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ZERO CYCLES AND THE NUMBER OF GENERATORS OF AN IDEAL
Spencer BLOCH, M. Pavaman MURTHY and Lucien SZPIRO

(to Pierre Samuel)

RESUME

4 s
Soit X une surface dans l'espace affine A sur un corps algébriquement clos k. On
montre que X est ensemblistement intersection compléte si k= TFP ousi X n'est pas

birationnelle & une surface projective de type général.

On donne aussi des exemples de variétés affines lisses de dimension n qui ne sont pas des
sous—variétés fermées dans A2 " La plupart des résultats s'appuie sur les théorémes de Mumford
et de Roitman concernant le groupe de Chow CHy(X).

ABSTRACT

4
Let X be a local complete intersection surface in A over an algebraically closed field k.
We show that X is set—theoretic complete intersection if &= TFp or if X is smooth and not

birational to a surface of general type.
We also give examples of smooth affine varieties of dimension 7, not admitting a closed

2
immersion in A . Most of the results here depend crucially on the results of Mumford and
Roitman on the Chow group CHy(X).
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Introduction.

Let & be afield and X a closed codimension two local complete intersection sub—scheme
of the affine n—space g - Let I be the defining ideal of X in AX,,...,X;] and suppose that

there is a surjection I/I? —- Wy, where wy I8 the dualizing module of X. Then, the

Ferrand—Szpiro Theorem ([Sz], see Cor. 0.2 below) asserts that X is a set—theoretic complete
intersection. When X is a curve of dimension one, the surjection I/ —- wy always exists

3
and thus Ferrand—Szpiro showed that a local complete intersection curve in A, is a

set—theoretic complete intersection. The question whether any local complete intersection
sub—scheme of A ¢ is a set—theoretic complete intersection is open.

4
In sections 1 and 2, we examine this question for surfaces in A . It is shown that local
4
complete intersection surfaces in A T are set—theoretic complete intersections.
]

For a smooth surface X in & ¢ (k algebraically closed), the existence of a surjection
/P — wy turns out to be equivalent to the vanishing of ¢ (¢ = ¢(2%)) in the Chow group

of zero—cycles. In view of this, it follows by looking at the classification of surfaces, that if X is
not birationally equivalent to a surface of general type, then X is a set—theoretic complete
intersection (Th. 2.9). We also show that for a smooth affine variety X in A x» the ideal Iy of

X in K[X;,...,X,] is generated by n—1 element if and only if Q }1( has a free direct summand

of rank one (Th. 1.11).
In section 3, we give a partial converse to the Ferrand—Szpiro theorem. More precisely, we
. d . s . .
show that if XC A  is a smooth surface which is an intersection of two surfaces Fy = F, =0

such that at each point of X either F, or F, is smooth, then ¢ =0 (Cor. 3.7). In section 4,

we prove a result about zero—cycles on the product of two curves, which enables us to produce
examples of surfaces X = C,;x C,, with C; smooth affine curves such that X does not admit

a closed immersion in A . Further for this example Q )1( is not generated by three elements

and hence X cannot be immersed in ﬂf? . In section 3, for all n,d with 1< d< n< 2d+1 we
make examples of smooth d—dimensional affine varieties X such that X admits a closed
immersion in & , but not in g™ Further for any embedding of X in £ , the prime ideal
IX) of X is not generated by m — 1 element. When d=2 this also provides an example of a
smooth surface in K with ¢2# 0. The example in sections 4 and 5 are constructed by showing

that the appropriate obstructions in zero—dimensional Chow groups do not vanish.
In this paper we use extensively the results of Roitman ([Ro 1], [Ro 2], [Ro3]) and
Mumford ([Mum]) on the Chow group of zero—cycles. In section 5, we need a result about
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embedding of affine varieties (Th. 5.7). The simple and elegant proof of this theorem we have
included here is due to M.V. Nori. Our thanks are due to him for this proof which replaces our
earlier lengthly proof of Theorem 5.7. Thanks are also due to V. Srinivas for asking us a question
about embedding of affine varieties. Results in section 5 were rewritten and refined recently in
response to his question.

The work in this paper began in 1977. A part of this work was outlined in the survey article
[Mu 3]. A major portion of this work was done in 1978 when the first and second named authors
were visiting IHES and Ecole Normale Supérieure at Paris, respectively, and the third named
author was at Ecole Normale Supérieure. We are grateful to these institutions for hospitality and
support. The first two authors were also supported by NSF grants.

We have mentioned some of the recent work relevant to this paper in the form of
"remarks".

§0. Notations and preliminaries.

We consider only commutative noetherian rings. Let A be such aring and /C A an ideal.
We recall that [ is a complete intersection of height- r if I is generated by an A-regular
sequence of length r. The ideal I is a local complete intersection of height r if for all maximal
ideals M containing I, theideal I MC A M is a complete intersection of height r. The ideal I

is a set-theoretic complete intersection of height r if there is an ideal J such that U = H and
J is a complete intersection of height r.If IC A is a local complete intersection of height r,
we write w) = Ext,(A/L,A). It is well known that w;~ Hom(A"I/ P,A[]). Note that if X isa

smooth affine variety and Vc X is a local complete intersection sub—scheme of codimension r
and I the defining ideal of V in the coordinate ring A of V, then wr is the module of

sections of wy® w}‘(1 , where wy and wy are the canonical sheaves of V and X

respectively.
We recall the following result of Ferrand—Szpiro [Sz], which is crucial for this paper.

THEOREM O (Ferrand-Szpiro). Let A be a commutative noetherian ring and IC A local complete
intersection ideal of height 2. Suppose there is a surjection I—- wr- Then there is an ezact

sequence 0 — A — P— J— 0, with P a projective A-module of rank?2 (for proof see [Sz]
or [Mu 2)).

For a projective R—module L of rank 1, we write L? = e , L™ = Hom(L™,R), n2 0.
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" REMARK 0.1. The existence of surjection J—- wy is easily seen to be equivalent to the
isomorphism I/P~ wf® wp, where wi = Hom(wg}z,A/l). If every projective A/Fmodule

splits as a direct sum of a free module and a module of rank one (e.g. dim A/I = 1), then every
projective A/I-module P of rank r is completely determined by ATP and hence in this case
the surjection J/—- w; is immediate. This remark and the fact that projective modules over

polynomial rings over fields are free (Quillen—Suslin Theorem) led Ferrand—Szpiro to deduce
that local complete intersection curves in A are set—theoretic complete intersections. Later,
Mohan Kumar (MK1] generalized the Ferrand—Szpiro argument to show that any local complete
intersection curvein A& is a set—theoretic complete intersection.

We do not know the answer even when n=4 and V= V(I) is a smooth surface and & is
algebraically closed.

Lewm 1.2. Let R = K X,,X5,X;3,X,], where k is an algebraically closed field and IC R a local
complete intersection ideal of height 2. Let A= R/I andlet wy=w= Extlzz(A,R). Then

1) I/Bs Ao vt

2) Consider the following conditions
a) w is generated by two elements.
b) I/ B we &P

¢) w? is generated by two elements. We have a).= b) = c).

Proor : 1) Since projective R—modules are free and I has projective dimension one, we have
an exact sequence 0 — R -1 Re—» I— 0. Tensoring this sequence with A4 = R/I, we get
an exact sequence 0 — L — Ae"1 — At—-» I/P—0 with L a projective A-module of rank
one. Thus in Ky(A), we have [I/P] = [A]+[L], and hence L=~ A%I/I2 = w™ . Since cancellation

holds for projectives over A [Su), we have I/P~ A® wl.
2) a)= b). By (1), I/P® An A?6 w!. Since w is generated by two elements, whe have
we wly A%. So

I/Po An wo wle wls we (vl 42
R wd wle (we wl)y A6 we w?.

Now b) follows from [Su].
3) b) = c¢). 1) and b) imply that «?® wln A® w. Hence
WO w?e wr wPe A6 wlsy A20 w.
Hence by cancelling w, we have w?*® w?x A?,i.e, o is generated by two elements.
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REMARES 1.3. SK,(A) = ker(K,(4) —= det, pic A) has no 2-torsion if chark#2 [Le] or
(A/1)¢q is smooth (Prop. 2.1). Using this fact, it is not hard to show that, in these cases, the

implication ¢) = a) holds and hence a), b), c) are equivalent.

COROLLARY 1.4. Let VC At (k=T%) be a smooth irreducible affine surface. Then V lies on a

smooth hypersurface.

ProoF : If IC R = KX,,X;,X5,X,] is the ideal of V, then we have I/P~ Afe w (A = R/I).
Let feI bealift of f andlet P= Eg=1 Rf;. Then ffy,....fy have no common zeros on

A~V . Hence by Bertini's theorem (as given in [Sw] applied to .y —V), there exist linear
polynomials hl,...,h( such that Spec R/f’R is smooth and integral on A *-V, where

fr=f+ Zf=1 h;f; . Since V is smooth and f- is alift of f it follows that Spec R/f’R is

smooth at points of V. Hence the hypersurface f =0 is smooth and integral.

REMARK 1.5. Recently it has been shown that (1.4) is true for smooth n—dimensional affine
varieties V in A" ([Mu 3)).

ProrosiTION 1.6. Let R,I, A and w be as in Lemma 1.2. Suppose ST s generated by two
elements for some r# 0. Then I is a set-theoretic complete intersection.

PrOOF : We may assume r> 0. Let fe I suchthat I/Pw~ Afe® wi.Set J=I+Rf.Itis
easy to see that J is a local complete intersection of height two. Further J/JQN R/J.fe w

(use i) of Lemma 1.2), where f is the image of f in J/J?. Hence w = J/(J*+Rf). By
Corollary 0.2 and Lemma 1.2, 2), it suffices to show that w:] is generated by two elements.
Since I/J is a nilpotent ideal in R/J it suffices to show that wy '® R/I is generated by two

elements. But

Ir -
wJ®R/I-—m +R 8wl

Hence wy is generated by two elements and the proof of the proposition is complete.

THEOREM 1.7. Let k= F;, and IC k[X,X,,X;5,X,] 6 local complete intersection of height two.

Then I is a sel-theoretic complete intersection.
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ProoF : Immediate from Proposition 1.6 and the following lemma.

LEmMa 1.8. Let K/IFP be an algebraic eztension and A a d-dimensional affine ring over K

d>0). Let L be a projective A-module of rank one. Then 2T s generated by d elements
]
for some r> 0 (depending on L).

ProoF : We prove the lemma by induction on d. Suppose the lemma is proved for d=1 and
assume d > 1. Without loss, we may assume that A is reduced, Spec A is connected and
L=1IC A is an invertible ideal. Then I/P is a projective A/F-module of rank one and
dim A/I= d-1. Hence by induction hypothesis (I/P)®" = F/F* is generated by d—1
elements and hence J is generated by d elements (e.g. see [MK2]).

Thus we may assume d=1. Since Pic A commutes with direct limits, we may assume
K is finite. Let A’ be the integral closure of A (in its total quotient ring) and F the
conductor ideal from A’ to. A. Then A’/F is finite. Furthermore, Pic A* is finite
[We ; p. 207, Th. 5-3—11]). Now  the standard  exact  sequence [Ba, 5.6]
(A'/F)* — Pic A — Pic A'((A'/F)* = units in A’/F) show that Pic A is finite. This proves
the lemma when d =1 and the proof of the lemma is complete.

REMARK 1.9. The proof of Lemma 1.8 works verbatim when k=17 . Also recently it has been
shown [MKMR)] that cancellation theorem similar to [Su] holds for finitely generated rings over
7. Hence (1.2), (1.6) and hence (1.7) hold when R is replaced by Z[X,,X,,X,] or

{Fq{XDXZ’XB’X«t]'

THEOREM 1.10. Let k be an algebraically closed field and IC R = K[X,,...,X;] @ local complete
intersection of height two and w=uw = Extlzz(R/I,R). Then the following conditions are

equivalent.
a) I is generated by n—1 elements.
b) I/ is generated by n—~1 elements.
) w is generated by n—2 elements.

PROOF : a) = b). Obvious. .
b)=b c). Put A= R/I. As in the proof of 1) of Lemma 1.2, we have [I/}]=[A® v’} in
Ey(A). Hence IjPo Aly %10 ut for some £3 0. Now b) implies that Atle wt is

generated by n—1+£ elements. Let ¢: A"—H'l—»-» Al"'1 ® w! be a surjection with kernel M.
Then
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An2 AltL = g7l pre gbtlg o1

Since dim A = n~2, by Suslin's cancellation theorem [Su], we get A®2~ M® w. This shows
that w™ and therefore w is generated by n—2 elements.

¢)=a). Since Ext!(,R)~ w, by [Mu2, p.180], there exists an exact sequence
0— R*™2 5 P—I—0 with P a projective R-module. Now a) is immediate by
Quillen—Suslin Theorem.

THEOREM 1.11. Let XC A‘k be a smooth affine variety of dimension d and I= I(X), the
defining ideal of X in KX,,...X;] (k=F%). Let A be the coordinate ring of X . Then the

following conditions are equivalent.
1) I is generated by n—1 elements.
2) I/* is generated by n—1 elements.
3) 0 Alk has a free direct summand of rank one.

PROOF : 1) = 2). Trivial.
2)= 3). We have I/P® Q)~ A" . 2) implies that I/F® @~ A™ for some Q. Hence in

Ky(4), [0, = [4] + (@] . By [Su], @ 4~ 4@ Q.
3)=2). Let Q % A® Q. Then I/P® A® Qn A™. Therefore by [Su], I/P® Q~ A" and

hence I/ is generated by n—1 elements.

2) = 1). Suppose n—1> d+2 i.e., n2> d+3. Then by [MK1], I is generated by n—1 elements.
If n=d+1, I is principal and there is nothing to prove. Hence we may assume 7= d+2.In
this case, the result is immediate from Theorem 1.10.

REMARK 1.12. By [Mu5], it follows that Condition 2 in Theorem 1.11 is equivalent to
cg(%) =0, where c4(Qy) is the dth Chern class of Qj with values in the Chow group of

zero cycles (see also [MKM, Cor. 2.6]). In particular, for example if X is rational, I(X) is
generated by n—1 elements.

ProrosITION 1.13. Let X be a smooth affine variety of dimension d over a field k (not
necessarily algebraically closed) with coordinate ring A . Suppoose X admits a closed immersion

d+2
inA . Then Q) Jk i generated by d+1 elements.
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ProoF : Let IC k[X,,...,X4.9] be the prime ideal of X . Then, as in the proof of 1) of Lemma
1.2, I/ is stably isomorphic to A® wj'. Now I/Pe Q) w A2 S0 Ae wie Q) is stably
isomorphic to A%*2. So by Bass' cancellation theorem, we have Q4@ win A%, ie., Q) is

generated by d+1 elements.

§2. Smooth surfaces in A .

For an algebraic scheme X over an algebraically closed field &, we denote by A,(X) the

group of p—dimensional cycles modulo rational equivalence. If X is an irreducible scheme of
dimension n, we write AP(X) = A, (X). If X is complete, we denote by Ag(X), the group

of zero cycles of degree zero modulo rational equivalence. The following proposition is an easy
consequence of Roitman's theorem (see [RO3] and [Mi]) on torsion in Ay(X).

PrOPOSITION 2.1. Let X be a smooth affine variety of dimension d> 2 over an algebraically
closed field k. Suppose dim X =2 or char k=0. Then Ay(X) is torsion-free.

ProoF : Because of resolution of singularities, we may choose a smooth projective completion V
of X.Let V=X= U,C;= C, where C; are irreducible sub—varieties of codimension one. We

may also assume that C; are all smooth. Since C is connected, we have an exact sequence

® AOO(Ci) £, Aoo(V) > AO(X) 0.

Since Ayy(C;) are divisible, Agy(V)» Im p® Ay(X). Further C generates Alb(V). (To see

this, cutting V by hyperplane sections, we may assume V is a smooth surface. Yhen by
Goodman's theorem [Go] C supports an ample divisor and hence generates Alb(V)). Thus, we
have a surjective map of abelian varieties, Alb(C;) —- Alb( V). This induces a surjective map

¥ qf AID(Cy)eors ion = AD(W¢ors ion -

Thus we have the commutative diagram
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® Ayo(Ciltorsion —2+ 400(V)tors ion

| L

® Alb C _1L Alb V)cors ion *

1 torsion

By Roitman's theorem ([Ro3] and [Mi]), the vertical maps are isomorphisms. Since ¢ is
surjective, it follows that (Im ‘p)mrs ion = AOO( V)cors ion and hence AO(X) is torsion—iree.

REMARK 2.2. Proposition 2.1 is valid for any smooth affine variety X over & (k=F), in all
characteristics (see [Sr] and [Mu5)).

Let X be a smooth affine variety of dimension d with coordinate ring A . For a
projective module P, we denote by ¢,(P) € AP(X), the pth chern class of P [Fu]. Suppose now

that dim X = 2. It is weell known [MPS] that

Ay(X) = AX(X) = SK,(4) “L ker(K,(A) —=5s Pic(4).

If P is a projective A-module of rank r, it is not hard to see that ¢,(P)=class of
[A™Y] + [ATP] — [P] in SK,(A). In view of this and the cancellation theorem for projectives, we

have

REMARK 2.3. Let X be a smooth affine surface over an algebraically closed field k¥ andlet A be
the coordinate ring of X . Let P be a projective A—module of rank r. Then

1) ¢(P) =0¢ Pxy AT @ ATP.

2) f P and @ are projective A—modules, then Px Q& rank P=rank Q;
c(P)=c¢{(Q),i=12.

3) Le Pic A is generated by two elements & L® L~ A%& ¢(L)?2 =0 in A%(X).

The following corollary is immediate from Proposition 2.1 and Remark 2.3.

COROLLARY 2.4. With the notation as in Remark 2.3, let Le Pic A . Then the following conditions
are equivalent.

1) L is generated by two elements.

2) ¢(L)? =0 in AYX).

3) s generated by two elements for some r# 0.
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COROLLARY 2.5. Let XC A be a smooth affine surface. Let IC R = HX,,X,,X3,X,] be its

prime ideal Then the following conditions are equivalent.
1) I[P~ wpo wf .
2) K5 =0 in AX(X) (Ky= c(w)) is the canonical divisor of X).
3) rK)Z(= 0 forsome r#0.
4)w I is gencrated by two clements.

5) I is generated by three elements.

If further any of these conditions is satisfied then V 1is a set-theoretic complete intersection
4

in A

ProOF : 2) & 3) & 4) & 5) is immediate from Corollary 2.4 and Theorem 1.10. Further,
/P~ A® w}‘ by Lemma 1.3, 1). Hence 1) holds if and only if

(v w'Iz) = —2K)2(= 0e K)z(: 0.

The last assertion follows from Proposition 1.6.

REMARK 2.6. a) When dim X = n> 3, and Le Pic X, it has been proved that L is generated
by n elements if and only if ¢,(L)®*=0.For n=3 see [MKM] and for arbitrary n see

[Mus].
b) For further results about set—theoretic complete intersections see [Ly], [Bo] and [MK3].
For a smooth variety X, we write ¢i(X) = ¢i(Q3) € AY(X) and
oX) =1+ ¢(X) + c(X) +..., the total chern class of X. Following [F], let
s(X) = ¢(X)1 = EPZO 8p(X), s,(X) € A (X) be the total Segre class of Q)‘( ¥ XoR isa
closed immersion with normal bundle Ny, then s(X) = (N x» Where N x =dualof Ny.

LeuA 2.7. Let X <bv B be a smooth d-dimensional variety. Then s,5.,(X) =0.

Proor : By the self—intersection formula (cf. [Fu; Cor. 6.3]), 0 = (#*i,[X] = ¢,.q(N)). Hence
$p-n(X) = ¢g(Ny) = 0.
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LeMMA 2.8. Let V be a smooth projective minimal surface. Suppose there exist integers r, s
such that rc,(U)? + sc(U) =0 (in AXU)) for oll affine open sets U of V. Then for any

smooth affine surface X birationally equivalent to V , rc,(X)? + sc)(X) =0.

ProoF : If V is ruled, then A%(X) =0 and there is nothing to prove. Otherwise, let ¥ be a
smooth projective completion of X. Then ¥V dominates V birationally and therefore there
exists EC X, E=Uj}., E;, E; rational curves such that the affine surface U= X—FE is an open

set of V. Let j: U< X be the inclusion. Then we have the surjective ring homomorphism
J*A(X) —- A(U). Now

F(rey(X)? + sey(X)) = rey(U)? + s(U) = 0.
Since Ay(E) =0, wehave j: A%(X) — A%(U). Hence rey(X)? + scy(X)=0.

Tieoneu 2.9. Let Xc A x (k=TF) be a smooth affine surface. Then X is a sei-theoretic

complete intersection in the following cases.
1) X is not birationally equivalent to a surface of general type.
2) X is not birationally equivalent to a projective surface in P3.
3) X is not birationally equivalent to a product of two curves.

ProoF : In view of Corollary 2.5, it suffices to check that r¢,(X)2=0 for some r>0.Let V

be a smooth projective completion of X .If X is birationally equivalent to a ruled surface, then
A¥(X)=0,50 ¢(X)?=0 and we are done. So assume that V is not birationally equivalent to
a ruled surface. First assume that V is a minimal surface. Then V is one of the following
types :

a) (V) =0,12¢(V) = 0. Thus 12¢,(X)2=0 and ¢,(X)?=0 by Proposition 2.1.

b) (V) =1; there exists r such that r%¢(V)>=0. Hence again ¢,(X)’?=0, by

Proposition 2.1.
According to our hypothesis, if V is i) of general type, then V is a smooth surface in P3
or degree> 5 orii) V= C;x C, wherethe C; are smooth non—rational curves.

In case i), let r=deg C, C= V—X.Let i: X =+P3—C be the closed immersion. If ‘& is
the restriction of a hyperplane to P3—C, then rh%?=0. Hence ri*(h)?2=0. Since ¢,(X) isa

multiple of i*(h), it follows by Proposition 2.1, that ¢,(X)?=0.
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In case ii), let K;, i=1,2 be the pullback to V= C;x G, of the canonical divisors on
C;. Then Q{,: O(K)® 0(K,). Then Ki=0, i=12 and ¢V)=KK,, and
a(V) = (K+K,)* = 2K, K, = 2¢(V).

Now let X be any smooth affine surface in N satisfying the hypothesis of the theorem.
Then by Lemma 2.8 and the discussion above, either ¢,(X)2=0 or ¢(X)? = 2¢,(X) (the latter

holds when X is birational to product of two curves). But by Lemma 2.7,
5o(X) = ¢(X)? — cy(X) = 0. Hence in any case ¢(X)2=0 and the proof the theorem is

complete.

RemArk 2.10. If X is birational to product of two curves and is embedded in A , then

2¢(X) = ¢(X)* = ¢(X). Hence ¢(X) = ¢(X) =0.

REMARK 2.11. Mohan Kumer [MK3] has recently shown that if Xc R (n> 5) is a smooth affine
surface birational to a product of curves, then X is a set—theoretic complete intersection.

§3. A criterion for vanishing of ¢ .

In this section we give a partial converse to Corollary 2.5. We begin with the following well
known lemma.

LEmMA 3.1. Let A be a noetherian ring and M, N finite A-modules. Let z,,...,z, be a

N-regular sequence which annihilates M . Then Ext(M,N)~ Hom ,(M,N/(z;,-..,z.)N).

Proor : We use induction on r, the case r=0 being trivial. Assume r>0 and put
N = N/z,N . By induction hypothesis,

Ext™!(M,N) » Hom ,(M,N/(z,...,5.)N)-
The exact sequence

0N NaN—0

given
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Ext§"(M,N) — Ext § (MN) — Ext }j(M,N) - Ext } (M, N).
Since z,,...,z, is a regular N-sequence annihilating M, we have Ext ;l"(M,N) = 0. Hence
Ext §(M,N) % Ext | *(M,N) x Hom(M,N/(z,,...,; ) N).

This completes the proof of Lemma 3.1.

CoROLLARY 3.2. Let A be a noetherian ring and IC A a local complete intersection of height r.
Let J be a complete intersection of height r contained in I. Then

wrw Ext"(A/1,A)~» Hom(A4/LA/J) = .‘77{

LEMMA 3.3. Let P be a projective A-module of rank r—1 generated by r elements. Then
det P= AT'P is generated by r elements.

ProOF : We have the surjection A7 —- P . This induces the surjection AT~ AT1AT —s ATIP.

LEmMA 3.4. (Swan) Let P be a projective A-module of rank 1. Suppose P is generated by r
elements. Then ®"P is generated by r elements for all n.

PRrOOF : We have a surjection AT —Z+ P, s0 that P® ker @~ AT . Taking duals, we see that
Pr= P is generated by r elements. Hence we may assume n> 0. Let z,..,7, generated

P.Set ®"z=1®...® z.Then ®"z,..8"%z, generate ®*P : (check locally).
n times

THEOREM 3.5. Let A be a noetherian ring and I a prime ideal which is a local complete
intersection of height r. Let J=(fy,..f.) be a complete intersection of height r with

ﬁ = I. Assume that for every mazimal ideal M> I, the ideal J M contains r1 elements of
o minimal set of generators of I/M (i.e., dimA/MCoker(J—o IIMI< 1). Let K1) denote the

A
quotient field of A/l and n= Iengthk( D(H—? Then
1) wy= Ext"(A/1,A) is divisible by n—1 in Pic A/I.

A
2) we}n is generated by r elements, where n= lengthk( 1)(73—5).
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ProoF : By hypothesis for every maximal ideal MD I there eziste g,,...,g,€ A M such that

IApr= (91--r9)Apy With  gyyesgpg € J. S0 in Apr (9151901 7M= Iyr [(915e191)
principal prime ideal generated by the non—zero divisor 9, . Since J M [(915ee29p-1) I8

I-primary, J, ;= (g;,--»9;-1.9F)- Further

M
= longih , —L A
engt. ——=lengthy n —=n.
KDy = 8 3

©MI
Hence for every maximal ideal M, there exist gy,....g, € A,r such that Ip = (91--19)A g and

Iy= (915++19¢-1,9%)- So for £< n, (Iz+J )M is generated by gl,...,g,-l,gf. In particular, Ie+J
is a local complete intersection of height r. Now by Corollary 3.2,
wy=Hom(A/LA[J) = (J:D)/J. We claim that J:/= P14 J. Since .’TJ= PiyJ=1, we
have to check this locally at maximal ideals M2 I.In A, the equality reduces to

(911"'1gr-1791r1) : (91v”1gr) = (91,---,9,--179?'1)-

This is obvious since g;,...,g, is a regular A prsequence. Hence wp= P14 J/J . By the local
description one also easily sees that I/P+J (in fact, all K+J/K*'+J, 1< k< n-1) are

projective A/Fmodules of rank 1. Set L = I/P+J. Then we have a natural surjection of

n- 1 [n 14J
L® T w I .
@ 1is in fact an isomorphism, since L and w 7 are projective modules of rank 1. This establishes

1). We have the split exact sequence

. L )

Now —T}'— is a projective A/J-module of rank 1 and is generated by r elements since J

is generated by r elements. So by Lemma 3.3, @ = det(%—'é'—J) is generated by r elements.

Taking determinants, we see that ATI/F = wi'~ L@ Q. Hence Q~ L@ wj' and therefore

n-l‘l -l n-1 ®n
do f,@ —wI® I -wI .
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®@n

Since @ is generated by r elements, it follows by Lemma 3.4 that w I and hence we}n is

generated by r elements.

COROLLARY 3.6. Let VC B be a closed smooth variety of codimension r. Suppose V isa
set-theoretic complete intersection of r hypersurfaces H; = (f;=0), f;€ X,,....X ], 1< i< r

with  (fy,....f;) containing r-1 minimal set of generators of I(V)p fof all PeV.
(I(V) = prime ideal of V in KX;,...,.X,]). If H,...H, = mV then m e(V)' =0 in A"(V).

Proor : Let A be the coordinate ring of V and L be a projective A—module of rank 1. If L
is generated by r elements, we have L® Pwx A", for projective A—modules P of rank rI1.
Now ¢(P) = (1+¢(L))*. Sincerank P= r1, ¢ (P) = (-1) ¢,(L)* = 0 . By Theorem 3.5, w?,m

is generated by r elements. Hence (me,(V))" =0 in A™(V).

2 e
CoROLLARY 3.7. Let XC IA; be a smooth affine variety of dimension r satisfying the

hypothesis of Corollary 3.6. Then ¢,(V)" =0.

Proor : Immediate from Corollary 3.6, Proposition 1.2 and Remark 2.2.

§4. Zero cycles on product of two curves.

4
If X is a smooth affine surface in A which is birationally equivalent to a product of
curves, then we have seen that ¢,(X)% = ¢,(X) = 0. Here we prove a result about zero cycles on

product of two curves which shows that there exists smooth affine curves C;, i =1,2 such that
for X=C,x Gy, ¢(X)?2# 0 and ¢y(X)# 0. This gives in particular an example of a surface

not embeddable in A" .

TueoreM 4.1. Let X = Cyx G, , where C; are smooth projective curves. Let A be a zero cycle
of positive degree on X . Suppose for all (P,,P,) € X, there is a positive integer m (depending
on  (P,P,) such thet mA is rationally equivalent to a zero cycle supported on
Pix CyU Cyx Py. Let V= Cjx C;, where C;= C;—Supp p;s(A), and p; is the projection
of X onto C;,i=12. Then A(V)=0.
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ProoF : We write ~ for rational equivalence Fix(P;,P,)€ X . Suppose m A~ D, with D
supported on P, x C,U C;x P,. Write D= D,;x P, + P;x D,, where the D; are zero cycles
on C;,i=12.Wehave

mpi(A) ~ Dy + (deg D,)P; and mp,,(A)~ D, + (deg D) P, .
Reading these equivalences on Cjx P, and P;x C, respectively, we get

mpy (D) x Py)~ Dyx Py + (deg D,).(Py,Py)

and
M(Py x pay(A))~ Pyx D, + (deg Dy).(Py,Py).

Adding these two rational equivalences and restricting to V', we get

mdegA'jk(PhPZ)=—jk(D)=_j*(mA)=0)

where j: V < X is the inclusion. Since this holds for all (P,,P,)€ X, we get that Ay(V) is
torsion. Hence Ay(V) =0 by Proposition 2.1.

COROLLARY 4.2. Let X = C;x C,, where C; are smooth projective curves of positive genus over
C. Let A be a zero cycle of positive degree. Then there ezists ¢ (P;,P,)€ X such that
mi*(A)# 0 in Ay(V), forany m>0, where V=Ci{x C;, C;=C—{P;}, i=12, and

i: V= X is the inclusion.

ProOF : Since pg(X) > 0, by [Mum], Ay(V)# 0 for any open set V of X.Now the corollary is

immediate from Theorem 4.1.

Lemua 4.3. Let XC B be a smooth affine variety of dimension d. Let IC k[X,,...,X,] be the

prime ideal of X and A its coordinate ring.
1) If I is generated by r elements, then Q }1 [k has a free direct summand of rank n—r.

Consequently, c,(X) =0 for i> d+rn.
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2) I 9,y [k is generated by s elements, then s;(X) =0 for i< 2d—s, (s; = ith Segre
class).

ProOF: 1) If I is generated by r elements, then I/P® Lx A™ for some L. Hence
I/Po L An A%~ I/P0 Q. By [Su], Q 4~ L® AP

2)If Q 4 is generated by s elements, then Q0 Lw AS | for some L.Then I/P and L

are stably isomorphic.
Since rank L = s—d, we have sy;(X)=¢;(I/)=0, for i>s-d,ie s(X)=0 for

1< 2d-s.

COROLLARY 4.4. Let X = C;x C,, where C; are smooth projective curves of genus g;2 2,
i=1,2 over k=C. There ezists ¢ (P,,P,)€ X such that the affine surface V = Cix Cj,
C; = C;—{P;} , i=1,2 has the following properties.

D) ()40, e(V)#0, (V)P4 (V).

2) For any closed immersion V <A™ the prime ideal I(V)cC C[X,,...X,] of V isnot

generated by n—1 elements.
3) Q{, is not generated by three elements. In particular, there does not ezist any un

3
ramified morphism V— A .
4) V does not admit a closed immersion in A .
5) A%Q } i not genered by two elements.

ProOF : Fix canonical divisors K; on C;.Let K;= pi(X;), p; : X — C;, being the projection.
Then K+K, is the canonical divisor and Q} = J(K;)@ 0(K,) . Hence

(X)? = 2K Ky, e(X) = K. Ky = ¢(X)? = p(X) -

Further, deg(K,.K, = 4(g;~1)(g,~1) > 0. Now 1) follows from Corollary 4.2, with A =T%,.K,.
The assertions 2) and 3) are immediate from 1) and Lemma 4.3 since, ¢(V)# 0, and
so(V) = ¢(V)?—cy(V) # 0 . Again 4) is immediate from Lemma 2.7, since sy(V)# 0. 5) follows
from Corollary 2.4, since ¢,(V)2# 0.
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§5. Examples of surfaces in A ¢ with ¢3¢ 0.
1

Let X be a smooth affine variety of dimension d. It is well known that X can be
2d+
embedded in A ! . In this section in the range, d+1< n< 2d+1, we give examples of affine

n -1
varieties X admitting a closed immersion in £ but not admitting a closed immersion in A

These examples will also have c¢y(X)# 0 so that its ideals J(X) aree not generated by n—1

elements. When d=2, n> 4, this also provides an example of a smooth surface in A * with
A+ 0 (cf. Corollary 3.7).

We first collect some facts which follow easily from Roitman's methods [Ro 1], [Ro 2]. As
before, for a variety X, Aq(X) = group of zero cycles modulo rational equivalence.

Lemma 5.1. [B1] Let X be a smooth projective variety of dimension d over k=C. Let N> 0
be an integer, and let vy : XN xN_, Ay(X) denote the map ﬂzl,...,zMyl,...,yN) =Yz;-Ly;.
Let Z be a non-singular variety and suppose given & morphism [ = (f.f,): Z— XN xV
such that the composition yof : Z— Ay(X) is the zero map. Let we I‘(X,Qj() be a g-form on
X for some q> 1. Define a differential we I‘(XN,QQ) by w= 21,'\21 P5(w), where

p;: XN X s the projection on the ith factor. Then fi(@) = fH(@) on Z.

LEMMA 5.2. Let X be a smooth projective variely over C. Let Y be any complete variety
(possibly reducible) of dimension q. Let ¢: Y— X be a morphism such that the induced map
@y 1 Ag(Y) — Ay(X) is surjective. Then HO(X,Q)%) =0 for {>q.

Proor : By using Chow lemma first and then resolution of singularities, we may assume Y is
smooth and projective. Let Yj,...,Y, be irreducible components of Y. For rtuple of

non—negative integers (ay,...,¢;) we put |of =% ¢; and Y, =II}, Y¥ . (Here a;=0
means that Y; is omitted). For |a| = n, the restriction to Y, of g : Y — Ay(X), given
by @ (Y1sees¥s) = ©(y1) +...4+ ©(y,), induces a morphism of 0y Y, A(X) in the sense of
[Ro2].  Similarly Y, x X— A(X) induced by VPx X=X, ((ypeer¥psE) —
o(y,) +...+ ©(y,)+z) is a morphism. Hence

Za7ﬂ1nc Yax Yﬂx X, , (Il =n, Iﬂ' = p~1
Zd:ﬂvn = {(Za,Zﬁ,JJ)I (pa(za) l%t (pﬂ(zﬂ)+$}
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is c—closed (i.e., countable union of irreducible closed sets) [Ro2; Lemma 3]. Let p afn
W

denote the projection of Z afn on X.Sinceevery z€ X isin Im ¢,
tlat]

Im pa,ﬁ,n'

Hence there exists an irreducible variety Zc Yax Yﬂx X for some @,4,n, such that Z
dominates X (under projection). Let f:Z— Z be a desiingularization. Let p 9B denote
projection of Z onto Ya and Yﬂx X respectively. p a°f and qﬂOf composed with natural
product maps Ya_' X* and Yﬂx X— X® give the morphisms f;:Z— X*,i=1,2, such

that the composite

z nh), xn\ xn 1, 4(X)

is zero, wheere 7 as in Lemma 5.1 is the natural difference map. Let we H°(X,Q§) with {> ¢
and @ =¥ p}{(w), p; : X® x X is the ith projection. Since dim Y; < ¢, (] Y;)*(w) = 0. Hence
ff(@)=0. On the other hand f§(&) = ¢4(w), where g is the composite map
7L, 7Pk, ¥ Hence by Lemma 5.1, f(@) = g*(w) = 0. Since we are in characteristic zero

and Z dominates X, wehave w=0.

COROLLARY 5.3. Let X be a smooth affine variety of dimension d over C. Let X be a smooth
projective completion. Suppose HY(X, X)# 0. Then Ay(X) is a non-zero torsion-free divisible

group.

PROOF : By Lemma 5.2, Ay(X—X) — Ay(X) is not surjective. Hence A(X)# 0. The rest follows

from Proposition 2.1.

REMARK 5.4. As in [MS], using Roitman's methods one can show that there is a homomorphism of
an abelian variety J— A(X) with countable kernel so that ra,nkQ A(X) = card €. But we do

not need this here.
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LemMa 5.5. Let K be a field of characteristic zero. Let H, denote the vector space of
homogeneous polynomials of degree r in X,,...,X, . Then H, is spanned over K by {L'|L

linear polynomials in X,,....X,}.

Proor : Exercise.

COROLLARY 5.6. Let X be a smooth affine variely of dimension d over C. Suppose A(X) is
generated by the intersection products ¢,(Ly)...c,(Lg), with L;€ Pic X = AYX). If Ay(X)#0,

then there ezists an L€ Pic X such that ¢,(L)4# 0 in Ay(X).

ProOF : By Lemma 5.5 (with K = (), some integral multiple of c¢;(L,)...c;(Ly) is an integral
linea combination of (c,(L,)¢| L€ Pic (X)). Since Ay(X) is torsion—free, the corollary is

immediate.

Next, we need the following result about embeddings of affine varieties. The proof we have
given here is due to M.V. Nori. This proof replaces our lengthy proof.

THEOREM 5.7. Let X be an integral variety of dimension d over an algebraically closed field.

d+1
There ezists a smooth af fine open set V of such that V admils a closed immersion in A

d+
ProoF : (M.V. Nori). By taking a generic projection to A , we get a finite birational map
d+l
7: X— X/, such that X’ is a hypersurface in A and 7 induces an isomorphism

(X = X:__ on regular points. Hence we may assume that X is an integral hypersurface

;eg) reg

(possibly singular) in l&i " . Let A= Kz,...,24,54,; be the coordinate ring of X. Let
F=1%2 fizl,, =0 be the equation of X, with f;€ k[z,,...55] and fo# 0. For any
R€ KzypeosZgl, DU T34y = Tger/(Rf2). Then we have X7, fi(hf3)iz4i, = 0. Dividing this

equation by Af%, we see that 7[}1'66 K[2y,...1%4,04q). It is easily seen that A hfo = K[Zy50e 013,35 84)-

d+
Hence for any he€ klz;,...,25), h# 0, Spec A hfo admits a closed immersion A " Let h be any

nonzero element in JN Kz,,...,z4], when JC A is the ideal defining the singular locus. Then

d+l
Spec A hfo is a smooth affine hypersurfacein A .
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THEOREM 5.8. Let d,n be positive integers such that d+1< n< 2d. Then there ezists a smooth
af fine variety X of dimension D over { such that

1
1) X admits a closed immersion in ﬂ{l i , but X does not admit a closed immersion

in & .
2) ¢4(Q )‘()# 0 and the prime ideal [X) of X in C[X,,...,X,] for any closed immersion

X & isnot generated by m—1 elements.
3) Q)‘( is not generated by n—1 elements.

4) ¢(X)%# 0 and Adﬂ)lf is not generated by d elements.

Proor : Let Y be a product of n elliptic curves. Clearly for any open set V of Y, Ay(V) is
generated by the products ¢,(L,)...¢,(L,), with L;€ Pic V. Further, by Lemma 5.2, since
H(Y,AQ Y) # 0, we get that Ay(V)# 0, for any open set V of Y; By Theorem 5.7, choose
an affine open set V of Y such that V admits a closed immersion in ﬂ’: *1. In view of
Corollary 5.6, there exists an L € Pic V such that ¢,(L)*# 0. Since V is affine, by Bertini's
theorem, we can choose "generic" D;, 1< i< n—d such that the D; are smooth integral
divisors with ,(D;)~ L and X = n%:¢ D; is a smooth integral variety of dimension d. We
claim that X has all the properties listed in the theorem. Let I= I x€ ﬂv be the defining ideal
of X.Then I= J(=D,) +...4+ 0(=D,.q4). Hence I/P is a direct sum of n—d line bundles each

isomorphic to (L), where i:X < V is the inclusion. Hence the total chern class
I/ B) = (1~i*¢,(L))*¢ . Since Qy and hence Qy is trivial, we have

o y) = (1~i*¢,(L))™¢ . Hence

Ca-a(I/ P) = (—1)2%ixe (L)
calX) = el = (VL) e (D) = (330). 40 (L)°
and
a(X) = 01(9)1() = (n—d)i*¢,(L).

Since

iyitey(L)? = (L)Y 4[X] = ¢(L)%e(L)*? = ¢(L)*# 0,
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it follows that #*c,(L)¢# 0. Since n~d< d and Ay(X) is torsion—free, it follows that cy(9 )‘(),
Spq-n(X) = ¢p-g(I/) and ¢,(X)¢ are all non—zero in the Chow ring of X . Now 1) follows from

Lemma 2.7 and 2) and 3) are immediate from Lemma 4.2.

Since ¢,(X)%# 0 and for any He PicX, H is generatéd by d elements implies
¢(H)? =0, it follows that A9Qy is not generated by d elements.
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