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Total variation cutoff in a tree
YuvaL PEres(Y), PErRLA Sousi®
RESUME. — On construit une famille d’arbres sur laquelle la marche

aléatoire paresseuse présente un phénomene de transition abrupte a 1’équi-
libre au sens de la variation totale. L’idée principale de la construction
est le fait que les temps d’atteinte de grands sous-ensembles doivent se
concentrer autour de leurs moyennes. Pour cette famille d’arbres, nous
calculons le temps de mélange, le temps de relaxation et la fenétre de
transition abrupte.

ABSTRACT. — We construct a family of trees on which a lazy simple
random walk exhibits total variation cutoff. The main idea behind the
construction is that hitting times of large sets should be concentrated
around their means. For this sequence of trees we compute the mixing
time, the relaxation time and the cutoff window.

1. Introduction

Let X be an irreducible aperiodic Markov chain on a finite state space
with stationary distribution 7 and transition matrix P. The lazy version
of X is a Markov chain with transition matrix (P + I)/2. Let £ > 0. The
e-total variation mixing time is defined to be

tmix(€) = min{t > 0 : max ||P*(z, ) — || < ¢},

where || — v|| = supy |u(A) —v(A)] is the total variation distance between
the measures p and v. When € = 1/4, we simply write tmix = tmix(1/4).

Suppose P is reversible. Let 1 = Ay > Ao > Ag,... be its eigenvalues
in decreasing order. Let A, = max;>s |)\;| and define the relaxation time
trel = (1 — \x) 71, Note that for a lazy chain A, = \o.
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We say that a sequence of chains X exhibits total variation cutoff if for
all0<e <1

(n)
lim ( t;nix (E) —
Pt (1 ¢)

We say that a sequence w, is a cutoff window for a family of chains X" if
wy, = 0(tmix) and for all € > 0 there exists a positive constant ¢, such that
for all n

tmix(E) - tmix(l - 5) < CeWn.

Loosely speaking cutoff occurs when over a negligible period of time the
total variation distance from stationarity drops abruptly from near 1 to
near 0. It is standard that if ¢, and t,;x are of the same order, then there
is no cutoff (see for instance [5, Proposition 18.4]). From that it follows that
a lazy simple random walk on the interval [0,n] or a lazy simple random
walk on a finite binary tree on n vertices do not exhibit cutoff, since in both
cases trol X tmix (see for instance [5, Examples 18.5 and 18.6]).

Although the above two extreme types of trees do not exhibit cutoff, in
this paper we construct a sequence of trees, where a lazy simple random
exhibits total variation cutoff. We start by describing the tree and then
state the results concerning the mixing and the relaxation time of the lazy
simple random walk on it.

Let n; = 22’ for j € N. We construct the tree T of Figure 1 by placing

a binary tree at the origin consisting of N = n} vertices. Then for all
j € {lk/2],...,k} we place a binary tree at distance n; from the origin

consisting of N/n; vertices.

For each j we call 7; the binary tree attached at distance n; and Ty the
binary tree at 0. We abuse notation and denote by n; the root of 7; and by
0 the root of 7.

Nk/2)

@i —————————— > nj
A ———————— -» Nk
0<. ......................................................................... -

N N x

"k/2) nj

Figure 1. — The tree 7 (not drawn to scale)
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Total variation cutoff in a tree

THEOREM 1.1. — The lazy simple random walk on the tree T exhibits
total variation cutoff and for all €

tmix(s) ~ 2Nk.
Further, the cutoff window is of size NV, i.e. for all0 <e < 1
tmix(g) - tmix(l - 5) < CEN\/E7

where c. is a positive constant.

By Chen and Saloff-Coste [2] cutoff also holds for the continuous time
random walk on 7.

The main ingredient in the proof of Theorem 1.1 is to establish the con-
centration of the first hitting time of 0 starting from ny. Once this has been
completed, cutoff follows easily. In Section 2, we prove the concentration re-
sult of the hitting time, which then gives a lower bound on the mixing time.
Then in Section 3 we describe the coupling that will yield the matching
upper bound on the mixing time.

Remark 1.2. — We note that the same idea of showing concentration
of hitting times was used in [3] in order to establish cutoff for birth and
death chains satisfying tmix/tre1 — 00. Connection of hitting times to cutoff
is presented in greater generality in [4].

Tt follows from Theorem 1.1 and [5, Proposition 18.4] that ;e = 0(tmix)-
In the next theorem we give the exact order of the relaxation time. We prove
it in Section 4.

We use the notation ap < b, if there exists a constant C such that
C~ by, < ar, < Cby, for all k and we write ay, < by, if there exists a constant
C'’ such that a;, < C'by, for all k.

THEOREM 1.3. — The relazation time for the lazy simple random walk
on the tree T satisfies
trel < N.

To the best of our knowledge the tree 7 is the first example of a tree
for which t,x is not equivalent to .. A related problem was studied in [7]
and we recall it here.

Suppose that we assign conductances to the edges of a tree in such a
way that ¢ < c(e) < ¢ for all edges e, where ¢ and ¢’ are two positive
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constants. It is proved in [7, Theorem 9.1] that the mixing time of the
weighted lazy random walk is up to constants the same as the mixing time
of the lazy simple random walk on the original tree. Since the relaxation
time is given by a variational formula, it is immediate that after assigning
bounded conductances t,. is only changed up to multiplicative constants.
Hence if in the original tree the quantities ¢, and ¢, are of the same order,
then there is no way of assigning weights to the edges in order to make the
weighted random walk exhibit cutoff.

2. Concentration of the hitting time

Let X denote a lazy simple random walk on the tree 7. Define for all
xeT
Ty =inf{s > 0: X, =x}.

LEMMA 2.1. — We have as k — oo

E,,[m0] = 2Nk + o (N\/E) and Vary, (19) < NZ%k.

We will prove the above concentration lemma in this section. We start
by stating standard results about hitting times and excursions that will be
used in the proof of Lemma 2.1. We include their proofs for the sake of
completeness.

CrLAIM 2.2. — Let 7 and T denote hitting times of the same state for a
discrete time non-lazy and lazy walk respectively. Then

E[7] =2E[r] and Var(T) = 4Var(r) + 2E[7],
assuming that both the lazy and non-lazy walks start from the same vertex.
Proof.— Tt is easy to see that we can write 7 = Z::_Ol &, where (&); is

an i.i.d. sequence of geometric variables with success probability 1/2. By
Wald’s identity we get

E[7] = E[r] E[6,] = 2E[7].

Using the independence between 7 and the sequence (&;); gives the identity
for the variance of 7. O

CramM 2.3. — Let T be the time spent in an excursion from the root o
by a simple random walk in a binary tree of size n. Let L be the length of
an excursion from the root conditioned not to hit the leaves. Then for C a
positive constant

E[T)=n-1, E[T?] xn® and E[L] <C.
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Proof.— 1t is standard that E[T] = w(0)~* = n — 1. With probability at
least 1/2 an excursion from the root hits the leaves. Therefore, the expected
hitting time of the root starting from the leaves is upper bounded by cn
for some positive constant c. Starting from any point z on the tree, the
expected hitting time of the root is thus upper bounded by c¢n. Hence by
performing independent experiments and using the Markov property we get
for a positive constant ¢’

P(T > 2kn) < e F.
Therefore, we deduce that E[T?] < ¢'n?.

For the last part of the claim, first note that the distance from the root
behaves as a biased random walk X on the interval [0, h], where h is the
depth of the tree, with

2
P(XkJrl:{,C—l—l|X}€:{E):§:1—P(X}C+1:£C—1|Xk:$).

Conditioning X to return to 0 before hitting h we obtain a new process
up until it hits 0, which can be dominated by a biased random walk Y on
[0, h — 1] with

2
P(Yisa :33—1|Yk=$):gzl—P(Yk+1=x+1|Yk=x).
We thus conclude that E[L] < Eo[Tp] < C, where Ty = inf{k > 1 :

CLAIM 2.4. — Let X be a simple random walk on the interval [0,n]
started from n and L; be the number of visits to i before the first time X
hits 0. Then L; is a geometric random variable taking values in {1,2,...}
and success probability (2i)~1 for i # n and 1/n for i = n.

We are now ready to give the proof of the concentration result.

Proof of Lemma 2.1.— By Claim 2.2 it suffices to consider a non-lazy ran-
dom walk. We write 7y for the first hitting time of 0 for a simple random
walk on the tree 7.

Every time we visit a vertex n; for some j with probability 1/2 we
make an excursion in the binary tree attached to this vertex. Since we are
interested in the time it takes to hit 0 we can think of the problem in the
following way: we replace a binary tree by a self-loop representing a delay
which is the time spent inside the tree in an excursion from the root. It will
be helpful to have Figure 2 in mind.
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Y v U Y

Figure 2. — Delays represented by self loops

Let Y be a simple random walk on the line [0, nj] starting from ny. Let S
be the time it takes Y to reach 0. For i = [k/2],..., k we let L; be the local
time at n; before the first time Y hits 0, i.e.

S
£=0

For every vertex n; we let (Tg(i)) ¢<r; be the delays incurred during the L;
visits to n;, i.e.

‘ Gig
T = > e,
m=1

where (57(,21))7” is an i.i.d. sequence of excursions from n; in the binary tree
rooted at n; and G ¢ is an independent geometric random variable of success

probability 1/2. Note that the random variables Tz(i) are independent over
different ¢ and ¢. Having defined these times we can now write

k L;
=8+ > S 1"=85+D, (2.1)
i=[k/2] £=1

where D = Zf:[km] Zf:il Tz(i). From Claims 2.3 and 2.4 and the indepen-

dence between L; and Tz(i) using the above representation of 7y we immedi-
ately get

k—1
N N
E,, [10] = ni+ E 2n; <— - 1) +ng (n_ - 1) = Nk+o(NVk) as k — oo,
. i k
i=[k/2]

and hence multiplying by 2 gives the required expression. We now turn to
estimate the variance. Using (2.1) we have

Vaty, (7o) = En, [((S = En,[S]) + (D — En, [D]))?]
= Va'rnk (S) + Varnk (D) + 2Enk [(S - Eﬂk [S])(D - ]Enk [D])] .

Since S is the first time that a simple random walk on [0,n;] N Z hits 0
started from ny it follows that

Var,, (S) < nj = o(N?k). (2.2)
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This follows by using that X} — 6nX2 + 3n? + 2n is a martingale when X
is a simple random walk on Z.

By Cauchy Schwarz we get

En[(S — Ep, [S)(D — Ey, [D])] < v/Vary, (S) Var,, (D),
so if we prove that

Var,, (D) < N?k, (2.3)

then using (2.2) we get \/Var,, (S) Var,, (D) < Nnivk = o(N?k), and
hence Var,, (1) < N2k. Therefore, it suffices to show (2.3).

To simplify notation further we write D; = Zf:il Te(i). We have

k
Va‘rnk (D) = Z ]Enk [(DZ - ]Enk [Dl])(DJ ]Enk [DJD]
i,j=[k/2]
k k k
= Z Vary,, (DJ) +2 Z Z Enk[(Di —En, [DZD(DJ —Ep, [D]])] :
J=lk/2] j=[k/2]i=j+1

(2.4)

By Claims 2.3 and 2.4 and the independence between L; and Tz(i)7 we get
that for all ¢

Vara, (D) = By [TO] Varn, (L) + B, [L] Var,, (T) = N2
arnk( l) Nk 1 arnk( 1)+ nk[ l] alny, 1 - ’

and hence Ef:[k/z] Var,, (D;) < N?k. In view of that, it suffices to show
that for ¢ > j

s
|En, [(Di = En, [Di])(Dj — En, [D;])]] S NQ#» (2.5)
(3
since then using the double exponential decay of (ng) completes the proof
of the lemma.

Since in order to hit 0 starting from ny the random walk must first hit
n; and then n;, it makes sense to split the local time L; into two terms: the
time L;; that Y spends at n; before the first hitting time of n; and the
time L; » that Y spends at n; after the first hitting time of n;. Writing

L; 1 L2
Di,l = ZTZ(’L) and Di,g = ZT;Z),
=1 (=1
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where T is an independent copy of 7', we have that D;; is independent
of D;, and hence

En, [(Dl —En, [Dl])(DJ —En, [DJ])] =En, [(Di,Q —En, [DLQ])(DJ Enk([QDé)D] .

Using the independence between the local times and the delays we get

i,2 L;
B, [Di2Dj] = By |Eny | TS 19 | Lo, L

—E,, [Li’QEnk [Tf“} L;E,, [Tf”” @7

= By, [Lia L] En, [T | Bn, [TV].

We let 7, = inf{t > 0:Y; =z} and 7,7 = inf{t > 1:Y; = x} be the first
hitting time of « by Y and the first return time to = respectively. We then
get

1
Z(TLi - le) '
Once the random walk Y visits n;, then the total number of returns to n;
before hitting n; again is a geometric random variable independent of L;
and of parameter

]P’n]. (Tni <719 A T,J[]) =

P, (Tnj < T;;) =5

Hence we can write

Lz,2 = Z ey
(=1

where 7, = 0 with probability 1 — 1/(2(n; — n;)) and 6, with probability
1/(2(n; —n;)), where §; is a geometric random variable with E[0,] = 2(n; —
n;). Note that 7, is independent of L;. Therefore we deduce

L;j—1
En, [Li2L;] Zm =En |E[L; > ne| Ly
/=1

= (Enk [L?] - E”k [Lj])Enk [771] = n?a
where in the last step we used Claim 2.4 and the fact that E,,, [n] = 1 for

all £. Hence combining the above with (2.7) and Claim 2.3 we conclude

NN :
E,, [Di2D;] =< n2—— = N2Z. (2.8)
I, n; n;
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Using Wald’s identity we obtain

En, [Di2] En, [Dj] = N* 7

n;
and combined with (2.6) and (2.8) proves (2.5) and thus finishes the proof
of the lemma. ]

Proof of Theorem 1.1 (lower bound). — Let t = E,, [10] — v/ Vary, (70),
where the constant v will be determined later. By the definition of the total
variation distance we get

d(t) = [|Pn, (X; € ) = 7l| = 7(To) = Py (Xe € To) 2 1= 0(1) = Pp (10 < 1),
since 7(To) = 1 — o(1). Chebyshev’s inequality gives
1
P (70 < ) < Py (170 = En, [70]| > 71/ Vary, (o) ) < =

Hence by choosing v big enough we deduce that for all sufficiently large k

1
d(t)}l—O(l)—$>5,

which implies that tyix(€) > t. By Lemma 2.1 we thus get that
tmix(€) = 2Nk — e; NVE (2.9)

for a positive constant c;. O

3. Coupling

In this section we prove the upper bound on ¢,ix(€) via coupling.

Proof of Theorem 1.1 (upper bound). — Let Xy = z and Yy ~ 7. Con-
sider the following coupling. We let X and Y evolve independently until
the first time that X hits 0. After that we let them continue independently
until the first time they collide or reach the same level of the tree 7y in
which case we change the coupling to the following one: we let X evolve as
a lazy simple random walk and couple Y to X so that Y moves closer to
(or further from) the root if and only if X moves closer to (or further from)
the root respectively. Hence they coalesce if they both hit 0.

Let 7 be the coupling time and ¢ = E,,, [r0] + 74/ Vary, (70), where the
constant vy will be determined later in order to make P(7 > t) as small as
we like.
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Define 7} = inf{s > 79 : X; = =} for all x and

T k/2)

L= > 1(Xe1¢To, X €To),

S=To
i.e. L is the number of returns to the tree Tg in the time interval [rp, T;:[k/2]].
Then L has the geometric distribution with parameter 1/m, /. Setting
Ap ={L > \/Afr/2]} we get by the union bound
1

P(AS) = P(L < /A < . 3.1
(A7) = P(L < /Afiya) N (3.1)

We also define the event that after time 79 the random walk hits the
leaves of the tree 7o before exiting the interval [0, ny /g, i.e.

E= {Tg% < T;W]} . (3.2)

Since at every return to the tree Ty with probability at least 1/3 the random
walk hits the leaves of 7y before exiting the tree 7, it follows that

L
* * 2
]P)(TBTO > Tn[k/2] | L) < (g) . (33)

By decomposing into the events Ay and E we obtain
1
VIUE/2]
2\ V772 1
gP(T>t,AL,E)+ <—) + 5
VIMk/2]

3
where the first inequality follows from (3.1) and the second one from (3.3)
and the fact that we are conditioning on the event {L > | /if/2}. We now
define S to be the first time after 7. that X hits 0, i.e. S = inf{s > 75 :
X, =0}

P(r>t) <P(r >t AL) +

(3.4)

Let (&;); be i.i.d. random variables, where &; is distributed as the length
of a random walk excursion on the interval [0,7n[ /2] conditioned not to
hit np 9. Let (€5 );; be i.i.d. random variables with ¢, ; distributed as the
length of a random walk excursion from the root on the tree 7y conditioned
not to hit the leaves and (G;); be i.i.d. geometric random variables of success
probability 1/3. Then on the event E we have

L L G
S—10=> &+ > ) i+,
i=1

i=1 j=1
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where ( is independent of the excursion lengths and is distributed as the
commute time between the root and the leaves of the tree Ty and < denotes
stochastic domination. Hence, by Wald’s identity we obtain

E[(S — 10)1(E)] < E[L]E[&1] + E[L] E[G1] E[é1,1] + E[(]
S nfyo) + np2 + N SN (3.5)

Here we used Claim 2.3 to get that E[¢; 1] < C for a positive constant C.

Let A ={Y;, € To}. Then P(A°) = o(1) as k — oo, because at time 7y
the random walk Y is stationary, since until this time it evolves indepen-
dently of X, and also the stationary probability of the tree is 1 — o(1). It
then follows

P(r>t, AL, E) <P(r >t AL, E, A) +o(1). (3.6)

Let 71 be the time it takes to hit the line [0,n] starting from z. Let 7
be the time it takes to hit 0 starting from X, . Then clearly 75 is smaller
than the time it takes to hit 0 starting from ng. Thus setting B = {7y <

E,, [70] + v/ Vary, (10)/2} we obtain

Var,, .
P,(B°) < B, <TQ > E,, [ro] + %W) +P, (n > M)

Var,, 1
<P, <TO > E,, [10] + %W) +0(1) < 72 +o(1), (3.7)

where the second inequality follows from Markov’s inequality and the fact
that E,[r1] < N for all x and the third one follows from Chebyshev’s in-
equality. Ignoring the o(1) terms we get

P(r >t AL, E,A) <P(r >t Ay, B, A, B) 4 0. (3.9)
Y

We finally define the event F' = {S — 79 > v/ Vary, (70)/2}. We note that
on the events F and A the two walks X and Y must have coalesced by
time S. (Indeed, if Y stays in 7o during the time interval [ro, 757 ], then
they must have coalesced. If Y leaves Ty during this time interval, since X
is always in [0, 7[;/9)] until time S on the event E, then coalescence must
have happened again.) Therefore

ANENBNF¢C{r <t}
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This in turn implies that for a positive constant ¢y

C1
Wk’
where the last inequality follows by applying Markov’s inequality to (S —

70)1(E) and using (3.5) and Lemma 2.1. Plugging (3.6), (3.8) and (3.9)
into (3.4) gives as k — o0

P(r >t A, E,A,B)=P(r >t A, E,A B, F) <P(E,F) < (3.9)

16
B(r> ) < 5 +o(L)

Hence choosing + sufficiently large depending on £ we can make P(7 > t) < ¢
and this shows that for a positive constant c.
tmix(€) < Eny [70] + 72/ Varn, (10) < 2Nk + caNVE,

where the last inequality follows by Lemma 2.1. Combining this with the
lower bound on tmix(g) from (2.9) shows that there exists ¢, > 0 such that
forall0 <e <1

tmix(€) = tmix(1 — €) < ceNVE

and this completes the proof of the theorem.

4. Relaxation time

In this section we give the proof of Theorem 1.3. We start by stating
standard results for random walks on the interval [0, n] and the binary tree.
We include their proofs here for the sake of completeness. A detailed analysis
of relaxation time for birth and death chains can be found in [1].

CramM 4.1. — Let f be a function defined on [0,n] satisfying f(0) =

Then . .
D SR <0 (f(0) = f(E—=1))%

k=1 {=1

Proof.— We set 8,2 = (n — {) for all £ € [0,n]. Then by Cauchy Schwarz
we get

k

k k
fk)? = (Z(f(fz) fle—1)) ) <Y B0 = F(e=1)2) B2
=1

/=1 =1

Since Z§:1 B;2 < n? for all k € [0,n] we get summing over all k and
interchanging sums

D SR <0 (f(0) = f(E—1))?
k=1 /=1

and this completes the proof of the claim. O
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CLAM 4.2. — Let T be a binary tree on m vertices with root o. Then
there exists a universal constant ¢ such that for all functions g defined on T
with g(o) = 0 we have

Igl* < em&(g,9),

where ||g||* = >, m(x)g(z)? and & is the Dirichlet form E(f,g) = (f, (I —
P)g),. Here m and P are the stationary distribution and transition matriz
of a simple random walk on T respectively.

Proof. — Since the stationary measure of a simple random walk on the tree
satisfies 7(z) < m~! for all z and P(x,y) < c for all x ~ y, we will omit
them from the expressions.

Let the depth of the tree 7 be n = [log, m]. Let xj, be a vertex in T of
level k. Then there exists a unique path zo = o0, z1,...,z; going from the
root to xx. We can now write

2 2

k k ) 1
= | 2o(@) —gw)) | = | D_(9les-1) —9(2)2 555

j=1 j=1
k

S 2 (g(wj 1) — g(xy))?,

=1

where the last inequality follows by Cauchy Schwarz. Let Ly denote all the
vertices of the tree at distance k from the root. For any z € T we write

||

22] y] 1))27

where |z| denotes the level of x and yo = 0,y1,...,yjs = « is the unique
path joining z to the root. By interchanging sums we obtain

Yo=Y Y 9@)?$y Y Gla) (4.1)

x€To k=1x€Ly k x€Lyg

Let e be an edge of 7. We write e = (e, e™) where |e7| < |e*] and | - |
stands for the distance from the root. For every edge e we let N(e) be the
number of times the term (g(e™) — g(e*))? appears in the sum appearing
on the right hand side of (4.1). We then get

Y 9(@)? D2 IN(e)(glem) — gle)™.

zeT eeT
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Notice that N(e) is the number of paths in 7 joining the root to the leaves
and pass through e. Hence since the tree is of depth n we get that N(e) =
27=le”|1=1 Therefore we deduce

D g(@)? < 2l Tl T gem) — glet)? =2""1 D (glem) — g(e))?

€T eeT eceT
< mé(g,9)
and this completes the proof of the claim. O

Proof of Theorem 1.3.— To prove the lower bound on t,, we use the bot-
tleneck ratio @, as in [5, Theorem 13.14]. By setting S = 7o, we see that
1
(I)* 5 N7
and hence t.) = N. It remains to prove a matching upper bound. We do

~

that by using the variational formula for the spectral gap, which gives

ba=  sup Var(f)
el varn(f)z0 E(f5 f)

Notice that by subtracting from f its value at 0 the ratio above remains
unchanged. So we restrict to functions f with f(0) = 0. It suffices to show
that for any such f

Varr(f) S NE(S, f)- (4.2)

Let f be defined on the tree 7 with f(0) = 0. Then we can write f = g+ h,
where g is zero on T and h is zero on Ty and g(0) = h(0) = 0. We then
have

Var(f) < llg + 2l1* = llgll* + 1%, (4.3)

since by the definition of the functions g and h it follows that (g, h), = 0.
Similarly we also get

E(f. ) =E(g,9) + E(h,h).
CLAIM 4.3. — There exists a positive constant ¢ such that
1h][> < eNE(h, h).

Proof. — Using Claim 4.2 for the function (h(x)—h(n;)) restricted to x € T;
we obtain

> (h(v) = h(ny))* 5 nﬁ Y (h(u) = h(v))*. (4.4)

vET; J u,vET;

u~v

- 776 —



Total variation cutoff in a tree

Using that (a + b)? < 2a? + 20 and (4.4) we get

> hw)?<2 ) (W 24 2ﬁh(nj)2 < ﬁ (E(h, h) + h(n;)?).

n
veET; vET; " J

From the above inequality it immediately follows

k
Zh(v)2< Z h(v)? + Z Zh(v)Q

v To veE[0,ng] j=[k/2] vET;
FON

PO ;h(nj)2+N5(h,h)
vE[0,nx] j=lk/2]

and hence it suffices to show

k ng

S b+ ) lh(njﬁ SN (h(t) — h(t —1))2. (4.5)
ve[0,ng] =[k/2] " =1
Claim 4.1 gives
> ) <ng Y (h(f) = h(t—1))> < N> (h(€) = h(€ = 1)),
veE[0,ng] =1 (=1

since N = ni, and hence it suffices to show

k

> -

i=[k/2]
Setting Ay = h(£) — h(¢ — 1) and using Cauchy Schwarz
h(nj)z < Qh(nj_1)2 —+ Q(h(n]) — h(nj_l))2

) 2
2(2&) +2( Z Az)
b=nj_1+1

< Z h(¢ —1))% (4.6)

nj—1 nj
< 2n,- 1ZAZ+ —n,_1) Z A2,
E:n]‘71+1
and hence dividing by n; we get
k n nj—1
> ° 22 “ZAz+2ZAe

=2 =[k/2)
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If we fix £ € [0,ny], then the coefficient of AZ in the first sum appearing

on the right hand side of the above inequality is bounded from above by
k

> j—1Mj—1/n; < oo, and hence we conclude

DILTIERS i
=1

=ty Y

and this finishes the proof of the claim. O
Since g satisfies the assumptions of Claim 4.2 it follows that

l9l* < cNE(g, 9).

This together with Claim 4.3 and (4.3) proves (4.2) and completes the proof
of the theorem.

5. Concentration of hitting times

By changing the parameters of our construction, for some C' < oo and
infinitely many n, an n-vertex tree T, is presented in [6] with the following
property: There exist vertices x,y in T}, such that lazy simple random walk
on T,, satisfies
(Eo[ry])”

Var,(1,) < C log n

(5.1)
Is there a general matching lower bound, i.e., is there ¢ > 0 such that for
every n, the inequality

(Bq[r))?

Var,(1,) > ¢ log n

(5.2)

holds for lazy simple random walk on all n-vertex simple graphs?

Acknowledgments. — We thank the referee for useful comments.
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