran(X, K)),

where the last arrow is a forgetful functor, by BFSff;p.
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4.3. Conformal blocks

In this section we will generalize a procedure from [12] that starts with n
modules over ug, thought of as placed at points 1, ..., z, on X, and produces
an object of Vect.

Unlike the functor (4.3), this construction will be of a global nature, in
that it will involve taking cohomology over the stack Pic(X) ® A.
Z

4.3.1. Let
AJ:Ran(X,A) — Pic(X) ® A
Z
denote the Abel-Jacobi map
{zs, \i} = 2 O(—x;) ® \; €€ Pic(X) @ A.
i VA

4.8.2. A basic property of Gy 10c is that it canonically descends to a C*-
gerbe on Pic(X) ® A. We shall denote the latter by Gg,elob-
zZ

Specifically, this gerbe attaches to a point ¥ .£; ® \; € Pic(X)® A (where
7 Z
L; are line bundles on X) the C*-gerbe
1 1
<® Weil(Li,Li)log(qu (MJw))) ® (® Weil(Li7Lj)1°g(qu (/\i,/\j))) ®
i i#]
® <® Weil(£, w0507 (xi,zm)) ,

where
Welil : Pic x Pic — BG,,

is the Weil pairing.
4.3.3.  There exists a canonically defined (S;QIOb—twisted) local system
lob

&g-1 € Shvg-1  (Pic(X) ® A),

which is supported on the union of the connected components corresponding
to

—(2g — 2)p + Im(Froby ,) C A.

We will specify what €,-1 is in Sect. 6.3.3 in terms of the Fourier-Mukai
transform.

Remark 4.5. One can show that the restriction of €,-1 to the connected
component —(2g — 2)p identifies with the Heisenberg local system of [12].
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4.8.4. Let us specialize for a moment to the case when X = P'. Choosing
Too as our base point, we obtain an isomorphism

Pic(X) ® A ~ BG,, x A.
Z

In this case, the gerbe Gy gion is trivial (and hence supports non-zero
objects of the category Shvg, .. (Pic(X)® A)) only on the connected com-
’ Z
ponents corresponding to
p -+ Im(Froby ) C A.

Moreover, the choice of the base point z., defines a preferred trivialization
of Gy glob on the above connected components.

The following be a corollary of the construction:

LEMMA 4.6. With respect to the trivialization of the gerbe Gq g10n 0n each
of the above connected components of Pic(X) ® A, the twisted local system
Z

m*

Eq—1 identifies with wpg

4.8.5.  For an n-tuple of points x1, ..., x, € X we consider the functor

(ug(G)—mod)7, (x) ® ... ® (ug(G)—mod)r, (x) — Vect

equal to the composition

top

B uq Y
(uq(G)—mod)Tm1 (X)®...®(uq(G)—mod)Txn (x)y — Shvg, . (Ran(X,A))

—é)c?, _1[—dim(Bun
— Shvg ¢ [—> (Bunr)]

peion (PIC(X) @ A) Shv(Pic(X) ® A) — Vect,
, 2 g

where the last arrow is the functor of sheaf cohomology.

We denote this functor by Confggmw

Remark 4.7.— A version of this functor, when instead of all of Pic(X)®A
V2

we use its connected component corresponding to —(2g — 2)p is the functor
of conformal blocks of [12].

4.3.6. Assume now that X = P!, n =1 and 2; = co. We obtain a functor

Conf];‘{;oo Uy (G)—mod — Vect.

According to [12, Theorem IV.8.11], we have the following:

THEOREM 4.8. — There exists a canonical isomorphism of functors
uy(G)—mod — Vect

o=
2

U.q ~
Conflp,l;Oo ~C
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5. Digression: quantum groups and configuration spaces

5.1. The construction of [12] via Koszul duality

In this subsection we will show how the functor (4.3) can be interpreted
as the Koszul duality functor for the Hopf algebra u,(N ™) in the braided
monoidal category Rep, (7). Such an interpretation is crucial for strategy
of the proof of the isomorphism (3.9).

5.1.1. For the material of this subsection we will need to recall the following
constructions, essentially contained in [24, Sect. 5.5]:

(i) Given a braided monoidal category C, we can canonically attach to it a
category Cran(x) over the Ran space of the curve X = Al

(") If € is endowed with a ribbon structure, we can extend this construction
and replace A! by an arbitrary algebraic curve X.

(ii) For a given monoidal category C it make sense to talk about associative
(a.k.a. Eq) algebras in C. If € is braided monoidal, we can talk about Eo-
algebras in C.

One can take the following as a definition of the notion of Es-algebra in
C: the braided structure on € makes the tensor product functor € ® € — €
into a monoidal functor. In particular, it induces a monoidal structure in
the category Eq—alg(C) of Eq-algebras in €. Now, the category Eo—alg(C)
is defined to be

E;—alg(E,—alg(C)).

Equivalently, for A € E;—alg(C), to endow it with a structure of Eo-
algebra amounts to endowing the category A—mod with a monoidal struc-
ture such that the forgetful functor

A—mod — €
is monoidal.

(iii) Given an Eg-algebra A in € we can canonically attach to it an object
ARan(a1) € Cran(a1) that is equipped with a structure of factorization al-
gebra. Moreover, this construction is an equivalence between the category
[Ey—alg(C) and the category of factorization algebras in Cran(a1)-

(iii’) If € is as in (i’) and if A is equivariant with respect to the ribbon
structure, we can attach to A an object Aran(x) € Cran(x) for any X.
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(iv) For an Eg-algebra A in € we can talk about the category of Es-
modules over A, denoted A—modg,. The category A—modg, is itself braided
monoidal and we have a canonical identification

A—modg, ~ Zp, ec(A—mod), (5.1)
where Zp, ¢(—) denotes the (relative to €) Drinfeld center of a given C-linear

monoidal category.

(v) We have a canonical equivalence between A—modg, and the category
of factorization modules at 0 € A' over ARan(a1) in Cran(at)-

(v') In the situation of (iii’), given a point 2 € X, let (A—modg, )7, x) be
the twist of the category A—modg, by the tangent line of X at = (the ribbon
structure allows to twist the category A—modg, by a complex line). Then
we have a canonical equivalence between (A—modg, )7, (x) and the category
of factorization modules at x € X over Aran(x) In Cran(x)-

5.1.2. Let Rep,(T) denote the ribbon braided monoidal category, corre-
sponding to (A, q). Specifically, the braiding is defined by setting

RM . Cr @ CF - CF g C
to be the tautological map multiplied by b[l% (A, fi).

- 1 . o
We set the ribbon automorphism of C* to be given by bz (A, A + 2p).

The category Shvg, . (Ran(X, A)), considered in Sect. 4.1.6, is the cat-
egory over the Ran space of X corresponding to Rep,(7T") in the sense of
Sect. 5.1.1(1").

Remark 5.1.— The extra linear term in the formula for the ribbon struc-
ture corresponds to the linear term in the definition of the gerbe G ioc.

5.1.3.  Consider uy(NT) as a Hopf algebra in Rep,(T). In particular, we
can consider the monoidal category u,(N*)—mod of modules over u,(NT)
in Rep,(T). We use a renormalized version of u,(N*)—mod, which is
compactly generated by finite-dimensional modules. We consider the lax
monoidal functor of u,(N*)-invariants'?:

Inv,, (nv+) : tug(NT)—mod — Rep, (T). (5.2)

The Hopf algebra structure on u,(N ) defines on Inv, y+)(C) a natural
structure of Ep-algebra in Rep, (7)), see Sect. 5.1.1(ii).

Bor course, the functor of invariants is understood in the derived sense.
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Note also that u,(NT) is naturally equivariant with respect to the
ribbon twist on Rep,(7T), thus inducing an equivariant structure on
the functor Invuq(N+)((C). In particular, the braided monoidal category
Inv,, (nv+)(C)—modg, carries a canonical ribbon structure.

By Sect. 5.1.1(iii’), we can attach to the Ep-algebra Inv, y+)(C) in
the ribbon braided monoidal category Rep,(T) a factorization algebra
in the category over the Ran space of X corresponding to Repq(T), ie.,

Shv, ,..(Ran(X, A)).
We have (see [18, Corollary 6.8]):

PROPOSITION 5.2. — The factorization algebra in Shvg, (Ran(X, A))
corresponding to the Eq-algebra Inv,, (v+)(C) € Rep,(T) identifies canoni-
cally with Qflma”.

Hence, by Sect. 5.1.1(v’), we obtain a canonical equivalence

(Inv,, (nv+)(C)—modg,) ®

Ty (X)

LR (II’Iqu(NJr)((C)—II?lOd]Ez)Tmn (x) ~ szan_m()dxl,...,wn~ (53)

5.1.4. Note now that the laxz monoidal functor
Inv,, (n+) : ug(NT)—mod — Rep, (T (5.4)
upgrades to a monoidal equivalence
Invﬁzl(“Nﬂ tug(NT)—mod — Inv, (n+)(C)—mod, (5.5)
and the latter induces a braided monoidal equivalence
Zpr Rep, (1) (Ug(NT)=mod) = Zp; Rep, (1) (Invy, (v+)(C)—mod).  (5.6)
Applying (5.1), we obtain a braided monoidal equivalence

ZDr,Repq(T) (uq (N+)—H10d) — Inqu(N+) ((C) —rﬂOd]E2 . (5.7)

5.1.5.  Finally, we recall that we have a canonical equivalence of ribbon
braided monoidal categories

uy(G)—mod ~ ZDr’Repq(T)(uq(NJr)fmod). (5.8)
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Combining, we obtain an equivalence

(5.8)
(ug(G)—mod)r, (x) ® ... @ (ug(G)—mod)r, (x) =

~ (Zpr Repy (1) (g (NT)—=mod)) 1, (x) ® -« @ (Zbr Rep, (1) (g (N T)—mod)) 1, (x) =

~ (ZD,’Repq(T) (Invuq(N+) ((C)fmod);pm1 (X)®~~~®(ZDr,Repq(T) (Invuq(N+)(C)7mod))Tmn (x) ~

(5:3)

®...Q (Inv‘.q(N+)(C)—1nodE2)Tmn x)

~ (Invuq(N+) ((C)—mod]]gz)Tﬂ01 x

~ M —mody, e, (5.9)

The latter is the functor (4.3) from [12].

5.2. The Lusztig and Kac-De Concini versions of the quantum
group

The contents of rest of this section are not needed for the proof of Con-
jecture 1.4.

5.2.1.  In addition to sza“ one can consider (at least) two more factor-
ization algebras associated to G in Shvg, , . (Ran(X, A)), denoted

QFP and Q™ (5.10)
respectively.
These functors are defined as follows. We consider the Hopf algebras
Uy (NTYEDP and 4, (NT)Eus

in the braided monoidal category Rep,(T), corresponding to the Kac-De
Concini and Lusztig versions of the quantum group, respectively.

Proceeding as in Sect. 5.1.2 we obtain E,-algebras in Rep, ('), denoted
Inqu(N+)KD (C)—modE2 and InVqu(N‘*')L“S ((C)—modEZ?

respectively, equivariant with respect to the ribbon structure on Repq(T ).
We let

Q?D and QIq“uS

be the corresponding factorization algebras in Shvg_,  (Ran(X,A)).
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By construction we have canonical equivalences

(Invuq (N+)KD (C) 71110(1[@2) ®...Q (Inqu(NJr)KD ((C)*HlOd]EQ)T

Ty (X) (X))

 OKD
_Qq —modg, .. .,

and

(Inqu(N+)Lus ((C)*Inod]EQ)Twl (X) X...Q (Invuq(N+)Lus (C)*HlOd]EQ)Tzn (x)
~ qus—modwl)n_wn.

5.2.2.  As in Sect. 5.1.4 we have canonically defined braided monoidal
equivalences

vty Zor,Rep, (1) (g (N )P —mod) — Invy, (v +)xo (C) —mods,
and

Invff;}ZNJr)Lus : ZDr7Repq(T) (uq(NJr)L“S—mod) — Invy (nv+)rus (C)—modg,,
respectively.

5.2.3.  Consider the braided monoidal categories

Zpe Rep, (1) (g (N )P —mod) and Zp, rep, (1) (g (N )" —mod).

They identify, respectively, with the categories of modules over the cor-
responding “lopsided” versions of the quantum group

Uy (G)T¥P 1w —mod and 8, (G) e 7KP —mod.

This follows from the fact that the (graded and relative to Rep, (7))
duals of the Hopf algebras $l,(NT)KP and 81, (N+)EuS are the Hopf algebras
Uy (N7 and 4, (N 7)EP | respectively.

5.2.4. Composing, we obtain the functors
(g(G) T 7 —mod)r,, (x) @ - @ (Ug(G) TP 7 —mod), (x) =
= QfP—mod,, ..., (5.11)
and
(ﬂq(G)+L“S’7KD 7m0d)Tw1(X) ®..Q (ﬂq(G)+L“S’7KD fmod)TM (x) =
— QU —mody, . 4,. (5.12)
The functors (5.11) and (5.12) are the respective counterparts for

Uy (NTYED and 8, (N )L of the functor (4.3).
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5.2.5. Composing the functors (5.11) and (5.12) with the forgetful functors
QP —mody, ...z, — Shvg, .. (Ran(X,A))

and Q" —mod,, .., — Shvg, . (Ran(X,A)),

we obtain the functors

(uq(G)+KD7_LuS_mOd)Tzl(X) Q.. ® (uq(G)+KD,—Lus_mOd)Tzn (x)

- Shvgq‘loc (Ran(Xv A))

and

(U, (G)Frme—xD —mod)r, (x)®...® (qu(G)J“L“S’_KD—mod)Tzn(X)

~ Shvg, . (Ran(X, A))
that we denote by BFS'P, and BFS'P . respectively.

KD Lus
uq Ll<I

5.2.6. The functors
BFS°P, BFS.f, and BFS("

Lus
uq

can each be viewed as coming from the corresponding laz braided monoidal
functors

Invy, (v+) uy(G)—mod — Rep, (T'),
Invy, (nv+yxo @ Uy (G) TP 7L —mod — Rep, (T)
and
Invy (n+yees 1 Ug(G) T4 %P —mod — Rep, (T),

respectively.

The functors BFSEfIED and BFS;{E,S are the respective counterparts for
q

Uy (NTYED and 8, (N )L of the functor BFSZ‘;D from Sect. 4.2.5.

5.3. Restriction functors and natural transformations

5.3.1. Note now that we have the homomorphisms of Hopf algebras in
Rep, (T):

Uy (NTED S (NF) — (N T)bus, (5.13)

In addition, the braided monoidal categories

uq(G)+KD7_small_m0d and uq(G)+S“’all’_KD—mOd
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and the following commutative diagrams of braided monoidal functors

Resbig—>KD

ﬂq(G)—mod uq(G)+KD7—Lus_mOd

big—small
Res”'®

Uy (G)—mod ——— LU, (G) xR "eman —mod

and
ResbigaLus

ilq(G)—mod uq(G)+Lllsa_KD _mod

Resbig%smalll l

uy(G)—mod —— L[q(G)J"smalh_KD —mod.
From here we obtain the natural transformations

RCSblgﬁKD

4,(G)-mod (R

= \ induction

ﬂq(G)—mod +KD7_small_mOd
iy (G)—mod u,(G)—mod

big—small
Res™'®

and
Resb]g—»L\m

ﬂq(G) mod )+Lus~,7KD —mod

uq(G)med +%ma11a7KD7mOd

= / induction

Uy (G)—mod uy(G)—mod,

Resbigasmall

where the induction functors

il<1(G)+KD’_S"”“—mod — ilq(G)'H‘D’_L“s—mod

and
Uy (G)Fematt: =KD _mod — 1, (G)—mod
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appearing in the above two diagrams are left adjoint to the restriction func-
tors

uq(G)+KD17Lus —mod — uq(G)JrKD,*sman —mod
and

44y(G)—mod = 1,(G) K> —mod,

respectively.

5.8.2.  In addition, by adjunction we obtain the natural transformations

Invuq(NJr)KD

81, (G)Fro e —mod

Repq(T)

induction

/

Inleq(N+)KD

L[q (G)+KD7_sxnall —mod

/

u,(G)—mod

Invuq(N+)

and

Invuq(N+>Lus

Uy (G)Trms =KD —mod

\

Inqu(N+)Lus

Uy (G)Frusmemal —mod Rep, (T)

induction

\

uy(G)—mod Rep, (7).

Invuq(NJr)

5.3.3.  Composing, we obtain the natural transformations

big—Lus big—small big—KD

Invy, (n+)usoRes — Inv,, (v+)oRes — Invy, (y+)xpoRes
as braided monoidal functors
U,(G)—mod — Rep, (T).
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Hence we obtain the natural transformations

BFS;JE’US o ResPie~lus _y BFSff;p o RegPis—small _, BFSE’I?D o RegPis—KD
q q
(5.14)
as functors

(He(O))r,, (x) @ o @ (Lo(D))r,, (x) = Shvg, .. (Ran(X, A)).

6. Passing from modules over quantum groups to Kac-Moody
representations

In this section we let x be a positive integral level and k' = —k — KKy
the reflected level.

Recall that we have reduced the statement of Conjecture 1.4 to the exis-
tence of the isomorphism (3.9). The bridge between between the two sides
in (3.9) will be provided by the Kazhdan-Lusztig equivalence.

6.1. The Kazhdan-Lusztig equivalence

In this subsection we will finally explain what the tilting conjecture is
“really about”'*. Namely, we will replace it by a more general statement,
in which the curve X will be arbitrary (rather than P!), and instead of the
tilting module we will consider an arbitrary collection of representations of
the Kac-Moody algebra.

6.1.1. We take the data of ¢ and k' to match in the following sense.

Starting from the bilinear form &', consider the form ' — Keyigl¢. Since
the latter was assumed non-degenerate, we can consider its inverse, which
is a symmetric bilinear form (k' — Kerig|¢) ™ on tV, and can thus be regarded
as a symmetric bilinear form on A with coefficients in C.

Finally, we set

(H/ — Rerit It)il

by = exp(2m -4 - 5 )s

regarded as a symmetric bilinear form on A with coefficients in C*.

MEyom the point of view taken in this paper.
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6.1.2.  According to [22], we have a canonical equivalence

KLg : g —mod®®) — ¢, (G)—mod.

Note that we have:
KLg(T)) ~ T,. (6.1)

6.1.3. For an n-tuple of points z1,...,z, € X we consider the following
two functors

O’ —mod®=) @ . ®ﬁ,€/’mn—modG(Ox") — Vect.

One functor is

LOCG,

On' 2y —modG(O“)®...®§,{/,xn —mod®(©=n) gy mod, (Bung)co —

CT./ fsite, 1+ —®Lp, s shift r(Bunrp,—
LR D — mod e 4nise (Bunry) Lot mod(Bunry) Fa (B—>T ) Vect.
(6.2)
The other functor is
L —mod¥©=1) g .. ®ﬁ,€/7xn—modG(Om") KlLe
BFSL‘;PoRes“E—’S'M“ .
(ﬂq(G)—mod)Tml (X)®...®(ilq(G)—mod)Tmn(X) — SthqyloC (Ran(X, A))
AlJ, . N _éeq—l . ~
— Shvg, ., (Pic(X) % A) = Shv(Pic(X) %) A) — Vect. (6.3)

6.1.4. Taking into account the reformulation of Conjecture 1.4 as the ex-
istence of an isomorphism (3.6), combining with Theorem 4.8 and the iso-
morphism (6.1), we obtain that we can reformulate Conjecture 1.4 as the
existence of an isomorphism

Fdr(BunTv CTHUrshift,!* OLOCG,/{’,IOO (T;i\/) ®LT,7H/7Shift) [_ dlm(BunT)]) =~
~ Confy! __(Res"& 7"l o KLo(T))) =

r (Pic(X) ® R, AJ, (BFSff’p o ResPigvsmall KLG(T,;\,)) ® Ego1[— dim(BunT)]> .
Z q
(6.4)

Hence, Conjecture 1.4 follows from the following more general statement:
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CONJECTURE 6.1. — The functors (6.2) and (6.3) are canonically iso-
morphic. Le., the diagram of functors

Locg k! zq,..., Tn

Bl ) —mod®%1) @ .. ® Ot o, —mod®(Oen) D — mod,,/ (Bung)co

KLGl lCTm'+shift,!*
(Ug(G)—mod) 7, (x) ® ... ® (Ug(F)—mod) 1, (x) D — mod,;/ 4 gpig (Bunr)
BFS&ZPOReSbigA»smalll l®LT,—mlfslnift
Sthq,loc (Ran(X, A)) D — mod(Bunr)
A.I!l
Shvg, o (Pic(X) ® A) ler<B“HT=*>

!
—88,1 l
. r(Pic(X)an[\,—)
Shv(Ran(X, A)) —_— Vect

commautes.
The rest of the paper is devoted to the sketch of a proof of Conjecture 6.1.

6.1.5. In addition to Conjecture 6.1 we will sketch the proof of the following
two of its versions:

CONJECTURE 6.2. —

(a) The following functors ﬁ,i/,xl—modc(oﬂ”l) ® ... ®ﬁ,€gwn—modc(o”") —
Vect are canonically isomorphic:

Locg v/ o

ﬁmwl—modG(oIl)®...®§,{/,%—modG(OI") —57" D — mod, (Bung )eo —

CT ./ 4 snite, « —Q®L 7 o _ghife Ty (Bungp,—)
— ) — —

D — m0d5/+shift (BunT D — mod(BunT) Vect

and
G or —mod® ) @ L @ Fr . —modFOen) KiG

top big—KD
BFSMKD oRes

— (uq(G)_mOd)Tml(X) ®...Q (uq(G)_mOd)Tmn(X) R

q,glob

. . : E.—1 .
Shvg, . (Ran(X, A)) Ay Shvg (Pic(X)®A) ®$ Shv(Pic(X)®A) — Vect.
’ z z
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(b) The following functors Gur o, —mod®%=1) @ .. @ G, —mod¥(O=n) —
Vect are canonically isomorphic:

Locg,

,\,,/Y—\.c%,...,wn D — mOdK// (BunG)CO -

T (Bunr,—)
——

O’ 21 —modG(Ozl)®...®§H,J” —1mod€©=n)

CT ./ 4 snifs,! —Q®L o o _gnife
— ) —

D— modnl_l’_shift (BunT D — mod(BunT) Vect

and

O —mod®©=1) g ® Gn’ w0 —modC =) Klg

BFStop oResbig—)Lus
sbus

- (uq(G)*mOd)Tml (X) & & (ﬂq(G)*mOd)Tm (X) —

. . ! & 1 .
Shvg, . (Ran(X,A)) 2% Shvg, . (Pie(X)@A) ~ =% Shv(Pic(X)®A) —» Vect.
T ’ Z Z

Remark 6.3.— As we shall see, the natural transformations between the
left-hand sides in Conjectures 6.1 and 6.2, induced by the natural transfor-
mations

Eis) — Eis), — Eis,

correspond to the natural transformations between the right-hand sides in
Conjectures 6.1 and 6.2, induced by the natural transformations

. . ) . .
BFSuOLFf,S o ResPielus BFSEOQp o RegPig—small _, BFS;}?D o ResPie KD
q q

of (5.14).

6.2. Riemann-Hilbert correspondence

Let us observe that in Conjecture 6.1 the left-hand side, i.e., (6.2), is com-
pletely algebraic (i.e., is formulated in the language of twisted D-modules),
while right-hand side deals with sheaves in the analytic topology.

In this subsection we will start the process of replacing sheaves by D-
modules, by applying Riemann-Hilbert correspondence. In particular, we
will introduce the D-module counterparts of the objects discussed in Sect. 4.

6.2.1. Let us return to the construction of the gerbe G 1o in Sect. 4.1.4.
If instead of the symmetric bilinear form

by A® A — C*
we use
(K/ - Hcrit|’()_1
2
the same constructing yields a twisting on the prestack Ran(X, A).

A®A—C,
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We denote the resulting category of twisted D-modules by
D — mod,, 1 4 rans(Ran(X, A))
(the reason for the choice of the notation “s~! +trans” in the subscript will

become clear in Sect. 6.2.4).

By construction, Riemann-Hilbert correspondence defines a fully-faithful
embedding

Shvg, ,..(Ran(X, A)) Bp_ mod,; 14 trans (Ran(X, A)).

6.2.2. Thus, starting from the factorization algebra
!l € Shvg, . (Ran(X, A)),
we obtain the factorization algebra

Qinj?l}rtrans eD— mOd;{*H*trans(Ran(X’ A))
and the functor
(ug(G)—mod)r, (x) ® ... ® (ug(G)—mod)r,  (x) = B yape— 10z, . a,,

the latter being the D-module counterpart of the functor (4.3).

We denote the composition of this functor with the forgetful functor
QZ‘??Lrans—modwhm,wn — D — mod, -1 {rans (Ran(X, A))
by BFS™ .
6.2.3. Consider now the stack
Pic(X) QZ@ A ~ Bunj.

On it we will consider the twisting given by the bilinear form (k — fierig) ~*
on tV; denote the resulting category of twisted D-modules by

D — mod,;.,,)-1 (Pic(X) @ A).
Z

We will now consider another twisting on Pic(X)® A, obtained from one
Z
above by translation by the point wx ® p € Pic(X) ® A. We denote the
Z
resulting category of D-modules by

D — mod,; -1 ¢ trans(Pic(X) @ A).
Z

By definition, we have an equivalence of categories
D — mod ;. )-1 (Pic(X) @ A) = D — mod,;—1 4 grans (Pic(X) ® A),
Z Z

given by translation by wx ® —p.
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6.2.4. It follows from the construction that the above twistings on
Ran(X, A) and Pic(X) ® A are compatible under the Abel-Jacobi map
Z

AJ:Ran(X,A) — Pic(X) ® A
Z
(see Sect. 4.3.1).

In particular, we have a pair of mutually adjoint functors
AJ;: D —mod, -1 4 trans(Ran(X, A)) = D — mod,, 1 ans (Pic(X)®A) : AT
Z

6.2.5. In addition, by the construction of D — mod, -1 yans(Pic(X) % A),
the Riemann-Hilbert correspondence defines a fully-faithful embedding
Shvs, 1, (Pic(X) © A) B D — mod, -1 4 grans(Pic(X) 9 )
so that the diagram
Shvg, . (Ran(X, A)) R p- mod,;—1 4 ¢rans (Ran(X, A))

s s

Shvg, ..., (Pic(X) ® A) — D- mod,; 1 4 trans (Pic(X) @ A)
’ Z Z
commutes.

6.2.6. Let E_,—1_irans be the image under the Riemann-Hilbert correspon-
dence (for the opposite twisting) of the local system

gq—l S Sthq slob (PiC(X) & A),
: Z
see Sect. 4.3.3.

Thus, we can rewrite the functor appearing in (6.3), i.e., the right-hand
side of Conjecture 6.1, as

On —mod®9=1) @ . ® . —mod%(©=n) Kkg

BFSEU}odOReSblgHsmall

— (ﬂq(G)fmod)Tzl(X) ® ... ® (Uy(G)—mod) 7, (x) T

X 1 . X 7é)87n* —trans
— D —mod,—1 4 trans (Ran(X, A)) 25 D — mod,—1; rans(Pic(X)®A) =5
VA

Tar (Pic(X)®A,-)

— D — mod(Pic(X) ® A) —" Vect. (6.5)
z

Thus, we obtain that Conjecture 6.1 is equivalent to the existence of an
isomorphism between the functors (6.2) and (6.5).
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Remark 6.4. Note that part of the functor in (6.5) is the composition

G- m0d% ) © @ G, —mod (O K

BFSE);nOdOReSb‘g‘}S“]al]

— (ilq(G)—mod)Txl (X) ®...Q (ﬂq(G)—mod)Tzn (X) —
— D — Il’lodn—l_’_trans(]R/arl()(7 A))

This functor combines the Kazhdan-Lusztig functor with the Riemann-
Hilbert functor. As we shall see, the transcendental aspects of both of these
functors cancel each other out, so the above composition is actually of al-
gebraic nature (in particular, it can be defined of an arbitrary ground field
of characteristic zero).

6.3. Global Fourier-Mukai transform

Note that the assertion that the functors (6.2) and (6.5) are isomorphic is

non-tautological even for G = T since in the case of the former we are dealing

with the stack Bunp, and in the case of the latter with Pic(X)® A ~ Bunj.
VA

In this subsection we will apply the Fourier-Mukai transform in order to
replace T' by T throughout.

6.3.1. Note that the Fourier-Mukai transform defines an equivalence

D —mod,_,,)-1 (Pic(X) @ A) ~D —mod, ., (Bung)
Z

From here, using Sect. 3.3.5, we obtain the equivalence

FMgiob : D — mod,.—1 4 trans (Pic(X) ® A) ~ D — mod, 4 shige (Bung). (6.6)

6.3.2. Consider also the categories endowed with opposite twistings, de-
noted

D — mod_,.—1_¢rans(Pic(X) ® A) and D — mod_ . _gpniee (Buny),
Z
respectively.
As in Sect. 2.4.3, we have the canonical identifications
D - mOdfnflftrans(Pic(X) Y ]\) = (D - mOdn*1+tranS(Pic(X) & [\))\/
Z Z

and

D — mod_ . gnite (Buny) ~ (D — mod,.s 4 ghigs (Bung)) V.
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Let FM%lob denote the resulting dual equivalence

D — mod_ s _gnire(Bung) — D — mod_,. -1 _iyans(Pic(X) @ A).
Z

6.3.3. Since x was assumed integral, the twisting D — mod_ ./ _gpits (Bunr)
is also integral, i.e., we have a canonical equivalence

D — mod(Buny) — D — mod_/ _gpigs (Bunr), (6.7)
given by tensoring with the line bundle L7 _ ./ _shist, the latter being defined
by (3.8).

We are finally able to give the definition of the object
&4-1 € Shvg, ... (Pic(X) @ A).

Namely, it is defined so that its Riemann-Hilbert image
€ _k—1_trans € D — mod_ s _snift (BUHT)
equals
FM/glob (wBUHT ® LT,*K’*Shift)-
6.3.4. Thus, we can rewrite the functor (6.5) as the composition
O’z —mod®©=1) g . ®§,€/’mn—modG(OI") Klg

Dmod big—small
BFSy oRes

— (ilq(G)—mod)Tzl (X) R...R® (ilq(G)—mod)TIn (X) B —

D — mody 1 4 yrans(Ran(X, 8)) 25 D — mod, -1 4 grans (Pic(X)@A) "ot
7

—®L — K/ —shift r np,—
— D — mod,/ 4 shit (Bunr) i G ) mod(Bunr) Fa (B—>u 7o) Vect.
(6.8)

Thus, we obtain that we can rewrite the statement of Conjecture 6.1 as

saying that there exists a canonical isomorphism of functors between (6.2)
and (6.8).

6.3.5. In particular, we obtain Conjecture 6.1 follows from the following
stronger statement, namely, that the following two functors

/g\f-c/,m —mod®(©1) ®...Q /g\n/,fcnmedG(Om") — D — mod,/ ysnirt (BunT)
are canonically isomorphic:

Locg /& m
ﬁﬁ,’wl—modG(OIl)®...®§,€:@”—modG(OI") i S D — mod, (Bung)eo

CT~’+shift.!*
St

D — mod,;s ysnigt (Bung)  (6.9)
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and

O’ —mod®9=1) g . ® B o —modC(©s=,) KLg

BFSEmodOResbigHsmall
— (qu(G)—mod)Tml(X) ®@ ... ® (Ug(G)—mod) 1, (x) T
D — m0d,—14 rans (Ran(X, £)) 25 D — mod,—1 4 yrans (Pic(X) @A) " ts®
Z

— D — mOdN/+Shift (BUDT). (610)

Le., that the diagram

Bl oy —mod®(¥+1) @ .. ® [ —mod®(Oen) Gnleayntn D — mod,;s (Bung)co
KLGl lCTn’+shift,!*
(8g(G)—mod)r, (x) ® ... ® (Ug(G)—mod)1,  (x) D — mod,./ 4 g (Bunt)
BFSE&““doResb‘g—’sma“J TFMglob
D —mod, 1, ... (Ran(X, A)) A, D —mod, —1_ ., (Pic(X) ® A)

cominmutes.

6.4. Local Fourier-Mukai transform

Our next step is to interpret the composition

O o —mod®©=1) g ... @ On' —mod®(©=n) Kkg

BFSE:;od OReSbigHsmall

— (Uy(G)—mod) 1, (x) ® ... @ (ty(G)—mod)7, (x)

D — mod, -1 4 trans(Ran(X, 1)) 25 D — mod,, -1 yrans (Pic(X)@A) " ts®
Z

—D — mod,{/ﬂhift (BUHT)

appearing as part of the functor (6.8) in terms of the localization functor
for the Kac-Moody Lie algebra associated to the group T, and the corre-
sponding functor KL7.

The version of the Kac-Moody algebra for T' that we will consider is
.o/ +shift, introduced in Sect. 3.3.1.

6.4.1. We consider the category ?ﬁlﬂhift—modT(o) as a factorization cat-

egory. In particular, we can consider the corresponding category over the
Ran space

(t\murshift _mOdT(O) )Ran(X) )

- 293 -



D. Gaitsgory

and the localization functor

o T
Locr i/ 4shift,Ran(X) © (te’+shitt —mod ( ))Ran(X) — D — mod, 4 shige (Buny).

6.4.2. The key observation is that we have the following (nearly tautolog-
ical) equivalence of categories

FMIOC :D— mOdn*1+trans (Ra’n(Xv A)) = (t\ﬁ’—&-shift*m()dT(O))Ran(X)7

which is compatible with the factorization structure, and makes the follow-
ing diagram commute:

A FMioc
D - mOdﬁ,*l—i-trans (Ran(X7 A)) % (t\li'+shift _mOdT(O))Ran(X)
Ale iLOCT,m/+shiﬂ:,Ran(X)
. X FMgion
D — mod, -1 trans(Pic(X) ® A) ——— D — mod,s ysnist (Bung).
Z

6.4.3. We now consider the Kazhdan-Lusztig equivalence for the group 7"

KL : Gy shite—mod” (©) ~ Rep, (T).

Let Invy,(x),1. denote the factorizable functor
ﬁnl—modg(o) —>/€K/+shift—m0dT(o)

that makes the diagram

Invy gy, is

/g\n/medG(o) /t\n/+shift*m0dT(o)

KLGl lKLT

big—small
Invuq(N+)oRes

Uy (G)—mod

Rep, (T)

commute, where Inv, (y+) is as in (5.2).

6.4.4. Let

(O))

(IV(90) 1 )Ran(x) ¢ @ —m0d“ ) panixy = (Gergsnire—mod” ) gan x)

denote the resulting functor between the corresponding categories over the
Ran space.

- 294 -



Eisenstein series and quantum groups

Using the interpretation of the functor BF ngp, given in Sect. 5.1, we
obtain the following commutative diagram

Gty —mod O @ @Gy, —mod9Omn) (G —mod ) pancx)
KLGl
(8g(G)—mod) 1, (x) ® - ® (Ug(G)—mod) 1,  (x) l“I“Vn(K),!NRan(X)
BFSE;IDdOReSbigHsmaHJ(

- FM :
D —mod, —1 ., (Ran(X, A)) S @m/Jrshifc*mUdT(O))Ran(x)-

6.4.5. Taking into account the fact that the functor

Locg,

ﬁn’,wl —mOdG(Ozl)®-~-®an’,wn_modc(ozn) *‘i/w_T}'bn D _ mOd,.;' (BUHG)CO

is isomorphic to the composition

ﬁn’,ml 7mOdG(OT/1) .8 ﬁn’,xn 7mOdG(Omn) — (ﬁﬁ’*mOdG(O))Ran(X)

Locg, o/ Ran(x)
— D — mod,/ (Bung)co,

and using Sect. 6.3.5, we obtain that Conjecture 6.1 follows from the fol-
lowing one:

CONJECTURE 6.5. The following diagram of functors commutes

((InV (%), 1+ )Ran(X)

(ﬁn' —mod“(?) )Ran(X) (t\ﬁ’—‘rshift —mod”(®) )Ran(X)

LOCG,N’,Ran(X)J/ J/LOCT,N’+shift,Ran(X)

CT ot 4 snite, 1+
— e,

D — mod, (Bung)co D — mod/ 4snist (Bunp).

Remark 6.6. All we have done so far was push the content of Conjec-
ture 6.1 into the understanding of the functor Inv,(g),.: on the one hand,
it was defined via the Kazhdan-Lusztig functors KLg and KL, and on the
other hand we must relate it to the functor of Eisenstein series.

As we shall see (see Sect. 7.4), even though the definition of Invy, ).
involves a transcendental procedure (the functors KLg and KL7), it is ac-
tually algebraic in nature.

6.5. Other versions of the functor of invariants

6.5.1. Parallel to Qi@?l}rtmns, we also have the factorization algebras
QEPl+tranS and QI;ESI_HTEHS €D — mod,, 1 4 rans(Ran(X, A)),
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and the functors
BFS{HS? o ResP8 7D and BFSHIA? o ResPE~lus
q q
both mapping

(i’lq(G()_InOd)TI1 (X)®®(5Jq(G)_mOd)TLn (X) —+D — mOdn’1+trans(Ran(X7 A))

6.5.2. Let Inv,(x) . denote the factorizable functor
/g\ﬁlmedG(o) — /f\,{/_;_shift*modT(O)

that makes the diagram

~ Inv, gy, « ~
g,ﬁ/—modG(o) . tK/+Shift—mOdT(o)

KLGl lKLT

big—KD
Invuq (N+)KD oRes

Uy (G)—mod

Repq(T )
commute.
Let Inv,(x), denote the factorizable functor
G —mod®® %4 i —modT(©)
that makes the diagram

~ Inv, (% K ~
[\ —mod&®) BanbiSOLN tﬁf+shift—modT(O)

KLgl lKLT

big— Lus
In"uq(N+)L-xs oRes

iy (G)—mod

Repq(T)
commute.
6.5.3. We obtain the corresponding functors

(InVy(5¢),+ ) Ran(x) and (Invy(gey1)Ran(x)

both of which map

(/g\/i’_mOdG(O))Ran(X) — (t\m’+shift_m0dT(o))Ran(X)-

We obtain that Conjecture 6.2 follows from the next one:

- 296 -



Eisenstein series and quantum groups
CONJECTURE 6.7. —

(a) The following diagram of functors commutes:

~ a(o ((Invy (5), )Ran(x) (O
(g,g/—mod ( ))Ran(X) E— (t\m’+shift_m0d ( ))Ran(X)
Loccﬁeran(X)l lLOCT,n/ﬁ—shift,Ran(X)

CT»:’#»shift‘*
_—>

D — mod, (Bung)co D — mod,; 4snitt (Bunr).

(b) The following diagram of functors commutes:

v Drenco, - @ o

(@ —mod ) )Ran(X) (tw/ 1shife—mod Ran(X)

LOCG,K/‘Ran(X)J/ J/LOCT,»;'-kshift,Ran(X)

CTN’+Sllift,!
— e

D — mod, (Bung)co D — mod,s shigt (Bung).

Remark 6.8. The natural transformations (5.14) induce natural trans-
formations

BFSB{HOd ° Resbig%Lus N BFSDmod o Resbig%small N BFSE}I{HDOd o ResbigﬂKD
quS uq q
and also natural transformations

InVn(g(),! — InVn(g(),l* — IHVn(g()ﬁk,
the latter as factorizable functors

ﬁﬁl—modg(o) —>/t\n/+shift—m0dT(o).

We will see that the above natural transformations are compatible with
the natural transformations
EiS! — Eis!* — EiS*

via the isomorphisms of functors of Conjectures 6.5 and 6.7.

7. The semi-infinite flag space

In the previous section we replaced the Tilting Conjecture (Conjec-
ture 1.4) by a more general statement, Conjecture 6.1, and subsequently
reduced the latter to Conjecture 6.5.

In order to tackle Conjecture 6.5, we need to understand the functor

InVn(ﬂc),!* : ﬁn/—modc(o) _ﬁﬁ,ﬁhi&_modiﬁ(m.
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In this section we will show how to produce functors ﬁﬁf—modG(o) —
Yﬁl+shift—modT(o) starting from objects of the category of D-modules on
the semi-infinite flag space of G. Our functor Inv, g 1, will correspond to
some particular object of this category (as will do the functors Inv ) .
and IIan(:K)J).

7.1. The category of D-modules on the semi-infinite flag space

Morally, the semi-infinite flag space of G is the quotient N(K)\G(X),
and G(0)-equivariant D-modules on this space should be D-modules on the
double quotient N(X)\G(X)/G(0O).

Unfortunately, we still do not know how to make sense of N(K)\G(X)
as an algebro-geometric object so that the category of D-modules on it is
defined a priori. Instead, we will define spherical D-modules on it by first
considering D-modules on the affine Grassmannian

Grg := G(X)/G(0),

and then imposing an equivariance condition with respect to N(X).

7.1.1.  Consider the affine Grassmannian Grg, the category D — mod(Grg)
and its twisted version

D-— mod,{/ (GI‘G).

The latter category is equipped with an action of the group G(X) (at
level k'), and in particular, of the group N(X).

For the purposes of this paper we will be interested in the category
G,{/ =D — modﬁ/(Grg)N(K)
of N(X)-coinvariants on D — mod(Grg) .

Note that G, carries an action of T(O) and we will also consider the
category of T'(0)-equivariant objects

el

K

7.1.2. By definition,
D — mod/(Grg) n(x) := colimD — mod,. (Grg) e, (7.1)
7

where N; is a family of group-schemes such that N(X) = colim N;, and

where in (7.1) the transition functors
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D — mod, (Grg)N — D — mod, (Grg)™i, N; C N;

are given by *-averaging over N;/N;.

In other words, since each N; is a group-scheme (rather than a group
ind-scheme), we can think of D — mod,/(Grg)™ as D — mod, (Grg) n, and
in this interpretation the transition functors are the tautological projections

D — mod,/(Grg)n, — D — mod./ (Grg)n; .

Remark 7.1. Another version of the category of (G(O)-equivariant) D-
modules on the semi-infinite flag space is

D — mod,. (Grg)N ™ .= liimD — mod, (Grg)™,
where the transition functors
D — mod, (Grg)" <~ D — mod, (Grg)™s
are the forgetful functors.

It is mot difficult to see that D —mode(Grg)yx) and
D — mod, (Grg)N ™) are duals of each other.

7.1.3. For any x € X we can consider the version of C,/ with O replaced by
Og4; we denote the resulting category by C.s .. We can view C,/ as a unital
factorization category (see [27, Sect. 6] for what this means); let

Cr’ Ran(X)

denote the corresponding category over the Ran space.

We let
1851 S Gn’ and 185’,Ran(x) S el<e’,Ram(X)

denote the corresponding unit objects.

By definition, 1¢,, (resp., 1¢,, Ra“(x)) is the image of the d-function under
the canonical projections

D-— modﬁ/(Grg) — G, and D — mod,{/((Grg)Ran(X)) — Gn’,Ran(X)7
respectively.

A similar discussion applies to the T(0)-equivariant version.

7.1.4. Note that when &’ is integral, the category G, along with all its vari-
ants, identifies with the corresponding non-twisted version, denoted simply
by C.
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7.2. The completion

7.2.1. Recall that Grg is stratified by N(X)-orbits, and the latter are
parameterized by elements of A. We let (Grg)=* denote the (closed) union
of orbits with parameters < A.

For A € A we let (C./)=* denote the full subcategory that consists of
objects supported on (Grg)=*.

We have 1¢,, € (Cpr)=0.

7.2.2.  The inclusion

(Co )= = €
admits a continuous right adjoint. Thus, we obtain a localization sequence

(Cu)S* 2 C 2 Cur /(C) =M.

We let €, denote the category
lim Cur /(Cr)S72,

where we regard A as a poset with respect to the usual order relation.

In other words, an object of €, is a system of objects F* € C,.r /(Cp )=~
that are compatible in the sense that for A\; < \g, the image of 72 under
the projection

e»~c//(em’)§7)\2 — en’/(en’)gih

identifies with F>1.

7.2.3.  For every \ we have a full subcategory
()t C Cp
and a localization sequence
(Cu)S* 2 Cp 2 Cur /(C) =P,
where the tautological functor

GK//(GH/)SA - én’/(én’)g)\

is an equivalence.
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7.2.4. Asin Sect. 7.1.3, for x € X we have the corresponding categories
Cpr oz and z (EH/J)SO.

Moreover G,/ and (€,/)=Y are unital factorization categories, and we let

é/»c’,Ran(X) and (ém’,Ran(X))So

denote the corresponding categories over the Ran space.

Furthermore, the above discussion extends to the T'(0)-equivariant case.
Le., we have the categories

(GZ/(O))SA = GZ/(O) = ef/(o)/(ef/(o))ﬁ)\

and
@ =e = e e,
and the categories over the Ran space
T(O 7T(O) 7T(O)
(€ an ()= Can(x) 20 (€ anx)) ="

7.3. The functor of BRST reduction

A key ingredient in understanding the functor
InVn(ﬂC),!* : /g\n/medG(O) %Tﬁ/—i-shift*mOdT(o)
is a canonically defined functor

BRST ™ : C:,(O) ®§K/—modG(o) —>/t\5/+shift—m0dT(O).
In this subsection we will describe the construction of this functor.
7.8.1. The action of G(X) on g, —mod defines a functor

D — mod, (Grg) ® go —mod?®) — G, —mod.

This functor respects the actions of G(X) (at level k'), where the G(X)-
action on the source is via the first factor, i.e., D — mod,/ (Grg). In partic-
ular, it gives rise to a functor

(D — modK/(Grg)N(g())T(o) @ G —mod (@) — (ﬁﬁr—modN(gc))T(o). (7.2)
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7.3.2. Consider now the functor of BRST reduction
BRST,, : g —mod — tuyenigs—mod, (7.3)
see [6, Sect. 3.8].

Remark 7.2. The fact that the target of the functor is the Kac-Moody
extension t.yshife rather than t. _, ., (or even more naively t..) is the
reason we needed to add the Tate extension truie(n) in Sect. 3.3

7.8.8.  The functor (7.3) is invariant with respect to the N(XK)-action on
9., and hence, gives rise to a functor

O —mod gy — tx/+shire—mod.

The latter functor respects the action of T(0), and thus gives rise to a
functor

(/g\ﬁlmedN(g())T(o) 4),{,{/+Shift7modT(o). (74)

Finally, composing (7.2) and (7.4), we obtain the desired functor
BRST"™

M9 @G —mod© = (D — mod, (Gre) yx)) @ @ G —mod ()

N T(O
_>tf€’+shift_m0d ( )

7.8.4.  We have the following basic assertion:
LEMMA 7.3. Assume that k' is negative. Then the functor BRST*™"
canonically extends to a functor

BRSTS™ : €.\

« X /g\n/medG(o) *}1\&/+shift7mOdT(o).

Remark 7.4. This lemma amounts to the following observation. For &’
negative, the restriction of the functor BRST;""" to

(€N =2 @ M,

where M € ﬁnf—modG(o) is a given compact object has the property that
it maps to a subcategory of t,{/_‘_shift*mOdT(o), consisting of objects whose
t-weights are of the form

fi (M) + Frobyp . (A — AP?),

where ji;(M) € tV is a finite collection of weights only depends on M.
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7.3.5.  The functor BRST;"" is factorizable. We shall denote by
(BRST{"™)Ran(x) the corresponding functor
eT(0)

K/, Ran(

® G —mod“ONg. oy = o rsniti—m0d T O gancx) -
X)Dfmod(Ran(X))(g JRan(x) — (te’ shift )Ran(X)

Similarly, if k" is negative, we will denote by the same symbol the resulting
functor

é:’(,(l‘;;n()() & (alﬁ’_mOdG(O))Ran(X) — (/t\n’+shift_mOdT(O))Ran(X)~
D—mod(Ran(X))

Remark 7.5.— We can now explain the presence of the linear term in
the gerbe G, 1oc from Sect. 4.1.4. The actual source is the fact that the
target of the functor (7.3) is the category of modules over /t\,il+shift, rather
than ?,{/,,{mt, the difference being the abelian extension of t(X) described
in Sect. 3.3.2.

Since we are dealing with /{K/J,_Shift, the local Fourier-Mukai trans-
forms implies that over Ran(X,A) we need to consider the category
D — mod,; -1 4 yrans(Ran(X, A)), rather than D — mod,.__,.)-1 (Ran(X, A)).

The category D — mod, 1 trans(Ran(X,A)) is related via Riemann-
Hilbert to the category of sheaves on Ran(X, /V\)7 twisted by the gerbe
Ggloc- This is while D —mod,_y,,.,)-1 (Ran(X, A)) corresponds to the
category of sheaves twisted by the gerbe that only has the quadratic part.

7.4. Relation to the Kac-Moody equivalence

In this subsection we will formulate a crucial statement, Quasi-Theorem
7.9 that will express the functor Inv,x) 1. in terms of the functor BRST*".

In particular, this will show that the functor Invygc). is of algebraic
nature, as was promised in Remark 6.6.

7.4.1. For any level k’ we consider the object
=T(0)
Jr! 0,5 = 1€G,(o) ec, 7,

which is equal to the image of 1 ec(o) under the tautological projection

T(0) =T(0)
@H,’Ran(x) —C. .
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—T(0
Being the unit of GR/( ), the object 7./ 0.« has a natural structure of

—T(0
factorization algebra in GH,( ), and hence gives rise to an object

=T(0)
(]n/,O,*)Ran(X) € G;-c’.,Ran(X)’

which identifies tautologically with ].@G(o)

r’,Ran(X)

7.4.2.  The following result (along with Quasi-Theorem 7.8) can be viewed
as a characterization of the Kazhdan-Lusztig equivalence:

QUASI-THEOREM T7.6. — Let £’ be negative. Then the (factorizable) func-
tor

InVn(ﬂC),* iﬁn/—modg(o) _>/{K/+shift—m0dT(o)
of Sect. 6.5.2 identifies canonically with the (factorizable) functor

BRSTEOHV(.]H/7Q,*, —) : ﬁ,@/—modg(o) —>/’L\,Q/+Shift—m0dT(O).
7.4.8. In what follows we will denote the above functor

BRST™™ (Jxr,0,4,—) by BRST, .. Note that this is essentially the
functor BRST,, of (7.3) in the sense that we have a commutative diagram

Go—mod®?® g, —mod
BRST, . l lBRST“

N o .
tersnite—mod (@) ——— T4 g —mod.

We shall denote by (BRST\ «)Rran(x) the corresponding functor

(@ —m0d“ ) ganix) = (bergshite—mod™ ) g x).-

7.4.4. From now on, until the end of this subsection we will assume that

' is integral. In Sect. 8 we will describe two more factorization algebras in
—T(0)
€., 7, denoted

Jrr 0,0 and g 0,1,

respectively. We let
(]N’,O,I)Ran(X) and (]n’,O,!*)Ran(X)
. . =7(0)
denote the resulting objects of €,/ gan(x)-

Remark 7.7.— Unlike 7, 0,«, the objects 7./ 0.1 and j.,0,1x do not belong

T(O) | 51(9)

to the image of the functor € — G
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7.4.5. We shall denote the resulting (factorizable) functors
G —mod®® %4 i —mod”(©)

BRST"™ (Jwr,0,1, —) and BRST ™™ (3.7,0,145 —)
by BRST,, and BRST\ ., respectively.

We have the following counterparts of Quasi-Theorem 7.6:

QUASI-THEOREM 7.8. — Let k" be negative. Then the (factorizable) func-
tor
InVn(JC),! : am’_mOdG(o) _>/t\n’+shift_m0dT(O)
of Sect. 6.5.2 identifies canonically with the (factorizable) functor
BRSTm! Z/g\nlmedG(o) *)T,Q/_i_shift*modT(o).

QUASI-THEOREM 7.9. — Let £’ be negative. Then the (factorizable) func-
tor
Invy (50,14 : G —mod ) 4 i —mod”(?)
of Sect. 6.4.3 identifies canonically with the (factorizable) functor

BRST, 1. :ﬁﬁz—modc(o) —>?,Q/+Shift—modT(o).

7.4.6.  Let (BRSTy1)ran(x) and (BRSTy 4 )ran(x) denote the resulting
functors

(@ —m0d“ ) ganix) = (bergshite—mod™ ) g x).-

In view of Quasi-Theorem 7.9, we can reformulate Conjecture 6.5 as
follows:

CONJECTURE 7.10. — Let ' be a negative integral level. Then the fol-
lowing diagram of functors commutes

(BRSTq, 14 )Ran(x)
B SN

(@ —mod“ ) ganx) (ter+snite—mod ™ O gan(x)

LOCG,N’,Ran(X)l JLOCT,H’ﬂ»shift,Ran(X)

CT ot 4 snite, 1+
e,

D — modﬁ/(Bung)co D — mOd,{/J’_Shift (BunT).

In a similar way, we can use Quasi-Theorems 7.6 and Quasi-Theorem 7.8
to reformulate Conjecture 6.7 by substituting

(Invy(gey, )Ran(x) and ((Invy(sey 1) Ran(x)
by
(BRSTn,*)Ran(X) and (BRSTnyg)Ran(X),

respectively.
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Remark 7.11.— It will follow from the construction of the objects 7,/ 0,
and 7, 0,1« that we have the following canonical maps of factorization alge-
bras

Jk’,0,0 = Jr/,0,0% 7 Jk’,0,%- (75)
In terms of the isomorphisms of Quasi-Theorems 7.6, 7.8 and 7.9, these
maps correspond to the natural transformations

IIan(g()J — IIan(g(),I* — IHVn(g()ﬁ*.

7.5. The !-extension

The contents of this subsection will not be used in the sequel.

The general construction of the object 7,/ 0,1 will be explained in Sect. 8.
Here we indicate an alternative construction (that works for any &, i.e.,
one that is not necessarily integral). Specifically, we will describe the object
(.]n’,O,! )Ran(X) .

7.5.1. Consider the functor

(0 T(O o Q)
(G ’ Ran(X))<0/( k/,Ran X))<O = (GZ’(,R)an(X))SO/(GZ’(,R)an(X))<O
~ D — mod(Ran(X)). (7.6)

We have:
LEMMA 7.12. — The functor in (7.6) admits a left adjoint.

Remark 7.13.— The existence of the left adjoint in Lemma 7.12 would

be false if we worked with the uncompleted category G:,(yg;n( x) instead of
57(0)
em’7Ran(X)'

7.5.2.  Now, we claim that the object (J.,0,1)Ran(x) is the value of the
above left adjoint on

WRan(X) &~ 1Ran(X) eD-— HlOd(Ra,l’l(X))
8. The IC object on the semi-infinite flag space

In this section we will give the construction of the objects j. 0, and

—T(0
Jr’,0,0% D GN,( ) for an integral level &'
. /s . =T(0) . T(0)
Since x' is assumed integral, the category C,., ~ is equivalent to C
(see Sect. 7.1.4), so we will consider the latter.
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8.1. The spherical Hecke category for T'

8.1.1. We consider the affine Grassmannian Grp of the group 7', and the
category

Sphy := D — mod(Grp) (),

This category acquires a monoidal structure given by convolution, and a
compatible structure of factorization category.

We let (Sphr)ran(x) denote the corresponding category over the Ran
space.

Remark 8.1.— The derived geometric Satake equivalence gives a descrip-
tion of this category in terms of the Langlands dual torus, see [4, Theorem
12.5.3].

8.1.2.  Consider now the category D — mod(Gryp). Note that it identifies
canonically with Vect?; this identification is the naive (i.e., non-derived)
geometric Satake for the group 7'

The corresponding category over the Ran space (D — mod(Grr))ran(x)
identifies canonically with D — mod(Ran(X, A)).

We have the natural forgetful functors

f: Sphy — D — mod(Gry)
and fran(x) : (SPhy)Ran(x) = (D — mod(Gr7))Ran(x)- (8.1)

In particular, it makes sense to talk about objects of Sphs (resp.,
(Sphz)Ran(x)) supported over A"°® (resp., Ran(X,A)"°®), see Sect. 4.1.2
for the notation. We denote the corresponding full subcategory by Sphr®

(resp., (SPhT)rllaeagn(X))'

8.1.3. Since the group T' is commutative, the category D — mod(Gry) itself
has a natural (symmetric) monoidal structure, and we have a naturally
defined monoidal functor

g : D — mod(Grr) — Sphy, (8.2)
compatible with the factorization structures.

The functor g is a right inverse of the functor f (but note that the latter
does not have a natural monoidal structure).
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8.2. The Hecke action on the semi-infinite flag space

8.2.1. Since the category @T(O) is obtained by taking T'(O)-invariants in
the category € acted on by T(X), the category Sphy naturally acts on e

by convolution.

We denote this action by
8, T—8x7T.

8.2.2. Recall the object

—=T(0
Jo,x € GT( ).

Let A € Sphy be the universal algebra object that acts on jg .. In par-
ticular, we have a canonical action map

A*]O,* — A.

The object A has a natural structure of factorization algebra; we denote
by ARan(x) the corresponding object in (Sphy)ran(x)-

8.2.3. It is easy to see that A is naturally augmented and its augmentation

ideal AT (resp., Agan(X)) belongs in fact to Sphy® (resp., (SPhy g x))-

Remark 8.2.— The object Af, ) was introduced in [19, Sect. 6.1.2]

under the name ﬁ(ﬁ), and a description of this object is given in loc.cit.,
Conjecture 10.3.4 in terms of the geometric Satake equivalence. Proving this
description is work-in-progress by S. Raskin.

8.2.4. Construction of the l-extension. We are finally able to define the
sought-for object
Jo,) € éT(o)-
Namely, it is defined to be
coBar(A™, 70..),

where coBar stands for the co-Bar construction for A* (i.e., the co-Bar
construction for A relative to its augmentation).

Note that coBar(A™,—) involves the procedure of taking the (inverse)
limit. Now, one shows that this inverse limit is equivalent to one over a

finite index category when projected to each ET(O)/(ET(O))S_)‘, and hence

gives rise to a well-defined object of ET(O).

Remark 8.3.— If we worked with € instead of €, the inverse limit in-
volved in the definition of coBar(A*, —) would be something unmanageable.
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8.3. Definition of the IC object
8.3.1.  Consider fran(x) (‘Agan(X)) as an object of D — mod(Ran(X, A)"°8).

It follows from [19, Sect. 6.1] that it belongs to D — mod(Ran(X, A)2¢8)=0,
with respect to the natural t-structure; moreover

‘Aar,Ran(X) = Tgo(f(‘AiRran(X)))

is the object in D — mod(Ran(X, A)"°¢) associated to a canonically defined
factorization algebra
Af € D — mod(Grr).

Furthermore, AEJ" is the augementation ideal of a canonically defined
(commutative) algebra object A in the (symmetric) monoidal category
D — mod(Grr).

Finally, the map .Ag — f(AT) canonically comes from a homomorphism
of algebras
g(Ag) — AT,
compatible with the factorization structures.

Remark 8.4.— The object
(A )Ran(x) € D — mod(Ran(X,A)"*®) C D — mod(Ran(X, A))

in fact identifies canonically with the object QLS for the Langlands dual
group G and the critical level for G (so that the corresponding twisting on
Ran(X, A)"® is trivial); see [8, Sects. 3 and 4].

8.8.2.  We are finally able to define the object 591, € @T(o). Namely, it is
defined to be
coBar(Ag, Jo.+)-

Remark 8.5.— Note that it follows from the construction that we have
the canonical maps
Jo,t = Jotx = JO,x%>
and hence the maps
(J0,)Ran(x) = (J0,1%)Ran(x) = (J0,%)Ran(x)5 (8.3)
as promised in Remark 7.11.

Remark 8.6.— The object 79,1, plays the following role: the category of

—T(0
factorization modules over (Jo,ix)Rran(x) in € ©) is closely related to the
version of the category of D-modules on the semi-infinite flag manifold, ex-
pected by Feigin-Frenkel, and whose global incarnation was the subject of
[14].
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When we consider this situation at the critical level, the above category
is related by a localization functor to the category of Kac-Moody represen-
tations at the critical level.

Remark 8.7.— Note that Quasi-Theorems 7.8 and 7.9 imply that the
functor Invy, gy, can be expressed through the functor Inv, ). via the
factorization algebra Ag.

Let us observe that this is natural from the point of view of quantum
groups. Indeed, according to Remark 8.4, the factorization algebra Ag en-
codes the Chevalley complex of n. Now, the precise statement at the level
of quantum groups is that for M € 4,(G)—mod, the object

IIquq(N+) (M)
carries an action of U() via the quantum Frobenius, and

Invugus(]\,w)(M) >~ Ian(ﬁ)(Invuq(N+)(M)).

9. The semi-infinite flag space vs. Drinfeld’s compactification

Our goal in this section is to deduce Conjecture 7.10 from another state-
ment, Quasi-Theorem 9.7.

9.1. The local-to-global map (case of G/N)

9.1.1. Consider the stack Buny. We let D — mod,(Buny) the category
of twisted D-modules on it, where the twisting is the pullback from one on
Bung under the natural projection Buny — Bung.

For a point x € X we have a naturally defined map
be : ((Grg)z)=? — Buny

that remembers the reduction of our G-bundle to N on X — z.

Consider the functor
(¢2)« : D —mod, (((Crg))=%) — D — mod, (Buny).
Remark 9.1.— The exchange of levels k — &’ is due to the fact that
we are thinking about (Grg), as G(X,)/G(0,) (the quotient by G(0O,) in

the right), while Bung is the quotient of Buns'®* by G(0,) with the left
action.

Indeed that according to [2], the s-level on G(KX) with respect to the left
action corresponds to the level k' := —k — kkj with respect to the right
action.
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9.1.2. For a group-scheme N; C N(X,) consider the composed functor
(62)s 0 AVYi : D —mod,. (((Crg).)=°) — D — mod, (Buny).

These functors form an inverse family:
NiCNj o~ (fa)e 0 AVYT = (ha)w 0 AVYT

LEMMA 9.2. For every compact object ¥ € D — mod,. (((Grg).)=°) the
family
(s (¢x)* o AVf,K\/Y1 (3:) eD-— modK(BunN)

stabilizes.

9.1.3. Hence, we obtain that the assignment
F €D —mod, (((Grg)z)=") compact
~ eventual value of (¢,). o AvYi(F) € D — mod, (Buny)
gives rise to a contunous N (X, )-invariant functor
D — mod, (((Grg)e)=Y) = D — mod, (Buny),
i.e., a functor
(Cur )= = D — mod, (Buny). (9.1)
The following results from the definitions:
LEMMA 9.3. — The functor (9.1) canonically factors through a functor

(€ 2)=% = D — mod, (Buny).

9.1.4. We denote the resulting functor
(Cur.z)=% — D — mod, (Buny)
by ®,.
By the same token we obtain a functor

Pran(x) 1 (Cur Ran(x)) =" = D — mod, (Buny).

9.2. The local-to-global map (case of G/B)

We shall now discuss a variant of the functors ®, and ®gay,(x) above for
Bunpg instead of Buny.
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9.2.1. Note that for z € X we have the following version of the map ¢,:

¢TI =) ((Grg),)=°/T(0,) x Bungp — Bung,
pt/T(0x)

where the map Buny — pt/T'(0,) is given by restricting a T-bundle to the
formal disc around the point z.

Recall the category D —mod,, ¢,r(Bung), see Sect. 3.2. Repeating the
construction of Sect. 9.1 we now obtain a functor

T(0,)

o7 (€, ,")=" - D — mod,, g,r(Bung),

and its Ran version
T(O =7(0) 5
‘I)Rgn()X) 2 (€ Ran(x))=" = D — mod, ;7 (Bunp).
9.2.2.  The following is tautological:
LEMMA 9.4. —

éag‘ggX)((]n’,O,*)Ran(X)) =~ ]n,*(wBunB) €D - mOdn,G/T(BunB)~

In addition, we have the following statement that essentially follows from
[19, Sect. 6.1]:

PROPOSITION 9.5. — Assume that k is integral.

(a) There exists a canonical isomorphism

Pty (2n.0.)Ran(x)) 2 It (@Bun ) € D — mod,, g7 (Bunp).

(b) There exists a canonical isomorphism
(I)gz(ag()X)((]n’,O,!*)Ran(X)) ~ Jn 1+ (ICBun ) [dim(Bunp)] € D — mOdn,G/T(mB)-
Remark 9.6. One can show that the maps
(70,)Ran(x) = (Jo,1%)Ran(x) = (J0,+)Ran(x)

of (8.3) induce the natural maps

]I{,!(WBUHB) — JK,!*(ICBunB)[dim(BunB)] — ]n,*(WBunB)-
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9.3. Interaction of the BRST functor with localization

In the previous sections we have reduced Conjecture 6.1 (and hence
Conjecture 1.4) to Conjecture 7.10 (and similarly for Conjecture 6.2).

In this subsection we will show how Conjecture 7.10 follows from a cer-
tain general statement, Quasi-Theorem 9.7, that describes the interaction
of the functor BRST;™ with the localization functors Locg and Locr,
respectively.

9.3.1. Namely, we claim:

QUASI-THEOREM 9.7. — Let k' be a negative level. Then the following
diagram of functors commutes:

conv
BRST{

‘I)g,a(xg()x)®L°CG,n/,Ran(X)l JVLOCT,K/,Ran(X)
D — mod,, g,r(Bung) ® D — mod,;s (Bung)co D — mod,,(Bunr)
Id®5!l Ta*
D — mod,, g7 (Bung) ® D — mod,{/,c(mg)CU -;éﬂ D — modﬁ/)T(mB)cu‘

9.3.2.  Let us show how Quasi-Theorem 9.7 implies Conjecture 7.10 (the
situation with Conjecture 6.2 will be similar):

Let us evaluate the two circuits in the commutative diagram in Quasi-
Theorem 9.7 on

=7(0)

(]n/,O,!*)Ran(X) @M e (eﬁ,’,Ran(X))SO

® (@ —m0d“ ) gan(x)
D—mod(Ran(X))

for M € (/g\n/_mOdG(O))Ran(X)'

On the one hand, the clockwise circuit gives Locg . Ran(x) (BRSTy 14 (M),
by the definition of BRST}, ..

On the other hand, applying Proposition 9.5(b), we obtain that the anti-
clockwise circuit gives CTy 14 (Locg,x/ Ran(x)(M)), as required.

9.5.3. Note also that Quasi-Theorem 9.7, coupled with Remark 9.6, implies
that the natural transformations

LOCG,H’,Ran(X)OBRSTnJ — LOCG,N’,Ran(X)OBRSTnJ* — LOCG,/{/,Ran(X)OBRSTn,*
that come from the maps (8.3) correspond to the natural transformations

CTH,! o LOCG,FJ,Ran(X) — CTN,!* © LOCG,/{’,Ran(X) — CTN,* © LOCG,H’,Ran(X)
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that come from the maps

]/{,!(WBunB) — ]K,!*(ICBunB)[dim(BunB)] — ]n,*(WBunB)a

as expected (see Remarks 6.3 and 6.8).
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