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ABSOLUTELY--p~-SUMMING OPERATORS IN t\:r-SPACES
by

Albrecht PIETSCH

The purpose of this paper is to give a uniform presentation of all known

results about sbsolutely-p-summing operstors in & poSpaces.

§ 1. ABSOLUTELY-p-SUMMING OPERATORS (cf. [11]).

Let E and F be Banach spaces. We denote by &(E,F) the set of all
bounded linear operators from E into F. An operator T € &(E,F) is called
absolutely-p~summing (1 € p <w) if there exists a constant o > O such that

for every finite set of elements XyaveesXy € E the inequality

{Zi |'T X ”p} 1/P$ o suwp (I l<xi’a> IP} 1/p

ol < *

holds. The set PP(E,F) of all absolutely-p-summing operators T € £ (E,F) is a

Banach space with norm defined by
(T) : = inf o .
LS 0
It is convenient to put
P _(E,F) : = L(E,F) and g (T) : =||T||
If 1<p< q <o then

PP(E,F)C Pq(E,F) and nP(T)> ﬂq(T) .

§ 2. THE £ _-SPACES (ef. [8]).

In the following let 12 be the Banach space of all n-dimensional real

vectors x = (b;i) with the norm
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ux“r p= {2 |gi|r}1/r for 1<r <> and 1l, ¢ = sup \Ei] .
i i

A real Banach space E 1is called an =S‘lr-space if for every finite set of elements

X)seeesXy € E there exist operators A € £(E,1¥) and X € £(1X;,E) such that
x; -xAa x| €1 for i=l,....m and |[X]| |[A|< cp ,

where the constant Cp 2 1 depends only on E. We note that our definition is a

slightly weaker than the definition of J. Lindenstrauss and A. Pekzynski.

All function spaces Lr(S,Z,p) are of type J.‘,r. The operators A and X can
be constructed as follows. Given x,,...,x €L (S,Z,u) we find step functions
xi,...,x; € Lr(S,Z,u) such that Hx; - XZH S 1/2. Then there exist disjoint subsets
S]_,...,Sn €I with u(Si) > 0 such that the step functions xi
combinations of the corresponding characteristic functions fl,. ..,fn. Now we define

o .
seeesX are linear

the operators A and X by

Ax := (u(Sk)'l/r' Jox(s) 5.(s) dau(s))
and
X(6) =Lty w(s )T g
Then we have
Al = lix] =1

and since X A fk = fk the estimate

) o
”xi—XAxi”s”xi-xi” + ”XAxi-XAxinsl

holds.
Now we show that it is possible to reduce the considerations of absolutely-p-

. . .« . . . n
summing operators 1n £r-spaces to finite dimensional lr-spaces.
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Proposition : The following statements are equivalent :

(1) There exists a congtant ¢ >0 such that
rs,pq .

< £t = cee
np(T) ch,Pqnq(T) for all T€ £(1,1) and n = 1,2,

(2) For every £r-s;pa.ce L and every £s—space L, the inclusion

Py (Lpoly) P (L ,L)
holds.

Proof : (1) =»(2) Let T € P (E,F) and Xy penesX) € E. Then for all ¢ > O there
exist A €£(E,1:), Xe€ £(1§,E), BE £(F,11;), and Y€ £(1:,F) such that

llx; =X Ax;fl<e , T % - ¥ BT x;[[<e, [|X]| Al <cp, ana [lY]l [BI< cp.

Then
Iox; < Tx; =YBT x| +[| Y BT x, ~YBTXAx| +[|[YBT XA
ell#ep ||T)|) +|| Y BT X A x| ,
{s|ltBT xA xillp}l/p S (YBTXA) sw {r]<x, a>| PYP
' leff <2
and
< A
(BT XA Y n BT Al <cy ¥l a BT (|4
< crs,pq ”Y” ”B” "q(T) ||x“ ”A“ <crs,pq CE cF "q(T).
Cconsequently,

RN DRAES
1

1/p py1/p.
e(l + e Izl m™"® + crs,chEcerq(T) ”alsl,uil{il <s:i,a>| }
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If €5 0, we obtain

WP(T) < ch,chEcFﬂq(T) and T € PP(E,F).

(2) 5 (1). Since the sequence space 1., resp. 1, is of typeS,r, resp. £s, we have

Pq(lr,ls) ch(lr,ls) .

Consequently, by the closed graph theorem there exists a constant Crg pa >0
’
such that
1Tp(T) < crs’pq"q(T) for all TE€ Pq(lr,ls).

Let us consider the operators

Qn(gla""in"'°) ¢ = (El""agn)
and

Jn(gla"°,€n) = (El:"”en;O,'--) .
Then for every T¢ ;‘,(li,‘Lrsl) since T = Q‘n(Jn T Qn)Jn we have

r (J TQn)gc m (T).

T J T c
"p( )< “p( n T ) < rs,pq'q n rs,pq' q

§ 3. HISTORICAL REMARKS.

The first result about absolutely-p-summing operators in Sr-spaces goes
back to A. Grothendieck [5] who showed in 1956 that all bounded linear operators
from an £l-space into an£2-space are absolutely-l-summing. A simplified proof of

this important results was given by J. Lindenstrauss and A. Pelzynski [8].

In 1967, A. Pelczynski [9] and A. Pietsch [11] proved that the absolutely-p-
summing operators in Hilbert spaces coincide with the Hilbert-Schmidt operators.
This proof used Chintchin's inequality for Rademacher functions. Finally,

D.J.H., Garling [3] determined the exact value of the "p-norm of diagonal operators

in 12.

Important progress was made in 1969, when L. Schwartz [13], [14], [15] remar-
ked, in his theory of p-radonifying operators, that it is possible to use in place
of Rademacher functions general sequences of independant and equidistributed random
variables. By his method S. Kwapien [T ] and P.Saphar [12] proved the fundamental

theorems on absoluteiy-p—summing operators in sr—spaces.
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§ 4. A PROBABILITY LEMMA.

289

For 1 <s €2 let Mg be the probability measure on the real line which is

uniquely determined by its characteristic function

-lo|® a8
e —J!Re dus(B) .

Iflgs <2andlgp<sor if s =2 and 1 € p < » then the moments

F=(f 1817 an ()} P 50

cSp
'R

exist (ef. [4] ).

Let un be the n-dimensional product measure of p_ then the following probability
s s

lemma holds. It was used in functional analysis at first by J. Bretagnolle,

D. Dacunha-Castelle and J. D. Krivine [1].

Lemma : If y Ean then

Py .1 1/p _
{fRn|<y,b>| du ()} = Cep 94
Proof : We consider on the probability space [!Rn,uz Jthe independant random
variables
fi(b) : =g, for i=1,...,n.

Then

A ~lal®

£ (a) =elol

A . . . .

where fi is the characteristic function of fi'
Consequently, the random variable

f(b) : =<y, b>=In; £ (b)

1
has the characteristic function
=0 lal®
A o
2a) = e 1R

The same characteristic function corresponds to the random variable

() s =y, ®
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which is defined on the probability space[lR,us ].

Therefore, the two random variables f and ¢ are equidistributed and we have

: ‘ D, oDy o P
[ <v®>[F aug®) = ] 8P () | vl g -

§ 5. ABSOLUTELY-p-SUMMING OPERATORS IN 12—SPACES.

We begin the central part of this paper with some few lemmata.
Lemma 1 : Let Te.s:(E,lz). Ifl1<s<2andl< p<s orifs=2andl<p<»
then

-1 .
(1) < csp{jﬁn 25| Pa o) P

Proof : It follows from the probability lemma that if Xyseee Xy € E then

{):HTx ||P}1/P— '1{'& Il <t x; b>[Pau? ) }/P

< {I llz*e [l Pa w (o) /e sup { z]<x; ,a>|?1/e
i
el <1
Lems 2 : Let T€ $(1,,F} 1f1 <5 <2 and 1<p<s orifs=2and 1< p<e
then

-1 1/p <
¢ p{fmn llz x|[®a ursl(x)} P Trp(T).

Proof : The main theorem of absolutely-p-summing operators (cf. [8], [11])
implies that there exists a measure u on the closed unit ball UIS1 of lrs1 such
that

e <Lf | <xie ofPauta) P for a1 x € B ana w(@)MP = n (1)

Therefore, it follows from the probability lemma that

[L lT = ||pd u:(x)}l/psffmn jUn \<x,a>]pd u(a) a ug(x)} 1/p

s

<~ru“ P all® aua)}t/?

< .
< cspwp(T)
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Now we obtain the following lemma, which was proved by S. Kwapien [7], immediately.

Lemma 3 : Let TE.t(E,l:). Ifl<s<2adlgp<g<sorif s=2 and

1< p<g<x then

-1 Al
np(T)< Caq - wq('l ) .

In Ra,rt icular,

(7)< np(T') .

n

o ,E') we obtain

Proof : Applying lemma 1 to T € ,t(E,lz) and lemma 2 to T'e g£(1

-1 ' 1
@ < ([ o [T b P e 2003

-1 q n 1/q -1
Segptlall ol ® augm) 1< e dlm ().

Remark (of C. Sunyack) : Let T € ,g(lr;,,lrsl). Then by lemma 3
“p(T) = nP(T') s
and from the inequality in the proof of lemma 3 we obtain the equality
= -1 1y || Pa B 1/p _ -1 P n 1/p
np(T) CSP{J“RH llz'o I dus(b) } = csp{fmn T x||® a us(x) } .

In particular, if In is the identity operator of the Hilbert space 1r21 then
(ef. [3])

+ 1

_[rER) 1)

n (I) = 2 2

P n 1+p

r(z) =)

The next lemma was proved by J. S. Cohen [2] and P. Saphar [12].

Lemma 4 : Let T € .s(E,l’;). Then
WS(T) SWS(T')-

Proof : If €1seesey are the usual unit vectors we have

1/s 1
125, =031<T me >1°1 7 = (sl<xt o 5[*) 0
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and
{Z]| eyl s}1/s< n_ (T") sup  { 3| <V.e >|s}l/S = (7).
k k S s ; Tk Ts
ol <*
Consequently, if XpseeesXp € E then
s.l/s _ s, 1/s
{g T %0 ' = {igl <x;,Te, > %]
1 1
S{E”Tvek”s} /s sup {z|<xi,a>ls} /s
e <1
< TIS(T') sup {ZI < xi’a’> Is}l/s .

lell<2*

The proofs of the following propositions are obtained by different combinations

of lemma 3 and L.

, Proposition 1 :

Let T€ £(1,10). If 2<r<w, 1<5<2, and 1< p <r' then

m_(T)

-1
"l(T) < Cr'p Crr1 P

Proof : Applying lemma 3 to T' € £(1ISI, ,12,) we obtain

(Y -1
7rl(T ) < Cprp Cpry wp(T) .

On the other hand by lemma 3 in the case 1 < s < 2, and by lemma 4 in the case

s = 1,
nl(T) gwl(T') .

Theorem 1 (P. Saphar [12])

: Let TE £(12, F). If 2<r<o and 1< p <r' then

-1
c

<
"l(T) = Cr'p r'l

'nP(T) .

Proof :

Without loss of generality we may assume that the Banach space F has

the extension property. Consequently (cf. [10]), for all € > O there exists a

factorization

such that

lall <2, fi¥ll <1, anaw (0) <7 (T) + € .
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Now it follows by proposition 1 that

1 (D< Y (A <e (D A)

=1
r'p Crr1
[‘N (T) +¢1].

<
S Cprp © r'l

Proposition 2 (S. Kwapien [7]) : Let T € .s:(f;,l‘;) .If 1<7r <o then

nl(T) <c ot L (7).

2r' “21
Proof : Applying lemma 3 to T € _c(lr;,lg) and lemma 4 to T'g £(lg,11;,) we obtain
-1
w (1) < ey Cob mp (1) and m, (1) < vy (T)

The case r = 1, which is not dealt with in proposition 2, is identical with the

fundamental theorem of A. Grothendieck [5].

Proposition 2G : Let TE .t(l;l,ln

2). Then

wl(T) < c

Remark : If the constant e is the best possible then

n/2 €c, < sinn /2.

SRS

Theorem 2 (S. Kwapien)[7l:let T € _c(lI;,F) . Ifr=1, resp. 1< r < 2, then

nl(T) (T) resp. m; (T) Scya ¢ 21 n2(T .
Proof : For all e >0 there exists a factorization
T : 1?_A> 12_])_912._Y,F

such that
Al < 1, Y]] <1, and 7 (D) <my(T) + e ©
Now it follows by proposition 2 that
(1) <||Y)| 7, (DA) e,y ok, (DA)
Ty <Yy S Copr Co1 My
-1
Scopr © 21 oD A) Seppy ey lmy(T) +e].

The proof in the case r = 1 is the same.
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Proposition 3 : Let T € £(lg,12) .If 1<s<p <= then

-1

< .
NS(T)\ CZP Cog WP(T)

Proof : Applying lemma 4 to T €& (lg, lrsl) and lemma 3 to T'€ 3(12,,12) we

obtain

-1
< ' ') < .
ns(T) ns(T ) and ns(T )< ¢ oo np(T)

2p

Theorem 3 (S. Kwapien [7]) : Let T € S(E,l:). If1<s<?2 and 2<p <* then

m (T) .

-1
<
“2(T) < 02p Coe o

Proof : If xl,...,xme E we define the operator X € £(12,F) by

X(éi) PELEx, .
1

Then

[X|l= sup {§I<xi,a>l2}l/2
lall <1 *

Consequently, by proposition 3 we have
1/2 2}1/2

2
LR R S LR

2,1/2
< 112(T X) sup { Zl <ei,f‘>| } /

I, <2t

-1

< WS(T X)sc2p oy

ﬂp(T X)

-1
m

2,1/2
< Cop Cog } :

p(T) sup {_Z|<xi,a>l
faf <2 *

Because of symmetry it seems very probable that we have :

Theorem 4 (CONJECTURE) : Let TE€ .c(E,l‘;). If 2<s<p <q<® then, with a

constant ¢ >0
[ S,Pq ’

1 (T) €c T (T) .
p()\s,pq q()

Finally, we illustrate the results in the following diagrams where the ordinate
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is a symbolic measure of the largeness of Pp(Lr,Ls).
Pp(Lr,LS),lsr €2, 1€s K2 Pp(Lr,Ls),1<r<2, 2€ s €
T M
Th. 4
feeeves
Th. 2 Th. 3 Th.2
z e
1 > P + / ; >p
1 2 1 2 s
Pp(Lr,Ls), 2«rge, 1<s €2 PP(Lr,LS), 2€r €», 2 s €™
\ A
Th.b
Th.3
/——-M__
Th.l Th.1
——
+ + + > P + + >P
1 r' 2 1 r' 2

Remarks :

(1) If the spaces L, and LS are infinite dimensional then "/" means that Pp(Lr’Ls)
is strictly increasing

(2) Pp(Lr,LS) depends continuously on p if and only if it is’ constant since

B. Maurey proved, assuming approximations property, the following results.

If PP(E,F) =N P €(E,F) then PP(E,F)=P

(E,F) for 0< e<e_ .
e0 pt pte o
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If PP(E,F) = ego PP_E(E;F) then PP(E,’F) = Pp_e(E,F) for 0<e< e .

§ 6. THE v -NORM (ef. [10], [23], [2u]).

In the following let us assume that at least one of the Banach spaces E
and F has finite dimension. Then every operator T € £(E,F) can be represented

in the form

T =3%<x.a.>y. for all x € E
i i1 i

with CERREEL N € E' and Yyseees¥y € F. Now the \)p—nom is defined by

p}l/p l/p’] ,

vP(T) : = inf[{zi “ai “ sup {§_I<yi’blpv}

o |l <2

1 <p <», where the infimum is taken over all possible representations. In the

case p =1 and p = » we put

@ s = e L2 o ) )
i
and
\)w(T) : = inf [ sup “ai” sup zl<yi,b>| -
i o]l <2

It follows from the well-known relations

,,P(T) = sup {|trace(ST)|: S¢ £(F,E), Vp)(s) <1} for all Te &(E,F)
and

Vo (S)=sup{|trace(81‘)|: TE€ £(E,F), Trp(T) <1 for all S € &£(F,E)

that the inequalities
np(T) <c nq(T)' for all T¢ g(E,F)
and

v (8) ge Vo (8) for all S ¢ g(F,E)

ql

are equivalent.

We have

np(T) < vP(T) for all T ¢ g(E,F),
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and in the case p = 2,
mo(T) = v, (T)  for all TE L(E,F) .

If at least one of the Banach spaces E and F has the extension property

then also the equation
ﬂP(T) = \)P(T) for all T € £(E,F)

is valid. On the other side A. Pelczynski [21] has shown that there exists no
constant ¢ >0 such that for every bounded linear operator T between arbi-

trary finite dimensional Banach spaces the inequality

vP(T) <c TrPI(T)

holds.
Problem. : If 1<r, s<> and 1 <p< =, does there exists a constant Crsp >0
such that
n .n
°
vP(T)< Crsp np(T) for all T € £(1,1) ?

Now we prove further results by duality.

Theorem 1* : Let T € .t(E,l’s‘) .If2<s<pg> then
v (T) € c-l v (T) .
p = s’p' sll ©

Proof : If 2<s <» and 1 £p' <s' then by theorem 1 we have
m(S8) <c , o w ,(8) for all Se £(1°,E).
l = S'P’ S'l p' s’

Consequently, there holds the dual inequality

-1 n
vp(T) Scgir Cory v (T) for all Teg :,(E,ls).

s'p

Theorem 2% : Let T € .&:(E,fsl). If s =1, resp. 1 <s <2, then

-1

v2(T) schm(T), resp. vZ(T) < cpoityy

\)m(T)

Theorem 3% : Let TE€ £(1’r‘,F). If 1Sr<?2 andl<p<x? then

vP(T) <ec v, (T)

-1
2p® 21
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Theorem U* (CONJECTURE) : Let T € .t(lr;,F). If 2 <r<w and 1<p<gq <r' then,

with a constant c >0,
r,pq

T T
vP( ) < °r,pq"q( )

Finally, we formulate some spacial cases of theorem 1k and 2%.

Proposition 4 (S. Kwapien [7]) : Let Te€ £1%,1%). If 2 <s< p < then
e w” S

-1
vp(T) < egupe egry [|7]]

s'p

Proposition 5 (J. Lindenstrauss and A. Pdezynski [8]) : Let Te€ .S:(l:,lrsl).
If s =1, resp. 1 < s 2, then

v < g |7l 5 resp: vy(0) ey, cp1 i)l -
Proof : The results follow from the fact that
v (T) = ||| for:all T e £(11,F)

Remark : It is easy to prove the following stronger form of

Lemma 4 : Let T e.c(E,l‘;). Then
\)S(T) < ﬂS(T’) .

One can obtain further results by using this inequality.

§ 7. IDENTITY OPERATORS IN lz-SPACES.

Let In be the identity operator from l;l into 12. We define the limit order
)\I(r,s,np) to be the infimum of all real numbers A for which there exists a cons-

tant Crg p >0 such that the inequality

b}

A

. .n n
Trp(In Pl ls) gcrs,pn

for alln = 1,2,... holds. The limit order /\I(r,s,vp) is defined in the same way.

Historical remark : The "p ~ and vp-norm of the identity operator from lr; into
itself was determined or estimated by D.J.H. Garling and Y. Gordon (cf. [16] ,[1T]
[18]). In the cases v and m, the first result was proved by B. Grinbaum [19] and
D. Rutovitz [22]. A. Tong [26] has given necessary and sufficient conditions for

a diagonal operator from 1 into 1, to be nuclear (cf. also L. Schwartz [ 25]).
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Lemma 5 : If o +8 <1,
AI(r,s,nP) <o and )\I(s,r,vp.) < B
then
AI(r’S’ﬂp) = a and )\I(s,r’\)pv) =B
Proof : Since
n n n n
= < : :
n = trace (In) \uP(In 1, ~ 1s) \,p,(In 1~ 1r)
we have
1< )‘I(r’s’"p) + )\I(sara\)pv) <otg =1.
Consequently, identity holds.

Lema 6 : 1/s = 1/r if r>s

ap(rss, |4 )<

Proof : The result follows from the well-known inequality

nl/s - lUr £ r> s
n n
T, = 1> 1 <
1 if rgs .
Lemma 7
)\I(ly‘”,\)l) < 0 .
. . . +
Proof : If e = (ei) ranges over the set of all n-dimensional vectors with €y = -1

then’ the identity operator In has the representation

lnx=2_nz<x,e>e fora.llxelg_l.
e

Consequently,
. 4D n
w(@ 1 -1)<1 .

Lemma 8 : If 1 <p< » then

)\I(l:23\’P) < 0 .
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Proof : We represent the identity operator In in the form

Inx=2-nz<x,e>e forallxel?.
e
Then

(sfe ) 23R = 2
e

On the other hand, it follows from Littlewood's inequality (cf. [ 20]) that

1 l ] '
sup {z]<ed>|"} /p < /P

pl
[oll, <1 ©

Therefore,

\)p(In : 1;_1 > 1121) <c

p'
Lemma 9 :
)\I(l’ 29 1|'l) <0 .
Proof : From Littlewood's inequality we have
x| <e 2™ 5l <x, e>
= L ’ .
2 e

. n
Consequently, if x,,e.«,X, € ll

i:” xi”2< °r sup 1| <x;5 8>,
el <*
=]
and therefore,
. .n n

m (I s 1) »1,)<c -
Remark : Lemma 9 follows also from proposition 2G.
Lemma 10 :

)\I(w,p,vp) <1l/p

Proof : If € 5e-v, € are the usual unit vectors we can represent the identity

operator In in the form

= . n
IHX‘§-<J(,ei>ei for all xelw .
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Since

{z ”ei “ill/p = nl/p and sup {z] <ei,a>]P' ]l/P' =1

i i

o]l
we obtain
1
\:P(In ;1% s lg)g n /p .

Lemma 11 : If 1 <s <2 then

AI(s' ’S’"l) <1/s

Proof : In the case s = 1 the result follows from lemma 10. Now we assume

1< s < 2, Then there exists € with O <e¢ < s=1. By lemma 3 and 10 we obtain

n n -1 n n
: < :
1r].(In I > ls) S %5 s-¢ %s1 "s—e(In g0 > ls)
-1 n n n.n n n
< : : :
S %5 s %a1 ” In 15' _)lm”"s-e(ln lm—)ls—e)”In 1S-e_)ls ”
c -1 nl/ (s=¢)
s s=¢ sl
Consequently

r(s'ss,m) g1/ (s=¢)
The result follows since ¢ can be made as small as we please.

Remark : It should be possible to determine the exact asymptotic behaviour of

ﬂp(Inzlzsl, ->lrsl) as n tends to infinity by using the relation

-1 g 1
m e 1) = e ([ XIS 4t ) ’» 1<p<s .

The limit orders )\I(r,s, .l ) and AI(s,r,\)l)

By lemma 6 we have

1/s - 1/r if r

\%
o)

(1) A (r,s,

| )<
o] if r<s .

On the other hand it follows from lemma 6, 7 and 10 that

AI(s,r,\)l) < AI(s,l, . ) < 1/st + 1/

)+)\I(1 »® a‘)l)"')\I(w,ra
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and

XI(s,r,v ) <AI(5, N

In each case, choosing the best result we obtain

1/s' + 1/r if
(1%) AI(s,r,vl) </
L 1 if

) + AI(w,l,vl) + AI(l,r,

r>=s

r<s

) <1

A. PIETSCH

Finally, lemma 5 implies that identity holds in (1) and (1*). In what follows

we illustrate our results with pairs of diagrams in the unit square with coordi-

nates 1/r and 1/s. In the left hand diagram we plot the level curves of AI(r,s,np).

In the right hand diagrams we indicate the algebraic expression for AI(r,s,np).

-

AI(r,s,

7

The limit orders AI(r,s,wg) and AI(s,r,vz)

By lemmas 6, 9 and 10 we have

AI(r,s,ng) < AI(r,w, .
1/s - 1/2 if

<0 + 1/2 +
0 if

»l/s -1/

) + )\I(m’23'ﬂ'2) + AI(2ass
1€s <2

2€s

)
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and
Apr,s,m) < Ap(r,1, M) + A (1,2,m) + A (2,8, |]])
1/s - 1/2 if 1<s <2
<1l/r' + 0 +
o] “if 2<s €
Consequently,
1/r' +1/s - 1/2 if 1<r<?2, 1<s<2?2,
1/s if 2€ r €», 1<s €2,
(2) M (rss,my) < 1/r! if 1<r<? 2<s <>,
1/2 if 2€r €<=, 2<s <=,

Since AI(s,r,vg) = )\I(s,r,n ) it follows from lemma 5 that identity holds in (2).

A (r,s,m,)
1
= 1.1 1
S o rsT2
1 1
2 r'

The limit orders )\I(r,s,np) and AI(s,r,vp') with 1€ p <2
Since by theorem 2 and 2% for 1< r € 2 we have
AI(r,s,ﬂp) = AI(r,s,ﬂ ) and AI(s,r,vP,) = AI(s,r,v )

in the following we need only consider the case 2 < r < .
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By lemma 6 and 11 we obtain
AI(r,s,ﬂp) <A (r,s', Il + Ap(s! ,s,ﬂp) <1/s

and

XI(r,s,np)S ).I(r,r',np) + )\I(r',s, ) <1/

On the other hand it follows from lemma 6 and 10 that

AI(r,s,np) < )\I(r,oo, .
1/s = 1/p if
<0+ 1/p +

0 if

In each case, choosing the best result we obtain

) + AI(‘”aP;ﬂp) + AI(P’S,

if r

if r

p=s

p<s

/s if p'gr g», -1

l/p if p'gKrge, P
(3) MTesm )9y ir 2ogr<p', 1
1/r' if 2<€r<p', r

By lemma 6 and 11

>\I<Sara\)pv) < )\I(S,w, ” "

)+ AI(w,P',\)P.) +ap(p'rs|

A. PIETSCH

<s' and 1< s €2,

'< s and 1< r'g 2.

)

ol

9

< s<P,
<5 €%
<s <r',
'S s€o .

)

1/r - 1/p' if p'>r,
<0+ 1/p' +
0 if p'<gr .
Moreover,
)\I(S,r,vp.) < Aq(srv,) = 1/s' if 1 gsg 2.

Consequently,

1/s' if p'grgw, 1<s €0,

1/p' if p'grgw, PLS € =,

*

(3% AI(S’r’"p' {1760 if 2<r<p, 1<s <1,

1/r if 2<r<p',

r' s€o .
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Finally, lemma 5 implies that identity holds in (3) and (3%).

AI(r,S,nl)
] / 1 (1.1 1
“—/ s 752
l l ( i
r'
)\I(r,s,nl)
l<p<?
-7 1,1 1
A
1 = §
P 1
/ P
1
';v

A}

1
p
The limit orders AI(r,s,nP) and )\I(r,s,vp,) with 2< p<w

Since by theorem 3 and 3* for 1 <s €2 we have

XI(I‘,WTP) = y{r,s,m,) and )\I(S,I‘,\) ) =g (serav,)

p
in the following we need only consider the case 2< s €.
Since

AI(r,s,wP) < AI(r,s,vp)

by (3%) we obtain

1/r' if 1<r<p', p<s<€ o,
1/p if p'<r€>, P<s K=,
1/r' if 1€regs', 2<s <€p,
1/s if '€ r€w»w, 2<s<p .

(4) AI(r,S,nP) <

20
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It follows from lemma 6 and 10 that

.

AI(S,I‘,VP') < )\I(sam,

) + XI(“’,p',vp.) + A (o', )

1/r - 1/p' if p'z r,
<O + 1/p' +

On the other hand lemma 6 and 8 imply that

AI(s,r,vp, ) < AI(s,l, .

)

.

) + AI(1,2,vP,) + AI(2,r,
€ 1/s' +0+0 if 2<r .

In each case, choosing the best result we obtain

1/r if 1<r<p', p<s<e=,
1/p' if p'grg®, DP<Ls LK™,
1/r if 1<r<p', 2<s<p,
1/s' if 2<€ r<>, 2€s<p .

(W) AI(s,r,vP,)s

Because the square

QIp :={(1/r, 1/s) : p'<r<2, 2<s<p}

does not appear in (4%), we have the open problem wether identity holds for all r
and s in (k4).

KI(r,s,“])
2<p<w
1 1,11
s r''s 2
1 ?
— l . _]._
P I =t
P

Q|-
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§ 8. LITTELWOOD OPERATORS IN lr;—SPACES.

In the following n range$ over the set of all natural numbers n = 2k with
k =1,2,... . The symmetric Littlewood operators An = (a(ril}){) are defined
inductively by (cf. [20])

1, 1 A, A
n n
A2:= ""’A'Zn:- sese o
1, -1 A, -A
n n
Then
A2=n1 aa @)=t
n n 1k

The limit orders AA(r,s,wP) and )\A(r,s,\)p) are introduced in the same way as in

the case of identity operators.

Lemma 12 : If o + B € 2,

AA(I‘,S,WP) < a and AA(S,I‘,\JP,) < B

then

)\A(r,s,wp) a and )\A(S,r,vp') =B .
Proof : Since

2 n n
n° = trace (n In) < ﬂp(An P10~ 1S) vp’(An F R |

we have

2 < )\A(rgs,ﬂ'p) + A (S’r’\)Py) ga + B 2.

A

Consequently, identity holds.

Lemma 13 : If 2€ s € » then

)\A(rasa 'n) sl/s .

Proof : Since the operator n-l/2An is unitary we have

||An : lg - 12” <n1/2 .
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On the other hand, because Ia(ril]?[ = 1, it follows that

fa, : 1]~ 10 <1 .

Finally, if 2< s € », the M. Riesz' convexity theorem implies

18, + 20 > 20) < ot
Lemma 1k :
21,20 ) €172 .
Proof : The result follows from
\):L(An : l;_l > l:) = 171(An : 12 > lz)

m (T :1] > 1) || A 215 > 15| [T 225 > 10 ||

The limit orders a,(r,s, ||.||) and Ap(s,rv))

A

By lemma 6 and 13 we have

+

Alres, 4D < ag (2, 1)+ 20252, 1)) + ap(@,s, 14D

(1/2 = 1/r) +1/2+ (1/s = 1/2) if r 22,2 = s,
< 0 +1/2+ (1/s - 1/2) if r< 2,2 > s,
(1/2 = 1/r) + 1/2 + 0 if r> 2,2 < s.

On the other hand we obtain

)\A(r,s, Il

) aplr,st, | A+ a,(styss o)
€0+1/s if r £s' and 2 <s,
and

)

.

AA(T,S’ ”'”) QAA(I‘,F" n‘”) + AI(r',s,

€1l/r' +0 if r<?2 and r'<s.
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Summarizing the results we have

1/r' +1/s - 1/2 if 2€r €=,
(5) A (s, I < 1/s if 1gr g2,
1/r' if s'"g r €=,

With the known values of AI(s,r,vl) we obtain

AA(s,r,\)l) gAI(s,l,vl) + AA(l,r, D1 + 1/r,

and

.

AA(S’r’\)l) QKA(S,“,

On the other hand it follows from lemma 14 that

) + AI(m,r,vl) <1l/s' +1 .

1€s g2,
lgsgr',
2€s €>® .

A (s,rv ) € ap(s,1, o)) + 2, (1omyvy) + Ap(e,r, ||

<l/s' +1/2 + 1/r .

In each case, choosing the best result we obtain,

1/r + 1/s' +1/2 if 2g€re>,
) € 1/s' + 1 if 1€r <2,

(5%) A, (s,r,v

l1<s g2,

1/r + 1 if s'€r >,

Finally, lemma 12 implies that identity holds in (5) and (5%).

e )

l1€s<gr',
2gs €»

.

309
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The limit orders ).A(r,s,nz) and )\A(s,r,ve)

Since

4
AA(r,s,ne) g)\I(r,2,1r ) + )\A(2,s, )

2

we obtain, using the known values of AI(r,2,w ) and )\A(B,s, |-

L s

1/r' +1/s if 1greg2, 1 <s <2,

1/2 +1/s if 2grg>, 1gs €2,
(6) ST € Y10 v 12 if 1grce,  2gs <o

1/2 +1/2 if 2<r€>, 2€s<€= .

Finally, it follows from lemma 12 and AA(s,r,v
holds in (6)

2) = AA(s,r,ng) that identity

)\A(r,s,we)
1.1 1 1
2*5 r’+ s
1 1
1 r"f 5
The 1limit orders AA(r,s,np) and )\A(s,r,\)p,) with 1€ p <2

Since by theorem 2 and 2k for 1€ r €2 we have

AA(r,s,vrp) = )\A(r,s,nz) and AA(s,r,\)P,) = AA(s,r,\)e)
in the following we need only consider the case 2< r g «.
Since

)

!

)\A(r,s,np) <x1(r,p,ﬂp) + A, (pss,
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we obtain, using the known values of )\I(r,p,np) and AA(p,s, -1 »

-

1/p' if s>p',

lA(I‘,S,ﬂp) <1l/p +
if

1/s s<p' .

On the other hand it follows from

] ]
>‘A(r’s’"p) < AI(r,r ,wp) +o,rtss | )
that
1/r if s»r,
AA(r,s,np) € 1l/r' +
1/s if sgr .
In each case, choosing the best result we obtain
1 if p'€ r<€< =, p'< s <o,
1/p +1/s if p'€ re<€=, 1< s<p',
(1) *A(r’s’“p)< 1 if 2 rgp', r< s,
1/r'+1/s if 2 << r<p', 1< sgr .
Moreover,
Mplssrovns) g (ssmy [of]) + AI(w,r,vp.)
1/r if rgyp',
< Ystum if rey,
and
alssrivn ) €y (s200 1) + g (257, -
< AA(s,2,v2) <1l if 2g sgw.
Consequently,
1 if p'grge, p'< s
1/p' + 1/s' if PPrge, 1gsg
*
(7%) )\A(S,ra\)pv)s 1 if 2 rgp', r€ s
1/r + 1/s' if 2 r<p', 1€s<

Finally, lemma 12 implies that identity holds in (T) and (7%) .
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)\A(r,s,nl)

l + i
r' s
1 1
R
)\A(I‘,S,ﬂ' )
l<p<2 1
—I.;'
7
1.1 1,1
P s r' s
1 1
%-‘ 7 i
1
The limit orders )\A(r,s,np) and )\A(s,r,vp,) with 2<p<w
Since by theorem 3 and 3* for 1 € s € 2 we have
)\A(r,sg’ﬂp) = )\A(rss"ﬂg) and AA(S,ra\)p') = AA(sa]'"9\)2)
in the following we need only consider the case 2 < s < .
From (7*) and
AA(r,s,np) gAA(r,S,vp)
we obtain
1/r' + 1/s if lgrgs, 2s< D,
1 if s<r<w, 2<s<p,
8 < .
(8) AA(r,s,np) < Ur' +1/p  if l<r<o, reres
1 if p<r<o, P s€<w .
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On the other hand, we have

)

>‘A(sara"':pv) <>\I(S’p' ,\)P') + )‘A(P'ar’ [

1/p if pgr,
<1/p' +
1/r if p>r,

and
AA(s,r,vp,) < AI(s,z, N-p + AA(2,2,VP,) + AI(Q,r, |l )
< (1/2-1/s) + 1 + (1/r-1/2) if 1gr<?2 and 2 s>

In each case, choosing the best result we obtain

1/r + 1/s' if 1<r<2, 2<s<p,

(%) ey )€ 1 if p<r<~, 2<s<p,
ATTT 2 pr TS 1/r + 1/p' if 1grgp, P<s <>,

1 if pg€r<~, pLs <.

Because the square

Q

Ap:={(1/r',1/s):2<r<P, 2<s<p}
s

does not appear in (8%), we have the open problem wether identity holds for all

r and s in (8).

AA(r,s,w )

2< p<®

1 1 1 1
2 * s r'+ s
? ? L
‘ 1 1.1 P
.—'+—
r' p

LRl
LA las
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Final remark (Cf. end of § 5)

Let L and L_ be infinite dimensional. Then Pp(Lr,Ls) is strictly increasing

1) if 2gr =,

1< 1/p + 1/s ,
2) if 1gr 2, 2
2

1/p + 1/r',

<
s <», and r'< p<s since )\I(r,s,np) = 1/p.

£s <2, and r'§p €2 since AA(r,s,nP)

i

s <», and 2 p <s since )\A(r,s,np)

N NN

3) if 2gr €=,
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