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Résumé. Soit F' un corps p-adique de charactéristique différente de 2. On
caractérise la réducibilité des représentations de GSp(2, F) et Sp(2, F) qui
sont induites paraboliquement par des représentations irréductibles. On
donne aussi une classification (modulo les représentations cuspidales) de
différentes classes de représentations irréductibles de ces groupes. Un cas

spécial est la classification des représentations irréductibles unitaires.

Abstract. Let F be a p-adic field whose characteristic is different from 2.
The reducibilities of the representations of GSp(2, F) and Sp(2, F') which
are parabolically induced by the irreducible representations are described.
We obtain also classificationis (modulo cuspidal representations) of various
classes of irreducible representations of these groups. In particular, the
classification of the irreducible unitary representations is obtained.
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Introduction

Let F be a p-adic field. We shall assume that the characteristic of F is
different from two. Denote by R the direct sum of the Grothendieck groups
of the categories of all smooth representations of finite length of the groups
GL(n,F)’s. The functor of the parabolic induction defines a multiplication
x on R. In this way R becomes a ring ([Z1]). Obviously, one can define an
additive mapping

m:RQR—- R

which satisfies m(ry @ r2) = r1 X ro. A comultiplication
m*:R— R®R.

is defined in [Z1]. The definition of the comultiplication involves the Jacquet
modules for the maximal parabolic subgroups. In this way R becomes a
Hopf algebra ([Z1]). This structure can be very helpful in the representation
theory of the groups GL(n, F). Some examples of the use of this structure
can be found in [Z2] and [T2]. The crucial property of this structure is that
the mapping m* : R — R® R is multiplicative. In the other words, we have
a simple formula for the composition

m* om.

Let R(S) (resp. R(G)) be the sum of the Grothendieck groups of
the categories of the smooth representations of finite length of the groups
Sp(n, F)’s (resp. GSp(n, F)’s). Using the functor of the parabolic induction
one can define a structure of R-modules on R(S) and R(G) (see the first
section). These multiplications are denoted by >a. They induce biadditive
mappings

u: R®R(S) - R(S)

and
u:R® R(G) - R(G).
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Using the Jacquet modules for the maximal parabolic subgroups, one can
define a comodule structures

u*: R(S) > R® R(S)

and

u*: R(G) - R® R(G)

(see the first section). The first question may be what is the formula for
u*op.

Formulas for these compositions were obtained in [T6]. A usefulness of such
formulas could be seen from the paper [T5] where some results about the
square integrable representations and the irreducibility of the parabolically
induced representations were announced. An essentially new situations was
treated there. We have obtained that results using the formulas for p* o p.
Examples of the use of such formulas, and outlines of proofs of some of
the results announced in [T3] can be found in [T7]. A complete proofs will
appear in the forthcoming papers. .

In this paper we apply this type of approach to the representation the-
ory of the groups G’S’p(é,F ) and Sp(2, F'). We study first the questions
of the reducibility of the representations parabolically induced by the ir-
reducible representations. Then we get the classification of various classes
of irreducible representations, in particular, the classification of the irre-
ducible unitary representations. Such questions were settled for the unram-
ified representations by F. Rodier in [R2]. Because of that, our attention
in this paper is directed more to the remaining irreducible representations
and this paper completes F. Rodier’s investigation. For the representations
supported in the two intermediate parabolic subgroups, such questions were
solved by F. Shahidi and J.-L. Waldspurger. We do not use in this paper
arguments specific for the spherical representations. Also, we give very of-
ten alternative proofs to the Rodier’s proofs. The main part of the paper
is the analysis of the parabolically induced representations. The case cor-
responding to the regular characters is relatively easy. It was settled in a
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general setting by F. Rodier in [R1]. In the analysis of the irregular case,
F. Rodier uses the explicit knowledge of the spherical functions and the
connection between the matrix coefficients and the Jacquet modules. Qur
method uses only analysis of the composition series of the Jacquet modules.
This method is able to cover all characters except one spherical case which
was settled by F. Rodier (see Lemma 3.9).

The methods used in this papers were developed essentially for higher
GSp(n)'s and Sp(n)'s. This is an introduction to the use of them in a rel-
atively simpler setting. It seems that they are even more powerful for the
higher ranks. The reason is simple, we have there more parabolic subgroups
and we have more possibilities to compare informations coming from the
Jacquet modules of various parabolic subgroups. The following example is
suggestive. Let Stg and 1 denotes the Steinberg and the trivial represen-
tation of some reductive group G. Look at GSp(1, F'). Then the question
of the reducibility of x >Stgs,0,r) ( 0r X > 1gspo,F)) for a character
of FX, is the question of the reducibility of the non-unitary principal series
representations of GSp(1, F) = GL(2,F). As it is well known, the compo-
sition series of the Jacquet modules for the minimal parabolic subgroups
imply that the reducibilities can appear only for y = | [F,a € R (| |r
denotes the modulus character of F). No further information on a can be
obtained by these considerations (we have reducibility for @ = £1 for the
obvious reasons). Thus, a whole line still remains to be analyzed. The
following case is the case of GSp(2, F'). We have already noted that we can
describe the reducibilities of y >1Stgs(1,r) (or X >11Gs,(1,#)) by the above
methods, excluding one point. Clearly, we use the knowledge of GSp(1, F)
case. Now, using the knowledge of y >aStgs,(1), one can describe com-
pletely the reducibilities of \ > St g,(n) for n 2 2 (see [T5]).

This paper follows the ideas of [T4] and notation is the same as there.
We give now a more detailed account of this paper.

In the first section we recall of the main notation which was introduced
in [T4]. One should consult [T4] for more details concerning the notation.
In the second section we present formulas for p* o i in the case of the group

GSp(2, F). These formulas are a special case of the formula obtained for
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pu* o p for any GSp(n, F) in [T6]. In the third section we consider the
representations of GSp(2, F') parabolically induced by the irreducible rep-
resentations of the Levi factors of proper parabolic subgroups, which are
supported by the minimal parabolic subgroups. Note that such representa-
tions for GSp(2, F) are either generalized principal series representations,
or non-unitary principal series representations, or non-unitary degenerate
principal series representations. We have determined in this section when
these representations are irreducible. If they reduce, we find the Langlands’
parameters of all irreducible subquotients. That irreducible subquotients
are always of multiplicity one. A part of these results is either explicit or
implicit in F. Rodier’s paper [R2] where he considered the unramified case.
R. Gustafson has determined the reducibility points and the length of re-
ducible representations of the unramified non-unitary degenerate principal
series of Sp(n, F) for the maximal parabolic subgroup of GL-type ([Gu]).
He has used a Hecke algebra method. C. Jantzen studied in [J] reducibility
points of the non-unitary degenerate principal series of Sp(n, F') and he has
determined them for Sp(2, F') and Sp(3, F). He has used both the Hecke
algebra and our method.

In the fourth section we apply the calculations which were done in the
preceding section. We write classifications of square integrable, of tempered
and of unitarizable irreducible representations of GSp(2, F) which are sup-
ported in the minimal parabolic subgroups. We give Langlands’ parameters
of unitarizable representations. Such classifications were done by F. Rodier
in the unramified case in [R2]. The ideas used in the classification in the
unramified case are sufficient also for the treatment of the general case.
One needs to have only the results of the proceeding section. For the sake
of completeness, we include here also an analysis of representations sup-
ported in other two parabolic subgroups. These cases were settled by J.-L.
Waldspurger and F. Shahidi. F. Shahidi’s methods are sufficient for both
cases. We want to thank F. Shahidi for computing explicitly for us in a
letter the reducibility points in one of these two cases. Let us mention that
A. May classified irreducible representations of GSp(2, F') using the Hecke
algebra isomorphisms ([Mo]). Analogous results for Sp(2, F) are considered
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in the fifth section. We also consider the problems of the third section for
Sp(2, F). Note that in this case there appear representations except gener-
alized principal series, non-unitary principal series and degenerate principal
series representations.

Let us mention the following interesting situation. Take a square inte-
grable representation of Sp(2, F') supported in the minimal parabolic sub-
groups which is different from the Steinberg representation. Such repre-
sentation always exists. Then it is a subquotient of a non-unitary princi-
pal series representation which corresponds to an irregular character. This
non-unitary principal series representation has five different irreducible sub-
quotients. Two of them are square integrable. One irreducible subquotient
has multiplicity two and it is not square integrable. Other multiplicities are
one. All irreducible subquotients are unitarizable. At the end, this non-
unitary principal series representation is at the end of a very interesting
complementary series.

The second author is thankful to the Mathematical Department of the
University of Utah where this paper has got almost the final form, and
where it has been typed. This paper is based on an earlier preprint ”On
representations of p-adic GSp(2)”. The former preprint was profoundly
revised. The case of Sp(2) got a complete treatment in this new paper.
Some impreciseness concerning Sp(2) existing in the previous preprint, were
removed in this paper. Also, the misprints that we noticed in the carlier
preprint have been deleted in this paper.






1.
2.
3.
4.
5.

Notation

Jacquet modules of induced representations of GSp(2)
Induced representations of GSp(2)

Classifications for GSp(2)

Consequences for Sp(2)

References

85
93
95
107
119
132






1. Notation

We shall first recall of some of the notation related to the general linear
groups, which was introduced in [BZ] and [Z1]. For more details about this
notation, one should consult that papers.

A local non-archimedean field will be denoted by F. The topological
modulus of F will be denoted by | |r. As a homomorphism of F*, this
character will be denoted by

v : F* — R*.

For a two smooth representations 7y of GL(n1, F) and 73 of GL(n,, F),
we denote by

My X Mo

the smooth representation of GL(n;+ns, F') parabolically induced by m1 @2
from the standard parabolic subgroup (with respect to the upper triangular
matrices)

P(nun'z) = A'[(nt,nz»)N(nl;nz))

whose Levi factor M(,, ,,) is naturally isomorphic to GL(ny, F)xGL(ng, F)
(see [BZ]). The induction that we consider is normalized.

The Grothendieck group of the category of all smooth representations
of finite length of GL(n, F), will be denoted by R,. Their sum will be
denoted by

Then x lifts to a multiplication in R which will be denoted by x again.
For a smooth representation m of GL(n; + na, F') of finite length, we
denote by

T(n, ,ng),n1+n2(77)
the Jacquet module with respect to Ny, ,,). The action of M(,, »,) that we

consider is the quotient action twisted by the modular character of P, m,)
to -1/2.
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Let 7 be a smooth representation of GL(n, F) of finite length. Denote
by
m*(7)
the sum of all semi simplifications of (; ,—p) n(7), 0 < p < n. One may
consider m*(w) € R ® R. One lifts m* to an additive mapping of R into
R ® R. In this way R becomes a Hopf algebra ([Z1]).

Let J, be the following n x n matrix
00 01
00 10

=10 Do
10 .- 00

The group of all (2n) x (2n) matrices over F which satisfy

_ 0 Jn ) ) 0 Jn
for some ¥(S) € F*, is denoted by GSp(n, F) (1S denotes the transposed

matrix of S). We define formally GSp(0, F') to be F*. The symplectic
group is defined by

Sp(n, F) ={S € GSp(n, F); ¢(S) =1}.

We take formally Sp(0, F') to be a trivial group.

A more detailed introduction into the notation which we shall introduce
now, can be found in [T4].

We fix in Sp(n, F) (resp. GSp(n, F)) the minimal parabolic sub-
group PGS (resp. Pf) which consists of all upper triangular matrices in
the group. Let J\Jég(resp._r’\/ff) be the subgroup of all diagonal matrices in
Sp(n, F)(resp.GSp(n, F)). Then M (resp.M{) is a Levi factor of the stan-
dard minimal parabolic subgroup. It is also a maximal torus in Sp(n, F)
(resp.GSp(n, F)). We call them standard maximal tori.

Denote by diag(z;,...,zm) the diagonal matrix which has on the di-
agonal entries 71,...,Zny. For 21,...,2, € F* set

a(T1y. .oy 2n) = diag(z1y. .oy Tny2y tye e 2y t).
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This is a parametrization of the standard maximal torus in Sp(n, F). For
Tyy.e.yZn,T € F* set

a(z1,. . TnyT) = (T1,T2,. .., Tn, 225, 22,0, 2] Y).
This is a parametrization of the standard maximal torus in GSp(n, F).
Let x1,...,Xn,x be characters of F*. We define the character y; ®
. ®xXn Q@1 of MJ by

(Xl ®®Xn ®1)(a(-’vl)"‘71‘n)) = X1($1)---Xn(zn)~

The character y1 ® ... ® xn ® x of J\If is defined by

(Xl,@- L® Xn ® X)(a(zlv . ,17,,,1')) = ,-\’1(271),\’2(12) . -Xn(11z)X(m)~

Note that in the case of GSp(1l,F) = GL(2,F) this parametrization of
characters of the standard maximal torus differs from the usual one.
For a smooth representation « of GL(n, F') and o of Sp(m, F) we de-
note by
>0

the parabolically induced representation of Sp(n +m, F') by # @ o from the
parabolic subgroup

g * *
P(i) = 0 h = € Sp(n+m, F);g € GL(n,F),h € Sp(m, F)
0 0 rg-—l

Here g denotes the transposed matrix of g with respect to the second
diagonal. The representation m ® o maps

g * *
0 h
00 rg—l

to 7(g) ® a(h).
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For a representation p of Sp(n + m, F') of finite length, we denote by

S(n)(P)

the Jacquet module of p with respect to the parabolic subgroup P(sf;). The
action of the Levi factor

g 0 0
0 h 0 |;9€GL(n,F),heSp(m,F)
0 0 g1

is again the quotient action twisted by the modular character to -1/2. Note
that the Levi factor is naturally isomorphic to

GL(n,F) x Sp(m, F).

We denote the Grothendieck group of the category of all smooth rep-
resentations of Sp(n, F) (resp. GSp(n, F)) of finite length by R,(S) (resp.
R,(G)). Set

R(S) = ne>90 RA(S),

= R,(G).
R(G) = g, Ra(C)
One lifts >4 to a mapping
>1: Rx R(S) — R(S).
For a smooth representation o of Sp(n, F) of finite length, we denote
by
(o)
the sum of semi simplifications of s(x)(o), 0 < k < n. Then we can consider
p*(c) € R® R(S). We lift p* to an additive mapping form R(S) into

R ® R(S).
For an integer 0 < k < n set

g * *
PGy=S10 h * € GSp(n, F);g € GL(k,F),h € GSp(n — k, F)
0 0 w(h)g™?
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Then P(%, 1 < k £ n, are all the standard maximal proper parabolic
subgroups. Note that Pg) = GSp(n,F). The image of the homomorphism

g 0 0
(gR)— |0 R 0
0 0 o(h)g?

of G(k, F) x GSp(n — k, F) will be denote by A«'Ig). The Levi factor .M(C,i)
of P(Ckf) C GSp(n, F) is naturally isomorphic to

GL(k,F) x GSp(n — k, F).

Therefore, one can define in the same way the multiplication > of repre-
sentations of GL(n, F') with representations of GSp(m, F'). One lifts it to
a biadditive mapping

>a: R x R(G) = R(G).

The symbols x and > will denote in further operations among rep-
resentations, except if it is stated that they are considered as operations
between Grothendieck groups. For more informations about the operation
> one should consult [T4] (see also [T6] and [T7]).

One defines analogously

©*: R(G) = R® R(G).

There are the obvious cones of positive elements in R, R(S) and R(G).
Therefore, we have partial orders on these groups.

Let 7 be a representation of GL(n, F) (resp. GSp(n, F)), and let x be
a character of FX. Then x7 denotes the representation g — x(g)7(g). One
remark is necessary in the above definition, regarding the characters. The
characters of F'* are considered also as characters of GL(n, F') in a standard
way, using the determinant homomorphism. We consider characters of F'*
as characters of GSp(n, F'), using the composition with .
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For a representation = of GL(n, F), # denotes the smooth contragre-
dient of m, while "7~ denotes the representation g — 7("g™!). If 7 is an
irreducible smooth representation of GL(n, F') and if o is a similar repre-
sentation of GSp(m, F) (resp. Sp(m, F)), then the following equality

(1.1) TX0 =% Xweo (resp. 70 =7>0)

holds in R(G) (resp. R(S)). Here w, denotes the central character of =,
which is considered as a character of F* (the center of GL(n, F') is identified
with F'* in a standard way). If x is a character of F'*, then we have

(1.2) x(m>10) = 7 >(xo)

when o is a representation of GSp(m, F').

We denote by D the set of all equivalence classes of the irreducible
essentially square integrable representations of GL(n,F)’s when n > 1.
The essentially square integrable representations are representations which
become square integrable representations modulo center, after a twist with
a suitable character of the group. For § € D, there exists a unique real
number e(8) and there exists a unique §* € D which is unitarizable, such
that

§ = |det|5® 6+,

Set
Dy = {é € D;e(8) > 0}

Denote by T(.S) the set of all equivalence classes of the irreducible tempered
smooth representations of Sp(n, F')’s for all n > 0.

Take t = ((81,...,6n),7) € M(Dy) x T(S) where M(D,) denotes
the set of all finite multisets in D;. Choose a permutation p of the set
{1,2,...,n} such that

e(8p1)) 2 e(bp2)) 2 -+ 2 elbp(m))-
Then the representation

6;»(1) X 51,(2) X ... X 5p(n) T
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has a unique irreducible quotient which will be dented by L(t). This is the
Langlands’ classification for the symplectic groups. The mapping

t— L(t)

is a one-to-one parameterization of all irreducible representations by M (D)
xT(S).

Denote by T(G) the set of all equivalence classes of the irreducible
essentially tempered smooth representations of GSp(n, F)’s, n > 0. Then
one defines in the same way L(t) for t € M(D4) x T(G). This is the
Langlands’ classification for GSp-groups.

For a reductive group G over F, G will denote the set of all equivalence
classes of the irreducible smooth representations of G. The subset of all
unitarizable classes will be denoted by G. The set of all cuspidal classes in
G is denoted by C(G). Let C*(G) be the set of all unitarizable classes in
C(G). The trivial representation of G on a one dimensional vector space
will be denoted by 1¢.






2. Jacquet modules of induced representations of GSp(2)

In this section we shall present the formulas for p*(7) where 7 is a
parabolically induced representation of GSp(2, F).

We shall first recall of the case of GSp(1,F) = GL(2,F). Take an
admissible representations 7 of GL(1,F) = F* and o of GSp(0, F) = F*,
which are of finite length. They must be finite dimensional in this case.
Suppose that 7 has a central character, say w,. Then

m'(r)=1Q@r+71Q®1
and
W) =1ao.
Now we have the following formula
(2.1) prr>=o)=1Qnr>xo+ [7Q0+ 7 Quwra].

Note that 7®c is a quotient and #®wxo is a subrepresentation of s;)(7 > ).
In the above formulas on the right hand side, we are actually taking the
semi simplifications of that representations.

We pass now to the case of GSp(2, F'). The following formulas follow
from Theorem 5.2. of [T6], or they can be obtained, after some explicit
calculations, from the Geometric Lemma from [BZ], or from [C].

We fix an admissible representations 7 of GL(2, F') and a similar rep-
resentation o of GSp(0, F). We suppose that the both representations are
of finite length. We shall assume also that 7 has a central character. It will
be denoted by w,. Write

m*(n‘)=1®7r+z 4Tl
i
and
p(o)=1Qc
where Z 7} @ 7 is a decomposition into a sum of irreducible representa-
i
tions. Now we have

(2.2) p(r><0)=1Qr >0+
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[Z 7r}®7r,~2><10+ Z 7??@#} ><lw,rg(7]+

1
[ﬂ®a+7~r®w,,a'+ Z ﬂ} Xﬁ',-?@w,,ga].
H

Fix admissible representations 7 of GL(1, F') and o of GSp(1, F'), which
are of finite length. Suppose that 7 has a central character, say w,. Write

m(r)=1@7r+7®1,
;z*(a)=1®a+z ol @ o?
We have

(2.3) pr(r>o)=1Q@ 7 >0+

[ﬂ'@a—i—fr@w”a%—z U%@wxa?]—k

[E TX ol @ao? + E o} x%@w"a?].
i i

Analogous formulas can be written easily for Sp(2, F'), using [T6]. Such
formulas can be obtained also directly, by “restriction” of the above formu-

las for GSp(2, F).



3. Induced representations of GSp(2)

Let P = M N be a proper parabolic subgroup of GSp(2, F') and let o be
an irreducible smooth representation of M. If ¢ is a cuspidal representation
and if P is not a minimal parabolic subgroup, then J.-L. Waldspurger and
F. Shahidi have determined when Ind$ (o) reduces (see the fourth section).
If this is not the case, then o is an irreducible subquotient of a principal
series representations of M. In this section we shall see when Ind$ (o) re-
duces in this case, what are the Langlands’ parameters of the irreducible
subquotients and what are the multiplicities. The analysis of the induced
representations which we make in this section, was done in the unrami-
fied case by F. Rodier ([R2]). Therefore, these calculations complete the
Rodier’s investigations in [R2]). We shall get the answer by a detailed study
of the principal series representations of GSp(2, F') and their Jacquet mod-
ules for intermediate parabolic subgroups.

First we have a direct consequence of Theorem 7.5. of [T4].

Lemma 3.1. If x1,x2 € (F*) and 0 € (F*)", then x1 X x2>d0o 13
irreducible. In particular, the unitary principal series representations of

GSp(2, F) arce irreducible. g

For a proof, one may consult [T4]. The proof in [T4] uses the Key’s
result in [Ke] which applies to Sp(n, F). Then one gets the information
about the irreducibility using the Clifford theory for the reductive p-adic
groups, which was developed in [GeKn].

We have now a special case of Theorem 7.9. of [T4] which describes
a necessary and sufficient conditions for the reducibility of the non-unitary
principal series representations.

Lemma 3.2. Let x1,Xx2,0 € (F*)". The representation x; X X2 >0 18
irreducible if and only if x1 # vE!, x2 # v and x; # vEXEL g

Let us say a few words about the proof in [T4]. If x; = v*! or xp = v*!

or x1 = v¥x3!, then the induction in the stages and the reducibilities for
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GL(2,F) or GSp(1,F) = GL(2, F), imply the reducibilities of x; X x2 > 0.
In the case when x1 # v*,x2 # v*! and x; # v¥'xF, it is enough to
consider the case when x; or xz is not unitary. Then the properties of the
Langlands’ classification imply the irreducibility.

Suppose that x; X xz >o is irreducible. Then using the fact that
R(G) is R-module, and the relation (1.1), one gets that x; X x2 >0 is
cquivalent to a non-unitary principal series representation x) x x5 >0’
where e(x}) 2 e(x3) 2 0. Take

0 if e(x)) =0
i=41 if e(x})>0ande(x;)=0
2 if e(xy) > 0.

Let 7 be the product of x;,7 > ¢, and of 0. Then
j

Vi Xve>x0 = L((X]y--» X T))-

In the rest of this section we shall study the non-unitary principal
scrics representations y; X yg >0 when they reduce. The cases when this
situation occurs are known from Lemma 3.2.

We shall consider first the case when x; ® x2 ® ¢ is a regular character.
This case will be treated in the following four lemmas. One can prove
directly that x; ® x2 ® o is regular if and only if x1 # 1rx, X2 # 1lrx and
x1 # x&! ([T4], Proposition 8.1., (b)).

F. Rodier attached to any regular character ¢ of a maximal split torus
in a split reductive group over F, a non-negative integer s(¢) (for the defi-
nition of the function s, one can consult [R1] or [T4]). The number s(¢) is
less than or equal to the semi-simple rank of the group. The length of the
non-unitary principal series representation determined by ¢ is 24(#).

Let x; ® x2 @ o be a regular character of J\/If . Since we consider the
case when x; X x2 >0 is reducible, we assume that s(x1 @ x2®0) 2 1
(if s(x1 ® x2 ® o) = 0, then obviously x; and x2 satisfy the conditions of
Lemma 3.2.). If s(x1 ® x2 ® o) = 1, then x1 @ x2 ® ¢ is associate either to
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a character of the form v*/2x @ v™Y/?y @ o' where x ¢ {£, v¥1/2¢, yE3/2}
for any £ € (F*)" such that £2 = 1p«x, or it is associate to a character of
the form x ® v ® o' where x ¢ {1px,v%, %%} (see [T4]). In the following
two lemmas we deal with these two cases, when s(x1 ® x2 ® 0) = 1. They
are F. Rodier’s results.

For a connected reductive group G(F') over F, the Steinberg represen-
tation of G will be denoted by Stg. In the rest of this paper we shall often
write G instead of G(F).

Lemma 3.3. Let x,£,0 € (FX)™~. Suppose that x ¢ {&,vE/2¢ 3312}
for any & such that £* = lpx. Then xStgr(z) >0 and XlgL2) >0 are
irreducible representations. We have

1/1/2X X l/—l/ZX o = X].GL(‘Z) >0+ XStGL(Q) o
in R(G). For the Langlands’ parameters we have
XStGL(Q) X = L((XStGL(g),U)) if 6()() > 0,

XStGL(Q) >0 = L((XStGL(Q) >0)) if 6(\() =0,
xlgL(z) >0 = L((ul/gx,y_l/"’x,a)) if e(x)>1/2,

Xlor) >0 = L(1"*x, vy >a0)) if e(x) =1/2

and
xleLe) >0 = L((z/”zx,u]/Qx"l,V_l/zxa)) if 1/2>e(x)20.
Also
XStGr(z) >0 = X" Stgrz) > X0
and

XlerLz) >0 2 x gLz > ’o.
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Proof. Suppose that x satisfies the assumption of the lemma. Assume that
e(x) > 0. First, v'/2x@v~1/2x @0 is regular and s x@v1?x®0) =1
by Proposition 8.2 of [T4]. The length of ¥1/2x x v=1/2x >0 is two ([R1]).
We have

2y x vy >0 = xStgray >0 + xlor) X0

in R(G). Thus, both constituents are irreducible. The Langlands’ parame-
ter of xStgr(2) >0 is evident. Note that we have an epimorphism of

-1/2

ul/2xxu x><1cr’_‘—_'v1/2xxu1/2x—1><1u_1/2xa

onto xlgr(2) > 0. From this we can read easily the Langlands’ parameter
of x1gr(2) >0. This proves the lemma. g

Lemma 3.4. Let y,0 € (F*)~. Suppose that x ¢ {1px,v*!,vE2}. Then
X >0Stggp1) and x > 0olggp) are irreducible representations. We have

X X v vV = X ><IUStGSp(1) +x >0lgspa)
in R(G). For the Langlands’ parameters we have
X > 0Stesp1) = L((x,0Stespny)) i e(x) >0,

X XUSthp(l) = L(()( XGStGSp(l))) if e(x) =0,
X >0lgsp1) = L((x, v, u’1/2a)) if e(x)>0

and
X > 0olgspy = L((v, x ><1u"1/20)) if e(x)=0.

We have also
X >10StGsp1) = X! > x0Staspr),

X >01Gsp1) = X7 X x0lgsp()-
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Proof. We prove the lemma in the same way as we proved Lemma 3.3.,
because x ® v ® v"1/20 is regular and s(x ® v ® v"/26) = 1 when x
satisfies the assumptions of the lemma. g

We are going now to study regular x1 ® x2 ® 0 with s(x1 ® x2 Q) = 2.
Recall that by the eight section of [T4], x1 ®x2®0 is associated to 1?2 @v@a’
or v€, @ & @ o' where £, € (F*)" is of order two and o' € (F*)~. This
situation is the subject of the following two lemmas.

First we have a very well known situation in the following lemma ([C]).

Lemma 3.5. For o € (F*)~ the following equalities hold in R(G)
V¥ xv>av % = 1/3/ZStGL(2) v~V 4 v3/21(;L(2) >y V2 =

v? XUStGSp(l) + vt ><101G5p(1)

and

v? >10StGsp(1) = voStasya) + L((V2,O'StGgp(1))),
v? >x0lgsp) = volgspe) + L((v3/2StGL(2), v™1%4)),
¥2St L) > v 20 = vaStgspe) + L(v*/Star(z), v 20)),
u3/2ch(2) >y~ Vg = valgspe) + L((u2,aStGSP(1))).

Also
V-1/201G5p(2) = L((+?,v, 1/"1/20))‘

Proof. Note that v? X v>0 = o(v? X v>1px) and the structure of the

representation 2 x v x v~3/2 is well known. The length of the representation

v? x v >av~12g is four and it is a multiplicity one representation.
Representations

voStaspy, volaspey L(¥hoStasym)) and L((v*?Stare), v o)
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are clearly subquotients of ¥2 X v >1v~1/25. Note that L((v*,6Stgsp(1)))
is a quotient of v2 >10StGsp1) and L((V3/2StGL(2), 1/‘1/20)) is a quotient of
V3128t G2 > v~ 20, Also vaStGsp(2) is not a subquotient of v% >101Gs,1),
and it is also not a subquotient of Ua/zch(z) >1v~/25, Also we have an

epimorphism from »2 >av >1v~Y/2¢ onto

1/2

V3/21GL(2) >v~%5 and 12 >0olgsp(1)-

Therefore, both representations contain L((v?,v,v™1/2¢)) = volgsp(2) as
quotients.
We can conclude now that in R(G) we have

voStasp(e) + L((v, 05tasp))) < v >10Stasya),

volgspz) < VP >0lgsy),
voStasp(2) + L((u3/2StGL(2), 1/"1/20)) < 1/3/25tGL(2) >~y

and

valgsp2) < u3/21C;L(2) v,

If we know that the second and the fourth inequalities are strict, we have
the complete proof. We conclude it from the fact that the Jacquet modules
for a minimal parabolic subgroup of the left hand sides are irreducible, while
the Jacquet modules of the right hand sides are of lengths four (one can
obtain it from (2.1), (2.2) and (2.3)). g

Lemma 3.6. Let &, € (F*)" be of order two and let o € (F*)~. Then the
representation v€, X £, >A0 contains a unique essentially square integrable
subquotient. This subquotient will be denoted by 6([,,vE,),0). We have in
R(G)

v€o X €o >0 = V1 26,StGr(2) >0 + 1M Eo1G1(2) >0 =

28,StGria) €o0 + 126, 1G 2y €00
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and
Vl/zﬁaStGL@) >0 = §([6,vé),0) + L((Vl/zfoStGLm), o)),

V! 281G12) >0 = L((V/2€,Stc (2, 600)) + L((v€o, &6 >a0)).

Proof. Note that the length of v{, x £, >0 is four and that v£, x £, >0
has a unique essentially square integrable subquotient by [R1]. Also

6([60,1160],0'), L((V1/2€oStGL(2)aa))v L((VI/ZEOStGL(beoa))

and L((v€,, &, >10)) are subquotients of v€, x£, >0 and L((v1/2£,Stg 12y, 7))
is a quotient of v1/2¢,Stgr(a) 0.

Note that we have an epimorphism from v¢, x ¢, > o onto v/! /Zﬁoch(Q) >o.
Thus L((v€,,€, >10)) is a quotient of ¥1/2£,15,2) > 0.

We also see that we have an epimorphism

€o X Vo €0 — L((Vl/zfoStGL@))foo'))-

Thus we have
L((V]/zgoStGL@)»V_lfo&)) — & X V_lﬁo >80 = € X v, >v715.

First, we see from the Frobenius reciprocity that the Jacquet module of
the representation L((V1/2§oStGL(2), o)) for the standard minimal parabolic
subgroup contains £, ® v~1¢, ® vo and £, @ v, ® £,0 as subquotients.

In the same way one concludes that the other three irreducible subquo-
tients of v€, x £, >0 have at least two different subquotients in the Jacquet
module. Note that the length of the Jacquet module of v€, x £, >0 is eight.
Therefore, all Jacquet modules of irreducible constituents have the lengths
two.

At the end we compute the Jacquet module of 1/1/2{01(;”2) >0 using
(2.2). We obtain that the semi simplification is

V€o®€o®0'+€O®V_lfo®1/0'+V€o®€o®foa+é‘o®l/£a®foa-
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This implies that L((v'/2¢,Stg1(2), 7)) is 2 subquotient of v1/2¢,11(2) >0
since v€, ® €, ® o is regular.
From the above facts one completes directly the proof. g

F. Rodier considered representations 6([£,,v€,],o) in [R1].

Up to now we have analyzed the situation when x; ® x2 ® o is reg-
ular. Suppose that x1 ® x2 ® o is not regular and that x; x xz >0 is
not irreducible. Then x; ® x2 ® o is associate to a character of the form
v@lpx ®0', or vQu®a', or V2 ®v~?¢ @' where £,0' € (F*)~ and
€2 = 1px (see the beginning of this section or the seventh section of [T4]).
In the rest of this section we shall analyze these irregular cases.

Lemma 3.7. Suppose that £ € (F*)" satisfies (2 = 1px. Let o € (F*)™.
Then we have

V2 x v a0 = €Sty >0 + Elgry >0

in R(G). Both representations on the right hand side are irreducible and
we have

fStGL(z) Xo = L((EStGL(Z) ><1CT)),

1Ly >0 = L((V*/2¢, 012, v 2 ¢o)).

Proof. Tt is enough to prove that the above two representations are irre-
ducible. From (2.2) we obtain

/.t*(éstGL(g) >o)=1 @fStGL(Q) >0+
[u1/2£®u"1/2§><m+u1/2§®u1/25><11/"1/2£a]+

[€StGL(2) ®c + £StGL(2) Ko+ I/l/2€ X 1/1/26 ® 1/—]/260’] .
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We see that the semi simplification of the Jacquet module for the standard
minimal parabolic subgroup is

2(6’/1/2 ®§I/—1/2 ®U+V1/2£®Ul/2f®l/-l/2€0’).

Let 7 be an irreducible subquotient of {Stgr(z) >1o which has »'/%¢ @
V1/2¢ @ v=1/%¢5 for a subquotient of the Jacquet module. Since »1/2¢ x
V2¢@u~1/2¢ g isirreducible, we obtain that ¢1/2£®@v1/2¢Qv~1/2¢ 0 appears
with the multiplicity at least two in the Jacquet module of 7. Note that
the Jacquet modules of v1/2¢ ® v~1/2¢ >a0 and v1/2¢ @ v1/2¢ >~ 1/2¢0
are the same and they are

N2 @12 @ o + 1126 @ 12 @ v 2¢o.

(more precisely, these are semi simplifications). Since V2@ u 2 >0
and v1/2¢ @ v1/26 >av~1/2¢0 are irreducible, we obtain that the Jacquet
module of m has the length at least three, while for any other subquo-
tient, the length is at lest two. Since the length of the Jacquet module of
€St L(2) >0 is four, we see that {Stgy(2) >0 is irreducible.

In the same way we prove that {1g1(2) >0 is irreducible.

The following lemma was proved by F. Rodier.

Lemma 3.8. For g € (F*)~ we have in R(G)

1/2

v X lpx > % = V1/2StGL(2) v V%0 + V1/21GL(2) >y o =

1px X v>av~20 = 1px Xastgsp(l) + 1px > 0olgspa)-

The representations 1px >10Stgsp1) and v/?Stgre) >v~2a (resp.
121612y v 20 ) have ezactly one irreducible subquotient in common.
That subquotient is essentially tempered and it will be denoted by 7(S, v=1/20))
(resp. T(T,v=1%0)). These two essentially tempered representations are
not equivalent. We have in R(G)

V28t Gy > 20 = 7(8,u720) + L((v'*Ste L2y, v/ %0)),
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P61 500720 = 7(T,0720) + L(v, 1x 007 /%)),
1px 10StGs,ay = 7(S,v™20) + r(T, v~ 20)

and

1px >GO'1GSP(1) = L((Ill/zstGL(z), V_1/20')) + L((U, 1px > 1/_1/20)).

Proof. Denote the above four representations on the left hand sides by
7((2),9),7((2),T), 7((1),S) and =((1),T) respectively.

Observe that L((+*/2StgL(2), v~/?0)) is a subquotient of 128t G2
>v~/25 and that 7((1),S) and #((1),T) are completely reducible repre-
sentations (they are essentially unitary). Using formulas (2.2) and (2.3) we
obtain

#(7((2),5)) = 1@ =((2), 5)+

[1/ ® lpx v~ +1px ® USt’GSp(l) +1px ® UlGSp(l)] +

[2 (St @ v o) + v St G L) @ v 2o + v P lgspa) ® V~1/20] )

#(=((2),T) =10=((2), T)+

[lpx ® UStGSp(l) +1px @ 0olgspa) + v 1@ 1px ><“/1/20-] +

[Vl/zch(z) Qv 42 (V_l/Qch(z) 24 Vl/z") +v St ® V1/20} )

u*(7((1),5)) = 1@ 7((1), )+

[2 . (lpx ®0’Stgsp(1)) +vQ® lpx XV_1/20]+



CLASSIFICATIONS FOR GSp(2, F) AND Sp(2, F) 105

2- [1/1/251'.(;[,(2) ® 12, 4 l/l/zch(g) ® V_llza]

and

#H (1), 7)) =1@=((1), T)+

[2' (1rx ® 0lgspy) + 7 @ 1px ><w1”a] +

2. [u"l/zstcL(g) ® v'/% + U'llzch(z) ® ul/zo'] .

From the Frobenius reciprocity and the last two formulas one obtains
that the intertwining algebras of 7((1), 5), and of 7((1), T') are at most two
dimensional. Since #((1),S) and #((1),T) are completely reducible, the
lengths of #((1),S) and #((1),T) are at most two. These representations
are of multiplicity one.

The above formulas imply the following relations in the Grothendieck
groups

s@(7((2),5)) + sa(7((1), 5)) £ s (v x Lpx v 20),

s@(m((2), 7)) + 52 (7((1), 5)) £ sy (v X Lpx >av™2q).
Also
s@)(m) & s2)(m2)

for m,m2 € {7((2),5), =((2),T), =((1),5), =((1),T))}, when m # m2.
Thus, representations ((2),S) and 7((1),.5) have exactly one irreducible
subquotient in common. Both representations are of length two. The same
conclusion holds for 7((2), T') and 7((1),S). Since L((v, 1px >v~12g)) is
a quotient of v X 1px >1v~1/2g, it is easy to conclude that the lemma holds.

[m]
The following unramified situation was settled by F. Rodier in [R2].

Lemma 3.9. Let o € (F*)~. Then we have

2

vxu>v~ e =y ><1chthp(1) + u><lalgsl,(1).
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in R(G). Both representations on the right hand side are irreducible and
we have

v >10Stgspr) = L((v, oStasp(1))),

v>0lgspa) = L((v,v, V"’lza)).

Proof. First note that L((v,v,v~1/20)) is a unique irreducible quotient of

v X 1/><11/‘1/2

has multiplicity one in » x ¥ >1v~/20. Also L((v,0Stg sp(1))) is a quotient

o and thus a unique irreducible quotient of v >101gspq). It

of ¥ >a05tgsp(1), and it has multiplicity one in v >40Stgsp(1). Since the
length of ¥ x v >v~1/2g is two by 6.3. of [R2], the lemma follows directly
(actually, it is enough to prove that v >0lgsy1) or ¥ >30Stgsp(y) is an
irreducible representation). o

From the preceding lemmas one concludes

Corollary 3.10. Let x,0,£ € (F*)™~.

(1) The representation xStgr(z) >0 is irreducible if and only if X1gL(2)
>0 18 irreducible and this is the casc if and only if x ¢ {vE/2¢, v*3/2}
for any £ such that € = 1px. If we have a reducibility, then we have
a multiplicity one representation of length two.

{ii) The representation x >0oStgspn) 18 irreducible if and only if
X > 0lgsp) 18 irreducible and this is the case if and only if x &
{1rx,v*?}. If we have a reducibility, then we have a multiplicity

one representation of length two: g



4. Classifications for GSp(2)

The classifications formulated in this section were obtained in the un-
ramified case already by F. Rodier in [R2].

For a reductive group G over F, the relation among parabolic sub-
groups of being associate in an equivalence relation. If 7 € G, then we
shall say that it is supported in a class P, if there exists P € P such that
7 is a composition factor of a parabolically induced representation from P
by an irreducible cuspidal representation of a Levi factor of P. This is the
notion that W. Casselman called the type of a representation ([C]). Each
7 is supported-exactly in one class. In GSp(2, F) (resp. Sp(2, F)) there
are exactly four classes. They are represented by PGG ,P(?),P((;) and P(%;)
(resp. Pas,Pg),P(g) and P(SO)). Therefore, we shall say that = is supported
for example in P(;)y. For representations supported in Py we shall say that
they are supported in the minimal parabolic subgroups.

Now we can summarize from the last section the following

Theorem 4.1.

(i) The representation v x v><v~3/%c, o € (F*)", has a unique irre-
ducible subrepresentation, which will be denoted by oStggy(a). This
subrepresentation is square integrable. For different o’s we get sub-
representations which are not equivalent.

(ii) For each character £, € (F*)" of order two and each o € (F*)",
the representation v€, x &, >v~/20 has a unique irreducible sub-
representation. Denote it by 6([¢,,vE,]),v~1/%a). This representation
s square integrable. The only non-trivial equivalences among such

representations are

(5({50, ’/fo]a V—l/zo') = 5‘([601 l/fo]’ V_1/2£o(7)~

The square integrable representations defined in (i) and in (i) are
disjoint groups of representations. They ezhaust all square integrable repre-
sentations of GSp(2, F) which are supported in the minimal parabolic sub-
groups. g
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Theorem 4.2.

()

(if)

(i)

(iv)

Representations x1 X x2 >0, x1,Xx2,0 € (F*)", are irreducible and
X1 X X2 >0 = x] X x5 0" if and only if X1 @ X2®0 and ¥, Qxh Q0"
are associate.

Representations x >0Stgsp1), Xx,0 € (F*), x # lpx, are irre-
ducible and the only non-trivial equivalences among them are

XXUStGSp(l) = X_l XXUStGSp(l)-

Let 0 € (F*)". The representation 1px >4 0Stggp) 48 @ multiplicity
one representation of length two. One irreducible constituent may be
characterized as the common composition factor with V1/2StGL(2) >
v=1%g (resp. V1/216L(2) >av~1/2). This representation is denoted
by '

7(S,v™12q) (resp. T(T,v~125)). Among these representations there
are no non-trivial equivalences.

For x,0 € (F*)" the representation xStgp(2) >0 is irreducible. The

only non-trivial equivalences are

XStGL(2) o = X_lstGL(z) ><1X20'.

The irreducible representations considered in (1)-(iv) are tempered

and they are not square integrable. They form four disjoint groups of repre-

sentations. Each irreducible tempered representation supported in the min-

imal parabolic subgroups either belongs to one of the groups in (i)-(iv), or

it 18 square integrable. g

By T we denote the complex conjugate representation to a repre-

sentation 7. An irreducible smooth representation = is called Hermitian if

7 2 %. The formula for the contragredient representation in the Langlands’

classification is

L((61,.--,6n,7))~ = L((61,...,6n,ws, ...ws, 7)),
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8; € Dy, 7 € T(G) (ws; denotes the central character of §;). Now we have
directly the following

Lemma 4.3. Let x,0,& € (F*X) such that €2 = 1px. Let B,p1,B: >
0. The following seven groups of representations are Hermitian and they
ezhaust all irreducible Hermitian representations of GSp(2, F) which are
supported in the minimal parabolic subgroups:
(1) srreducible tempered representations supported in the minimal parabo-
lic subgroups,
(i) L((vPx,vPx71,v™20)), x? # 1px (for x? = 1px see (iv)),
(iii) L((uf,x >v7P1%0)), x # 1px (for x = 1px see (v)),
() L((PE, vPE, =itz
(v) L((96,€ av=3%0)),
(vi) L((vf,v=#aSts,))),
(vii) L((uﬁ§StGL(2),u"30)).
The above groups of representations are disjoint. g

In a similar way as F. Rodier classified the unitarizable unramified
representations in [R2], we get the following theorem. Clearly, the unrami-

fied part of the theorem was proved by him.

Theorem 4.4. Denote by x, £, 0 unitary characters of F* such that £% =
1px. Let 3,51,32 > 0. The following groups of representations are unita-
rizable and they ezhaust all the irreducible unitarizable representations of
GSp(2, F) supported in the minimal parabolic subgroups:
(i) srreducible tempered representations of GSp(2, F') which are supported
in the minimal parabolic subgroups,
(i) L((v?,v,v™%%0)) = 01lGsp(2)s
(i) L((vPx, vy~ v™Px0)), B <172, x* # 1px (for x2 = 1px see
(),
(iv) L((v#,x >v=?%a)),- B<1,x # 1px (for x? = 1px see (vi)),
(v) L, vB e, = Br+820)) | 3k 3y <1, By 2 B,
(vi) L((vP6,€ 00 31%)), F <1,
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(vii) L((v*€StoLeay, v Pa)), B<1/2.
The above seven groups of representations are disjoint.

Remarks 4.5. With the notation as in the above theorem we have
(1) L((vPx,vAx Y, v=Px0)) = [x(v? x v=F)| >0, B <1/2,
(i) L((vP,x >v=PP0)) = x x [o((vF >av=P%)], B <1,
(i) L((P+1/28,p=F"H112¢ y=126)) = v €1gL ) v F0, 0< B <
1/2,
(iv) L((vP€StgLiay, v Po) = vPEStgrp >vPo, B <1/2.

Proof. We shall now repeat essentially the Rodier’s proof from [R2].

The representations in the groups (i) and (i) are obviously unitariz-
able.

We have the complementary series representations vy xv =Py, 0<
B < 1/2, of GL(2,F). Thus v#x x v™Px >0 is unitarizable. The last
representation is irreducible by Lemma 3.2. Thus

z/ﬁx X v’ﬁxxa = z/'ex X uﬁx—l ><1u_5xo:

This implies Py x v x>0 = L((vPx,vPx 1, v Px0)). Also v'/%x x
V1271 squt/2yg 2 12y x v™2x >0 and xlgL(z) >0 is a quotient of
the former representation. Since Xx1lgz(2) >0 is irreducible by Corollary
3.10., we have L((v}/2x, v/ 2x~1,v71/2x0)) = x1GL(2) > 0. Obviously this
representation is unitarizable. Thus (iii) provides the unitarizable repre-
sentations. Note that the other subquotient of ¥1/2x x v~1/2y >a¢ is the
tempered representation XStGL(Z) 0.

Now we repeat the similar construction starting from the comple-
mentary series of GSp(1, F) = GL(2, F) which are v? >v=#/%¢, 3 < 1.
Therefore x x v# >1v~#/2¢ is unitarizable. Since y x v? >v~3/%5 is irre-
ducible for 3 < 1 by Lemma 3.2., we have

2 2

X X P >quPg =B « x><n/"3/ .

Therefore L((v?,x x v~#/2)) is unitarizable for 3 < 1. If 3 = 1, then we
have in R(G)

X X v>ay~1/?

o=xX dSthp(l) +x X alGSp(l)'
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All subquotients are unitarizable. In particular, L((v?,x >v~%/2g)) is
unitarizable. So, we have seen that (iv) provides also the unitarizable rep-
resentations.

We shall show now that the representations in the group (v) are
unitarizable. This is a standard way how one constructs complementary
series representations and we shall only outline the construction. Let us
recall of some well-known intertwining operators. Define an operator

(A @ ® a,u1 ®u2 @ us)) ()] (9) = /N f(Jeng)dn

on
Indg’f;”(z’”(ulf ® u2f @ uzo) = uré X usé >uzo.

The operator takes values in Indg;p(Q’F)(J:;(ulf Q@ uzé @ uzo)) =

Indg;pa’m(uflf ® u{lﬁ ® urusuzo) = uflf X u:,‘lf >4 U ULU30.

Here uj,us,u3 denotes the unramified characters of F*. The unramified
characters carry a structure of a complex algebraic variety in a natural
way. The above integral is defined initially only on an non-empty open
subset of unramified characters of M where the above integral converges.
In that region, it defines a non-trivial intertwining. Since by Lemma 3.2.
the representation u;¢ X us€ >ugo is irreducible when u; ® up @ uz is out
of a proper subvariety, the operators A({ ® £ @ o,u; ® uz @ uz) extends
meromorphically to all unramified characters (actually, one can prove that
it is a rational function by a method of J. Bernstein).

We consider now the unramified characters v ® v®? @ v (@1+22)/2
where ay, a3 € R such that |a;| + |a2| < 1. Note that in that case

Ve x Va2€><11/_(01+02)/20'

is irreducible by Lemma 3.2. Therefore, one can twist A({ ® { ® o,u; ®
uz ® uz) with a rational function such that for v** @ v*? ® p—(e1ta2)/2 54
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above, the intertwining operators depend algebraically, and that they do
not vanish at any above point.
Recall that we have

(Vo1 € x Vo2 € >a V—(01+02)/20)~ =UTNE X TN g ylotar)/2 o

A non-degenerate GSp(2, F')-invariant Hermitian form on the pair of rep-
resentations v ¢ x v®2¢ >qu~(a1+a2) /25 and ymerf x yma2g sqpleata)/2,

is given by the formula
(fi, f2) = / f1(k) f2(k)dk
K,

where K, is a good maximal compact subgroup of GSp(2, F) (for example,
GSp(2, FYNGL(2,0F) where O is the ring of the integers {z € F};|z|p <
1} of F). Now the formula

< fi,f2>= (fl,-A (f QLB o,V QU R V—(°1+02/2)) f2)

defines a non-degenerate GSp(2, F')-invariant Hermitian form on v*1¢{ X
v € >qp~(@1+22)/2 This form depends continuously on a; and as. For
a1 = az = 0 this form is proportional to the GSp(2, F)-invariant in-
ner product which exists on ¢ x { >1o. Thus, it is positive definite at
this point. Therefore, it is positive definite everywhere on the considered
set. From this one gets that v®1¢ x v®2¢ >apy~(@1+a2)/245 is unitarizable
(a1,a2 € R,|a1| + |az| < 1). In particular, this proves the unitarizability
of the representations in the group (v) for 81,8, > 0 and p; + 32 < 1. For
B1+ B2 = 1 one gets the unitarizability by a D. Mili’s result from [Mi] since
the corresponding representations are in the limits of the complementary
series (see also Theorem 2.7. and Lemma 2.8. of [T1]). Similarly, the rep-
resentations in (vi) are in the ends of the complementary series from (v).
Therefore, they are unitarizable. Note that we have in R(G)

VPEStGL(ay v Po S VA 2ex P12 sy Pg = V2B Ex 278 5qy1 24,
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Since each irreducible subquotient of the representation is in the limit of
the complementary series from (v) must be unitarizable, the group (vii)
provides the unitarizable representations.

One can check directly using the preceding section that all irreducible
composition factors of v#1¢ x vF2¢ >qu~(AL+h2)/24, |81 + |B2] < 1, are of
the types listed in (i)-(vii).

Let 7 be a non-tempered unitarizable representation of GSp(2, F) in
the sequel. Suppose that it is supported in the minimal parabolic subgroups.
First of all, 7 is Hermitian. Therefore, 7 belongs to (ii)-(vii) of Lemma 4.3.

Suppose that 7 belongs to the group (ii) of Lemma 4.3.. Then

7= L((v*x,v?x1,v7%0))
with x,0 € (F*), 8> 0 and x% # 1px. Now for 3 > 1/2
L((Px,vPx L, v7Pa0)) =P x x VPx 1 >av B0 = vy x v Py >axo

forms a continuous family of irreducible Hermitian representations (behind
this fact are intertwining operators again). Thus, either all elements of the
family are unitarizable, or no one element is unitarizable. Since the matrix
coefficients of the representations in the family are not bounded for 3 large
enough, we see that all representations in the family are not unitarizable.
This proves that 7 belongs to the group (iii) of the theorem.

Suppose that = = L((v®,x >v~#/%0)), 3 > 0, x,0 € (F*)". For
B > 1 we have

L((v?, x v 8%6)) =18 x x v A%,
This is a continuous family of Hermitian representations. We see that they
are not unitarizable in the same way as it was obtained in the previous case.
In particular, if 7 belongs to the group (iii) of Lemma 4.3., then 7 belongs
to the group (iv) of the theorem.
Suppose that 7 is not one of the two previously considered types.
Then by Lemma 4.3, 7 is a subquotient of v#1¢ x vF2¢ >ap=(Fith2)/24,
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£,0 € (F*) with ¢ = 1px and B, € R. We may suppose also 81 > 5 >
0. Denote

(1, B2) = V1€ x VP2 e Say~(PitA 2,

Suppose that € # 1px. We look at the following families of repre-
sentations

f= {m(B1,B2);1> p1 — B2 > =1, B1 + B2 > 1},

Iltay, B2); pr — B2 > 1,51 + B2 > 1},
A= {n(f1,B2);1 = p1 — B2, 82 > 0}.

The following drawing illustrates the situation:

e

~0,1) I A

w1 m‘

Figure 1.
Representations 7(f31, 32) which belong to I form a continuous family
of irreducible Hermitian representations. They cannot be unitarizable by

II

the argument which we have already used. Similarly, the region II corre-
sponds to the non unitarizable representations. Now look at A. For 8 > 0
we have

(14 8,8) = v 28510y >av ™" 20 + 12 LSt () >av ™7,

in R(G). Both representations on the right hand side are irreducible by
Corollary 3.10. They are Hermitian representations. In this way we ob-
tain two continuous families. Both of them consist of the non-unitarizable
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representations by the already used arguments. Thus 7 is a subquotient of
7(B1, B2)with By + 3, < 1. We have already noted that all such subquotients
are listed in the theorem.

In the end we should consider the case of € = 1px.This case is already
settled in [R2], so we omit the analysis of this case. The analysis is similar
to the previous case expect that one need to use a Casselman’s result that
if a subquotient of v2 x v >qv~3/2 ig unitarizable, then it is either the trivial
or the Steinberg representation (see for example [HMr]). Here one has the
following drawing:

B2 /
n(1,2)
7(0,1) / e
00) 7(1,0) B
Figure 2.

We shall describe now the representations which are supported in the
other parabolic subgroups. These representations were classified completely
by F. Shahidi in [S1] (Proposition 8.4.) and [S2] (Theorem 6.1.). Cne case
may be concluded easily from the earlier J.-L. Waldspurger’s Proposition
5.1. of [Wd]. For the sake of completeness, we include these descriptions.

We shall consider first the case of the representations which are sup-
ported in P(Cg;). Let p € C*(GL(2,F)) and o € (F*)~. The formula (2.2
gives that p >0 is irreducible if p % j or wp # lpx. Let 3 € R*. Hvfp>ao
is reducible for 3 # 0, then it is a multiplicity one representation of length
two. One factor is essentially square integrable (see the seventh section of
[C]). This implies p = 5 and wp = 1px.
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Let 8 € R, p € C*(GL(2,F)) and o € (F*)~). By F. Shahidi
(Proposition 6.1 of [S2]), the representation v#p>ic is reducible if and
only if

B==%1/2, p=pandw, = 1px.

We have now the following two propositions belonging F. Shahidi. Note that
they are a direct consequences of the above description of the reducibilities.

Proposition 4.6.

(i) Representations p>ao, p € C*(GL(2,F)), o € (F*)", are irreducible
tempered representations. The only non-trivial equivalences among
them are

PO = [fNw,0.
These representations ezhaust all irreducible tempered representa-
tions of the group GSp(2, F) supported in Pg) which are not square
integrable.

(ii) Let p € C*(GSp(1,F)) and o € (F*)". Suppose that p = § and
wy, = 1px. Then V125 5qu~125 has a unique irreducible subrepre-
sentation. That subrepresentation is square integrable. For different
pairs (p,o) we obtain subrepresentations which are not equivalent.
These subrepresentations ezhaust all irreducible square integrable rep-

resentations of GSp(2, F') which are supported in P(%. o

Proposition 4.7. An irreducible unitarizable representation of GSp(2, F)
supported in P(CQ;) 18 either tempered, ot it is one from the following series

of unitarizable representations

L((v"p, 0)),
where p € C*(GL(2,F)) such that p = p,w, = 1px and 0 < B <1/2, 0 €
(F*). g
We shall consider now the case of the representation supported in
PG

(1) Let x € (F*)~ and p € C(GSp(1, F)). Then x >ip is reducible in

the following two cases
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(i)
(i)

X = lF" )
x = v¥l¢, where £, € (F*) is a character of order two such that
€op = p.

These are the only points of the reducibility. This was proved by J.-

L. Waldspurger in [Wd] and F. Shahidi proved that also in [S1] by different
methods. We have now the following two propositions belonging to them.

Note that they follows easily from the above description of the reducibilities.

Proposition 4.8.

(i)

(i)

(iii)

(iv)

The representation 1px > p, p € C*(GSp(1, F)), splits into a sum of
two tempered trreducible subrepresentations which are not equivalent.
For different p’s, these subrepresentations are not equivalent.
Representations x > € (F*)", x # 1lpx, p € C*(GSp(1, F)), are
irreducible tempered. The only non-trivial equivalences among them
are

X >p = x T >axp.

The irreducible representations listed in (1) and (i1) are disjoint groups
of representations and they ezhaust all irreducible tempered repre-
sentations of GSp(2, F) supported in P(?) which are not square inte-
grable.

Let p € C*(GSp(1, F)) and suppose that €, € (F*)" is a character of
order two which satisfies Eop = p. Then v€, >1v~1/2p has a unique
irreducible subrepresentation. This subrepresentation is square inte-
grable. For different pairs (£, p) we obtain subrepresentations which
aruivalent. These subrepresentations ezhaust all irreducible square
integrable representations of GSp(2, F) which are supported in P((l;).

[m]

Proposition 4.9. The following two disjoint groups of representation ez-

haust all irreducible unitarizable representations of GSp(2, F) which are

supported in P(Cl;) :
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(i) irreducible tempered representations of GSp(2, F) which are supported
n P(Cl;),

(i) L((vP&,vP%p)) where 0 < B < 1, &, € (FX), p € C*(GSp(1, F))
which satisfy €2 = 1px, & # 1px and €E,p = p. g



5. Consequences for Sp(2)

Analyzing the restriction of irreducible representations of GSp(2, F)
to Sp(2, F), we shall derive in this section various results for Sp(2, F') from
the previous investigations of the case of GSp(2, F'). The properties of this
restricting process that we need, can be find in [GeKn] and [T3]. The case
of the symplectic groups was studied in [T4).

We shall recall briefly of the main properties of the restricting process.
Let 7 € GSp(n, F)". Then for the restriction |Sp(n, F') we have

w|Sp(n,F)=Z o1 @+ P oy
for some o; € Sp(n, F)". If 7 is unitary (resp. tempered, square integrable,

cuspidal), then each o; is also unitary (resp. tempered, square integrable,
cuspidal). Further

(5.1) dime Endsp(n,r) (7|Sp(n, F)) = card {x € (F*);x7 = 7}.

Take L ((61,...,6,,7)) € GSp(n, F)", where é; € Dy, and 7 € T(G)
is a representation of GSp(m, F). Then for x € (F*)”

XL (81,1 65,7)) = L((61,---,6p,x7)) -

Write further
T|Sp(m, F)=711 @ ... D7

where 7; are irreducible representations. Then
k .
(5.2) L((61,...,6p,7))|Sp(n, F) ’-‘_—‘ii}l L((81,...,6p,71)).

Let o € Sp(n,F)". Then ¢ is isomorphic to a subrepresentation of
7|Sp(n, F) for some © € GSp(n, F)". Moreover, if o is unitary (resp. tem-
pered, square integrable, cuspidal), then one may choose 7 to be unitary
(resp. tempered, square integrable, cuspidal).
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Let x € (F*)” and Zle n;7; € Ra(G) where m; € GSp(n, F)” and

n; € Z. Define
¢ ¢
X(Z nimi) = z ni(xmi).
i=1 i=1
For a € R,(G) set

4¥Sp(n)(01) = {X € (Fx)"; xo = a}.

Theorem 5.1.
(i) For each €, € (F*)" of order two, the representation v€, X £, >a1 has
ezactly two irreducible subrepresentations. They are square integrable
and thquivalent. If we denote them by &'(€,) and §"(&,), then we have

8, v€,), v 20)|Sp(2, F) = &'(€,) @ 6" (&,).
(i) If & is an irreducible square integrable representation of Sp(2,F)
which 1s supported in the minimal parabolic subgroups, then & is ei-
ther the Steinberg representation or it is a representation considered

in (1). We have

0StGsp2)|SP(2, F') = Stsp(z)-

Proof.
(i) Consider véy x & >v~ V%0 € R(G). Suppose that

X € _\’S’p(?)(é([é‘m UEO]» V—l/zo))'

Then vy x & >v~/%0 and

x(v€o x Ea >av™V20) = véy x & >iv™ o
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are equal in R(G). Thus, x € Xgp2)(véo X & >v~2%g). Conversely, if
X € Xsp(2)(véo x €0 >av™1/25), then

X € Xsp(2)(6([bo, v&o],v™20))

since ([, v€o),v~1/20) is a unique square integrable subquotient of v€y x
bo>=v1/20. Let x € Xsp(ay(véo X & >1v~Y/2a). Then vé&y @ & @ v™1/20
and v ® & ® v~1/2y0 are associate (i.e., in the same orbit of the ac-
tion of the Weyl group). This implies x € {1gx,&}. Since & >v~1/20 =
€0 >v~1/2£,0 in the Grothendieck group, we have X gp(2)(6([¢o, v&0], v~1/%0))
= {1px, &} This implies that &§([¢, v&o], v=1/%0)|Sp(2, F) splits into a sum
of two non-equivalent irreducible square integrable representations. The
(normalized) Jacquet module for the standard minimal parabolic subgroup
of each of these representations is v€; ® £y ® 1. The Frobenius reciprocity
implies that these two irreducible representations are the only irreducible
subrepresentation of v€y x £y > 1.

(i1) In the same way as above one gets Xg,2)(0Stgsp2)) = {1rx}-
Theorem 4.1. implies the statement that the above representations exhaust
all the irreducible square integrable representations supported in the mini-
mal parabolic subgroups. g

Theorem 5.2. Let x,x1,x2 € (F*)", and let £,&1,&2 be characters of F*
of order two.
(1) x1 X x2>a1 is irreducible if neither x1, nor x2 is of order two. We
have x1 X x2>x1 = x} X x4 >11 if and only if x1 ® x2 @1 and
X1 ® x4 @1 are associate.
(1) Write ¢ 11 = Tg + TEZ as a sum of irreducible representations. Sup-
pose cither x = £ or X is not of order two. Then x > T and x > T}
are irreducible representations which are not equivalent. The only

non-trivial equivalences among them are

;\/><1T5l =y ><1T5l and X><JT52 >yl ><IT£2.
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(iil) If & # &, then the representation &) x €3 >a1 is a multiplicity one
representation of length four. The irreducible constituents may be
characterized as common subrepresentations of £ > ng and &3 >4 le,
i, € {1,2}.

(iv) Suppose that x 1s not of order two and suppose that also x # 1px
(i.e., X> # 1px). Then x >aStgp1y 18 trreducible. The only non-
trivial equivalences among these representations are

X > Stspa) = x 7 >4 Stsp(1)-

(v) Suppose that x* = 1px. Then x >iStg,a) is a sum of twle subrep-
resentations which are not equivalent. If x # lpx, then one repre-
sentation 18 a common factor with U><1T; and the other one with
1/><1T3 If x = 1px, then one representation 1s a common factor
with v1/2StGr(a) 11 and the other one with 121Gy 0y > 1.

(vi) Representations xStgp(z) >1 are irreducible. The only non-trivial
equivalences among such representations are

XStgr(2) >1 = x 'Stgrz) > 1.

The groups of representations (i)-(vi) are disjoint. They consist of
the irreducible tempered representations of Sp(2, F) which are supported in
the minimal parabolic subgroups. Each irreducible tempered representation
of Sp(2, F) which is supported in the minimal parabolic subgroups, either
belongs to one of the groups (i)-(vi), or it is square integrable.

Proof.
(i) We know that x; x x2 >31px is an irreducible representation of
GSp(2,F) by Lemma 3.1. A direct computation gives that

Xspy(x1 X x2 X 1px) = {1px}

if neither xi, nor x2 is of order two. This implies (i).
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(i) We know that x x £ >11px is irreducible. A simple analysis gives

Xsp2)(x x €>1px) = {1px,E}.

This gives the first part of (ii). We know also.x><|T£" >~y ><1T€i for
¢ = 1,2. Suppose further that x><ng = y' >a T, where ¥’ and ¢' satisfy
the assumptions of (ii). Since x @€ ®1 and x' ® £’ @ 1 are associate, we get
first £ = ¢’ and then x = x' or x™! = x'. Suppose that x = x'. Then i = j
since x X { >1 is a multiplicity one representation. Suppose now x~! = .
Then x x Tg a1 x Tg & y x T?, what implies i = j.

(ii1) One gets directly Xg,(2)(é1 x &2 >1px) = {1,£&1, €2, 6162} Recall
that & x €2 >11px is irreducible. By [Ke], &; x €, > 1 is a multiplicity one
representation. Looking at the Jacquet modules of & ><1Tg2 and &, ><1T€jl
for P(g), one gets that these representations are of length less then or equal
to two. This implies that both representations are of length two. Look-
ing at the Jacquet modules for Pg), one gets that & ><1T£"2 and & ><1T€j1
have a non-trivial intersection, and that there is no inclusions among these
representations.

(iv) Since x? # 1px, x >StGsy(1) is irreducible by (ii) of Corollary
3.10., as well as x >11¢gsp(1)- The first representation is tempered, while the
other is not tempered. Thus Xg,2)(x >Stasp1)) = Xsp)(xxv > 1/"1/2).
A simple computation gives Xg,(2)(x % v >av~1?) = {1px }. This implies
that

X >4 Stsp1y = X >(Staspy|Sp(1)) = (x >1StGsp1))|GSP(2)

is irreducible. The relation x > Stg,) = Y™! >3Stg,(1) is clear. That this
is the only non-trivial equivalence among such representations follows in
the same way as in the proof of (ii).

(v) Suppose that x is of order two. Then x >1Stggp) is irreducible
(Corollary 3.10) Then the some calculation as in the proof of (iv) gives
Xsp2)(x >Stgspy) = {1rx,x}. Therefore x >Stg,1) is a sum of two
non-equivalent irreducible representations. From the Jacquet modules one
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concludes that x >iStsp1) and v >aT(resp. v>T?) have a non-trivial
subquotient in common. The reducibility of 1yx >4 Stg,(1) follows from the
reducibility of 1zx >1Stgspa). Let o be an irreducible subrepresentation of
1px >aStGsp(1). As before, we can conclude that Xgp(2)(0) € Xsp2)(1px X
v >av~1?). Since Xgp2)(1px X v >av~1Y2) = {1px }, we have Xspay(o) =
{1px}. Thus 1px >1Stgsu) is of length two. From the Jacquet modules
one can see that it is a multiplicity one representation. Characterization of
irreducible subrepresentations one concludes in the same way as in the first
part of proof of (v).
(vi) By Corollary 3.10., xStgr(2) > 1px is irreducible. Further

.X—SP(Q)(XStGL(Q) > 1px) - .X—Sp(g)(ul/zx X l/_l/2 >3 1lpx )

Since

X'SI,(Q)(VI/zX X V—l/2x><11p'x) = {1px},

we have the irreducibility. The statement about equivalences follows in the
standard way. g

Theorem 4.4. and (5.2) imply the following theorem.

Theorem 5.3. Let x,£ € (F*)". Suppose that £ = 1px, and let B3, B1, B2 >
0. The following groups of irreducible representations are unitarizable and
they are supported in the minimal parabolic subgroups. They exhaust all the
irreducible unitarizable representations of Sp(2, F) which are supported in
the minimal parabolic subgroups.

(1) Irreducible tempered representations described in Theorem 5.2.

(i) L((v*,v,1)) = 1gp(2)-

(i) L((Px,vPx ™1 1)), B<1/2, x? # 1px (for x? = 1px see (vi)).

(iv) L((v?,x >1)), B <1, x is not of order two.

(v) L((vﬂ,Tg)), E#£1px, B<1, 1€ {1,2}.

(vi) L((v?€,v726,1)), Bi+ 52 <1, h 2 Po
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(Vii) L((Vﬂ£7Tg))7 /3 S 1’ f?é lFx, 1€ {1)2 .
(viit) L((v?€Stgr(e) 1)), B<1/2.g

Proposition 5.4. Let x,{ € (F*)~.

(1) xSter(z) >1 is reducible if and only if x1gp(2) >11 is reducible. It
happens if and only if x € {vEY/2¢,v%3/2) for some € such that €2 =
1px. For x € {v®'/2 y*3/2}  the above representations are of length
two. For x = vEV/2E with ¢ of order two, the above representations
are of length three. All above representations are of multiplicity one.

(i) The representation x > Stgp) if and only if x > 15,01y 18 reducible.
It happens if and only if x € {&,vE?} for some € which satisfies
£ = 1px. If we have reducibility, then we always have a multiplicity
one representation of length two.

(i) Let € be of order two. Now x ><1T€1 is trreducible if and only if x ><1T£2
is irreducible and it happens if and only if x € {vE,&v*,¢'} for
any character &' of order two which 1s different from €. If x is a
character of order two different from &, or if x = v, then the
above representations are of length two while for y = vE1E, the above
representations are of length three.

Proof.

(i) Let # € GSp(2, F)” be an irreducible subquotient of xStgy,2) >
1px or xlgr(z) > 1px. Then Xg,q)(7) C Xopo) (1 ?x x 12y >a1px).
A direct computation tells that X g,(2)(v1/2x xv71/2y >a1px ) is non-trivial
when x = v*1/2¢ where ¢ is a character of order two. Then the above group
of characters is equal to {1px,¢}. In all other cases we have the trivial above
group. Therefore, if x ¢ {v=1/2£,v%3/2} for any € which satisfies £2 = 1px,
then xlgr(z) >I1 and xStgr(a) >1 are irreducible. If x € {v*3/2}, then
both x1gz2) >1 and xStg(2) > 1 reduce. We have representations of
length two. From Lemma 3.5. and (5.2) we see that in the case of x = pE3/2
the above representations are of multiplicity one. Lemma 3.6. and (5.2)

+1/2

imply that for x = v we have again multiplicity one representations.

The same arguments give that in the case of y = v*!/2¢ where £ is a
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character of order two, we have multiplicity one representations of length
three.
(ii) Let 7 € GSp(2, F)” be a subquotient of x > Stgsp(1) or X > 1Gsp(1)-
Then
Xsp(2)(™) © Xpia)(x >av >av™/?%),

If x is a character of order two, then Xg,2)(x >v>v~1/2) = {1,x}.
In all the other cases, the above group is trivial. Therefore, x >aStg, 1)
and x >i1g,q) are irreducible if x # v*? and if x? # lpx. If x = v*?
we have representations of length two. By Lemma 3.5. and (5.2) one
obtains that they are multiplicity one representations. For x = 1px we
have a representations of length two. From Lemma 3.5. and (5.2) we
see that 1px >11g,(;) is a multiplicity one representation. The Jacquet
module of 1px >4 Stg,(1) for P(sl') tells that 1px >aStg,(1) is a multiplicity
one representation. Suppose that x is a character of order two. Then
X >4StGsp) and x >4 1gsp(1) are irreducible. Since the first representation
is tempered, while the other one is not, we have

Xsp2)(X =18tGsp1)) = Xspz)(X > 1asp1))
= Xspy(x x v>av™ %) = {1px, x}.
This finishes the proof of (ii).

(iii) Let ¢' be a character of order two. Then &' ><‘T5i is a multiplic-
ity one representation of length two by (iii) of Theorem 5.2. We know
that Xg,0)(€ >Staspy) = Xspa)(§>1gsp1)) = {1rx,¢&}. Therefore
£ >aStgp1) and £ >alg,;) are multiplicity one representations of length
two. Note that in R(G) we have vx ¢ > vV = xy>arT/? = ¢ >aStGsp(1)
+L(v, € >av~1/?), Therefore we have in R(S) the equality v x £ 11 =
£ >aStgspry + L(v, Tg) + L(v, Tg) Thus v x £ >1 is a multiplicity one
representation of length four. Looking at Jacquet modules it is now easy to
get that v*! ><1T€i are multiplicity one representations of length two. We
have in R(G) the equality v{ X { >10 =

616, v€l, )+L (117265t G120,0) ) +L (/268102 60) ) +L(v6,€ 209)) .
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Therefore in R(S) holds v€ X £ 1 =

§'(&)+68"(¢)+2L ((u1/2§StGL(2), 1)) +L ((vﬁ,Tel )+ L ((vf, Tg)) .

Consider v¢ ><|Tg. From the Jacquet modules one sees that §'(¢) or §"(¢)
is a subquotient of v¢ ><1Tg. Further, L ((z/f, Tf')) is a quotient of v ><1T€i.
From the Jacquet module of v¢ ><1T5i for Pg) one cdes that v¢ ><1T£i is a
multiplicity one representation. From this one can conclude that y ><1Tg
are multiplicity one representations of length three. Suppose that x ¢
{v*!, EvEL, €'} for any €' of order two, different from ¢. Then x > >11px
is irreducible by Lemma 3.2. Now Xg,5)(x > >a1px) = {1px,£}. This
implies the irreducibility of x > T¢. g

Remark 5.5. Note that v, x £,>1, €2 = 1px, &, # 1px, has five different
irreducible subquotients, L’((VllgfostGL(g), 1)) is of multiplicity two while
all other factors are of multiplicity one. Recall that for GSp(2, F'), all non-
unitary principal series were of multiplicity one.

One can write down easily similar classifications for various classes
of the irreducible representations which are supported in other parabolic
subgroups (see [S2] and [S3]). One can get these classifications also by the
’restriction” of the corresponding classifications for GSp(2, F'). For the sake
of completeness, we shall write these classifications now.

Let p be an irreducible unitarizable cuspidal representation of GL(2, F)
and B € R. Then v#p>a1 is reducible in the following two cases

(i) p=p, wp#1px and B =0,
(i) p=p, w,=15 and B ==£1/2.

These are the only points of the reducibility of ##p >a1. This is the
Shahidi’s result.

We shall sketch here how the above reducibilities for Sp(2, F') follow
from the corresponding reducibilities for GSp(2, F). Since (v#p >11£x )|Sp(2, F)
v#p>a1, we have reducibility of ¥#p>1, which is a representation of
Sp(2, F), when p = p,w, = 1px and f = £1/2. In the other cases, the rep-
resentation v#p >11px of GSp(2, F) is irreducible. If we have a reducibility
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of vPp>a1, then p = j. Further Xgs,(2)(v?p >1px) # {1px } implies 8 = 0
and w, # 1px. Then Xgp2)(v?p>1px) = {1px,w,}. Therefore, cases (i)
and (ii) above, describe the reducibilities of v%p >a1.

The following two propositions hold now. Clearly, they belong to F.
Shahidi.

Proposition 5.6.

(1) Let p € C*(GL(2,F)) satisfies p = p and w, # 1px. Then p>l
decomposes into a sum of two irreducible tempered representations.
They are not equivalent. For different representation p as above, the
wrreducible tempered representations are not isomorphic.

(i1) Letp € C*(GL(2,F)). If p 2 p ot if w, s not a character of the order
two, then p>ilpx s irreducible. The only non trivial equivalences
amonyg such representations are

p>X1px = p>lpx.

These representations are tempered

(1) If o 1s an irreducible tempered representation of GSp(2, F') which is
not square integrable and which is supported in P(SZ), then o belong
two one of the disjoint groups of representation described (1) and (i1).

(iv) Let p € C*(GL(2,F)). Suppose that p = p and w, = 1px. Then
v12p x 1px contains a unique irreducible subrepresentation. This
subrepresentation is square integrable. For different p as above, we
get square inresentations which are not isomorphic. Each irreducible
square integrable representation which is supported in P(Sz), 18 180-
morphic to a square integrable representation as above. g

Proposition 5.7. An irreducible unitarizable representation of Sp(2, F)
which is supported in P(g) 18 either tempered, or it belongs the following set
of the unitarizable representations

L((v"p,1))

where p € C*(GL(2,F)) such that p = j,w, =1px and 0< 3<1/2.
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From the Waldspurger’s and the Shahidi’s result for GSp(2, F), we
can write the reducibilities for Pg) in the following way. Let x be a uni-

tary character of F*, let & be an irreducible cuspidal representation of
Sp(1, F) = SL(2,F) and let 8 € R. For a € F* denote by 7, the represen-

tation
a 0 a”l 0
s ([53] 2 [ 1))

Ff={a€ F*r~mn,}.

Put

For each ¢ € (F*/F))" we have ¢* = 1px. Now in the following cases we
have reducibilities:
(i) x=1px and =0 (i.e. 1px >0 is reducible),
(i1) x is of order two, x & (F*/F)) and 8 =0,
(iil) x is of order two, x € (F*/F}) and g = 1.

These are the only cases of the reducibility of v#y > 0.

For more information about the groups (F*/F)})" see [T3]. That
group is denoted there by (GL(2,F)/GL(2,F),)" and it corresponds to
the group which is denoted by Xgp(,r)(7) in [T3], for 7 an irreducible
cuspidal representation of GL(2, F'), such that 7|SL(2, F') contains a sub-
representation isomorphic to o.

We shall outline now how corresponding reducibilities in the case
of GSp(2, F) imply the above reducibilities. Take a cuspidal representa-
tion o' € GSp(1, F)" such that o is isomorphic to a subrepresentation of
a'|Sp(1, F). We have a decomposition into a sum of irreducible represen-
tations o'|Sp(1, F) = o1 @ - -+ @ o. Representations o; are cuspidal and
o; £ 0jif ¢ # j. From the Jacquet modules one gets that

k
(Vx>10")|Sp(2, F) = v7x >a(0"|Sp(1, F)) = & v x>0
=
is a multiplicity one representation. Therefore, if 7 is an irreducible subquo-

tient of 1Py > o', then Xgp2)(7) = .XSP(Q)(UJ\' >i0'). Reducibility implies
x? = 1px. We shall assume that in the further analysis.
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Suppose that 8 # 0. Then Xg,)(vPx >0') = Xspy(a'). There-
fore, in this case if v#y>i¢' is irreducible, since the length of
(vPx >10")|Sp(2, F) is equal to the length of o'|Sp(1, F), we have that all
vPx >10; are irreducible. If ¥y >0’ is reducible, then it is of length 2.
Now the representation (v#x >10')|Sp(2, F) is of length 2k. Since o' |Sp(1, F)
is of length k and v#x >a0; splits into no more then two irreducible repre-
sentations, we have that if 2%y >0’ reduces, then all 1%y > 0; reduce.

Suppose now that 8 = 0. Then Xg,)(x >0') = Xg,1)(c")U {n €
(F*Y;nxo' = a'}. Note that {n € (F*);nxo' = o'} C Xg,a)(0') if and
only if x € Xgp)(e'). If x € Xsp1)(0'), then x >0’ reduces if and only
if x >0 reduces. The reasons is same as had above. Thus, 1px >io;
reduces and this is the only reducibility if x € Xg,;)(o'). Suppose now
that x € Xgp1)(c'). The same arguments as above give that all x >a0;
reduces.

Description of Xg,1)(¢') in terms of ¢ one may found in [T3].

We can conclude the following two propositions now. They belong
to J.-L. Waldspurger and F. Shahidi.

Proposition 5.8.

(i) Leto € C*(SL(2,F)). Then 1px >0 reduces into a sum of two trre-
ducible tempered representations. They are not isomorphic. For dif-
ferent representations o one gets irreducible subrepresentations which
are not i1somorphic.

(ii) Let 0 € C*(SL(2,F)) and let x € (F*)" be a character of order
two such that x € (F*/F)X). Then x>0 decomposes into a di-
rect sum of two irreducible tempered representations. They are not
isomorphic. For different pairs (o,x) as above, one gets irreducible
subrepresentations which are not isomorphic.

(ii) If o 1s an irreducible tempered representation of Sp(2,F') which is
supported 1n P(Sl), and which is not square integrable, then o belongs
to one of the two disjoint groups of the representations described in
(1) and (i1).

(iv) Let 02, F)) and let x be a character of F* of order two which belongs
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to (F*/F))". Then vx >o contains a unique irreducible subrepre-
sentation. This subrepresentation is irreducible. For different pairs
(o,x) as above, one gets square integrable subrepresentations which
are not isomorphic. Each irreducible square integrable representation
of Sp(2, F) supported in Pg) 1s 1somorphic to some square integrable
representation as above.q

Proposition 5.9. Let 7 be an irreducible unitarizable representation of
Sp(2, F) which is supported in Pg). Then m 18 either tempered or it belongs
to the following series of the unitarizable representations

L((yﬁx, 0'))

where 0 € C*(SL(2,F)), 0< B<1, and x is a character of F* of order
two which belongs to (F*/F)X)". g
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